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MODERATE DEVIATIONS AND ASSOCIATED
LAPLACE APPROXIMATIONS FOR SUMS
OF INDEPENDENT RANDOM VECTORS

A. DE ACOSTA

ABSTRACT. Let {X;} be an i.id. sequence of Banach space valued r.v.’s and
let Sp = Z;’zl X . For certain positive sequences b, — oo, we determine the

exact asymptotic behavior of E exp{(b2/n)®(Sx/bx)}, where @ is a smooth
function. We also prove a large deviation principle for {.Z(Sn/bn)} .

1. INTRODUCTION

Let {X;} be a sequence of independent E-valued random vectors with com-
mon distribution ux, where E is a separable Banach space, let S, = Z;’zl X;,

and assume that {#(S,/n'/?)} converges weakly. Let {b,} be a positive se-
quence such that b,/n'/? — oo. In this paper we study certain aspects of
the asymptotic behavior of {#(S,/b,)} (under the further assumption (1.1),
{P{S,/b, € A}} are sometimes referred to in the literature as “probabilities of
moderate deviations”).

One of our results is a large deviation principle (in the sense of Varadhan
[20]) for {&(S./b,)} when {b,} is such that

(1.1) bn/n — 0.

We prove that, under appropriate integrability conditions,

(1.2) hmsup 3 log P{S,/b, € F} < — 1nli; I(x) fbr F closed,

(1.3) hm mfﬁ log P{S,/b, € G} > —;IGI{; I(x) for G open.
The rate function I depends on u only through its covariance structure; this
is in contrast to the situation that arises when b, = n (see [14]; also [8, 7,
2]). The precise statement is given in Theorem 2.3; Theorem 2.2 is a more
general result about triangular arrays which we need in §3. Parts of Theorem
2.3 were obtained by Borovkov and Mogulskii [13] (see also de Acosta and
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358 A. DE ACOSTA

Kuelbs [5] and Bolthausen [10]). For the case when FE is finite-dimensional
(and the covariance matrix of X; is nonsingular), see Freidlin and Wentzell
[17, p. 142]. Of course, in the case E = R there is an extensive literature on
the exact asymptotics of {P{S,/b, > x}}; for classical results in this context
see [16, 19].

If &: E — R is a bounded continuous function, then by Varadhan’s theorem
(see [15, p. 51]), (1.2) and (1.3) imply

2
(1.4) hm 32_ log E exp {énﬂd) <i—:)} = sup[®(x) — I(x)].

x€E

Our main result is a refinement of (1.4), giving the exact asymptotic behavior
of Eexp{(b2/n)®(S,/b,)} when ® is a smooth function subject to a growth
condition and (1.1) is replaced by the stronger condition

(1.5) ba/n*? =0,
Under appropriate integrability, tightness and nondegeneracy conditions, we
prove that
b2 b2
(16)  Eexp{%20(s,/bn)} ~ Coxp { % supio) - 1)1

where the constant C depends on @ and the covariance structure of u. The
precise statement is given in Theorem 3.1 and a simple example shows that
condition (1.5) cannot in general be relaxed; it should be remarked that (1.5)
appears also in classical results on the exact asymptotic behavior of
{P{S,/b, > x}} (see e.g. [16]). In the case b, = n, results similar to (1.6)
were obtained by Bolthausen [10] for general E and previously by Martin-Lof
[18] for E = R; in contrast to (1.6), in their results the rate function 7 is re-
placed by the Cramer functional of u (see [7]). §3 of the present paper is close
in spirit to Bolthausen’s interesting work (he has also studied in [11] the more
complicated situation that occurs in the case b, = n when the nondegeneracy
assumption is dropped). For reference to previous results in the case when u
is Gaussian, see [10].

§2 contains the proof of the moderate deviation results and §3 that of the
Laplace approximation (1.6).

Throughout the paper E will denote a separable Banach space and E* its
dual space.

2. MODERATE DEVIATIONS

It will be convenient for the developments in §3 to prove (1.2) and (1.3) in
a somewhat more general setting. Let {X,;: n € N, j=1,..., n} be a trian-
gular array of E-valued random vectors, each row of which is independent and
identically distributed, and let S, = Z;’:l X,;j. We will consider the following

conditions:

(2.1) EX, =0 forallneN,

(2.2) {F(Xu)} s tight,

(2.3) sup E exp(¢|| Xn1]l) < 00 forallt >0,
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SUMS OF INDEPENDENT RANDOM VECTORS 359

(2.4) {Z(S./n'"?)} converges weakly to a centered Gaussian measure 7 ,

Jn
(2.5) If jueN, j,— 00, ja<n,then {,S/ (an,/j,i/z) } is tight.
j=1

If E is a Banach space of type 2, then it is well known that (2.4)-(2.5)
follow automatically from (2.1)-(2.3); let us recall that the class of type 2 spaces
includes R, Hilbert space and L? spaces for p > 2 (see e.g. [6]).

