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SUMMARY

Previous models for the formation and evolution of spherical galaxies are
here generalized to the case of axisymmetric rotating systems. It is found
that a completely inviscid collapse does not yield a realistic model, but if a
plausible turbulent viscosity is assumed it produces significant outward trans-
fer of angular momentum during the collapse and leads to models which
closely resemble elliptical galaxies. The radial structure of these models is
similar to that of the spherical models, but the rotating models also predict
isophotal shapes, ellipticity profiles, and rotation curves that are in qualitative
agreement with observations. The distributions of metal abundance, rota-
tional velocity, and velocity dispersion are all flattened toward the equatorial
plane, and reflect a stellar population gradient perpendicular to this plane
which is qualitatively similar to the stellar population gradient observed in
our galaxy. If there is not too much viscosity present during the later stages
of the collapse, the residual gas forms a distinct flat ‘incipient disc’
component.

1. INTRODUCTION

In two two previous papers (Larson 1969, Paper I; Larson 1974a, Paper II)
results were presented for a number of dynamical calculations describing the
formation and evolution of spherical galaxies. In these papers it was shown that
when plausible values are assumed for the model parameters these spherical
models reproduce the radial surface brightness profiles of typical elliptical galaxies,
as well as the observed metal abundance gradients. However, in view of the fact
that most, if not all, elliptical galaxies rotate and have finite flattening (de Vaucou-
leurs 1974), it would clearly be desirable to undertake similar calculations also
for flattened rotating models. The additional properties of elliptical galaxies
which one might hope to be able to explain with such models include the rotation
curves, isophotal shapes, and ellipticity profiles; also, as more observational data
become available, it will be useful to have predictions for the complete two-
dimensional distributions of metal abundance and kinematic properties over the
image of an elliptical galaxy. In the present paper we describe a number of cal-
culations of axisymmetric rotating models intended to represent more realistically
the structure of rotating elliptical galaxies. Calculations for more highly-flattened
models with prominent disc components are in progress and will be reported in
a later paper.

In Papers I and II it was assumed that a protogalaxy begins as a cloud of gas,
and that star formation takes place continuously during the collapse of the proto-
galaxy; a two-fluid hydrodynamic treatment was then used to describe the
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dynamics of the system of both gas and stars. Rather different assumptions have
been made in the recent work of Gott (1973, 1975), who has calculated models
for the formation of elliptical galaxies on the assumption that star formation
is completed before the collapse begins, so that only the dynamics of a system
of stars need be considered. When ¢ cosmological infall’ effects are included
(Gott 1975) these purely stellar models are able to reproduce the observed flat-
tening and the brightness profiles of the envelopes of elliptical galaxies, but the
dense nuclei observed in many E galaxies are not reproduced, nor are the metal
abundance gradients. To explain these properties, it still appears necessary to
assume that at least the inner parts of elliptical galaxies have been formed by a
gaseous infall process, as in the models of Papers I and II. (For a more complete
discussion of models of galaxy formation see Larson 1975.) A gaseous infall model
seems especially to be required if, as suggested by recent observations of NGC 3379
by Burkhead & Kalinowski (1974), the composition gradients in E galaxies are
not confined to their nuclear regions but extend throughout their envelopes as
well; this evidence would suggest that a model such as Model F of Paper 1I,
which predicts a composition gradient at all radii, is preferable to a purely stellar
model which predicts no composition gradient.

2. ASSUMPTIONS
2.1 Imtial and boundary conditions

The present model calculations have all started with a uniform spherical
protogalaxy of mass M = 1011 M, and radius R = 30 kpc. As in most of the
spherical models of Papers I and II, we have assumed that the boundary remains
at a fixed radius and that there is no mass flow across the boundary. It is clear
from the previous results for the spherical models that the main effect of assuming
a larger boundary radius or an expanding boundary would be to lengthen the time
scale for the collapse. For the initial state of motion of the protogalaxy we have
adopted the simplest assumption, i.e. pure uniform (solid body) rotation, the
initial angular velocity being considered as a free parameter. We also assume that
no external torques act on the system, so that its total angular momentum is
conserved during the collapse.

As assumed in Papers I and IT and further discussed by Larson (1973), we
suppose that the gas in a protogalaxy is very clumpy and possesses large random
or ‘ turbulent’ motions. We have previously regarded the initial velocity dispersion
of the random motions as a free parameter of the models, but in most of the present
calculations the initial velocity dispersion has been set equal to the value given
by the virial theorem. In partial justification of this assumption, we note that if
the velocity dispersion were much smaller than this, it seems possible and perhaps
even likely that gravitational forces acting within an irregular mass distribution
would soon generate random velocities of the same order as the virial velocity.
With the values assumed for the protogalactic mass and radius, the velocity
dispersion in one coordinate direction given by the virial theorem is 55 km s~1,

2.2 Gaseous dissipation and star formation

In Paper II, two prescriptions for the gaseous dissipation and star formation
rates were found to yield models capable of reproducing the radial density structure
of elliptical galaxies. In the approach used in Paper I and in Models F and I
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of Paper II, the gaseous dissipation rate was calculated from a discrete cloud
model for the gas motions and the star formation rate was assumed to vary as
a power of the gas density, the best agreement with the observations being obtained
with a value of about 1-8 for the exponent. Models calculated with these assump-
tions predict a metal abundance profile Z(7) which decreases to very low values
at large radii, and are perhaps in best agreement with the abundance gradient
observed in the halo of our galaxy and that inferred for NGC 3379 from the
observations of Burkhead & Kalinowski (1974). Models of this type also predict
velocity distributions which are nearly isotropic at all radii, a result which may
partially justify the assumption of an isotropic velocity distribution which has
been adopted for simplicity in the present calculations (Section 3). For these
reasons, most of the present calculations have adopted assumptions which are
essentially the same as those of Model F of Paper II.

The other approach considered in Paper II, which has the advantage of being
physically simpler and containing fewer parameters, was based on the assumption
that the time scales for both gaseous dissipation and star formation are proportional
to the local free-fall time. Models of this type generally predict smaller abundance
gradients and higher metal abundances in the halos of galaxies, owing to the
more efficient star formation occurring during the early stages of the collapse.
Also, the velocity distribution is predicted to be significantly radially elongated
at large radii. The properties of these models thus resemble to some extent those
of the purely stellar models of Gott (1973, 1975) at large radii. Since it is not
yet possible to rule out such models as applying to the halos of at least some
galaxies, it is of interest to consider rotating models based on the same assumptions.
Therefore we have calculated one model (Model 5) based on assumptions similar
to those of Model B of Paper II.

2.3 ‘ Turbulent viscosity’

If the protogalactic gas contains large random motions, as we have assumed,
these random motions will transfer angular momentum from one part of the
system to another and in general alter the distribution of angular momentum.
We expect that angular momentum will usually be transported outward in a
collapsing protogalaxy since, as was pointed out by McCrea (1960) in connection
with his floccule theory of star formation, those gas elements which in a system
of randomly moving elements happen to have little angular momentum will fall
toward the centre and concentrate there, whereas the elements with large angular
momentum will remain in the outer parts of the system. Thus there is a segregation
of low and high angular momentum material, resulting in an outward transfer of
angular momentum. As will be seen, it appears to be essential to assume significant
outward transfer of angular momentum in a collapsing protogalaxy if realistic
elliptical galaxy models are to be obtained.

