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Abstract 15 

A two-dimensional numerical model for a direct contact membrane distillation (DCMD) 16 

module, mostly used for desalination and wastewater treatment, has been created. This model 17 

has been used to explore the sensitivity of the simulated transmembrane flux of water vapour 18 

of the modelled distillation module to some of the commonly-used assumptions and 19 

simplifications related to the mass transport in the membrane, namely: equimolar diffusion; 20 

Knudsen diffusion-free mass transport; and binary gas mixture. The model has been also used 21 

to assess the impact of a slight total pressure difference across the membrane. The sensitivity 22 

of the transmembrane flux to the above assumptions has been then evaluated with relatively 23 

low and high inlet feed temperatures. The outcomes of the model have been presented, 24 

discussed and finally summarised.           25 
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1. Introduction 30 

Membrane distillation (MD) is a distillation method in which the driving force is the difference 31 

in vapour pressure across the sides of the membrane which exponentially changes with 32 

temperature [1]. MD has been demonstrated in many applications, in particular desalination 33 

and wastewater treatment [2,3,4]. MD, compared to reverse osmosis which is the most 34 

dominant membrane based technology for desalination and wastewater treatment, features: (i) 35 

less sensitivity to high solute concentrations, (ii) almost perfect rejection of non-volatile solutes 36 

(e.g. salt, macromolecules and colloids) and (iii) possible use of renewable energy and/or low 37 

grade heat [5-6]. The membranes used in MD modules are typically microporous and 38 

hydrophobic [7]. There are four major configurations of MD system that differ on how vapour 39 

permeated across the membrane is processed in the cold side: (i) direct contact membrane 40 

distillation (DCMD) where both the hot feed stream and the cold permeate stream are in direct 41 

contact with the membrane [7], (ii) air gap membrane distillation (AGMD) where an air gap is 42 

placed between the membrane and a condensation surface [8], (iii) vacuum membrane 43 

distillation (VDM) where the vapour phase is vacuumed from the liquid through the membrane 44 

and is, if needed, condensed externally [9] and (iv) sweeping gas membrane distillation 45 

(SGMD) where an inert gas is used to sweep the produced vapour which is, if needed, 46 

condensed externally [10]. The configuration investigated in the paper is the DCMD which is, 47 

compared to other configurations, simpler and/or requires less auxiliary components (e.g. 48 

vacuum pumps, gas compressor or external condensers). As mentioned earlier, in addition to 49 

desalination applications, the use of DCMD for wastewater treatment has been reasonably 50 

demonstrated [11]. Namely, DCMD was used to treat olive mill wastewater, which is 51 

charactersied by low pH and high biological oxygen demand (BOD) and chemical oxygen 52 

demand (COD) levels [12]. A DCMD module (in which the permeate stream was injected with 53 

0.01 mol/litre sulphuric acid) was shown to remove ammonia, which is a common pollutant in 54 
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industrial and municipal wastewater, with high efficiency (99.5%) [13]. Likewise, DCMD was 55 

proven to be successful treating low level radioactive wastewater [14] and textile wastewater 56 

containing synthetic dyes [15].        57 

Modelling the mass transport across the membrane has received most of the interest by the MD 58 

modellers [16] as it is associated with the most important key performance indicator: the 59 

transmembrane flux. In the DCMD modules, designed for desalination and wastewater 60 

treatment, the saturation pressure of water vapour at both sides of the membrane scales 61 

exponentially with temperature and as a result a gradient in this saturation pressure is created 62 

across the membrane, driving water vapour from the relatively hot side of the membrane to the 63 

relatively cold side of the membrane. The mass transport within the membranes of the modelled 64 

DCMD modules is normally assumed to be governed by one or a combination of the following 65 

physics: molecular diffusion, Knudsen diffusion and viscous flow. The rationales behind 66 

selecting some or all these physics are described below.  67 

As the average pore size of typical membranes (0.1 – 1 µm) is of the same order as the mean 68 

free path [17] (i.e. the distance travelled by a molecule between successive collisions [16]) both 69 

molecular and Knudsen diffusion co-exist and govern the transport of water vapour in the 70 

membrane. To illustrate, the mean free path of water vapour at 1 bar and 25°C is about 0.13 71 

µm [17,18] which is of the same order as the average pore size of the membrane. In other cases, 72 

the feed and the permeate streams are (or are assumed to be) deaerated and therefore the 73 

molecular diffusion is neglected and the Knudsen diffusion and viscous flow are considered 74 

for the transport of water vapour in the membrane. Deaerating the feed and the permeate 75 

streams significantly increases the mean free path of the diffusing molecules, causing Knudsen 76 

diffusion to be the most dominant mode of diffusion. Further, deaerating the streams results in 77 

a total pressure difference across the membrane that induces viscous flow. As will be shown in 78 

the next two paragraphs, the literature has shown a great deal of discrepancy in terms of 79 
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selection of the physics simulating the mass transport of water vapour across the membrane. 80 

Single or multiple different physics are, either depending on some assumptions or even 81 

arbitrarily, used to model the mass transport of water vapour within the membrane.  82 

Park et al. [2] developed a two-dimensional numerical model for a DCMD module and 83 

computed the transmembrane flux of water vapour using an expression that was originally 84 

derived by Phattaranawick et al. [19] and represents the transition regime where both molecular 85 

and Knudsen diffusions are important to be considered. Liu and Wang [14] used the same 86 

above-mentioned expression to model the transport of water vapour within a membrane of a 87 

distillation module used to treat low-level radioactive wastewater. Considering deaerated 88 

streams, Chen et al. [20] modelled the transport of water vapour within the membrane using a 89 

combination of Knudsen diffusion and viscous (or Poiseuille) flow. This approach was also 90 

adopted by other researchers [21,22,23]. 91 

Alklaibi and Lior [24] used an expression for molecular diffusion to model the transmembrane 92 

flux. Notably, Hayer et al. [25] considered a combination of molecular and Knudsen diffusion 93 

as well as a convective flux (using Darcy’s law) to model the flux of water vapour in the 94 

membrane. However, it was not clear whether they used total pressure or partial pressure of 95 

water vapour to compute the velocity of water vapour. Perfilov et al. [26] started their analysis 96 

for the flow of water vapour with dusty gas model (DGM) [27] (i.e. Eq. (28) in [26]); however 97 

they, after stating some assumptions, used a similar expression (i.e. Eq. (33) in [26]) to that of 98 

