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A more useful number conserving basis which takes the place of the BCS quasi-particle
basis is constructed. The nucleon operator is expressed in terms of two kinds of operators
which represent J=0-coupled nucleon pairs and unpaired nucleons. The pairing states are
treated by a linearization technique which makes use of the boson-like property of operators.
The motion of unpaired nucleons is described by a modified quasi-particle. The method is
applicable not only to the super-conducting phase but also to the normal one. It gives number
conserving treatments of the pairing vibration and of the coupling with quadrupole phonon.

§ 1. Introduction

The BCS quasi-particle theory, which offers a useful basis to treat the residual
interaction in nuclei, has been conventionally applied to the study of collective
excitations. A serious defect of the theory is the fact that the basis states are
not eigenstates of nucleon number. The problem has been extensively investigated
since early works.” Recently, the importance of number conserving treatment has
been recognized again in the study of multi-phonon states.”® On the other hand,
starting with the quasi-particle basis, it was indicated that the coupling between the
pairing and surface vibrations plays an important role in some nuclei.”””  The
accuracy of the BCS quasi-particle basis must be, however, investigated simulta-
neously when it is used as a starting point.

A number conserving basis was developed by the number fixed BCS(FBCS)
formalism.®~® The multi-phonon states are similar to the FBCS basis states. A
characteristic of the formalism is that a distribution of J=~0-coupled nucleon pairs
among various orbits is determined by the variational principle with a number
fixed trial wave function. The variational equation is, however, considerably com-
plicated. The approach fails for forces which do not give a sufficient configuration
mixing in the seniority zero space, because the trial wave function cannot describe
such a non-superconducting situation."”

A theory proposed by Suzuki and Matsuyanagi™'® opened a hopeful prospect
in the study of interplay between the pairing and other correlations. The pairing
collective and intrinsic degrees of freedom are exactly separated in the “ideal boson-
quasi-particle space”. The nucleon operators are expressed by the pairing bosons
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470 M. Hasegawa and N. Kanesaki

and ideal quasi-particles in a form of the Holstein-Primakoff representation.

In the previous paper,”™ the authors separated the pairing collective and in-
trinsic degrees of feedom within the original nucleon space and developed a Dyson-
like representation. A method suitable for describing proper eigenstates of nucleon
and seniority numbers was obtained. The advantage of the Dyson-like representa-
tion in contrast with the Holstein-Primakoff one is the fact that it gives a finite
and hermitian Hamiltonian, which is simply divided into three parts; the pairing
collective, intrinsic and their coupling parts. The representation, however, leads
to asymmetric matrices of some physical quantities like the two-nucleon transfer
strength.

The purpose of this paper is to construct a more practicable number conserving
basis which takes the place of the BCS or the FBCS version and is capable of
systematic further development. For this purpose, making use of the advantage
of the Dyson-like representation, we formulate a method in the Holstein-Primakoff-
like representation without a perturbative expansion of operators. A special ap-
proximation, which makes it possible to contain the same eigenvalue equation deter-
mining the self-consistent pairing field in the Dyson-like representation, is adopted.
It is essential to use the particle-hole representation so that the ground state may
well represent not only the super-conducting phase but also the normal one.

The present treatment of the seniority zero space (in § 3) is analogous to the
ones involving use of the equation of motion and linearization procedure.* ™  The
pairing modes are expressed in terms of the “quasi-bosons” which mean the .J=— 0-
coupled pairs of particle and hole. Once the description of the pairing collective
subspace is finished, a “modified” quasi-particle, which represents the motion of
unpaired nucleon, plays an important role instead of the BCS quasi-particle (in §4).
We have a basis suitable for describing configuration mixing in both the normal
and super-conducting phases. We show a guide to treat the residual interaction
on this basis (in §6). The present number conserving treatment brings about a

new knowledge regarding the coupling between pairing vibration and quadrupole
phonon.