In order to treat quantitatively the transfer of angular momentum in a collapsing
protogalaxy, we have considered two possible descriptions of the gas motions,
corresponding roughly to the limits of small and large mean free paths for the
independently moving gas elements.

If the gas in a protogalaxy is distributed in many randomly moving discrete
clouds, the system of clouds will possess a viscosity analogous to the molecular
viscosity of a gas, except that the clouds here take the place of the molecules.
In classical hydrodynamics, the motion of a viscous fluid is usually assumed to
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be governed by the Navier—-Stokes equations (e.g. Landau & Lifschitz 1959),
which are derived on the assumption that the microscopic motions responsible for
the viscosity have very small mean free paths, so that the viscous stress tensor
depends only on the local shear of the velocity field. The Navier—Stokes equations
imply that in an axisymmetric rotating system the viscous stress in the direction
of rotation is proportional to the gradient of the angular velocity, and that angular
momentum is transported outward in a system in wh1ch the angular velocity
decreases outward.

The coefficient of kinematic viscosity v appearing in the Navier-Stokes equa-
tions is given by the kinetic theory of gases as

v = 30A, (1)

where 9 is the mean random velocity of the gas particles, and A is the mean free
path. To estimate the mean free path of the gas clouds in a protogalaxy, we consider
the cloud model adopted in Paper I, which predicts that

X = (8)m)V/2 C-1 p-1/2 (2)
and
v = (8/3m) C—1p~V2 41/2 (3)

where p is the average gas density, « is the mean squared random velocity in one
coordinate direction, and C is a numerical coefficient estimated in Paper I to be
about 3 x 1073 in units such that the units of mass, length, and time are 1 M
I pc, and 108 yr respectively. The Navier-Stokes equations can be expected to
provide a good approximation for the dynamics of the system if the mean free
path given by equation (2) is small compared with the size of the system. Un-
fortunately this is not the case, as the value of X predicted by equation (2) is
typically of the order of 104 pc, and comparable with the length scale of the density
distribution; thus the Navier-Stokes equations can at best provide only a crude
order-of-magnitude approximation. Nevertheless, as will be seen, results calculated
with the Navier-Stokes equations appear to be at least qualitatively correct when
compared with the predictions of an alternative approach not based on the assump-
tion of short mean free paths, and the models calculated in this way realistically
resemble elliptical galaxies in structure. In the present calculations, the kinematic
viscosity v has been assumed to depend on p and « in the same way as predicted by
equation (3):

y = C,p~l/2q1/2 (4)

where the coefficient C, is regarded as a free parameter, for which values between
100 and 250 have been tried (cf. the value of about 260 predicted by the cloud
model of Paper I).

Because it is difficult to justify convincingly the applicability of the Navier—
Stokes equations, we have considered also an alternative approach in which it is
not assumed that the mean free paths of the gas clouds are small compared with
the size of the system. The viscosity can then no longer be treated as a purely
local effect related to the local shear of the velocity field, but we can still define
the components of the viscous stress tensor in terms of the moments of the velocity
distribution. These moments may be regarded as additional hydrodynamic
variables whose space and time dependence are governed by moment equations
derived from the Boltzmann equation. These moment equations are given and
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discussed in the Appendix for the special case of a system with cylindrical sym-
metry. As is shown in the Appendix, these equations imply outward transport
of angular momentum during at least the early stages of the collapse of a system
of particles, even in the limit of long mean free paths.

Instead of solving these additional moment equations, we have attempted to
find a simple analytic approximation for the relevant viscosity moment which
predicts qualitatively the correct behaviour. One such expression is suggested if
we assume that the clouds which fall toward the centre of the system possess
atypically small angular momenta, while the clouds that carry most of the angular
momentum remain in the outer regions. The rate of inward transport of angular
momentum in the collapsing system is then considerably less than would be the
case if there were no dispersion in the cloud angular momenta and all of the
infalling clouds carried typical angular momenta; thus, associated with the random
motions there is an outward transfer of angular momentum which is comparable
with and partly cancels the inward transport of angular momentum by the mean
flow. If w is the rotational velocity and u the radial velocity, the rate of transfer
of angular momentum in the radial direction by the mean flow is proportional
to (udD{w), while the rate of transfer of angular momentum by random motions
is proportional to 8, = {(u—<u))(w—<w))); the above argument then suggests
that 8, & —<u){v). As discussed in the Appendix, this assumption predicts
qualitatively the right dependence of 8, on (u) and <w), so we have used expres-
sions of this form to represent the components 8, and §, of the viscous stress,
apart from geometrical factors and a constant of proportionality C; which has
been treated as a free parameter (Appendix, equations A15).

2.4 Gas recycling and metal envichment

Because the hydrodynamic calculations alone are already quite time con-
suming, the processes of stellar gas loss and heavy element production have been
represented here by simple approximations rather than the more elaborate cal-
culations used in Paper II. It was found in Paper II that gas loss from stars has
little effect on the dynamics of the initial collapse or on the basic structure of the
resulting galaxy; the main importance of gas recycling is in providing a con-
tinuing source of gas during the later stages of evolution of the system. Thus it
is not very important to calculate the gas loss rate accurately during the first
~10% yr of evolution, but it may become more important during later stages.
We have therefore sought a simple analytic formula which approximates the
gas production rates calculated in Paper IT at times 2109 yr. The gas loss rates
differ considerably between the different models of Paper II, but a representative
approximation to these results is given by

d
7’? = 40 pg(t—500)71:85 (5)

where dpe/dt is the gas loss rate per unit volume, ps is the stellar mass density,
and ¢ is the time in units of 108 yr since the beginning of the collapse. This formula
is generally accurate to within a factor of 2, and it is accurate to within 5 per cent
for Model F at times ¢ > 3 x 10° yr. The fraction of the total stellar mass which
is returned to the interstellar medium within 1010 yr according to equation (5)
is 0°22.

The rate of production of heavy elements has been calculated using the
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‘ instantaneous recycling approximation ’, which assumes that the rate of pro-
duction of heavy elements is proportional to the star formation rate; the ‘ yield’,
or ratio of the mass of heavy elements produced to the mass of stars formed, has
been taken to be 0-02, which is approximately the value implied by the assumptions
of Paper II. The contribution of non-instantaneous gas recycling to the chemical
evolution has been neglected, and this leads to some inaccuracy in the calculation
of the metal abundances during the later stages of evolution; however, it makes
no important difference to the predicted composition gradients, which are our
main interest here. The time and space dependence of the metal abundance of
the gas have been calculated using equations similar to those of Paper I1, generalized
in an obvious way to the case of two space dimensions.

3. HYDRODYNAMICAL CALCULATIONS

As in Papers I and II, a collapsing protogalaxy is treated as a two-component
system, and the gaseous and stellar components are described separately by
hydrodynamic equations derived from the Boltzmann equation. We assume
axial symmetry and adopt spherical polar coordinates 7, 0, ¢, with corresponding
velocity components u = #, v = 70, w = 7 sin 0¢; this coordinate system seems
best suited for describing a system that is expected to become highly centrally
condensed. In order to keep the number of variables and equations to a minimum,
we have made the important simplifying assumption that the velocity distributions
of both gas and stars are isotropic; this is approximately the case in the models
of Paper I and in Models F and I of Paper II. There are then five variables to
be calculated as functions of space and time for both gas and stars: the mean
density p, the three components <{u), {v>, and {w) of the mean velocity, and the
mean squared random velocity « in one coordinate direction. In addition, the
gravitational potential @ must be calculated by solving the Poisson equation
simultaneously with the hydrodynamic equations.