Hayer et al. [25] to compute the transmembrane flux of water vapour. On the other hand, some 99 

investigators used experimentally determined coefficients that lump all the diffusive and 100 

convective flow effects when modelling the transmembrane flux of water vapour; this 101 

coefficient may be called intrinsic mass transfer coefficient [28], membrane distillation 102 

coefficient [5], membrane transfer coefficient [15] or simply permeability [16].                          103 
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The main motive of this work is to investigate the sensitivity of the outputs of the modelled 104 

DCMD module (in the form of the transmembrane flux) to the main assumptions that are 105 

sometimes made when modelling the transport of water vapour in the membrane. Namely, the 106 

mass transport within the membrane is sometimes assumed to be equimolar counter-diffusion 107 

that is the diffusion fluxes of water vapour and air are equal and as such there is no net diffusion 108 

flux. Further, as shown in the literature review made above, Knudsen diffusion is sometimes 109 

ignored, meaning that the collisions of the diffusing molecules with the walls of the pores 110 

media are neglected; we investigate the impact of this neglect on the outcomes of the modelled 111 

DCMD module. Also, the gas mixture is mostly assumed to be binary consisting of only water 112 

vapour and air rather than ternary (water vapour, nitrogen and oxygen gases), allowing for a 113 

simpler equation of Fick’s law to be used to estimate the transmembrane flux of water vapour; 114 

the sensitivity of the latter parameter to this assumption is explored through using a set of 115 

equations describing the diffusion of ternary gas mixture (Maxwell-Stefan equations). Finally, 116 

some light is shed on the possibility that the membrane may experience a slight total pressure 117 

difference that may boost the transmembrane flux of water vapour. This study provides a scope 118 

on the validity of all the above assumptions and when one should (i) use some or all of these 119 

assumptions to simplify the solution of the model and/or save the computation time or (ii) use 120 

more rigorous physics to avoid obtaining inaccurate or unrealistic predictions. This knowledge 121 

evidently assists in proposing well-informed designs for DCMD modules.                    122 

2. Model formulation                                            123 

We considered a geometry for a DCMD module that has been recently used in a previous work 124 

[29]. Most of the details describing the governing equations and the boundary conditions are 125 

presented here for completeness and to maintain the flow of the ideas. However, non-equimolar 126 

(rather than equimolar) diffusion was considered to simulate the transport of the gas mixture 127 

in the membrane. As mentioned in the introduction, the sensitivity of the outcomes of the model 128 
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(in terms of the transmembrane flux of water vapour) to the equimolar diffusion assumption is 129 

explored (Section 3.1). 130 

Below is the description of the equations used for the simulations. The flow in the feed and the 131 

permeate channels is considered to be steady, laminar and incompressible and therefore the 132 

conservation of mass and momentum equations are of the following forms:  133 

 𝜌∇. (𝒖) = 0 (1) 

 134 

 𝜌(𝒖. ∇)𝒖 = ∇. (−𝑝𝑰 + 𝜇(∇𝒖 + (∇𝒖)𝑇)) (2) 

where 𝜌 and 𝜇 are the density and the dynamic viscosity of the flowing fluid and 𝒖 is the 135 

velocity vector, 𝑝 is the pressure and 𝑰 is the identity tensor. The transfer of heat is governed 136 

by the conservation of energy equation: 137 

 𝜌. 𝐶𝑝. 𝒖. ∇𝑇 + ∇. (−𝑘∇𝑇) + 𝑆𝑇 = 0 (3) 

Where 𝑇 is the temperature, 𝐶𝑝 is the specific heat capacity at a constant pressure (J kg-1 K-1), 138 

and 𝑘 is the thermal conductivity. 𝜌, 𝜇, 𝐶𝑝 and 𝑘 of liquid water are, assuming negligible effects 139 

of the solute (i.e. salt), given using the temperature-dependent polynomials stated in Appendix 140 

A. The effective thermal conductivity of the membrane (𝑘𝑒𝑓𝑓) is obtained as follows:  141 

 𝑘𝑒𝑓𝑓 = 𝜀𝑘𝑔 + (1 −  𝜀)𝑘𝑠 (4) 

where 𝜀 is the porosity, 𝑘𝑠 is the thermal conductivity of the material of the membrane and 𝑘𝑔 142 

is the thermal conductivity of the gas mixture which is, for simplicity, assumed to be that of 143 

the most dominant component (i.e. air) for the given operating temperatures (20-80 °C) [30]: 144 

 

𝑘𝑔 = −2.276 × 10−3 + 1.155 × 10−4𝑇 − 7.903 × 10−8𝑇2 + 4.117× 10−11𝑇3 − 7.439 × 10−15𝑇4 

(5) 

𝑆𝑇 is the heat source term and is zero in the channels and equals to the special change rate of 145 

the vaporisation heat in the membrane: 146 
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 𝑆𝑇 = ∇. (ℎ𝑓𝑔𝐽) (6) 

where ℎ𝑓𝑔 is the latent heat of vaporisation (kJ kg-1) and 𝐽 is the transmembrane flux of water 147 

vapour (kg m-2 s-1). As mentioned in [29], unlike previous models, the change of ℎ𝑓𝑔 with 148 

temperature and space was accounted for in this model; it was not simply assumed to be 149 

constant or divided by the membrane thickness. ℎ𝑓𝑔 changes with temperature following the 150 

equation that was fitted using some tabulated data for saturated water vapour [31]: ℎ𝑓𝑔 =151 2.4324𝑇 − 3167.2.  The convective term, the first term in Eq. (3), was assumed to be 152 

negligible within the pores of the membrane as the total pressure difference across the 153 

membrane is zero. The transmembrane flux of water vapour is given by: 154 

 ∇. (𝑁) = 0 (7) 