Lemma 2.1. Assume that {X,;} satisfies conditions (2.1)-(2.4) and let {b,} be
a positive sequence satisfying the conditions b, /n'/? — oo and (1.1). Then

(i) There exist ¢ >0, ng € N and a compact convex symmetric set K such
that for n > ng,

Eexp {%QK(Sn)} < chain

where qx is the Minkowski functional of K .
(i1) For every & € E*,

lim ilogEexp{%(f, Sn)} = %/fzd?-

nvoo B2

Proof. By assumptions (2.3) and (2.4), an easy modification of Theorem 5.1(b)
of [4] yields:

(2.6) sup E exp{t||S,/n'?||} < oc forallt > 0.

Now using (2.4) and (2.6), and also (2.2) and (2.3), we obtain by Theorem 3.1
of [1]: there exists a compact, convex, symmetric set K such that

(2.7) sup E exp{qx (S,/n'/?)} < o0, sup E exp{2qx (X,1)} < co.
n n

We use now a well-known technique of Yurinskii [21]. For fixed n, let
FHo={¢,Q}, F=0Xn1,...,Xnj) for 1 <j<n.For j=1,...,n let

nj = Elqx(Sn)|#] — Elgk (Sp)lF-11.

Then
n
ak(Sn) — Eqx(Sn) = D _n;
j=1
and
(2.8) 11| < gk (Xnj) + Eqr(Xn)) -
Nowfor 0 <A<,
(2.9)

E exp{Algx (Sn) — Eqx(Sn)]} = E exp {AZ m}
j=1

=FEF

exp{lz m} |F—1

j=1

n—1
= Eexp {AZ m} Elexp{Ana}|Fn-1].

j=1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



360 A. DE ACOSTA

Next,
AZWZ
Elexpl(bnn)\ o] < E | (14, + e ) 57|

2
(2.10) =1+ %E[nﬁe"’"'lg‘;_ll

L+ B[, _ ]
_<_ exp{leez(qK(an)+EqK(an))} ,

IA

using (2.8). Iterating the same procedure and taking A = b,/n for sufficiently
large n, we have by (2.7), (2.9) and (2.10), for certain constant o > 0, 8 > 0,

bn bn bg
E exp —n—fIK(Sn) < exp FEqK(S”) exp e n - —Ha
2
= exp{ bn EqK(S,,/nl/z)}exp {al;—"}

b2 b2
exp {ﬂ;"} exp {a;"}

for sufficiently large »n . This proves statement (i).
(ii) It follows from (2.1), (2.3) and (2.4) that for all £ € E*,

IA

(2.11) lim E{&, Xp)? = lim E(, S, /n'/%)? /52 dy.

n—o0

For 4 € R, we have by (2.1)
Eexp(AS, Sp) = (Eexp{dc, Xn1))"
= (1+ J22E[(E, X} Xn )1

where || < 1. Setting 4 = b,/n, it follows by (2.3), (2.11) and dominated
convergence that

b n/b; 1
lim (Eexp<7"é, S,,>> = exp (E/ézdy) . O

Let us recall that the Cramer functional of y, defined by
I(x) = sup [(é x)—= [ & dy]
EeE"
is given by
1 2 H.
(2.12) I(x) = { 2lixll, X €y,
o0, x¢H,,

where (H,, || -||;) is the Hilbert space associated to y (see [7]; also [12]).
We obtain now a large deviation principle for {Z(S,/b.)} .

Theorem 2.2. Let {b,} be a positive sequence satisfying the conditions b, [n'/? —
oo and (1.1). Let I be given by (2.12).
(1) Assume that {X,;} satisﬁes (2.1)-(2.4). Then for every closed set F ,

hmsup 5 log P{S,/bn € F} < — ;rellt;l(x).
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SUMS OF INDEPENDENT RANDOM VECTORS 361

(ii) Assume that {X,;} satisfies (2.1) and (2.3)-(2.5). Then for every open set

G:
hmmfﬁlogP{S /bn € G} > — 1nf I(x).

Proof. (i) Let Y, = b,Sp/n, ¢(&) =% [&2dy for é € E* . The result will fol-
low from Theorem 2.1 of [1], takmg the normalization in that result to be b2/n
instead of n (obviously the result remains valid with this change). By Lemma
2.1(i1), assumption (2.1) of {1] is verified. We show next that assumption (2.3)
of [1] is satisfied. Let a > 0, and let K be as in Lemma 2.1(i). By Lemma
2.1(i), for >0

n b?
P b—'zlY,,géaK =P qK(Y,,)>c17
4 b
e *w Eexp {FnQK(Sn)}

IA

2
exp [—(a —log c)%”] for n > ng

b2
exp [—a;”] for n > ny

IA

if a>a~+logc.