For an axisymmetric system, the Eulerian equations of fluid dynamics in
spherical coordinates can be written, for either gas or stars,

P L rBpuy o Tsin 0 p(0> =) (6)
a<u> KD\ iy >3<u> <j> 32? pa+§’ _@Z_j_w =Swu) (7)
a<;> <:¢>§ <v>+g§z%)>+ 9Pa+§g§_%=y(v) (8)
ag? <:> :r riw)+ - < 9:9 sin 9<w>+-—§1’3p3r
+m 2 sin2 0p3 = #(w)  (9)
At et Pt Ll i 0 = 9. (10)

The quantities #(p), #(u), etc. on the rlght—hand sides of equations (6)-(10) are
source terms representing the effects on p, {u), etc., of gaseous dissipation, star
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formation, and stellar mass loss; these terms are different for the gas and for the
stars, and are given below. The quantities pd, and pd, in equation (9) are the
components of the viscous stress tensor in the direction of rotation, and are
defined by

B = ((u—w)(w—<w))> ()
8y = {(v—{0))w—<w))).

Expressions for 8, and &, in the two approximations considered are given in the
Appendix (equations (A14) and (A1s)). Terms expressing the effect of viscosity
on <{u), {v), and « have been omitted from the above equations because they
appear to play a less essential role in the dynamics. In addition to the above
hydrodynamic equations, we also have the Poisson equation for the gravitational
potential ®:

0 oo 1 0 1 00
29 = L 9 =
Ve r2 or (r 8r)+rsin980( sin 62 80) 47Gpy (12)

where py is the total density of both gas and stars.

The source terms &(p), #(u), etc. for the gas are given as in Paper II by the
following expressions, where dps/dt denotes the star formation rate, dpe/dt the
stellar gas loss rate, dog/dt the gaseous dissipation rate, and the subscripts g and s
refer to the gas and the stars respectively:

#(pg) = ~uTa (13)
d,
Hg) = — <<us> Cugd) =2 (14)
with similar expressions for V(fog) and &(wg), and
do d,
& ¢ @Pe,
(o) = Gt o (o5 05) (15)
For the stars we have
_ dps_dpe
F(ps) = 7 (16)
L(us) = il (Cugy —<us)) ‘—i& etc. (17)
Ps g dt ’

o) = {(ag—as)+§& [ty — s+ (Cogd — <)+ (Cavg) — <ws>>2]} dps
(18)

In these expressions, the star formation rate dps/dt and the gaseous dissipation
rate dog/dt have been calculated according to the assumptions described in Section
2.2, and the stellar gas loss rate dpe/dt is given by equation (5).

The method that has been used for solving the hydrodynamic equations is
an adaptation of that developed by Larson (1972b) for calculating the collapse
of a rotating gas cloud. A fixed Eulerian grid is defined, with 20 divisions in the
r-direction spaced at equal intervals of o-15 in log 7, and 10 divisions in the 6-
direction between 6 = o and 6 = =/2, spaced slightly more closely near the
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equatorial plane § = =/2. The hydrodynamic partial differential equations are
approximated by implicit difference equations, using backward time differences
to avoid an unduly restrictive Courant condition on the time step. The difference
equations are, as far as possible, a direct generalization of the much simpler
one-dimensional difference equations given in Paper I. The implicit hydrodynamic
equations and the Poisson equation are solved simultaneously during each time
step by the standard Newton—-Raphson linearization technique, and the resulting
large set of linear equations is solved by an alternating-direction iterative method.
As in Paper I, in calculating each time step the variables describing the gas and
the gravitational potential @ are first advanced, assuming no change in the stellar
distribution; then the gas distribution is left unchanged while the variables
describing the stars are advanced and @ is recalculated. After all of the hydro-
dynamic variables have been advanced, the metal abundances Zgz and Zg of the
gas and stars are advanced by a relatively simple separate calculation as in

Paper II.

4. RESULTS AND COMPARISON WITH OBSERVATIONS

4.1 Model without viscosity

To illustrate the importance of including the viscosity effect discussed in
Section 2.3, we present first the results of a calculation in which viscosity is
neglected. The initial conditions assumed for this model are those described in
Section 2.1, with an initial angular velocity of wg = 0-002 (108 yr)~1; this gives
the protogalaxy an initial equatorial rotational velocity of 60 km s~1 and an angular
momentum per unit mass somewhat less than that of the disc of our galaxy. The
gaseous dissipation rate is given by the cloud model of Paper I, and the star forma-
tion law is that of Models F and I of Paper II, except for a slightly smaller
numerical coefficient:

d
ﬁ = 055 pg8%. (19)

The early stages of collapse of this inviscid model are qualitatively similar
to the non-rotating case, since centrifugal force is initially too weak to balance
gravity; the system thus begins to collapse almost radially and become centrally
condensed. The first generations of stars thus form in an extended, nearly
spherical, slowly rotating halo. As the remaining gas continues to fall inward, its
rotational velocity increases and it acquires a more and more flattened distribution,
finally forming a thin flat disc in the innermost several kiloparsecs of the system.
Thus successive generations of stars are formed with more and more flattened
spatial distributions, ending with the formation of a remarkably flat, uniform stellar
disc in the inner part of the system. The contours of equal stellar density in one
quadrant of a meridional plane are shown in Fig. 1 for a time about 1-6 x 10% yr
(~6 free-fall times) after the beginning of the collapse, when all but 3 per cent
of the total mass has been converted into stars. This result is typical of several
models calculated without viscosity but with various choices of the other model
assumptions.

It is immediately evident that the resulting model does not at all resemble
an elliptical galaxy: the central part of the system is much too flat, and there is
no condensed nucleus. While the occurrence of non-axisymmetric instabilities
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Fic. 1. Contours of equal stellar density p in one quadrant of a meridional plane for a
model calculated without viscosity. The curves are labelled with the logarithm of the stellar
density in units of Mo pc—3.

in such a highly-flattened configuration would almost certainly lead to the outward
transport of angular momentum by gravitational torques, and hence to the forma-
tion of a more centrally-condensed disc possibly resembling those seen in spiral
galaxies (Hohl 1971), such a model could still not explain the formation of elliptical
galaxies with only moderate flattening throughout, unless the disc is somehow
thickened into a spheroidal configuration at the same time. In any case it seems
clear that a model which allows no internal redistribution of angular momentum
cannot explain the formation of elliptical galaxies with the observed properties;
some form of outward transport of angular momentum is required, whether by
viscosity or by gravitational torques or both. Since the models never become
very flattened when a realistic viscosity is included (see below), and since it is
difficult to estimate the possible effect of gravitational torques, we shall assume
for purposes of calculation that the dominant mechanism of angular momentum
transfer is the ‘turbulent viscosity’ effect discussed above (Section 2. 3).

4.2 Model with viscosity

We now describe the results obtained for Model 1, a typical model incorporating
a finite viscosity but otherwise identical in its assumptions to the inviscid model
described above. The viscosity effect has been treated using the Navier—Stokes
equations with a kinematic viscosity given by equation (4) with C, = 150, a some-
what smaller viscosity than predicted by the cloud model of Paper I (C, ~ 260).
The stellar density distribution obtained for Model 1 is shown in Fig. 2(a) for
a time about 3 x 109 yr (~ 11 free-fall times) after the beginning of the collapse,
when only about 2 per cent of the total mass remains in the form of gas. The
predicted amount and distribution of residual gas at this time are probably not
very reaslistic, since the viscosity given by equation (4) becomes unrealistically
large when the gas density becomes low; in any case it is likely that an elliptical
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Fic. 2. (@) Contours of equal stellar density p in a meridional plane for a typical model
with viscosity, Model 1 (solid curves). The dotted curves are ellipses with the same major
and minor axes. (b) Contours of average stellar metal abundance Z in a meridional plane
for Model 1.

galaxy will have lost its gas by this time (Larson 1974b; Gisler 1975), so we shall
neglect this residual gas and consider only the properties of the stellar system
formed by this time.