   

           𝑁 = −𝐷𝑒𝑓𝑓∇𝐶𝑤 (8) 

   

 𝐽 = 𝑁. 𝑀𝑤 (9) 

where 𝐽 and 𝑁 are the mass and molar flux of water vapour respectively,  𝑀𝑤 is the molecular 155 

weight of water and 𝐷𝑒𝑓𝑓 is the effective diffusivity of water vapour which was, considering 156 

the molecule-wall collisions, derived and given by [19] as:   157 

               𝐷𝑒𝑓𝑓 = 𝜀𝜏 [ 1𝐷𝐾𝑛 + 1 − (1 − 𝛽)𝑦𝑤𝐷𝑤−𝑎 ]−1
 (10) 

where 𝜀 and 𝜏 are the porosity and tortuosity of the membrane, 𝑦𝑤 is the mole fraction of water 158 

vapour and 𝛽 is the ratio of the diffusion rate of air to the diffusion rate of water (Graham’s 159 

law) and is given by [19]:  160 

 𝛽 = √𝑀𝑤𝑀𝑎  (11) 

where 𝑀𝑎 is the molecular weight of air. 𝐷𝑤−𝑎 is the molecular diffusion coefficient of water 161 

vapour into air which varies with temperature as follows [32]: 162 
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 𝐷𝑤−𝑎 = 1.895 × 10−5 𝑇2.072101325 (12) 

𝐷𝐾𝑛 is the Knudsen diffusion coefficient [19]: 163 

      𝐷𝐾𝑛 = 4𝑑𝑝3 √ 𝑅𝑇2𝜋𝑀𝑤 (13) 

where 𝑑𝑝 is the pore diameter of the membrane and 𝑅 is the universal gas constant (8.3145 J 164 

mol-1 K-1). 𝐶𝑤 is the water vapour concentration and is given by: 165 

 𝐶𝑤 = 𝑎𝑤𝑦𝑤 𝑝𝑠𝑅𝑇 (14) 

where 𝑎𝑤 and 𝑦𝑤 are the activity coefficient and mole fraction of liquid water; they are  both 166 

(assuming 100% purity for water) equal to unity at the interface between the membrane and 167 

the permeate channel. The activity coefficient for non-ideal aqueous electrolyte and 168 

nonelectrolyte solutions (including saline and wastewater water) could be approximated using 169 

the following equation [33]: 170 

 𝑎𝑤 = (1 − 𝑦𝑠)𝑒𝑥𝑝(𝛼𝑦𝑠2 + 𝛽𝑦𝑠3) (15) 

where 𝑦𝑠 is the molar fraction of the solute (e.g. salt or urea) and 𝛼 and 𝛽 are experimentally 171 

determined parameters. Miyawaki et al. [33] listed the 𝛼 and 𝛽 parameters for a wide range of 172 

non-ideal aqueous electrolyte and nonelectrolyte solutions. However, the following expression 173 

for activity coefficient is typically used for saline water and was used in this work [16]: 174 

 𝑎𝑤 = 1 − 0.5𝑦𝑁𝑎𝐶𝑙 − 10𝑦𝑁𝑎𝐶𝑙2  (16) 

where 𝑦𝑁𝑎𝐶𝑙 is the mole fraction of the solute (NaCl); it was estimated to be 0.011 for 3.5 wt. 175 

% NaCl solution. Note that the variation in the computed transmembrane flux of water vapour 176 

when using Eq. (15) or Eq. (16) is less than 1%. It should be also noted we considered saline 177 

water for the feed channel of the module as the reported experimental data (with which we 178 

could validate our model) associated with the DCMD modules used for desalination 179 

demonstrations are significantly more than those used for wastewater treatment. However, the 180 
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findings in this work should be applicable to both applications (i.e. desalination and wastewater 181 

treatment) as the activity coefficient is very slightly sensitive to the type of the solute in the 182 

low concentration aqueous solutions [33], resulting in marginal variations in the outcomes of 183 

the model. The saturation pressure of water vapour, 𝑝𝑠, is estimated using Antoine equation 184 

[16]:   185 

 𝑝𝑠 = 𝑒𝑥𝑝 (23.1964 − 3816.44𝑇 − 46.13) (17) 

 186 

Boundary conditions and solution procedure  187 

The boundary conditions used to solve the conservation equations are shown in Fig. 1a. Inlet 188 

temperatures (𝑇ℎ𝑖 and 𝑇𝑐𝑖) and velocities (𝒖ℎ𝑖 and 𝒖𝑐𝑖) are prescribed at the inlets of the 189 

channels and zero pressures are prescribed at the outlets of the channels. No slip boundary 190 

conditions are prescribed at the walls of the channels. Molar concentrations, calculated by Eq. 191 

(14), are prescribed at the left (𝐶𝑤𝑙) and the right (𝐶𝑤𝑟) sides of the membrane. No heat flux 192 

(−𝒏. 𝑞 = 0) and no molar flux (−𝒏. 𝑁 = 0) are appropriately implemented as shown in Fig. 193 

1a.  194 

The modelled geometry was meshed as presented in Fig. 1b. The mesh is made significantly 195 

finer at the interfaces and the boundaries in order to capture the expected high rates of change 196 

in these regions. The number of elements is 9000 which is found to give a mesh-independent 197 

solution. Eq. (1), Eq. (2), Eq. (3) and Eq. (7) were discretised and solved using COMSOL 198 

Multiphysics 5.2a® solver.       199 
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(a) (b) 

 200 

 201 

 202 

3. Results and discussion 203 

The accuracy of the developed model has been already assessed in [29]. As mentioned in 204 

Section 2, non-equimolar diffusion (rather than equimolar diffusion that was adopted in [29]) 205 

was considered for the transport of gas mixture within the membrane. Therefore, it is, 206 

considering this change, important to reproduce the validation plots in the present work. 207 