§ 2. Holstein-Primakoff-like representation and Dyson-like
one of the pairing Hamiltonian

21, Separation of the pairing collective and intrinsic degrees of freedom

As was shown in the previous paper,” the nucleon operator €' is expressed
in terms of two kinds of operators S;. and (d.}, dy) (or ;. and d,*) which
represent the motion of J=0-coupled nucleon pairs and that of unpaired nucleons
respectively: The Holstein-Primakoff-like representation is given by
Cj= dj,\/ 151251 + 754 dys, 2D
2S; 25,
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Modification of Quasi-Particle Theory in Spherical Nuclei. 1 471

where S{_=85;.. The Dyson-like representation is given by
Cl=d, +‘—§ifida<‘),
25,
Co=—5.d, " + <1~;j'+7yj_>da<_) . (2-2)
25,

Here, for simplicity we denote = (j, m) and Cz= (—)7"™C;5, omitting additional

o~

quantum numbers. The quasi-spin operators S; and Sj, are written as

ZSjZ.Qj—nj, ijgj():!?j*njﬁ]\rj, (23)

where
Nj:SHSf—:ymyj— s 29
n; :Z daTda:Z da(+)da(_>- (2 5)

The operator N; represents the number of J=0-coupled nucleon pairs and n; the
number of unpaired nucleons, ie., the seniority v; of orbit j. We shall say that
the states composed of §;, span “pairing collective” subspace and the states com-
posed of d}, “intrinsic” subspace.

The detailed definitions and properties of §;. and (d,, d,) (¥;. and d,°)
are given in Ref. 13). We repeat only a few points. The two kinds of operators

commute with each other
[8;s, d} =S5, da] =0. (2-6)
The commutation relations about S;. and S;_ are written as
LSi-, Sj*+] =0y {ﬁf+sj-s-sj— @ =1},
[ij, SJ"*] = [SJ'+> Sj'+] =0 ’ (27)
where the operator 7; is defined by
0 for |S;,S;0=S8,>,
ﬁj: 1 Fy Mo ]> (2'8)
1 for other states.

The operators (S;,,S; ) satisfy the boson-type commutation relation except for the

state |.S;, S;;=5;>. In this sense we shall call the operators (S;.,S;.) quasi-boson

operators. The intrinsic operators (d,', d,) satisfy the following relations:"”"*¥

. 1
da, d&’ = 6mx’ —0; '/d&T oA d&” )
§ ¥ e g
(d, dLy = {d,, doy =0. 2-9)

As the relation n; -+ N;<{£2, is derived from Eq. (2-3), the square-root
V@, —n;—N; in Eq. (2-1) never becomes imaginary. One can also show the

Ze0z Isnbny |z uo isenb Aq £8G/881/69%/2/€9/0101HE/did/wod dno-olwepede//:sdiy woly papeojumod



472 M. Hasegawa and N. Kanesaki

relations such as
Sj+ :SH’?]]-, S;- = 77151‘— s
d=d.);,  d.=7d., (2-10)
[, N;]1 =0, (7, m;] =0

and \/Qj—n]-—Nj: v&,—n,—N, I

The operators .%;. and d,” in the Dyson-like representation satisfy the same
relations as Egs. (2-6) ~(2-10). The Holstein-Primakoff-like and Dyson-like re-
presentations are connected with each other through the following transformation:

F3:=0;8;,0,7"=8;, VO —n;—N;,

Py =0,8, 0, = T g, @-10)
- \/.P n]~N o

A, =0,d 0, —1¥d’r~/‘p —n,;—N,

—n; ?

) (2.12)
d.=0,d,0," =] % —":_d

—n,—
where
O.ZN/:T@@EQ 0.—1:J S =St | (2-13)
’ S;=St” 7 @SyH!

It should be noticed that .;. and d." can be expressed in terms of S;. and
(d.!, d,) and the converse is also true. We make use of the merit in the follow-
ing treatment.