It is evident in Fig. 2(a) that the density distribution of Model 1 now closely
resembles that of an elliptical galaxy. Instead of increasing to very high values,
the ellipticity e(= 1—b/a) of the density contours now actually decreases toward
the centre, and the system has a highly condensed and nearly round nucleus
resembling those typically observed in E galaxies. From the ellipticity profile
€(r) of Model 1, illustrated in Fig. 5(a), we see that e is less than o1 near the
centre, increases to a maximum of about o-4 at # ~ 5kpc, and then decreases
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Fic. 2. (¢) Contours of average stellar rotational velocity V> in a meridional plane for
Model 1, in units of km s~1. (d) Contours of stellar velocity dispersion disp (V') = o1/2
(assumed isotropic) in a meridional plane for Model 1, in units of km s=1.

slightly to about o-3 at the outer boundary. Although different elliptical galaxies
differ considerably in their ellipticity profiles (see below), this qualitative behaviour
is observed in a number of E galaxies, and has been considered by some authors
to be characteristic of E galaxies in general (e.g. de Vaucouleurs 1959; Liller 1960).

The density contours shown in Fig. 2(a) deviate slightly but significantly from
perfect ellipses (dotted curves) in that they are slightly more pointed toward the
ends of the major axis and have slightly smaller areas than ellipses with the same
axes. This effect is seen also in the contours of projected surface density, which
are not shown separately because they are very similar in appearance to the
density contours shown in Fig. 2(a). This prediction agrees qualitatively with
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the observed isophotal shapes of E and So galaxies, which characteristically
deviate in the same way from perfect ellipses (e.g. de Vaucouleurs 1959; van
Houten 1961; Liller 1966).

The radial structure of Model 1 is very similar to that of the spherical models
of Paper II. The radial profiles of projected surface density o(7) for both equatorial
and polar projections are given by the uppermost set of curves in Fig. 7. Although
the model parameters have not been adjusted to optimize the fit to observed
surface brightness profiles, and although the central density is not quite as high
as in the models of Paper 11, the general resemblance to the observations is never-
theless still quite close, particularly for the polar projection (dashed curve) which
matches closely the mean profile of 14 elliptical galaxies as determined by King
(1975, in preparation). The fact that the present rotating models predict nearly
the same radial structure as the previous spherical models supports the assumption
of Papers I and II that the radial structure of elliptical galaxies can be adequately
approximated with spherical non-rotating models.

Fig. 2(b), (c) and (d) illustrate the distributions of average stellar metal
abundance Z, average rotational velocity (V' >, and velocity dispersion

disp (V) = ol/2

in a meridional plane of Model 1. The corresponding projected distributions have
also been calculated but are not shown separately because they resemble closely
the distributions plotted in Fig. 2(b)—(d). In Fig. 2(b) we see that, as in the spherical
models, the average stellar metal abundance Z decreases with distance from the
centre, but the metal abundance distribution is also strongly flattened toward the
equatorial plane, much more so than the density distribution. This strong flattening
of the metal abundance distribution arises because during the later stages of the
collapse the inflow of gas takes place predominantly in a direction perpendicular
to the equatorial plane, concentrating the heavy elements toward this plane and
establishing a composition gradient which is primarily in the perpendicular
direction. Near the centre, the inflow of gas is more nearly radial, so the composition
gradient is also more nearly radial. The prediction that rotating galaxies should
possess flattened metal abundance distributions is in qualitative agreement with
the observation by Spinrad, Smith & Taylor (1972) that the CN band strength
in the So galaxy NGC 3115 has a steeper gradient along the minor axis than along
the major axis.

In Fig. 2(c) we see that the contours of average rotational velocity <V') are
also flattened toward the equatorial plane. Large rotational velocities and strong
differential rotation are present in the equatorial plane, but (V') decreases rapidly
away from this plane, and the halo part of the system rotates much more slowly
and more nearly uniformly. Fig. 2(d) shows that, superimposed on a general trend
of decreasing velocity dispersion with increasing distance from the centre, there
is an increase in velocity dispersion with distance from the equatorial plane, so
that at a given distance from the centre the velocity dispersion is smallest in the
equatorial plane. The relatively high rotational velocity and small velocity dis-
persion in the equatorial plane of this model are responsible for the slightly pointed
appearance of the density contours shown in Fig. 2(a).

All of the model characteristics outlined above can be roughly but conveniently
summarized by describing the system as being made up of a sequence of stellar
populations ranging from a nearly spherical, slowly rotating, metal poor ‘halo
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population’ to a much more flattened, rapidly rotating, and metal rich ‘disc
population’ with a relatively small velocity dispersion. This population sequence
directly reflects the evolution of the protogalactic gas distribution from an extended,
nearly spherical cloud to a rapidly rotating flat layer in the equatorial plane, with
the concurrent enrichment of this gas in heavy elements.

4.3 Effect of model parameters

In this section we present results for a number of models based on the same
assumptions as Model 1 except for different values of the initial angular velocity
wo and the viscosity parameter C,. The stellar density distributions for two of
these models are illustrated in Figs 3 and 4. Model 2 (Fig. 3) is calculated with

Model 2

log p (Mg /pc?)

......_3

z(kpc)

10 15
r{kpc) —

Fi1c. 3. Contours of equal stellar density for Model 2. Dotted curves arve ellipses with the
same axes.

an initial angular velocity wg = 0-001 33 (108 yr)~1 which is 2/3 as large as for
Model 1, and a viscosity parameter C, = 100 which is also somewhat smaller.
As expected, the ellipticity of Model 2 is considerably smaller than that of Model 1
at most radii, except near the centre where it is slightly larger. Model 3 (Fig. 4),
with wg = 0-003 (108 yr)~1 and C, = 100, 1s the most rapidly rotating and flattest
model calculated; its maximum ellipticity is about 0+6 at » ~ 5 kpc, so it corre-
sponds to an E6 galaxy, which is about the flattest form observed for true elliptical
galaxies.

Comparing the density distributions shown in Figs 2(a), 3 and 4 for models
with different initial angular velocities and different ellipticities, we see that the
density contours deviate more and more from perfect ellipses as the ellipticity
increases. This reflects the increasing importance of a relatively flattened, disc-like
component in the models, and is in qualitative agreement with the observed trend
in the isophotal shapes of E and So galaxies. A quantitative measure of the deviation
of galaxy isophotes from ellipses has been defined by Liller (1966), who gives the
ratio of the area of each isophote to the area of an ellipse with the same axes;
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Model 3

z(kpc)

] 1
5 10 15

r(kpc) —

Fi1G. 4. Contours of equal stellar density for Model 3. Dotted curves are ellipses with the
same axes.

log r(pc)

F1c. 5. Model ellipticity profiles: the ellipticities ¢ = 1—bla of the density contours
plotted vs their semi-major axes r. (a) Ellipticity profiles e(v) for 3 models with the same
initial angular velocity wo = 0-002 (108 y7)~1, but with different values of the viscosity
parameter C, as indicated. (b) Ellipticity profiles for 3 models with the same viscosity
parameter C, but different values of the initial angular velocity wo.