Multiple sets of experimental data taken from [20] and [34] were used for validation. Fig. 2 208 

shows good agreement between the measured [20] and the computed transmembrane fluxes as 209 

they change with the inlet velocities and the inlet feed temperatures; the key trends are captured 210 

by the model and the variance for any two sets of modelling and experimental is less than 10% 211 

which is better than that reported in [29]: 15%. Likewise, slightly better agreement is, compared 212 

to that demonstrated in [29], observed between the computed transmembrane flux and the 213 

measured transmembrane flux reported in [34] particularly for the case where the inlet feed 214 

Fig. 1 (a) The boundary conditions used to solve the model (the schematic is not to scale). N is the molar flux and equal 

to –Deff∇Cw and q is heat flux and equal to –k∇T and (b) the meshed computational domain. Note that the dimensions 

in x-direction (i.e. the height of each channel, 0.002 m, and the membrane thickness, 130 µm) are, compared to the 

length of the module in the y-direction (i.e. 0.21 m), scaled up 40 times in order to present a clearer view of the mesh.  
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temperature is 40 °C (Fig. 3a). Further, Fig. 3b shows very good agreement between the 215 

experimental [34] and the modelling data of the outlet temperatures of the feed and the 216 

permeate channels as they change with the inlet velocities. As mentioned in [29], the geometry 217 

of the DCMD module reported in [20] was considered in the present work and this is owing to 218 

the availability of all the physical parameters required for building and running the model; note 219 

that the developed model was slightly adapted for the DCMD module reported in [34] in order 220 

to account for the changes in the values of some parameters (see the caption of Fig. 3).  221 

(a) (b) 

Fig. 2 The transmembrane flux as a function of inlet velocity and feed temperature for: (a) fresh water and (b) saline 222 
solution (3.5 wt. % NaCl) as a feed stream. Note that the inlet permeate temperature was kept constant at 25 °C and 223 
the flow configuration was co-flow [20]. Note that the modelling data shown in these figures are slightly different to 224 
those reported in [29] and this is due to considering non-equimolar diffusion for the transport of gas mixture within 225 
the membrane in the present work.     226 

 

(a) (b) 

Fig. 3 (a) The transmembrane flux as a function of inlet velocity for two inlet feed temperatures (40 and 60°C) and (b) 227 
the outlet temperatures of the feed and permeate channels as they change with inlet velocities. The width and the height 228 
of each channel in the module reported in [34] are 1 mm and 0.4 m, respectively. The salinity (𝒘𝒔), the average pore 229 
diameter of the membrane (𝒅𝒑), the membrane thickness (𝒕𝒎), the porosity of the membrane (𝜺), the tortuosity of the 230 
membrane (𝝉) and thermal conductivity of the membrane material (𝒌𝒔) used for the respective model are: 1%, 0.28 231 
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µm, 100 µm, 0.72, 1.4 and 0.178 W m-1 K-1, respectively. Note that the modelling data shown in these figures are slightly 232 
different to those reported in [29] and this is due to considering non-equimolar diffusion for the transport of gas mixture 233 
within the membrane in the present work.           234 

 235 

Table 1 lists the physical parameters used for the base case of the model. It should be noted 236 

that, following the normal practice, the flow configuration was counter-current. The water 237 

vapour concentration within the membrane and the velocity and the temperature contours  were 238 

generated in our previous work [29] and have been re-produced in this work (Appendix B) for 239 

completeness. There are slight differences between two sets of graphs used in this article and 240 

the previous article and this is due to the fact that non-equimolar diffusion (rather than 241 

equimolar diffusion) was used in the present work. However, the general trends are similar in 242 

both sets. Namely: (i) the flow becomes hydrodynamically fully developed after a short 243 

distance from the inlets (Fig. A1(a)), (ii) the flow is thermally developing (Fig. A1(b)) and (iii) 244 

the flux of water vapour within the membrane is a maximum just before the outlet of the 245 

permeate channel and just after the inlet of the feed channel (Fig. A1(c)). The latter observation 246 

is corroborated by the profile of water vapour flux at the interface between membrane and the 247 

feed channel (Fig. A1(d)). Interestingly, Fig. A1(d) also shows that the flux of water vapour 248 

starts to slightly increase as the region, where feed stream exits its channel and permeate stream 249 

enters its channel, is approached (> 0.2 m). This is due to the fact that the temperature of the 250 

permeate channel is a minimum at the inlet (20°C) and this in turn creates a difference in 251 

saturation pressure of water vapour that is sufficiently high to induce a relatively high water 252 

vapour flux compared to the other regions close to the inlet of the permeate channel/the exit of 253 

the feed channel.                 254 

Table 1 The parameters used for the modelled DCMD. 255 

Parameter Value 

Channel height 0.002 m [20] 

Module length 0.21 m [20] 

Membrane porosity (𝜀) 0.72 [20] 

Membrane thickness 130 µm [20] 
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Average pore dimeter (𝑑𝑝)  0.1 µm [20] 

Thermal conductivity of membrane material (𝑘𝑠) 0.178 W m-1 K-1 [20] 

Salinity 3.5 wt. % [20] 

Inlet velocity of feed stream (𝒖ℎ𝑖) 0.2 m s-1 

Inlet velocity of permeate stream (𝒖𝑐𝑖) 0.2 m s-1 

Inlet temperature of feed stream (𝑇ℎ𝑖) 60 °C 

Inlet temperature of permeate stream (𝑇𝑐𝑖) 20 °C 

 256 

3.1 Non-equimolar diffusion versus equimolar diffusion  257 

Fig. 4 shows the change of water vapour flux 𝐽 ̅ (averaged over the length of the membrane) 258 

with the average pore diameter of the membrane (𝑑𝑝) for two cases: a case in which the 259 

diffusion is non-equimolar (the base case) and a case in which the diffusion is assumed to be 260 

equimolar. For the latter case, Eq. (10) simplifies to:  261 

               𝐷𝑒𝑓𝑓 = 𝜀𝜏 [ 1𝐷𝐾𝑛 + 1𝐷𝑤−𝑎]−1
 (18) 