(it) We first remark that Lemma 3.1 of [5] is valid for triangular arrays under
assumptions (2.1) and (2.3)-(2.5) (obviously the integrability assumption may
be weakened). The proof is just a reinterpretation of that of Lemma 3.1 of [5];
notice that statements (3.5) and (3.6) in 5] follow from standard facts about
triangular arrays; (2.5) is needed to verify (3.6) of [5] (see [3]). Now let G be
an open set. We must prove that if A € GN H,, then

12115
hmmfb—zlogP{S w/bn € G} > —Ty.
But this follows from Lemma 3.2 of [5]. O
The following result deals with the case of an independent, identically dis-

tributed sequence. In order to formulate it, we consider the following conditions
on a probability measure 4 on E:

(2.13) /xu(a’x) o,
(2.14) /e‘”"”u(dx) <oo forallz>0,
(2.15) (un(n'2(-))} s tight.

As is well known (2.15) follows from (2.13) and (2.14) if E is a Banach space
space of type 2 (see e.g. [6]). Under condition (2.15), {u*"*(n'/2(-))} converges
weakly to a Gaussian measure y with the same covariance structure as u. Let
(H,, ||-|lx) be the Hilbert space associated to u; then (Hy, ||-||,) depends only

on the covariance structure of u and (H, u s llw) = (Hy, || -]ly), and therefore
b) > € H ]
o0, x¢H,.
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Theorem 2.3. Let {b,} be as in Theorem 2.2 and let 1 be given by (2.16). Let
{X;} be an independent sequence with common distribution u and let T, =
Z?:l Xj -

(i) Assume that u satisfies (2.13)—(2.15). Then for every closed set F,

. n .
— < = .
hfg.sogp B2 log P{T,,/b, € F} < ;Ielg I(x)
(ii) Assume that p satisfies (2.15). Then for every open set G,
.. .h .
llgg}fb—%logP{Tn/bn € G} > —;relgl(x).

Proof. The first statement is a direct corollary of Theorem 2.2(i). The second
statement follows from [5], Lemmas 3.1 and 3.2. O

3. LAPLACE APPROXIMATIONS

We have adopted in this section the framework of Bolthausen [10] for the case
b, = n. The central part of the proof of Theorem 3.1 is, however, different
and is based on the decomposition given by Lemma 3.3(i); the use of this
decomposition is illustrated in a simple way in the proof of Theorem 3.1(i).

In order to formulate Theorem 3.1 we will consider a probability measure u
on E satisfying the following conditions; let us observe that (3.3) is a strength-
ening of (2.15) (take & = 0). Let a(&) = [edu for & € E*.

(3.1) /x,u(dx) =0,
(3.2) / e y(dx) < oo forallt>0,
(3.3) Leté e E* and «, >0, ap — 0.
Let :
e
dv, = md}t, Uy = /xv,,(dx).
Then

{(vn * 6-0,)""(n'?(-))} s tight.
Condition (3.3) follows from (3.1)-(3.2) if F is a type 2 space.
We will also consider a function ®: £ — R such that

(3.4) ® € C*(E) in the Fréchet sense,
(3.5) ®(x) < a|lx|| + b for certain constants a > 0, b > 0.

The following two assumptions should be considered in the light of Lemma
3.2. They also appear in [10].

(3.6) There exists a unique point x* € E such that ®(x*) — I(x*)
= sup[®(x) — I(x)], where I is given by (2.16),
x€E

(3.7) For all £ € E* with /.’,‘2 du >0, setting A(&) = /x(.f, xyu(dx),

D2D(x*)(AC), AQ)) < / Edu.
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SUMS OF INDEPENDENT RANDOM VECTORS 363

Theorem 3.1. Let 1 be a probability measure on E satisfying (3.1)~(3.3), let
{X;} be an independent sequence with common distribution u, and let S, =
Z;’ZIXJ-. Let ®: E — R satisfy (3.4) and (3.5), and assume that (3.6) and
(3.7) hold.

(i) Let y be the Gaussian measure to which {u*"(n'/2(-))} converges weakly
by (3.3) with € =0. Then

¢ = [ew{ 30000700, y)} y(dy) < oo.

(ii) Let {b,} be a positive sequence satisfying the conditions b,/n'/? — oo
and (1.5). Then

(3.8) lim exp {—ﬁ sup[®(x) — I(x)]} Eexp {%%Q(Sn/bn)} =C.

n—oo N xckE

Remarks. (1) If, furthermore, it is assumed that [ Edu =0 forall & € E*,
then (3.8) is valid for any positive sequence {b,} such that b,/n'/? — oo and
bn/n3* — 0. This follows from the proof of Theorem 3.1.

(2) Theorem 2.2(i) is used in the proof of Theorem 3.1(ii), but not Theorem
2.2(i1).