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z ¥snBny 0z U0 188N Ad 2G| 26/1 L9/S/E L L /910IME/SEIUW/WOS" dNO"DIWSPEDE//:SRY WO} POPEOjUMOd


http://adsabs.harvard.edu/abs/1975MNRAS.173..671L

FI975WNRAS. 1737 "6 71!

No. 3, 1975 Models for the formation of elliptical galaxies 685

according to these data, the ratio of areas is usually close to 1-00 for ellipticities
less than about 0-3, but it may have values ranging down to about 0-8o for ellip-
ticities of 0-6 or greater. For comparison, the ratio of areas in the models ranges
from o0-99 for the log p = —3 contour of Model 2 (e = 0-20) to 0-85 for the
log p = —1 contour of Model 3 (e = 0°58). Thus the predicted variation of the
ratio of areas appears to be at least roughly consistent with the observations.

Fig. 5 shows the ellipticity profiles €(7) obtained for several models calculated
with various values of the viscosity parameter C, and the initial angular velocity
wg, including Models 1, 2, and 3. Fig. 5(a) shows the effect of increasing the
viscosity parameter C,: this hardly alters the ellipticity near the outer boundary,
but substantially decreases the ellipticity at smaller radii. A family of ellipticity
profiles is generated, ranging from a strongly-peaked profile if C, < 100, through
a profile which becomes nearly flat at large radii if C, ~ 250, to a profile which
increases monotonically with radius if C, > 250. Fig. 5(b) shows the effect of
increasing the initial angular velocity wp : this increases the ellipticity of the
outer part of the system, but has relatively little effect on €(7) near the centre.
Thus, at least for this class of models, the ellipticity of the outer part of the system
depends mainly on the initial angular velocity, whereas the ellipticity of the inner
regions depends mainly on the amount of viscous redistribution of angular momen-
tum that takes place during the collapse. By varying the parameters wg and C,
it is possible to generate a considerable variety of ellipticity profiles, but there
remains a general tendency for models of this type to predict ellipticities which
are small near the centre and peaked at intermediate radii.

It is difficult to make any quantitative comparison between predicted and
observed ellipticity profiles because the observed ellipticity profiles of E galaxies
are quite diverse in form (Liller 1960, 1966; Rood & Baum 1968; Wilson 1975;
King 1975, in preparation). Nearly every kind of ellipticity profile is found:
peaked, nearly flat, monotonically increasing, monotonically decreasing, and
more complicated forms. More often than not, however, the ellipticity is smallest
near the centre and increases outward; at larger radii, e(7) may either pass through
a maximum, become nearly constant, or continue to increase monotonically.
The most highly-flattened systems generally tend to have peaked e(7) profiles.
These regularities in the data are qualitatively consistent with the model predictions
illustrated in Fig. 5.

The rotation curves of these models are illustrated in Fig. 6. In Fig. 6(a),
which shows results for the same models as Fig. 5(a), we see that the models with
larger C,, which have smaller ellipticities at most radii, also have lower rotational
velocities at most radii. However, the differences between the rotation curves
are not large: in all cases the maximum rotational velocity lies between 150 and
178 km s~1 and occurs at a radius between 2-2 and 2-5 kpc, and is followed by a
gradual decline in rotational velocity at larger radii. Fig. 6(b) shows that when
the initial angular velocity wg is increased, the rotational velocity in the outer
part of the system increases, but the maximum rotational velocity nearer the
centre actually decreases. This decrease in the peak velocity occurs because in
the models with larger wo the mass is somewhat more widely distributed, and
there is less mass in the innermost few kiloparsecs of the system.

Unfortunately there are very few observations with which such predicted
rotation curves may be compared, and some of the data have significant uncertainties.
For a few E galaxies the central slope of the rotation curve has been measured
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F1G. 6. (@) Curves of average stellar rotational velocity <V') vs r in the equatorial plane
of 3 models with the same wo but varying C,, as in Fig. 5(a). () Rotation curves in the
equatorial plane for 3 models with the same C, but varying wo, as in Fig. 5(b).

(King & Minkowski 1966; Morton & Chevalier 1973), and values ranging from
about 150 to 400 km s~1 kpc~1 are found; for comparison, the central slopes of
the rotation curves shown in Fig. 6 vary from 130 to 240 km s~1kpc-1. If the
model parameters had been adjusted to give slightly higher and more realistic
central densities, larger central slopes would have been predicted. The only
available rotation curve for an elliptical galaxy has been obtained by Bertola &
Capaccioli (1975) for the E5 galaxy NGC 4697, but the maximum rotational
velocity determined by these authors is only 65 km s~1; as was found by Gott
(1975), it is difficult to reconcile this low rotational velocity with the high ellip-
ticity for any reasonable dynamical model, unless the measured velocity dispersion
of 310 km s~1 is too large. Clearly, more data for velocity dispersions and rotational
velocities in elliptical galaxies will be required before it is possible to make much
of comparisons between predicted and observed retation curves.

The profiles of projected surface density o(7) for Models 1, 2 and 3 are shown
in Fig. 7 for both equatorial and polar projections. For comparison, the dotted
straight line is the power law o oc #~1'65, which approximately matches the
spherical models of Paper II and the E1 galaxy NGC 3379 over a considerable
range of radii. Although the model parameters have not been adjusted to optimize
the agreement with observations, the agreement is still qualitatively satisfactory,
particularly for Model 1. The agreement with observations is also generally
better for the predicted o(r) profile along the minor axis (lower solid curve) or

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System '

220z 1snBny 0z U0 188NnB Ad 2G| 26/1 L9/S/E L L/9I0IME/SEIUW /WO dNO"DIWSpEsE//:SARY WOl POPEojUMOd


http://adsabs.harvard.edu/abs/1975MNRAS.173..671L

FI975WNRAS. 1737 "6 /1L !

No. 3, 1975 Models for the formation of elliptical galaxies 687

5 | T I T T L

log o (M_/pc?)
o
T

! L ] 1 1 L
2 3 4

log r (pc)

F1c. 7. Profiles of projected stellar surface density o(r) for Models 1, 2 and 3. In each set
of curves the two solid curves give the profiles predicted for the major axis (upper curve)
and minor axis (lower curve) in an equator-on view, and the dashed curve gives the profile
predicted for a pole-on view. The scale at left is for the top set of curves (Model 1); the
curves for Models 2 and 3 are displaced successively downward by 2 units in log o.

for the polar projection (dashed curve) than for the major axis profile (upper solid
curve), which shows greater curvature in a logarithmic plot. This is particularly
true for the flattest model, Model 3, whose major axis profile is intermediate between
a power law and an exponential law. The curvature of the major axis profile
reflects the varying contribution of a flattened component in the models: the
flattened component is unimportant near the centre, reaches its maximum pro-
minence at radii of several kpc where the ellipticity is a maximum, and then
becomes less important again at larger radii.