The figure also presents the relative error that is incurred as a result of the equimolar diffusion 262 

assumption; it is mathematically defined as 100 × (𝐽�̅�𝑜𝑛−𝑒𝑞 − 𝐽�̅�𝑞)/𝐽�̅�𝑜𝑛−𝑒𝑞, where the 263 

subscripts “non-eq” and “eq” stand for non-equimolar and equimolar respectively. Similar 264 

expressions to calculate and plot the relative errors/gains were used in Sections 3.2, 3.3, 3.4 265 

and 3.5. Note that the fluxes (equimolar and non-equimolar) as well as the relative error share 266 

the y-axis. The results show that the equimolar diffusion assumption may be tolerated for the 267 

membrane with relatively low pore size (< 0.1 µm) as the mass transport is dominated by 268 

Knudsen diffusion (where molecule-wall collisions prevail over molecule-molecule 269 

collisions). As the pore size increases beyond 0.1 µm, the molecular diffusion starts to play a 270 

more profound role in transporting water vapour across the membrane; therefore, in such cases, 271 

the error in estimating 𝐽 ̅as a result of equimolar diffusion assumption cannot be overlooked. 272 

The pore size of most of the membranes are typically between 0.1 and 1 µm (see for example 273 

Table 2 in [35]). Therefore, 𝐽,̅ with equimolar diffusion assumption, for membranes with 0.1 274 
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and 1 µm average pore diameters are underestimated by around 8 and 17 % respectively. It is 275 

noteworthy that the flux of water vapour considering non-equimolar diffusion is larger than 276 

flux of water vapour assuming equimolar diffusion especially in molecular diffusion dominated 277 

region (𝑑𝑝 > 1 µm); this is due to the fact the molecular diffusion rate of water vapour is, 278 

according to Graham’s law (i.e. Eq. (11)), is higher than that of air by a around 1.3. One final 279 

remark in this section is that the increase rate of the relative error becomes less and that the 280 

relative error approaches a constant value as 𝑑𝑝 increases; this is due to diminishing effects of 281 

Knudsen diffusion. In other words, the relative error is constant if Knudsen diffusion is 282 

neglected.          283 

 284 

Fig. 4 The transmembrane flux of water vapour (�̅�) as it changes with the average pore diameter of the membrane (𝒅𝒑) 285 
for the cases where the diffusion is non-equimolar (solid line) and equimolar (dashed line).       286 

 287 

3.2 Knudsen diffusion effects 288 

If Knudsen diffusion is ignored, Eq. (10) simplifies to:  289 

               𝐷𝑒𝑓𝑓 = 𝜀𝜏 ( 𝐷𝑤−𝑎1 − (1 − 𝛽)𝑦𝑤) (19) 
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Fig. 5a shows how 𝐽 ̅changes with 𝑑𝑝, with/without considering Knudsen diffusion. Clearly, 290 

for relatively small values of 𝑑𝑝, 𝐽 ̅ is massively overestimated if Knudsen diffusion is 291 

neglected. Knudsen number (𝐾𝑛) is normally used to identify diffusion regimes: molecular, 292 

slip, transition or Knudsen [36]. The transition regime is, in general, where both molecular and 293 

Knudsen diffusions play an important role in transporting the gaseous species. 𝐾𝑛 is 294 

mathematically expressed as [18]:                        295 

               𝐾𝑛 = 𝜆𝑑𝑝 (20) 

where 𝜆 is the mean free path of the diffusing molecules. 𝜆 for water vapour is about 0.145 µm 296 

at 60 °C and 1 atm (calculated based on the relevant data provided in Chapter 17 in [18]). For 297 

typical operating temperatures of DCMD (20-80 °C), 𝜆 for water vapour slightly changes with 298 

temperature (~ 10 %) and it is therefore reasonably valid to state that it (i.e. 𝜆) is invariant with 299 

temperature. Fig. 5b shows 𝐾𝑛 and the relative error representing the overestimation of 𝐽 ̅as a 300 

result of neglecting Knudsen diffusion. Fig. 5b indicates that 𝐾𝑛 needs to be  less than 0.1 to 301 

have an error less than 10% and this is where 𝑑𝑝 should be more than 1.5 µm. Evidently, 302 

ignoring Knudsen diffusion for typically-used membranes (where 𝑑𝑝 is between 0.1 and 1 µm) 303 

results in an unacceptable overestimation of 𝐽 ̅(up to ~ 160 %).  304 

(a) (b) 

Fig. 5 (a) The transmembrane flux of water vapour (�̅�) as it changes with the average pore diameter of the membrane 305 
(𝒅𝒑) with/without considering Knudsen diffusion and (b) Knudsen number (𝑲𝒏) and the relative error (representing 306 
the overestimation in �̅� as a result of neglecting Knudsen diffusion) as functions of 𝒅𝒑.  307 
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3.3 Binary mixture versus ternary mixture  308 

It is rather convenient to assume that the gas mixture within the membrane is binary (water 309 

vapour and air) rather than ternary (water vapour, nitrogen and oxygen gases). Namely, a rather 310 

simple equation (Fick’s law) is normally used for binary mixtures to estimate the flux of water 311 

vapour (𝐽)̅. With ternary mixtures, the molecules of water vapour collide with the molecules of 312 

the constituents of air: nitrogen and oxygen gases and in this case Maxwell-Stefan (MS) 313 

equations are typically used to solve for the fluxes. The solution of multicomponent diffusion 314 