2.2, The pairing Hamiltonian and operation formulae

As the pairing correlation is superior to other long range correlations in
spherical nuclei, it is useful to deal with the pairing force first. We then consider
the usual pairing Hamiltonian

H=31¢,ClC,—G X 8. (NS_(), (2-14)
@ 73’

where S, () =4 20, C./Cs' and S_ () = (5. ()™,

Let us divide single nucleon orbits into particle and hole orbits. In the limit
of no perturbation, i.e., G=0 case, the orbits which are completely occupied by
nucleons are the hole ones, and the other orbits are the particle ones. Hereafter
we distinguish between the particle orbits and the hole ones by subscripts j and
k, respectively. For the particle operators, we use the same notations as in the
last subsection. We denote respectively the quasi-boson and intrinsic operators of
the hole orbits by Ti. and (d{., din) in the Holstein-Primakoff-like representation,
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Modification of Quasi-Particle Theory in Spherical Nuclei. 1 473

and denote them by Ty, and (di, di,) in the Dyson-like representation. The
of J=0-coupled hole pairs and n; of unpaired holes are

number operators Ny
The relation between

defined by the same equations as Eqgs. (2-4) and (2-5).
(gkzydl(;n)rdgc:n)) and (Tkiydlzm’ dkm) iS given bY

1 o
Tuv= T 7\/57:71:::7;;’ G = ‘/Qk—nk“Nk Ty, o 5

_Bm —n =Ny

7=
+) . gt R Ah T (—)ZN/fLi
dk;”‘dkm Qk_nk_Nk, dlcm an’—nlc

Tt is an advantage of the Dyson-like representation that the pairing Hamil-
tonian is divided into three parts, the pairing collective, intrinsic and their coupling

parts:
H =const+ H.+ Higwe + Heowt » (2-16)
HCZZ 2€.ij—ngyj,+(9j—yj+yj_)y~_

M22(Ek“G>NL_G];gk+ (ﬂk—gk+gk_)ﬂ'k,_
+G Zk:{yﬁrgﬂ <‘Qk—gk+gk—) —+ (‘Ql'_yj-i-yja>yj—gk-}’,

(2-17a)

Hiyw=> ;=2 (6= G, (2-17b)
HcoupIZG Z(Z yj’+yf~»—; yj‘gk—>n]'

+G ; <; Ef,ﬁg,c,_ —‘Z yj+gk+> ng. (2’ 170)

The ground state of the pairing system under consideration is one of the state
with the total seniority v=2Xv;=0. Let us determine a self-consistent pairing field
in this v=0 subspace (i.e., the pairing collective subspace), where n; and n; vanish,
and then both FHi and .y, do not contribute. We diagonalize the pairing
collective Hamiltonian written in the Holstein-Primakoff-like representation:

HC:; ZGij—‘G ; Sj+R(Nj>R(Nj/)Sj/_
~312(6 -G Nu=G 3 Te RN R T (2-18)

+G Zk‘: (S;.R(N) T, RN +R(N)S;-R(No) T,

where
R(N,)=v@,—N,, R(N)=v2—N,. (2-19)

With the use of Egs. (2:7) and (2-10), we can obtain the following impozx-
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474 M. Hasegawa and N. Kanesaki

tant formulae for the quasi-boson operators S

[N, S;+1=5+, (2-20)
[R(N),S;:]1=S5.dR;, (2-21a)
N (@n—D)11 By .21b
ROV {1+ o R } (2-21b)

These equations are formally rewritten as

[N;,S;.]= ;}Sﬂ‘j , (2-22)
(RN, 8.1 =25, o (2-23)

J—

In addition we have the relation

oM,

re = H, ST, (2-24)

J—

The operators T satisfy the same equations as Egs. (2-20) ~ (2.24).