4.4 Effect of the treatment of viscosity

In this section we present results for Model 4, which is based on the same
assumptions as Model 1 except for the treatment of viscosity, which follows the
alternative way of approximating the moments of the velocity distribution dis-
cussed in Section 2.3 and the Appendix. The moments &, and §, giving the
components of viscous stress in the direction of rotation are assumed to be given
by equations (A1s), and the dimensionless parameter C; has been set equal to
0'4. During the later stages of the collapse this approximation should be more
realistic than the Navier-Stokes equations with a kinematic viscosity given by
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Fic. 8. (@) Contours of equal stellar density in a meridional plane for Model 4. Dotted

curves are ellipses with the same axes. (b) Contours of average stellar metal abundance
Z for Model 4.

equation (4), since equation (4) implies that the viscosity increases to unrealistically
high values as the gas density decreases; on the other hand, equations (Ar3)
or (A13) predict that the viscosity becomes small as the gas settles into an equilibrium
disc, in which one might expect ‘ turbulent viscosity ’ to become less important.
The distributions of stellar density, metal abundance, rotational velocity, and
velocity dispersion in Model 4 are illustrated in Fig. 8(a)-(d), which may be
compared with the results for Model 1 shown in Fig. 2(a)-(d). We see that Model 4
shows more prominently than Model 1 the presence of a highly-flattened disc-like
component with high metal abundance, high rotational velocity, and low velocity
dispersion. This is because during the later stages of the evolution of Model 4
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Fic. 8. (¢c) Contours of average stellar rotational velocity <V for Model 4. (d) Contours
of stellar velocity dispersion disp (V') = «1/2 for Model 4.

most of the residual gas settles into and remains in a thin flat disc, from which
a highly-flattened ‘ Population I’ stellar component is formed; in Model 1, on
the other hand, a comparably-flattened disc is not formed because the higher
viscosity causes the residual gas to spiral rapidly into the centre before it has
had time to settle into a very thin disc. It is clear from these results that the relative
prominence and flattening of a disc-like component depend not only on the initial
angular velocity but also on the amount of viscosity present during the later
stages of the collapse: a high viscosity tends to inhibit the formation of a thin
disc, whereas a lower viscosity favours the formation of a disc, as is particularly
evident in the inviscid model illustrated in Fig. 1.

Since the ‘ incipient disc’ component of Model 4 forms during the later stages
of the collapse from the relatively small amount of residual gas (X5 per cent)
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which is not used up in the formation of the spheroidal ‘ halo’ component, the
formation of such a disc could be suppressed by any process which might remove
the gas from the system before star formation is complete. For galaxies of low or
moderate mass, it seems possible that a significant amount of residual gas can
be removed by supernova-driven winds (Larson 1974b), thus possibly suppressing
the formation of any perceptible disc component. A galaxy may also have its
residual gas swept out by its motion through a dense ambient intergalactic medium
(Gisler 1975), again possibly suppressing the formation of a disc component.

Although the density contours shown in Fig. 8(a) qualitatively resemble
the isophotes of some of the more flattened E galaxies, the departure from perfect
ellipses is actually greater than is observed in the majority of E galaxies. The
pointed structure of the model density contours seems instead to correspond more
closely to the pointed isophotes of a number of So galaxies (van Houten 1961),
so it may be that Model 4 should be considered as representing an So galaxy
or a transition between E and So, rather than a typical E galaxy. Unfortunately,
the classification of galaxies as E or So is based on subjective rather than quantita-
tive criteria, so it is difficult to be more precise about the relation between models
and galactic morphological classes. At any rate, the model results suggest that,
depending on the details of the gas dynamics during the later stages of the collapse,
it is possible to obtain a continuous sequence of galaxy types ranging from ‘ pure
elliptical > systems with little or no disc component to So-like systems in which
the presence of a disc component is quite evident.

The ellipticity profile of Model 4 is shown in Fig. 10(a), along with the profiles
of two similar models calculated with different values of the parameter Cy. The
ellipticity profile of Model 4 differs qualitatively from those shown in Fig. 5 in
that instead of being peaked, it is nearly flat at large radii and rises somewhat
at small radii. The increase in €(7) at small radii occurs because in Model 4 the
viscosity decreases during the final stages of the collapse when the nucleus is
being formed. Although this type of profile is less commonly observed than the
type illustrated in Fig. 5, there are nevertheless some E galaxies whose ellipticity
profiles decrease monotonically, or are concave upward like those shown in Fig.
10(a). Like the previous results, the profiles shown in Fig. 10(a) demonstrate that
the ellipticity of the outer part of the system is not much affected by the assumed
viscosity, whereas €(#) in the inner regions is quite sensitive to the assumed
Viscosity.

4.5 Effect of the assumed star formation rate

Finally, we present some results for Model 5, in which the gaseous dissipation
and star formation rates are assumed to be related to the local dynamical time
scale via equations (1) and (3) of Paper II, with Cp = Cs = o-75. The assumed
initial velocity dispersion is «l/2 = 20 km s~1, and the initial angular velocity
is wg = 0001 33 (108 yr)~1. Viscosity has been treated by using the Navier—Stokes
equations, but instead of using a cloud model to evaluate the kinematic viscosity
v, we have used the relation v ~ a7, where 7 is the mean free time between colli-
sions of the independently moving gas elements; we assume that =, like the
dissipation time, is proportional to the local free-fall time #;, so that

v = C,aly (20)

where C, is a dimensionless constant of order unity and # is given by equation (2)
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of Paper II. In Model 5 we have assumed C, = 1-0. Only one such model has
been calculated because of the large amount of computation required to follow
the more violent motions generated during the collapse and approach to equilibrium
of models of this type.

The distributions of stellar density and metal abundance found for Model 5
are shown in Fig. 9(a) and (b). The density distribution is similar to that of Model 1
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Fic. 9. (@) Contours of equal stellar density for Model 5. (b) Contours of average stellar
metal abundance for Model 5.

(Fig. 2(a)), except for a somewhat higher ellipticity and lower density near the
centre. The relatively low central density makes this model less realistic in detail
than Models 1—4, and appears to be related to the fact that viscous redistribution
of angular momentum is less effective during the early stages of the collapse than
in the other models, so that there is less low angular momentum material to
form a dense core. This presumably means that the particular combination of
assumptions used here is not realistic in all details; however, we note that there
do appear to be significant differences in the core densities of different elliptical
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galaxies (Burbidge, Burbidge & Crampin 1964; King & Minkowski 1966). The
ellipticity profile of Model 5 is shown in Fig. 10(b); it has a broad peaked structure
similar to those shown in Fig. 3.

The metal abundance distribution of Model 5, shown in Fig. g(b), is again
strongly flattened toward the equatorial plane, but as in the corresponding spherical
models the average stellar metal abundance remains fairly high and nearly constant
in the halo region. Outside the contour Z = o-013 in Fig. g(b), the metal abundance
remains everywhere between 0-012 and 0-013. The relatively high metal abundance
in the halo is due in this case, as in the corresponding spherical models, to the
occurrence of relatively efficient star formation during the early stages of the
collapse, producing substantial metal enrichment before there has been time
for much separation between gas and stars. By contrast, the power law star forma-
tion rate of Models 1—4 predicts less efficient star formation and less metal pro-
duction during the earliest stages of the collapse, and an inflow of gas relative
to the stars begins at an early stage to establish a composition gradient.
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F1c. 10. (a) Ellipticity profiles for 3 models calculated with the same assumptions as Model
4 but with different values of the viscosity parameter Cy. (b) Ellipticity profile of Model 5.