(three components or more) is rather complicated because the diffusion equations governing 315 

the mass transport process are coupled [37]. Effective diffusivity method is one of the methods 316 

that are often used to solve multicomponent diffusion problems to avoid mathematical 317 

complexities [38]. Within COMSOL Multiphysics® platform, one of the effective diffusivity 318 

methods is presented under the name “mixture-averaged” diffusion model. The equations 319 

describing this method are as follows: 320 

           𝐽 = − (𝜌𝑚𝐷𝑖𝑒𝑓𝑓∇𝑤𝑖 + 𝜌𝑚𝑤𝑖𝐷𝑖𝑒𝑓𝑓 ∇𝑀𝑚𝑀𝑚 ) (21) 

where 𝑤𝑖 is the mass fraction of the species 𝑖 and 𝐷𝑖𝑒𝑓𝑓
 is the effective diffusivity of the species 321 𝑖 which is obtained using the following reciprocal additivity:   322 

               𝐷𝑖𝑒𝑓𝑓 = 𝜀𝜏 [ 1𝐷𝑖𝐾𝑛 + 1𝐷𝑖𝑚]−1
 (22) 

where 𝐷𝑖𝐾𝑛 is the Knudsen diffusion coefficient of the species 𝑖 (which is obtained using Eq. 323 

(13)). The “mixture-averaged” diffusion coefficient of the species 𝑖 (𝐷𝑖𝑚) is given as:                   324 

               𝐷𝑖𝑚 = 1 − 𝑤𝑖∑ 𝑦𝑖𝐷𝑖𝑘𝑖≠𝑘  (23) 

where 𝑦𝑖 is the mole fraction of the species 𝑖 and 𝐷𝑖𝑘 is the multicomponent Maxwell-Stefan 325 

diffusivity of the pairs 𝑖 and 𝑘 which could be, for convenience, replaced by the binary 326 
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diffusivity for the pairs 𝑖 and 𝑘 for the low density gas mixture [39]. 𝜌𝑚 is the density of the 327 

gas mixture:         328 

      𝜌𝑚 = 𝑝𝑀𝑚𝑅𝑇  (24) 

where 𝑀𝑚 is the molecular weight of the gas mixture: 329 

               𝑀𝑚 = (∑ 𝑤𝑖𝑀𝑖𝑖 )−1
 (25) 

Fig. 6 shows 𝐽 ̅ as it changes with 𝑑𝑝 using two models: Fick’s law and MS equations. The 330 

graph shows that, for the given typical operating conditions, the neglect of frictional forces 331 

(accounted for in the MS equations [40]) results in (i) a slight underestimation of 𝐽 ̅(up to 6%) 332 

in the region where the mass transport is mainly limited by the Knudsen diffusion (0.01 µm < 333 𝑑𝑝< 0.1 µm) and (ii) an overestimation of 𝐽 ̅in the region where the molecular diffusion starts 334 

to play a more profound role (𝑑𝑝 > 0.1 µm). Within this range (i.e. 0.1 – 10 µm), the 335 

overestimation of  𝐽 ̅appears to be somewhat acceptable (up to 7%). It should be noted that the 336 

frictional forces are the sum of the forces exerted on the species 𝑖 by other species; they are 337 

proportional to the fraction of other species and the difference between the diffusion velocity 338 

of the species 𝑖 and those of other species [40].        339 
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 340 

Fig. 6 The transmembrane flux of water vapour (�̅�) as it changes with the average pore diameter of the membrane (𝒅𝒑) 341 
using Fick’s law (solid line) or Maxwell-Stefan equations (dashed line).  342 

3.4 Convection effects 343 

The total pressure within the DCMD module is typically constant and as such there is no 344 

pressure difference across the membrane that induces convective mass transport. A high 345 

pressure (up to 100 bar [41]) is applied at the side of the membrane that is in contact with the 346 

saline solution in the reverse osmosis (RO) process to outweigh osmosis pressure and drive 347 

pure water through the membrane. On the other hand, the driving force in the membrane 348 

distillation process is the temperature difference across the membrane that induces a difference 349 

in the saturation pressure of the solvent (i.e. water vapour in our case). The point of potential 350 

interest here is how sensitive the transmembrane flux of water vapour (𝐽)̅ is to the application 351 

of slight pressures (up to say 300 Pa) to the feed channel of the MD module. 352 

The convective flux, induced by the total pressure difference across the membrane, is 353 

accounted by the second term in the right side of the following equation (which is an updated 354 

version of Eq. (9)):        355 

           𝐽 = (−𝐷𝑒𝑓𝑓∇𝐶𝑤 + 𝒖𝐶𝑤)𝑀𝑤 (26) 
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The velocity vector 𝒖 within the membrane is solved for by Darcy’s law: 356 

           𝒖 = −𝐾𝜇 ∇𝑝 (27) 

where 𝐾 is the permeability coefficient of the membrane (m2) and 𝜇 is the dynamic viscosity 357 

of water vapour (~ 1 × 10-5 Pa.s [42]). This permeability coefficient, which is an intrinsic 358 

property of the material [43], should not be confused with the permeance (kg m-2 h-1 Pa-1) or 359 

the permeability (the product of the permeance and the membrane thickness) that are often used 360 

to express the pressure-driven penetration rates of the separation membranes [44-45]. The 361 

permeability for the structures composing of fibres randomly oriented in the lateral direction 362 

(resembling the structures of the membranes commonly used in the DCMD modules) is given 363 

as follows [46]: 364 

           𝐾 = 𝜀8(log(𝜀))2 (𝜀 − 0.11)2.7850.9126(1.785𝜀 − 0.11)2 𝑑𝑓2 (28) 

 where 𝑑𝑓 is, in this work, the average fibre diameter of the membrane. It should be noted that, 365 

as the pressure difference is across the membrane, the formula shown in Eq. (28) is for the 366 

transverse gas permeability. The permeability coefficients in the lateral directions were, due to 367 

their negligible effects, assumed to have the same value as the gas permeability in the transverse 368 

direction. The pore diameter of the membrane (𝑑𝑝) changes as the fiber diameter changes. 𝑑𝑝 369 

could be estimated from the Young-Laplace equation [1]:   370 

           𝑑𝑝  = − 4𝛾 cos 𝜃𝐿𝐸𝑃  (29) 

where 𝐿𝐸𝑃 is the liquid entry pressure, 𝛾 is the surface tension of water (0.072 N m-1 at 25°C 371 