§ 3. Self-consistent pairing field
3.1.  Linearized equation of motion

As mentioned so far, we deal with the pairing collective Hamiltonian H, to
determine the self-consistent pairing field in the ground state with v=0. Let us
introduce the particle-hole vacuum |0> with nucleon number Ay which has no
particles and no holes (i.e., $;.{0>=T,_|0>=0) and consider the systems with even
numbers of nucleons A= A4,+2N and A=Ag+2(N+1)5® We shall call these
systems “N7-system and “N +1”-system and denote their ground states by |¢,> and

2%¢. , Tespectively. he unperturbed ground state o e “N7-system is
¥y(N+1 pectively. Tl perturbed g d state of th N”syst
written as

B = L (8,070 when G - 0, (31
v .

where j, represents the lowest particle orbit and 0=N <4,
We aim at obtaining the one-quasi-boson mode from ldy> to [T (N-+1)> by
the linearized equation of motion in the following way:

#If we replace OR(N;)/6S;_ by ON;/08;.-8R(N,)/6N;, approximating operators by c-numbers,
it is reduced to —8;.-1/2R(N;), which corresponds to pick up the first term in Eq. (2-21b).
*% In our definition of the particle and hole orbits, the particle-hole vacuum does not corre-

spond to the closing of a major shell but the filling of each orbit i.e. Ae=31(o1922;.
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Modification of Quasi-Particle Theory in Spherical Nuclei. I 475

XOTZZ‘/QOS]'-V‘; o' T s (3-2)
J

(T (N +1) | TH,, X o> = ELE (N +1) [ X (3-3)

With the aid of the formulae in § 2, the commutation relation in Eq. (3-3) is

calculated as
[Hc, SjJr] = 2€ij+ + GS]'+ {SjJrSj,}
G318 dRS, S R(N,) + R(N)S, S dR)

Jx7

+G 518,48, T R(N) ARy + dR,;R (No) T, S; }

—GX S AR R(ND} +G ZARMN) RN} T, (3-40)
[H., T, ] =2(e—G) Toe —G{Ts T} Ty

+GY {dR Ty Teo R(Ny) + R(N) T Ty dR} T

~G LA TRV dR,+dR,R(N) T, _S;_} T

+G ;{R (N )RWN) T - —G L? S; AR (N) R(NY }. (3-4b)

In order to linearize the right-hand sides of Eqs. (3-4), let us replace the
pairs of quasi-boson operators in the brackets { } by their expectation values with

respect to |p,» as follows:
Sj-z-Sj/~—><Sj+Sj'—>, T,. Ty —<T;. Tk’ﬁ> >
Sj+ Tk,v_%<sj'+ T;H.>, SjﬁTk_‘_><Sj_11k_> . (3 . 5)

Then the operators NN; and N, appearing in R(V), R(Ny), dR; and dR; are

replaced by their expectation values
Ny={N»=<(8;:8;->,  Ne=N>=<T:: T;: > . (3-6)

For example, R(N;) and dR; are replaced by

R(N;) —» R(N;)=+v2,~N,, (3-7a)
—_ 1, _;_l N7l .7
AR, > WRY =~ {1 JRAV) } (3-7h)

In this approximation, Eq. (3-3) leads to the following equation for the amplitudes

A and @
s s e

0
iy hew! \@r
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476 M. Hasegawa and N. Kanesaki
where
Dy =05 {2, — 2G<de>j;jR (N} {Sjor 8->+ G{S;. 8>
+2G{dR;> ; RN <T:-S; >} ~GR(N) R(N,), (3-9a)
T = 0 {2 (6,— G) -+ 2G<de>k§kR (Ne) T T > — G{ T, . TS
—2G{dR;> 2 R(Ny)<S;: Tei >} +GR(Ny) R(N,), (3-9b)
= —hiy;=GR(N;) R(N,). (3-9¢)

In Eq. (3-8), the symbol 2 means that repeated indices (4" and &%)

are summed.
We shall use the convention hereafter.

Equation (3-8) is an eigenvalue equation,
although the expectation values (3:5) are not yet fixed.