5. SUMMARY AND CONCLUSIONS

5.1 Formation of spheroidal systems

A principal conclusion of the present investigation is the necessity of including
some form of outward transport of angular momentum in a collapsing protogalaxy
if realistic models of elliptical galaxies are to be obtained. Such outward transfer
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of angular momentum is expected to occur in any picture in which large random
motions are present during the formation of a galaxy, and may be regarded as
being due to a  turbulent viscosity ’. Gravitational torques associated with bar or
spiral instabilities may also contribute to the outward transfer of angular momentum
if part of the mass distribution becomes sufficiently flattened, but this effect is
more difficult to estimate and has been neglected here. If the viscosity of the
protogalactic gas is calculated using the same assumptions that were previously
adopted in estimating the gaseous dissipation rate, models are obtained which
closely resemble typical elliptical galacies in all respects, but comparable agreement
is not obtained if the assumed viscosity is much smaller or larger. The necessity
of including such a turbulent viscosity ’ effect provides additional support for
the general concept that large inhomogeneities and random motions play an
important role in collapsing protogalactic gas clouds.

The model calculations clearly demonstrate the sensitivity of the resulting
ellipticity profile to the amount of viscous redistribution of angular momentum
that takes place in a collapsing protogalaxy; if this is different in different proto-
galaxies, this might plausibly account for the observed differences in the ellipticity
profiles of E galaxies. Such differences in the details of turbulent transfer of
angular momentum would be especially important if each protogalaxy is built
up of only a small number of independently moving gas elements or clouds.
As an extreme example of this type of picture, we note the suggestion by Toomre
(1974, 1975) that some E galaxies may have formed as a result of collisions and
mergers between smaller galaxies. While it still seems necessary to invoke infall
of residual gas to account for the metal abundance gradients and dense nuclei
of E galaxies, it is not implausible that collisions could have played a role in the
early stages of formation of E galaxies, perhaps at a time when the colliding systems
were still mostly gaseous. If so, the elliptical galaxies may not be as simple and
homogeneous a class of objects as has usually been supposed.

The radial structure and evolution of the present models are generally similar
to those of the spherical models previously studied in Papers I and II, and are
not greatly altered by the presence of rotation provided that viscosity is included
as described above. Thus the conclusions of Paper II concerning the time evolution
of forming galaxies, the production of metal abundance gradients, and the forma-
tion of dense nuclei and the possible relation of this to nuclear activity, are still
qualitatively valid for the present rotating models. Also, the conclusions of Larson
& Tinsley (1974) concerning the photometric properties, and the conclusions of
Larson (1974b) about the importance of early gas loss in galaxies of small mass,
will still apply without major modification in the rotating case. The main difference
concerns the later evolution of the gas and young stellar content, if any, in an
elliptical galaxy: in the rotating case a significant part of the residual gas does
not fall to the centre but remains relatively widely distributed in a flattened disc-like
configuration, within which star formation proceeds relatively slowly. Possibly
this would make supernova-driven gas loss (Mathews & Baker 1971; Larson 1974b)
less efficient than if the star formation and supernova activity were more spherically
distributed (see also Faber & Gallagher 1975). At any rate, if conditions are
quiescent and gas loss is not important, the presence of gas and young stars near
the equatorial plane would continue to be detectable in the rotating models for
at least several times 109 yr.

All of the rotating models possess to some degree a composite structure, and
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may be described as being made up of a sequence of stellar populations with
increasing flattening, increasing rotational velocity, decreasing velocity dispersion,
and increasing metal abundance. This population sequence is also a chronological
sequence, and directly reflects the collapse of the protogalactic gas cloud from
an extended, nearly spherical, slowly rotating configuration toward a relatively
flattened, rapidly rotating disc with a small velocity dispersion and a high metal
abundance. The presence of a population gradient perpendicular to the equatorial
plane is manifested in the deviation of the predicted density contours from perfect
ellipses, but is even more strikingly evident in the predicted strong vertical
gradients of metal abundance, rotational velocity, and velocity dispersion. All of
these properties of the models agree qualitatively with the well-known charac-
teristics of the stellar populations in our galaxy, but it is noteworthy that the
models predict that similar, if less marked, population gradients should be present
even in much less flattened elliptical galaxies. Observations to look for the predicted
flattening of both the metal abundance distribution and, if possible, the distribution
of kinematic properties in E galaxies would clearly be of great value in testing
the validity of the present models and, more generally, of the entire picture of
galaxy formation by a gaseous condensation process.

5.2 Formation of disc systems

We have seen that if there is not too much viscosity present during the later
stages of the collapse and if the residual gas is not somehow removed from the
system, the residual gas settles into and remains in a thin equilibrium disc, from
which a stellar disc component is formed. Thus there is no difficulty in under-
standing, at least in principle, how the same qualitative collapse picture that
explains the formation of elliptical galaxies might also account for the formation
of the disc components of spiral and So galaxies. However, none of the models
calculated with the simple assumptions described in this paper yielded a disc
component much more prominent than that of Model 4, i.e. one containing
more than about 5-10 per cent of the total mass. The failure of the models to
produce more massive disc components is due simply to the fact that in order
to explain the formation of elliptical galaxies, star formation must be reasonably
efficient during the collapse of a protogalaxy, so that most of the gas is transformed
into stars before it has had time to settle to a disc. If the star formation rate were
much lower, the gas might collapse to a much flatter disc-like configuration before
forming star, but this would still not explain the formation of galaxies in which
both disc and halo components are present in varying proportions. What appears
to be required is a more complicated two-stage formation process in which the
first stage produces a spheroidal halo, as in the present models, and the second
stage involves continuing infall of leftover gas with much less efficient star forma-
tion, so that most of this gas settles into a thin disc before forming stars.

It is not implausible that star formation would become much less efficient
during the later stages of formation of a galaxy, after a halo of significant mass
has already formed and residual gas of lower density is continuing to fall inward
through it. This residual gas may be relatively hot as a result of heating by hot
stars, supernovae, etc., and it will also be subject to strong tidal forces which
will tend to prevent local collapse to form stars until the gas has settled into a
thin dense disc. Depending on how much leftover gas continues to fall into the
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system after the formation of a halo, it would seem possible in this way to account
for the formation of galaxies with almost any ratio of disc mass to halo mass. A
possibly promising scenario for the formation of spiral galaxies (Larson 1975)
might then involve the formation first of spheroidal halos by the rapid collapse
of relatively dense condensations in the pre-galactic medium, followed by the
infall of varying amounts of lower-density ambient gas to form discs. Thus,
while the formation of spheroidal systems would be expected to occur relatively
rapidly, the formation of disc systems could take a much longer time, and it is
even possible that the slow infall or settling down of residual gas to form a flat
disc could continue for 1010 yr or longer (Larson 1972a; Paper II). Perhaps many
of the observed irregularities in the distribution and dynamics of the gas in the
outer parts of spiral galaxies, including such phenomena as ‘ warps ’, ¢ extensions ’,
and large scale non-circular motions, may reflect such slow settling of outlying
gas into the fundamental plane of the galaxy.
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APPENDIX
ANGULAR MOMENTUM TRANSFER IN PROTOGALAXIES

In this Appendix we discuss approximate solutions of the hydrodynamic
moment equations governing a rotating and self-gravitating system of particles.
To simplify the analysis while retaining the essential qualitative aspects of the
problem, we assume cylindrical symmetry; we then have a single space coordinate
7, i.e. the distance from the axis of rotation, and two velocity components, « and w,
in the radial and transverse directions respectively. The state of the system at
any time ¢ is specified by the distribution function f(7, u, w, t), which gives the
density of particles in a 3-dimensional phase space with coordinates r, u, w. The
time dependence of f is governed by the Boltzmann equation, which in the case
of cylindrical symmetry takes the form

f f (wz 3(1)) of uwof (%7;) (A1)

at o \T T ww r hw

where @(7, t) is the gravitational potential and (9f/dt). represents the effect of
particle collisions on f.