[1]) and 𝜃 is the contact angle that a water droplet makes with the membrane surface (124° 372 

[1]). Guo et al. [1] measured the 𝐿𝐸𝑃 for some electrospun membranes with different 𝑑𝑓 values 373 

(Fig. 7a); the dots in Fig. 7a are the experimental data which we curve-fit using a power model:  374 
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           𝐿𝐸𝑃 = −0.434𝑑𝑓−1.528 (30) 

where the units of 𝐿𝐸𝑃 and 𝑑𝑓 are bar and µm, respectively. The above curve-fitting equation 375 

(represented by the solid line in Fig. 7a) was used in Eq. (29) to estimate 𝑑𝑝 for a given 𝑑𝑓. 376 

Fig. 7b and Fig. 7c respectively present the permeability or 𝐾 (calculated using Eq. (28)) and 377 

the pore diameter or 𝑑𝑝 (calculated using Eq. (29)) of the membrane for a given range of 𝑑𝑓.  378 

Fig. 7d shows how 𝐽 ̅changes with a slight pressure difference of 300 Pa. The results suggest 379 

that such a slight pressure difference has almost no positive impact on 𝐽 ̅for 𝑑𝑝 less than 1 µm 380 

which encompasses the range of 𝑑𝑝 that is featured by most of the DCMD membranes (0.1 – 381 

1 µm); the gain is less than 2%. This is due to the extremely low permeability coefficients of 382 

the membranes (~ 10-14 - 10-15 m2) with the above 𝑑𝑝 range (i.e. 0.1 – 1 µm); consult both Fig. 383 

7b and Fig. 7c. Notably, 𝐽 ̅starts to increase exponentially after 1 µm, resulting in about 25% 384 

gain with a 𝑑𝑝 of around 10 µm (Fig. 7d).       385 

(a) (b) 
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(c) (d) 

Fig. 7 (a) The liquid entry pressure (LEP) as a function of average fibre diameter of membranes (𝒅𝒇) (the dots are 386 
experimental data [1] and the solid line represents the curve fitting equation of these experimental data), (b) the gas 387 
permeability coefficient (𝑲) as a function of the average fibre diameter of the membrane (𝒅𝒇), (c) the average pore 388 
diameter of the membrane (𝒅𝒑) as a function of the average fibre diameter of the membrane (𝒅𝒇) and (d) the 389 
transmembrane flux of water vapour (�̅�) as it changes with the average pore diameter of the membrane (𝒅𝒑) without 390 
(solid line) and with (dashed line) a convective flow induced as a result of a slight total pressure difference across the 391 
membrane (300 Pa).  392 

3.5 Sensitivity to inlet feed temperature  393 

It was shown in [29] that the inlet feed temperature has the highest impact on the 394 

transmembrane flux of water vapour which is one of the operating conditions that could be, 395 

compared to the membrane characteristics, easily controlled. It would be therefore of interest 396 

to explore the sensitivity of the transmembrane flux of water vapour to all the above 397 

assumptions when changing the inlet feed temperature from a typically used one (60 °C) [2, 398 

16, 19] to a lower one (40 °C) or a higher one (80 °C). Table 2 shows that errors/gains arising 399 

as a result of the investigated assumptions are in general less with the high inlet feed 400 

temperature (80 °C). The regime with this inlet feed temperature is, compared to the other 401 

lower inlet feed temperatures, more limited by heat transfer resistance and less sensitive to the 402 

mass transport related properties (e.g. diffusion coefficients); this is due to the exponential 403 

relationship between the temperature and the saturation pressure of water vapour which is the 404 

driving force for the transmembrane flux of water vapour. Notably, the error arising as a result 405 

of equimolar assumption very slightly increases (i.e. from 17.3 to 17.4%) when increasing inlet 406 

feed temperature from 60 to 80°C. This is mainly attributed to the increased increase of the 407 
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molecular diffusion coefficient of water vapour into air, 𝐷𝑤−𝑎, at 80°C (0.30%) compared to 408 

that at 60°C (0.02%) when switching from equimolar to non-equimolar diffusion. Note that, 409 

for a typical membrane pore size range (0.1 – 1 µm), the values of 𝑑𝑝 shown in Table 2 are 410 

selected based on where the error/gain is a maximum (either 0.1 or 1 µm). Further, the table 411 

shows that, with the 80 °C inlet feed temperature, the transmembrane flux is, unlike with the 412 

other lower inlet feed temperatures, underestimated (rather than overestimated) if binary 413 

diffusion is assumed and Fick’s law is subsequently used. This appears to be due to higher 414 

increased diffusion coefficient of water vapour when the inlet feed temperature increases from 415 

60 to 80 °C when using Maxwell-Stefan equations rather than Fick’s law. Namely, the mixture-416 

averaged diffusion coefficient of water vapour in the ternary mixture (𝐷𝑤𝑚) increases by around 417 

9% whereas the diffusion coefficient of water vapour into air in the binary mixture (𝐷𝑤−𝑎) 418 

increases by only around 3%.      419 

Table 2 Sensitivity of transmembrane flux of water vapour (�̅�) to common assumptions with different values 420 
of inlet feed temperature (𝑻𝒉𝒊). 421 