(3) The following example shows that assumption (1.5) cannot in general
be relaxed. Let 4 = p*dJ_,, where p is the standard Poisson distribution
with parameter 1; then .#(S,/n'/?) converges weakly to y = N(0, 1). Let
®(x) = x; then sup,[P(x) — I(x)] = sup,[x — 1x?]1 = ] . Also ®"(x) =0 for
all x,so C=1. Now

1b2 b2 S, _ 162 b/
eXp{_iﬁ}EeXp{V.b_,,}—eXp{_f}—_b"+n(e —1)},

1( by \° b\
We shall need several lemmas for the proof of Theorem 3.1. For background

information on (H,, ||-||,) we refer again to [7, 12].

Lemma 3.2. (i) s = sup,cg[®(x) — I(x)] is attained. Moreover, if ®(x*) —
I(x*) =5, then x* = A(D®(x*)); in particular, x* € A(E*).
(ii) If ®(x*) —I(x*)=s, then
D*®(x*)(h, h) < thli forallhe H,.
Proof. (i) By (3.5), ®(x) — I(x) < (allx|| + b) — 3lix||% . Since [Ix]| < allx|l,,
where o = supy, < Ixll, {x € Hy: |[x]lx < r} is compact for all » > 0 and

(3.4) holds, it follows that s is finite and is attained on H,.
Let x* € H, be such that s = ®(x*) — I(x*). For fixed h € H,, te R, let

f(t) =D(x* +th)—I(x* +th)
=®(x* + th) — %(Hx*”f; + 2t(x*, hy, + t2||h||ﬁ).
Then f'(t) = D®(x* + th)(h) — (x, k), — t||h||%, and 0 = f'(0) = DD(x*)(h) —
(x*, h), . It follows that for all h € H,,
(ADD(x™)), h)y = DD(x™)(h) = (x™, h)yu,
implying A(D®(x*)) = x*.
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(ii) Similarly,
0> f"(0) = D*®(x*)(h, h) - |Al;. O

Conditions (3.6) and (3.7) are a strengthening of the conclusions of Lemma
3.2; the latter one should be viewed as a nondegeneracy condition.

Lemma 3.3. (i) Let {&,...,&} C E* be such that [&&;dp = d;5, and let
=A(¢;). For x € E, define

k
Pe(x) =Y (&, x)ey, Q(x) = x — P(x).
j=1
Let A be a continuous symmetric bilinear form on E x E. Then for every
xeE, >0,

k
Ax, x) <d(1+ BNk + (a + B2 da?) Zé,, ;

where d = sup{|A(x, y)|: Ix|| < 1, |yl £ 1}, a = SuPuxH”glA(x’ x), 0=
supy ., <1 1x1]-

(ii) Assume that A satisfies: A(AE), A(E)) < [&Edu for all & € E* with
[&*du>0. Then supjy,<; A(x, x) < 1.

Proof. (i) Since x = P(x) + Qr{x), we have

Alx, x) = A(Qk(x), Ok(x)) + 24(Qx(x), Pr(x)) + A(Pr(x), Pi(x))
and therefore
(3.9 Alx, x) < dQ(x)II? + all Pe(x)II} + 2d || Q ()| | P ()] -

Now
(3.10) P12 = Z(é,, :

2[| @ () Bl < ﬂzlle( WP+ B2 Pe(x))1?
< BAQ()I? + o B2 Pl

The conclusion follows from (3.9)-(3.11).

(11) By continuity and the || . ||,-density of A(E*) in H,, the assumption
implies s = SUD =1 A(x, x) < 1. Suppose s = 1. By the compactness of
{x € H,: ||x||, < 1}, there exists h € H, such that |||, =1 and A(h, h)=1.
Now forall ye H,, t >0,

Ah+ty, h+1ty) < |+ tyllz,
and expanding both sides and cancelling we get
2A(h, y) + AW, y) < 26k, y)u + 2yl .

Dividing by ¢, letting ¢ — 0 and observing that (—y) may be substituted for
vy, we have A(h,y)=(h,y),. But

A(h, y) = Ah, )(y) = (AR, ), Vu,
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SUMS OF INDEPENDENT RANDOM VECTORS 365
and therefore for all y € H,,
<A(A(h9 ')) ——h7 y>ﬂ = Oa

implying & = A(A(h, )) € A(E*), which contradicts the assumption. O
Lemma 34. Let {Y,;:neN, j=1,..., n} be a row-wise independent trian-
gular array with

ebno/n

dZ(Ypj))= ———du forj=1, ,
A% p)

where ¢ = D®(x*), andlet T, = 3_;_ | (Yn;j—E(Yy;)). Let un = (n/by)E(¥Yn)~
x*, and define for v € E,

fu(v) = exp{%’z’ [CD (x +u, + ;:2 ) —O(x*) — <(p, Uy + %v”} ,
f(v) = exp{%DzCD(x*)('U, v)} :

Then { & (fu(Tn/n'?))} converges weakly to yo f~}.
Proof. We first show

(1) limy, oo (bn/nY?)u, = 0.
By Lemma 3.2(i), x* = [ x{p, x)u(dx). Therefore

E(Ynl)—ﬁx* [xebte X ny(dx) — B f x(p, x)u(dx)
n u(w)
N B [ x(p, x)u(dx)(1 —#(J(/J))
A gp)

Now by (3.1) and the inequality |e¥ — 1 — y| < §|y|?¢?! (y € R), we have

| [ xettenimuaz) -2 [ xtp, ouax)|

(i)

2
< 3ot [xitg, et mu(dx).