3.2. Structure of the cigenvalue equation

Equation (3-8) approximately determining X! has additional solutions. Denot-
ing the numbers of the particle orbits and hole ones by Jand K respectively, we
have (J+4+K) sets of solutions. If we arrange the eigenvalues according to their
magnitudes, the large J eigenvalues correspond to the pair additional modes X" and
the other K eigenvalues correspond to the pair removal modes Y,. The lowest

X, Le, the J-th eigenmode is X, between |¢> and [#y(N+1)>. The new

modes X," and Y, are written as
XﬂT:Z_ VS —; 0Ty, (XZ:OEXOT)
J

V=30 T = 32 478, (3-10)
J

The orthonormality relation can be expressed by

Z<*/’j” “%”) <1/f,-"/ ¢jy’>_<5/m' 0 > (3-11)
$;" =)\ 0 ~ 0, .

The completeness relation is given by the inverse transformation of Eq. (3-11)
and we have

Sj+ = Z q/’jﬂXﬂT+Z ¢J'VYV »
H v
Te =S Y0y 4 g X, (3-12)
v “®
In the approximation Nl b= | bo>==|ds>, or the boson approximation

[Sj—, Sj'+:| |¢0>:6jj'|¢o>: ]:Tk“, Tk'+] [¢0>:6Ml¢0> , 3 13)

the new modes (X!, Y,) satisfy similar relations

[X,w XL’] ]¢0>:6ﬂu’ I¢O>’ [Yw YI’] ]¢0>:5w’ ]¢O> . (3 . 14>
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Modification of Quasi-Particle Theory in Spherical Nuclei. 1 477

We thus obtain an orthogonal set of “one-body” modes in the self-consistent pairing
field. The ground state is the lowest energy state composed of the new modes.
By analogy with the unperturbed ground state (3-1), we approximate the ground
state |¢> of the “N”-system by

—~ 1 N O
]¢o>—\/jv—'(X0T) |O>’ (3'15)

where [0> is the new vacuum for X, and Y,!, which is defined by X,105=Y,10>

=0. Then we have the relation
X ol =0, Y,|d>=0. (3-16)

After these preparations, we can evaluate the expectation values of the pairs of
quasi-boson operators (3-5)

{8785 D= N + 25 0P

(T T >=N@ 0+ 2 0“0k (3-17)

(85 Tiwy =<T;-8;-)
= NP0l + 20 679 = N + 25 oV
v “@

Since the matrix in Eq. (3-8) itself contains the amplitudes ¥r;, @4, ¢ and
¢;, the eigenvalue equation (3-8) must be solved self-consistently. The expecta-
tion value {dR;> ({dR,;>) in Eq. (3:7b) is expanded in the power series of
(2R(ND®H P (2R(NY®H ™. As the value N;/2;, (R(INy)?/8;) corresponds to the
occupation probability in a orbit j(k), it is expected that N;/2;<(1/2, R(N.)*/%;
>1/2 and N;<<£; —1 in our particle-hole treatment. Therefore the series in Eq.
(3:7b) converges to a finite number. Even if we adopt the lowest order approxi-

mation:

1

<de>: Mm) »

(3-18)
the eigenvalue equation (3-8) is expected to be of use. Under this approximation,
Eq. (8-8) is actually reduced to the equation obtained in the Dyson-like representa-

. N
thn.IS)’ *

3.3. Low-Ilying states in the seniority v=0 space

The ground state of the “N’’-system is approximately written as Eq. (3-15)

* In Ref. 13), the second terms of the right-hand sides in Eqs. (3-17) were neglected. The
seemingly asymmetric equation is symmetrized by the approximate relations:

TN+ [ F5:1800=F o (N+1) S5 190> R (N,
Bl F3- 1T o (N+1) 5ol S;- [T o (IN+ 1) D/R(Ny), ete.
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478 M. Hasegawa and N. Kanesaki

in our theory. In this self-consistent pairing field, the occupation probabilities
VAV introduced in the BCS theory are given by

V= VNS /2, = VNP, + Y (9,925,
’ (3-19)
Vi=RND /Y 8e= V1 (N (@97 (0 /2.