Assumption 𝒅𝒑 (µm) 
Error/Gain in �̅� (%) 𝑻𝒉𝒊 = 40°C 𝑻𝒉𝒊 = 60°C 𝑻𝒉𝒊 = 80°C 

Equimolar diffusion 1 17.9 17.3 17.4 

Knudsen diffusion neglected 0.1 161.7 160.7 150.6 

Binary diffusion  1 13.3 7.5 -9.3 

Total pressure drop exists (300 Pa)  1 4.0 1.4 0.10 

 422 

4. Conclusions  423 

A two-dimensional numerical model for a direct contact membrane distillation (DCMD) 424 

module, designed for desalination ands wastewater treatment, has been created. The current 425 

model is an improved version of a previously developed model presented in [29]; this model 426 

considers non-equimolar diffusion rather than equimolar diffusion for the transport of the gas 427 

mixture within the membrane. The main motive behind creating the model was to explore the 428 

sensitivity of the transmembrane flux of water vapour (𝐽)̅ to some of the 429 
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assumptions/simplification that are commonly used to model the mass transport within the 430 

membrane. The below are the key findings of the study:  431 

 For the commonly-used membranes (where the average pore diameter (𝑑𝑝) is between 0.1 432 

and 1 µm), the error in estimating 𝐽 ̅ as a consequence of equimolar (rather than non-433 

equimolar) diffusion assumption could be substantially large (e.g. ~ 17 % with 1 µm 𝑑𝑝) 434 

to be overlooked.   435 

 Ignoring Knudsen diffusion for typically used membranes result in an unacceptable 436 

overestimation of 𝐽 ̅which could be more than 150%. 𝑑𝑝 should be more than 1.5 µm to 437 

tolerate the neglect of Knudsen diffusion.     438 

 Fick’s law (rather than the more complex and computationally expensive Maxwell-Stefan 439 

equations) appears to be safely used to model the transport of water vapour within the 440 

commonly-used membranes.       441 

 Slight total pressure differences (≤ 300 Pa) has no positive impact in boosting  �̅� of the 442 

distillation module equipped with the normally-used membranes and this is due the 443 

extremely low permeability coefficients of these membranes (~ 10-14 - 10-15 m2). 444 

 The error/gain values due to the use of the above-mentioned assumptions become less with 445 

relatively high inlet feed temperatures (e.g. 80 °C) as the regime becomes more limited by 446 

the heat transfer resistance with such temperatures.                                   447 

Nomenclature 448 𝑎 Activity coefficient  ℎ𝑓𝑔 Heat of vaporisation/condensation (J kg-1) 𝐶𝑝 Specific heat capacity (J mol-1 K-1) 𝐷𝐾𝑛 Knudsen diffusion coefficient (m2 s-1) 𝐷𝑤−𝑎 Normal (ordinary) diffusion coefficient of water into air (m2 s-1)  𝐽 ̅ Average mass transmembrane flux (kg m-2 s-1) 𝑑𝑓 Average fibre diameter of the membrane (m) 
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𝑑𝑝 Average pore diameter of the membrane (m) 𝑝𝑠 Saturation pressure (Pa) 𝐶 Molar concentration (mol m-3) 𝐾 Permeability coefficient (m2) 𝐾𝑛 Knudsen number 𝐿𝐸𝑃 Liquid entry pressure (Pa) 𝑀 Molecular weight (kg mol-1) 𝑁 Transmembrane molar flux (mol m-2 s-1)  𝑅 Universal gas constant (J mol-1 K-1) 𝑇 Temperature (K) 𝑘 Thermal conductivity (W m-1 K-1) 𝑝 Pressure (Pa) 𝑞 Heat flux (W m-2) 𝑤 Mass fraction 𝑦 Mole fraction 𝒏 Normal vector 𝒖 Velocity vector (m s-1) 𝛼 Fitting parameter in Eq. (15) 𝛽 Fitting parameter in Eq. (15) 𝛾 Surface tension (N m-1) 𝜀 Membrane porosity 𝜃 Contact angle (°) 𝜆 Mean free path (m) 𝜇 Dynamic viscosity (Pa s) 𝜌 Density (kg m-3) 𝜏 Membrane tortuosity 

Subscripts/superscripts  𝑎 Air ℎ Hot 
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𝑐 Cold 𝑒𝑓𝑓 Effective 𝑔 Gas 𝑖 Inlet; Species i 𝑘 Species k 𝑙 Left 𝑚 Gas mixture 𝑟 Right 𝑠 Solid 𝑤 Water 

Acknowledgments 449 

The authors would like to thank the Institutional Links Newton-Mosharafa Fund (261749278 450 

and STIFA-27653) and Research England QR GCRF Institutional Allocation (X/165302) for 451 

their financial support.  452 

Appendix A 453 

The following temperature-dependent polynomials were used to estimate the density (𝜌), 454 

dynamic viscosity (𝜇), specific heat capacity at constant pressure (𝐶𝑝) and thermal conductivity 455 

(𝜇) of the flowing fluid in the feed and permeate channels (i.e. liquid water) [30]: 456 

 𝜌 = 838.466 + 1.401𝑇 − 3.011 × 10−3𝑇2 + 3.718 × 10−7𝑇3 (A.1) 

 𝜇 = 1.38 − 2.122 × 10−2𝑇 + 1.360 × 10−4𝑇2 − 4.645 × 10−7𝑇3+ 8.904 × 10−10𝑇4 − 9.079 × 10−13𝑇5 + 3.846× 10−16𝑇5 

(A.2) 

 𝐶𝑝 = 12010.1471 − 80.407𝑇 + 0.310𝑇2 − 5.382 × 10−4𝑇3 + 3.625× 10−7𝑇4 

(A.3) 

 𝑘 = −0.869 + 8.949 × 10−3𝑇 − 1.584 × 10−5𝑇2 + 7.975 × 10−9𝑇3 (A.4) 

  457 
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Appendix B 458 

 459 

   
(a) (b) (c) 

 
(d) 

 460 
Fig. A1 Contour plots of (a) velocity (m s-1), (b) temperature (°C), (c) concentration of water vapour (mol m-3) in the 461 
membrane and (d) flux of water vapour (kg m-2 h-1) along the feed-membrane interface. Note that the thickness of the 462 
membrane domain in (c) was scaled up 200 times and that the red arrows represent the flux of water vapour (kg m-2 h-463 
1) whose magnitudes are shown graph (d). Slightly different profiles were reported in [29] and this is due to considering 464 
non-equimolar diffusion for the transport of gas mixture within the membrane in the present work.     465 

 466 

  467 
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