Similarly,
~ bn 1 b2 2 b {
_ - < {9, x)/n
’1 ”(N’)‘—znz/(“’ x)%e umdx).
Therefore
b b, . b?
I‘_‘—nljzun = nl/Z (E(Ynl)_ nnx ) Isnl/zn;rn,

with {r,} bounded. Since n'/2b2/n?> = (b,/n3/*)?, claim (i) follows by as-
sumption (1.5).
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We prove next

(ii) For every r > 0, limy—oo SUp|jy) <, | /n(v) — f(v)| = 0.
In fact, by Taylor’s formula,

|log fu(v) — log f(v)]
1 1/2 n
= =|D*® <x*+9 (u,,+nb—nv)> <£—'/'5u,,+v, ;le/iu,,+v>

2
— D*®(x*)(v, v)|

1 2 * n1/2 2 * b'l 2
SE D(D<x +0(HH+H’U>)—D®(X) imun-f-’l)
1 b) " bn bn 2 *
+§D¢(X) mun'F’U,"mun‘f'v —D(D(x )('U,’U) s

where || < 1, and claim (ii) follows by assumption (3.4) and claim (i).
By [9, p. 34] and claim (ii), the proof will be completed if we show that

(3.11) {Z(T,/n'?)} converges weakly to 7.

By assumption (3.3), {-Z(T,/n'/?)} is tight. Therefore it is enough to show
that {Z((&, T,/n'/?))} converges weakly to yo&~! for £ € E*. But it is easily

shown that
B Tofn' 2 — [ &y,
Yim E(€, Yor = EYa) Iee vyu- B isnieey) = 0
for every ¢ > 0, so (3.11) follows by Lindeberg’s theorem (for triangular ar-
rays). O

Lemma 3.5. Let {U,;: j=1,...,n;neN} bea triangular array of E-valued
random vectors such that each row is independent and identically distributed. Let
V, = Z;zl U,j, and let q be a continuous seminorm on E . Assume

(1) Forall n, E(U,) =0,

(2) Forall t >0, sup, Eexp{tq(Upn)} < oo,

(3) sup, Eq(V,/n'?) < cc.

Let a = inf,cnlimsup,_, . (Eq*(h™1/? 251-:, U j)V*. Then for all p <
(8a2)~! and sufficiently small 6 > 0,

sup E(exp{pq” (Va/n') Hiq)<om) < o0

Proof. Let b > a. Choose h, ng € N such that for n > ng,

h
(3.12) Eq? (h-‘/2 > U,,,) < b2
j=1

Let j,=[%]l andfor n>h, i=1,..., j,, define

ih Jn
Zni = h—1/2 Z Unj P I/Vj,, = Z Zni .
j=(i—1h+1 i=1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SUMS OF INDEPENDENT RANDOM VECTORS 367

The triangular array {Z,;:n > h,i=1,..., j,} has independent, identically
distributed rows. Next, forall n >h, me N, m> 2,

Eq"(Zn) = / mt" =V P{q(Zm) > 1} dt
0

(3.13) S/ mt™ e E exp{q(Zn)} dt
0

< m!L,

where L = sup,», £ €xp{q(Z,1)} < oo by assumption (2). By (3.12) and (3.13),
we have for all n > max{h, ny}, m>2,

]
(3.14) Eq"(Zu) < (’”7) b2 Em2

where H = max{2b72L, 1}.
By (3.14), applying to the nth row of {Z,;} Theorem 2.1 of Yurinskii [21],
with b? = b* (so B} = j,b*), B, = Eq(W},), we have: for s > 0, setting

en = EqW;,[ix?),

Pla(W;,) > sis*} = Plaw;,) > (3) bin'™)

(3'15) 1 (S—C )H :
(5 — 2 » o
< exp{ SEZ(S Cn) (1 + 2jrll/2 ) .