In addition to the usual zero- and first-order moments p, <{u), and (), it
is necessary in order to provide an adequate description of viscosity effects to
define the following second-order moments of the velocity distribution:

o = ((u—<up)?
B = {(w—<w))2 (A2)
8 = ((u—Cu)w—<w))).

The moment & is the crucial quantity describing the radial transfer of angular
momentum by random motions; a positive value of 3, for example, means that
particles with #— {u) > o preferentially have w—(w)> > o, so that there is a net
outward transfer of angular momentum. It is essential to treat « and B separately
because in general « # B, and the difference between « and B is closely coupled
to the magnitude and sign of the viscosity. However, it appears that the various
third-order moments arising in the derivation of the moment equations do not
play any essential role in the viscous transfer of angular momentum and may be
neglected without destroying the qualitative validity of the equations. The neglect
of the third-order moments is also weakly justified by previous experience with
the use of higher moments (Larson 1970) which suggests that the third-order
moments are generally small and play an important role only in the relatively
slow evolution caused by two-body relaxation processes. We then obtain from
the Boltzmann equation the following set of moment equations complete through
second order:

P20 vpcuy = o (A3)

o Kuy 10 (wd? (a—P), oD _

A Y Lo (A4)
2 Lrcye s = o (As5)
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a"‘+< > t2a 3<“> 4_——<"'r">8 - (%;) (A6)

By B@+28 2rwy = (B), (A7)

a—3+<>38+§3 a2 2 sy 25@] (%), (a3)

The effect of particle collisions and finite mean free paths is represented
by the collision terms (0a/0t)c, etc., on the right-hand sides of equations (A6)-
(A8). To obtain an approximate solution for the viscosity moment 8, we consider
first the limit of very small mean free paths; the velocity distribution is then
nearly Maxwellian, so that « is nearly equal to B and & is very small. We can
then neglect the first three terms on the left-hand side of equation (A8) and set
o = B in the remaining terms; equation (AS8) then reduces to

(rare@=27) = @),

r 2 9 (49)

or v T

or

where 7 is the relaxation time for decay of & due to particle collisions, and is
approximately equal to the mean free time between collisions. Equation (Ag)
shows that in the limit of small mean free paths and a nearly Maxwellian velocity
distribution the viscous stress is proportional to the gradient of the angular velocity
{w)[r, 1.e. to the local shear of the velocity field. This equation can be rewritten
slightly as

8= —wr gr iz:_> (A10)
where v is the kinematic viscosity as usually defined, and as given by equation (1).
If we substitute equation (A10) into equation (Ag), we arrive at the classical
Navier—Stokes equation for the rotational velocity of a viscous gas in the case of
cylindrical symmetry.

In the opposite limit of very long mean free paths or collisionless dynamics,
the right-hand sides of equations (A6)-(A8) vanish and it is no longer possible
to obtain a simple approximate solution for 8 as above. However, it is instructive
to consider the special case of an equilibrium system, e.g. an equilibrium stellar
disc, in which all time derivatives, as well as (u#)> and &, must vanish. From
equation (A8) we see that this can be the case only if the quantity in square brackets
vanishes, i.e. if

r{w) — 2/9<w> = o. (A1r)

r@r

This relation is familiar in galactic dynamlcs in the form
B__—B
« A-B
where A and B are the Oort constants, defined in the usual way in terms of {(w)/r

and &(w)/or. If equation (A1) is not satisfied, we see from equation (A8) that
8 cannot remain equal to zero, so there must occur a viscous transfer of angular

45
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momentum whose magnitude and sign depend on the magnitude and sign of the
quantity in square brackets, and hence on the degree of anisotropy of the velocity
distribution. In this situation the Navier—Stokes equations are clearly not applicable,
and may even give the wrong sign for the viscosity effect.

Without solving the complete set of moment equations, it is still possible to
determine the sign of & during the early stages of the collapse of a system of
particles. We assume that the system begins with pure uniform rotation and an
isotropic velocity distribution, so that initially (u) = o, (w) cc 7, « = B, and
8 = o. For any nonhomologous collapse, we in general have o{u)/or > {u)|r;
equations (A6) and (A7) then imply that a/0t < 0B/0f, and hence that « < B
during the early stages of the collapse. A non-homologous collapse also produces
differential rotation with o(v(w))/or < 2{w); the quantity in square brackets
in equation (A8) is then negative, implying that 06/d¢ > o and hence that § > o
during at least the early stages of the collapse. We therefore predict that angular
momentum is transferred outward, even if the mean free paths are long and the
Navier—Stokes equations are not applicable.

To find a simple dimensional expression for 6 which predicts qualitatively
the correct behaviour, we note from equation (A8) that 8 is coupled to the rota-
tional velocity (w) and that, other things being equal, § is proportional to the
scale of {(w): this suggests that we assume that & is in general approximately
proportional to {(w). Equations (A6) and (A7) show that & is also coupled to
{u), albeit in a more complicated way; however, since we expect 8 to vary roughly
together with {u), being small initially when <) is small, large when the collapse
is proceeding rapidly, and small again when the gas settles into a flattened equi-
librium configuration, we shall consider the assumption that & is also approximately
proportional to —<{uy. We then have the approximate relation

0 X —uyw)y (A12)

which implies, as mentioned in Section 2.3, the not unreasonable result that
the rate of outward transfer of angular momentum by random motions is pro-
portional to the rate of inward transfer of angular momentum by the mean flow.
For purposes of calculation we have assumed that

5 = —Cylum), (A13)

where the dimensionless constant C; has been treated as a free parameter. We
expect that C; is of order unity but perhaps somewhat smaller than unity; values
ranging from o-25 to 0-7 have been tried in the model calculations.

We must finally generalize the above approximations to the case of an axi-
symmetric system described by spherical polar coordinates 7, 8, ¢ and the cor-
responding velocity components %, v, w. The equation for {w) which takes the
place of equation (Ag) has already been given as equation (9), and the moments
8y and &, are defined by equations (11). In the limit of short mean free paths,
in which the viscous stress is proportional to the local shear of the velocity field,
we have

by 2
or r A
1
6__sin08<w> (A14)
8= TV 0sin 0
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(e.g. Landau & Lifschitz 1959; equation (15.17)). Substitution of equations
(A14) into equation (9) then yields the Navier—Stokes equation for (@) in spherical
coordinates for an axisymmetric system. (This equation becomes identical to the
third of equations (15.18) of Landau & Litschitz (1959) in the special case where
p and v are spatially uniform.)

The generalization of the alternative expression (A13) for the viscosity moment
8 requires a further assumption to allow the evaluation of both §, and &, We
have simply assumed that, as in the case of cylindrical symmetry, angular momen-
tum is transferred only in the direction perpendicular to the rotation axis, and
at a rate proportional to the component of velocity in this direction. In other
words, we neglect any viscous transfer of angular momentum parallel to the
rotation axis. Then we have

8r = —Cy (Cuy sin 04 {(v) cos ) (w) sin § (A1s)
89 = — Cs (<u) sin 0+ <v) cos ) (w) cos 0. }

Substitution of these expressions into equation (9) again leads to a closed system
of hydrodynamic equations which can be solved as before to calculate the dynamical
evolution of the system.
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