Equation (3-11) and the completeness relation lead to the relation >, (¢°®
=21, (9/)° Combining this relation and Eq. (3-11), one can show the number

conservation relation
MRS I ATIED (3-20)
7 % v

We can define an orthogonal basis of the v=0 states in the “N +1”-system
or “N—1"-system by using the new “one-body” modes obtained in the previous
subsections as follows:

XMoo, XJXLY >, -+ for the “N +1"-system,
Y o>, YIVLX He, for the “N —17-system . (3-21)

These states are not eigenstates of the pairing collective Hamiltonian H in general.
The matrix elements of H_ with respect to this basis define a Hamiltonian matrix,
and the more precise determination of low-lying states may proceed from an ap-
proximate diagonalization of this matrix. However, as shown in the two-level
model calculation in Ref. 13), it will be a good approximation to describe the low-
lying states of the “N 417 (“N—1")-system by X ,/@> (Y., d>) and to evaluate
the diagonal elements of H.. We adopt this first order perturbation theorv. The
energies E, and E, of X ,!¢> and Y,'|¢> measured from the ground state |¢>
are calculated by :

E/z = <¢)OEX/1 [IIu X,’zT] ](/)0> >
EV:<¢O]Y» [IIcy YDT:I }¢0> 4 (322)

For the ground state |V (N4+1)>~=(1/vN+1) Xy, the solution E, of Eq.
(3-8) can be regarded as an approximate value of E, If we define a chemical
potential Ay by the half of the energy difference between |¢> and [, (N +1)>,
we can write

ly=L,/2. (3-23)

In the case N =0, ie., |g>=10>, the lowest Y,! (we denote by Y," is the mode
between |¢,> and the ground state of the system with nucleon number A,—2
(1@; flo_2>:YoT16>) .

The energies of the excited states X ,/d> and Y/ l¢> in the “N+1"-and
“N —1"-system have correction terms in addition to the eigenvalues E, and E, of
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Modification of Quasi-Particle Theory in Spherical Nuclei. I 479

Eq. (3-8). The correction terms are somewhat complicated. If we neglect the
terms such as dR;-dR;, [S;_, dR;] etc. in the double commutators [X,, [H,, X,]]
and [Y,, [H.,Y,]], we can get the same form of corrections as those obtained in
Ref. 13). The approximated values of E, and E, are shown in the Appendix.

§4. A modified quasi-particle

As we have finished the treatment of the pairing collective Hamiltonian, we
consider the intrinsic motion.
The single particle and single hole states in the odd nuclel with A+1 (A

= A,+2N) nucleons are written as

Dol o> = d%/ 4 v 1,
(4-1)

dinld> =diZn

» -

We approximate the operators N; and IV, in Egs. (4-1) by their expectation values
N; and N, with respect to |¢,>. We can then regard the single particle (hole)
states as d§i) by (dit)1do>) except for the normalization constant. As d§) and
d$) commute with I, the energies of the single particle and single hole states
are calculated by

< JdS;Ln) ! ¢0> [Hmtr + I{coupb d(+):| |¢0>

— &z )EH ] ¢0> ]:Hmtr + I{couply (+>] | ¢0> (4 . 2)
The energies ¢ and (—¢,) measured from |¢,> are given by
R(N,;) R(Ny) >
g, = +G< I (S S S —T
€; ZR(NJ)<J+ > ZR(N)<J k>

o= = (=G +6(y R r, 1, 55y B (s, 7.3).

R(N) T R(NY)
4-3)

Inside the space without X1., and Y[., one can replace the pairs of quasi-boson
operators in Jdi + £ oup by their expectation values:

Hintr:Hintr+Hcoup1:Z ejn]‘“‘; Exly . (4'4>
7

Equation (4-4) introduces a modified quasi-particle. The energy ¢;— Ay corresponds
to the quasi-particle energy in the A +1 nucleus. The energy Ay_,—e&, corresponds
to the quasi-particle energy in the A—1 nucleus, where Ay, should be determined
in the “N —17-system. It should be noticed that 4, and d, (d.,'" and 4.7)
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satisfy the commutation relations (2-9) and represent the motion of unpaired nu-
cleons. In our treatment, the nucleon number is conserved and then there is
no spurious states.