Now for 0 < A < 1, n sufficiently large, 1 > 0
v,
P {q (W) > t} < P{q(h'*W},) > it,/*}

+ P{q(Va = B/PW5) > (1 - en' 2y
(3.16) < P{q(W;,) > Aja’"}

!
+supP{q (E U,,j> > (1 —l)tnl/z} )
I<h .
< j=1

For 1 >0, / < h, n sufficiently large, we have

l
(3.17) P {q (Z Unj) > (1 —i)tnl/z} < exp{_-[tnlﬂ}M’
j=1

where M = sup,,(E exp{t(1 — 1)~ 'q(Un1)})" < oo by assumption (2).
By (3.15)-(3.17) we have for t >0, 0 <1< 1 and »n sufficiently large,

-1
v, 1 ) (Af — c)H
(3.18) P{q (W) > t} < exp {—W(At— Cn) (1 + W—) }
+ M exp{—1tn'/?}.

Using assumption (1), it is easily seen that

. V,
(3.19) limsupc, < limsup Eq ( u ) =c, say.

n—oo n— o0 nt/2

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



368 A. DE ACOSTA

For % < A <1 and sufficiently large n, we have by (3.18) and (3.19):

v
E (exp{/’q ( 1/2)}1{q<m<an})
onti?
=1 +/ 2pte?’ P {q ( Il//2) > t} dt
0
3¢ on'’2 ,
<1 +/ / 2ptet
0 3¢

172\ !
xexp{—m(it—ZC)z (1+'5—%£{§(§2A_) } dt

on's?
+ / 2p1e?" " M exp{—1tn'/*} dt .
3

C
It is now clear that if p < (8a?)~!, by taking b sufficiently close to a, 4
sufficiently close to 1, J sufficiently small and 7 sufficiently large, the statement
follows. O

Lemma 3.6. Let {U,;: j = 1,...,n € N} be a triangular array of E-valued
random vectors such that each row is independent and identically distributed, and
let Vo =377 Uyp;. Assume

(1) Forall n, E(Up) =0,

(2) For every bounded finite dimensional set A C E*,

supsupEexp{l(f, Uni)|} < o0.

(3) {&Z(Un1)} converges weakly to u.
Let {&: j € N} be such that [&<&;du = ;5. Then for every n < 1 and every
k € N, there exists 6 > 0 such that

1 k V. 2
sup E | exp §n22<fj,n1—?2> Iyw<any | < o0
n
j=1

Proof. Fix <1 and k € N. Since [(&;, Vo)l < |I&l[[[Vall for j=1,...,k,
it is enough to prove: for sufficiently small § > 0,

k 2
1 v,
(3.20)  supE (exp{§n22<¢j, nl—','2> }1{:<¢,,m;«sn,j:l,_..,k}) <o0.
j=1

Let J be the canonical Gaussian measure in R* . Then
(3.21)

(CXP{ n Z<51’ 1/2> } {14&) . Vadl<dn, j=1, k})
k
([/exp {”ZZJ <¢j, >}/1(d2)] 1{|<¢,-,Vn>|<én,j=1,...,k})
Jj=1

k
v,
/i(dz (CXD{HE zj (%> n172>}I{l<é,,vn>\<6n,j=1,...,k}) ;
Jj=1

where z = (zy,..., zx) € R¢,
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For i=1,...,n, z € R¥, let YZ) Z/ 1 2j{&;, Uni), and let W,,(Z) =
Y7, Y19 Since, setting |z|2 = Zf , 23, we have

(1€, V)l <on, j=1,.... k} C {{W;7) < 8|z|k'n},

by (3.21) in order to prove (3.20) it is enough to show: for sufficiently small
6>0,

(Z)
(3.22) sup//l dz)E (exp{ 1 }I{IW(Z)|<5IZ|n}> < o0o.

In order to prove (3.22) we estimate P{|W,”/n!/2| >t} by means of Bern-
stein’s inequality (see [21, p. 474], or [19, p. 55]). We have E(Y,ff)) =0 for
n €N by assumption (1). Also

E(¥,Dy? Z 2= 55 2, z0EWE, Un) &, Un)) - / £¢ du]
j=1 i1

IA

sup
J»l

J
E((&, Un)&, Un)) ‘/fjfldﬂ}k (Z 212)
J

and therefore by assumptions (2) and (3), given { > 1 (to be further specified
later), there exists ny such that for n > ng,

2
E((Sj> Un1){&r> Un)) —/éjfzdu’ (Zl%l)

IA

sup
il

(3.23) E(Y))? <L)z
Next,

P{Y| > 1) < exp{ z ’}Eexp{l ||Y(z)|}

com( 1),

where a = sup, sup,<; £ exp{erfi")}} < oo by assumption (2). Therefore, for
m>2, neN,

E|lY®m = / me" = P{|YD] > 1} dt

m—1 _t
(3.24) S/o mt aexp{ lzl}dt
!
= aml|z|™ < (’”7) {JzPal 22,

since we may assume 2a{~! > 1. By (3.23), (3.24) and Bernstein’s inequality,

for n>ng and 1> 0,
£ 2at \7!
< —_—— ———— e .
> t} < 2exp{ AL (1 + n‘/2C2IZI) }
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Now by (3.25), for sufficiently large n,

W(Z)
E <°Xp {’7 L we jmzy <) zmiy

_r_
nij2
(2)

8| z|n'/? W,
= 1+/ nexp(nt)P{ —| >
0

ni/2

t} dt
dlz|n'/? 2 2at \7!
< . _
<1 +/0 nexp(nt) 2exp{ AEE (1 + n1/2C7~|z|> dt

00 2
<1 +2/0 nexp(m)exp{—z—cﬁéﬁ(l +2aC‘25)‘1} dt

< 1+ 2V2nnalz|exp {%(na)zlﬂz}

by an elementary computation, where o = {1/2(14+2a{~25)!/2. Choosing { > 1
and J > 0 so that na < 1, the result follows from (3.22). O

Proof of Theorem 3.1. (i) The fact that C < oo follows from the integrability
arguments in the proof of (i1). Nevertheless, we will give a simple direct proof
because it illustrates the use of the decomposition given by lemma 3.3(1), which
is later employed in a more complicated situation in the proof of (ii).

Let {&;: j € N} C E* be such that {A({;): j € N} is an orthonormal basis
of H, = H, (see [12]). Let 4 = D*®(x*). By (3.7) and Lemma 3.3(ii),
a = supyy,<1 A(x, x) < 1. Choose B > 0 such that p = o+ f~?do* < 1.
Since Q(Z) — 0 a.s. for a random vector Z with £ (Z) =y (see [12]), one
may choose k£ € N such that

(3.26) ‘/mp( (L+ﬁMQu)W)ﬂ¢w<am

By Lemma 3.3(i)

< [exp {31+ 10 0IP ()

k
/ex { pZéj, }y(a’x)<oo

J=1

since the second integral on the right-hand side is

/ exp{lp|z|2}l(dz) < 0
P2

because p < 1, where || is the usual Euclidean norm in R* and 1 is the
canonical Gaussian measure in R* .

(ii) Let x* be as in (3.6). For the rest of the proof, we set ¢ = D®(x*).
Since for any & € E*, sup,cg.[(n, A(C)) — § [n*du] is attained at # =&, as
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is easily proved, we have by Lemma 3.2(i)

b2 b2
Cy = exp {——”[Cb(x*) - I(x*)]} Eexp {7"

I

(]

>

=]
r—’H
G“
1o
\

‘%

Q.

=
W—’
/_\

[¢]

M

o
—N—
|=N
—

e

—~ £

)

*

+

where T, = 37 (Ynj — E(Yy))), with {Y,;: j=1, ..., n} independent and
eb,,(o/n n
AL (Yp)= ——du, and uy=—E(¥Yy)-x".
A2 o) bn

Now let F,(x) = ®(x* + u, + x) — ®(x*) — (¢, u, + x). Since

exp {%%F,, (%)} = fu(Ta/n'1?),

where f, is as in Lemma 3.4, in order to prove lim,_,., C, = C it is enough
by Lemma 3.4 to prove

(o (b VY A 2
@ i (5 (o)) oo {32z [ oran} -1
b?
(b) {exp{ L Fy < 5 )}} is uniformly integrable.
n

We prove (a) first. A straightforward expansion gives
. (bn
i(Go) =15 (B) [oran
b 3 b, \*
(7) [ "“0((7) ) '
On the other hand,

1b,2, 2 _ 1 bn g 2 bn !
‘”‘p{‘m/fﬂ dﬂ}—l‘i(z) /“’ du+0 (7) :
Therefore
(b, 1 b\ [, B b \?
#(5e) "’“’{"5 ) [ "“} -1-(3)
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where {r,} is bounded. From assumption (1.5) it follows that

() o 3% ) 1= 2202

(It is clear from the argument that if [ ¢*du = 0, then the conclusion will hold
under the weaker assumption b,/n34 — 0.)

We turn now to the proof of (b). In order to prove this assertion, it is clearly
enough to prove:

(I) For every 6 >0,

. B2 . (T
limsup E (exp § ~*F { 2= | ¢t L, /b,126) ) = O-
n-—00 n

(II) There exist d > 0, p > 1 such that

b2
supE (CXP {p#Fn(Tn/bn)}I{||T,,/b,,||<6}) < oo
n

In order to prove (I), it suffices to show that for any closed set D,

2
(3.27) lim sup —’17 log/ exp{b—"Fn} dA, <sup[F(x)—1(x)],
b; D n x€D

n—oo
where A, = .Z(T,/b,) and F(x) = O(x* + x) — O(x*) — (¢, x). Indeed, a
simple computation using Lemma 3.2(i) gives
(3.28) F(x)-I(x)=[®(x* +x) - I{x" +x)] - [®(x") — I{(x")].

Now let D = {x € E: ||x|| > d}. Arguing as in the proof of Lemma 3.2(i) one
can see that s = sup,p[F(x)—1(x)] is attained, and assumption (3.6) together
with (3.28) imply that s < 0. Thus (3.27) implies (I).