In the same manner, we can approximately obtain the energies of the v=2
states. For example, the energy E,.,(jk) of the state (d,'d,")sulthy> is given by
E,_, (k) =¢;—¢&, and the energy E,_, (i) of the state (d,'d})ixl@y(N —1)> is given
by E,o. (i) = (Y0 — 1y + (¥ P —2y,). Here & " and Ay.; should be deter-
mined for the ground state [@,(N—1)> in the “N —1"-system. If N dependence
of these quantities is negligible, we can use ¢ and iy determined in the “N’-
system like the BCS quasi-particle treatment.

§ 5. Contents of the approximation

It is easily shown that the basic equation (3-8) is reduced to the RPA one
for the pairing vibration on the particle-hole basis, in the lmit {S;.8,_>
=T+ Tpr-> =8+ T ) =<{Ts-5;-> =0.

On the other hand, the BCS equation is obtained as follows: Let us approxi-

mate S;- as

gii = \/EVJ B (5'1)

where the particle-hole transformation is not introduced and the subscripts 7 imply
all orbits. The variational equation,

OH, _ 9;03N; _q (5-2)
0S;_ 08S;_
leads to the BCS equation
206D U}V, = (U7~ VHG 3 UV, 5-3)
=

where U,-Z\/ﬁVf’. The bar over operators represents replacing S;. by Eq.
(5-1). Replacing operators by c-numbers suggests us to approximate 0H./0S,_
~0H./58S;. and dR;~3R(N;)/ON; = —1/2R(N;). In this approximation, Eq.
(5-2) combined with Eq. (2-24) is written as

[H.,S;.]—228;,=0. (5-4)

This equation is similar to our basic equation (3-3).

Tt is actually shown that Eq. (3-8) without the amplitudes ¥,**%, ¢s", ¥r;” and
¢; is reduced to the same form as Eq. (5-3) under the approximation (3-18) and
{8;48,>=N(p"?=2, V2 However, if N is larger than £; of the lowest orbit,
the boson approximations (3-13), (3-15) and (3-17) are not good. The introduc-
tion of the particle-hole basis guarantees these approximations and smoothly con-
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nects the correlated ground state (3-15) with the unperturbed one (3-1) in small
G limit. This makes it possible to describe the normal phase as well as the
superconducting phase. The denominators R(N;) and R(Ny) appearing in Eq.
(3-8) never become zero in our particle-hole treatment, whereas U; in the BCS
equation is zero for small G below a critical value G..

Within an extent where the BCS approximation is good, one may substitute
the BCS equation (5-3) for Eq. (3-8) to obtain the occupation probabilities V;
of orbits j (including %). From Egs. (4-3), (6-1) and (5-3), the excitation
energies of the single nucleon states in the A 41 nucleus are approximated by

V., . .
6y —dye;—A+— T4 =+ (e;— )T+ 4, (5-5)
U;
where 4=3,G2,U,;V;. The Hamiltonian representing the intrinsic motion is writ-

ten as
HES ="V (e,—~ N+ 2 d5mdm, (5-6)
7 m

where n;=3,d}.d;, is still the seniority number operator and (dln, dsn) satisfy
the commutation relations (2-9).

§ 6. Application to pairing plus quadrupole force model

The pairing plus quadrupole force model, which is capable of accounting ap-
proximately for low-lying states of spherical nuclei, has been conventionally treated
by the BCS quasi-particle theory. The present theory offers an alternative basis
to describe the model. The pairing Hamiltonian (2-16) is written as

H=YEX,X,+Y EY,Y,
un v

-+ 2 &y — 2 ExMy _i__H;es. (6 . 1)
7 k
For the present, we neglect the pairing residual interaction /5°. The remain-
ing problem is to take account of the quadrupole force

HQQ - % ; Q;MQZM s
(6-2)
Q= —3q(ji") 3 (mi’m |2M)ClC 7.
7i mm’

In our representation, the quadrupole operator Qf; can be expressed in terms of
(s dim) s (i dim), (X1, X,) and (Y,,Y,). The expression of Hgq which
includes both the particle and hole operators is straightforward but lengthy.