To establish (3.27) we first show that

2
(3.29) hm limsup — log/ exp b—"Fn di, = -0
bZ F,>1} n

00 p—oo

By assumption (3.5) and Lemma 3.4, there exist a, # > 0 such that sup, F,(x)
<alxj+ g forall x € E. It follows that

b? b2
/ exp{b2F,}d, < exp {——"—t} /exp{ } di,
{Fa21} n
T,

oo~} perp (2 (a] 2] 1 4)].

By the argument in Lemma 2.1(i) (with gx replaced by |}«||), the second factor
is bounded by exp{b?d/n} for some constant d > 0 and sufficiently large .
Therefore

IA

IA

. b?
lim sup — 2 log/F . exp{;"Fn} di, < —(t-4d),

n—oo

which yields (3.29). We proceed now to complete the proof of (3.27). Let
a, = b2/n and fix ¢t > 0. By the argument of the proof of Theorem 2.2(i),
given 7 > 0 there exist a compact set K, and ng € N such that for n > ng,

P{T,/by € K¢} < e~9".
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By Lemma 3.4, F, — F uniformly over compact sets. Therefore given § > 0,
we have for sufficiently large n

/ exp{a, min(F, , 1)} dAn
D
< / exp{a, min(F,, t)} di, +/ exp{a,t}di,
DNK, L&
< / exp{an min(F + 8, 1)} din + e~
DNk
By [15, p. 321], taking into account Theorem 2.2(i)

limsupa,! Iog/ exp{a, min(F +6, 1)} di,
DK,

n—oo

< sup [min(F(x)+9,t)—I(x)]
x€DNK,

< 8 + sup[F(x) — I(x)]
x€D

and it follows that
limsup @' log / exp{a, min(Fy, 1)} din < sup[F(x) — I(x)].
n—oo D x€D
Now a standard argument using (3.29) completes the proof of (3.27), and hence

that of (I).
We turn now to the proof of (II). By Taylor’s formula,

(T Z g (o T oo T
F"(b,,)_ZDq)<x+0(u"+bn))(u"+bn’u”+bn)’

where |0]| < 1, and therefore

b? | QO " Ty by Tn bn T
F (bn) = ED (I)(x +0(un+E>) (nl/zun+ w2 nl/zun+ nl/Z) .

By the assumptions on ® and Lemma 3.4, simple estimates show that given
¢ > 0 (to be further specified later), it is possible to choose d; > 0 and n; € N
T,

such that for n > n,,

b2 21 (T, Tn
(3.30) F(bn><e+s +2A(n1/2’n1/2> on{ 7, <61},
where 4 = D*®(x*). Let p > 1, r > 1 (to be further specified later), and define
s>1by rri+s7t=1.Let {:jeN}CE* besuch that {A(;): j € N} is

an orthonormal basis of H,. By Lemma 3.3 and Hoélder’s inequality, for any
0<d1, n>n, and kK € N, we have

2 Tn Tn
(3.31)E (exp {p (e +34 (W n_l/‘z'))}l{llTn/bn||<5})
2 I/s
< (E (exp{sp <s ( 1/2> )}I{HTn/bnll«f}))
1/r
(E (exp{r (a+ B~ 2d02)2<¢1 1/2> }Iuln/bnud})) :
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Since a < 1, we may choose and fix § >0, p>1,r > 1 in such a way that
rp(a+ B~%2do?) < 1. For x € E, let

ai(x) = e"l|x ]| + (41 + BN (N,
and let ¢; be such that g < ¢| -|. Then the sth power of the first factor in
the right-hand side of (3.31) is bounded by
E(exP{SPQI%(Tn/n 1/2)}I{qk(T,,)<Jckn})

for sufficiently large n, since b,/n — 0. By [12], one may choose k € N,
¢ > 0 such that

/qi dy < (8sp)~'.

Since {u**(n'/2(+))} converges weakly to y, by the results of [4] one may choose
h € N such that

/ G duwt (W) < (8sp)~,

and since {.Z(Y,; — EY,1)} converges weakly to u, we have by [4]

h
(3.32) limsup Eq} | A='/2> (Ya; — EYy)) | < (8sp)~".
n-—-+0Q N
j=1
The triangular array {Y,; — EY,;:n € N,j =1,...,n} and the seminorm

g, satisfy the assumptions of Lemma 3.5 (assumption (3) follows from Lemma
3.4 and [4]). Therefore for sufficiently small ¢ > 0,

(3.33) sup E(exp{spgf(Tu/n"*V 4 ry<scm}) < 0.

Finally, by Lemma 3.6, it is possible to choose J > 0 such that the second
factor in the right-hand side of (3.31) is bounded uniformly in #n. Now assertion
(II) follows from (3.30), (3.31) and (3.33). O
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