For simplicity of the explanation, we study the case in which the hole orbits
do not exist and N is smaller than £; of the lowest orbit. In this case, our
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equation (3-8) is reduced to the BCS equation (5-3),* if we adopt the approxima-
tion (3-18). Let us approximate CT, in Oy as follows:

Cl,=d,,U,+V, d]m,
_ (6-3)
Uj:R(Nj)/x/!Z,-, VjT:SH/V/Qj ,

where 25;= 8, (A—n;/82;) is approximated by £;. The neglect of n;/£2; may be
good for the collective states with small seniority, because the occupation proba-
bility of d}, in a orbit j is small for these states. We approximately write the
quadrupole force Hgyq as

Hoo=Hy+ Hy+Hy, 6-4)

Hy=—y> 902 a(sis) Z_. (dT dT >2M (dj4d.7'3)2MV.;4[].7'3U.7.foz ’
Hy= —y 3190512 q(Jsjs) Z (dT dT )m(CZTJ'SCZJJZMUAVJKUngn_VTMV:@) +h.e,
Hy= =250 (i a(ed) 53 (@ddb) (=) (5, d))swUs VULV, e,

The three parts Hy, Hy and H, transfer the seniority number 0, 2 and 4, re-
spectively.

First, we consider the subspace which does not include the excited v=0
modes X'.,. For example, the matrix element of V] U; U ¥V, in this subspace is

calculated as
S 4
(Bl V5U UV, g0~ R(NDR(N,;)VN N, /TIVE2,,, (6-5)

where we approximate as (N/2) (V" Y=~({(N—-1)/2,) (¥,*)%. Equation (6-5) is re-
written as the familiar form U, V; U, V,, by using the expression V;=VN;/%2;
and U;=R(N;)/v2,. This means that the operators U; and ¥, within the sub-
space under consideration can be replaced by their expectation values U; and V;
in the approximation neglecting terms of the order of 1/8;. The replacement in Eq.
(6-4) directly leads to the same form as usual quasi-particle expression of [y
This is a foundation of the quasi-particle treatment of the quadrupole phonon
states. The simple replacement is, however, not correct in general cases including
the pairing vibrational modes XT.,.

Next, we consider the couplings between the pairing vibration and quadrupole
phonon, the importance of which has been discussed recently.” ~We show a method
how to calculate the couplings, taking up the following matrix element as an

example:

# In this case, the BCS equation has a non-trivial solution in any G.
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<§/)OI I: (dj{dfz’) 2 (dja’dj;) z:l OUHVXLAFOXOT | ¢o>
= —%Z q (1) @ (i) VB Ly d ;) o (dpd ;)] [(dh,d) ) (A5, d},)e] o] O

Lo ULV 3,03V 5, XX G (6-6)

The part of commutation relation in Eq. (6-6) is calculated by using Eqgs. (2:7)
and (2-21). If we approximate dR; by —1/2R(N;) and (U, V) by (U;. V),

the result is as follows:

{tho [ijszUj4Vja? 2V tSs4] X { oy

“
= Vi, UmVstff"'sz' U, ViUs,

V25, V25,
R VR 1 . -
SRS T 0 0 R S & T A A A 6.7
2 ,\/glejl Jut J2Y JaT s 2 \/thA[]j4 J J ( )

We can also calculate other couplings in the same manner. Equation (6-7) con-
tains the factors 1/(v£;I7;) which is derived from dR;=R(N;+1) —R(N;). The
factors never become extremely large numbers for small G in the case under
consideration. In general case the factors do not diverge as mentioned in § 3, be-
cause we adopt the particle-hole basis.

The structure of the couplings is different from those obtained on the BCS
quasi-particle basis in Refs. 5) and 12). The number non-conservation effect
should be eliminated from the couplings. In order to avoid the mixing of nucleon
number, the separation between the pairing collective and intrinsic degrees of free-

dom should be performed in the original nucleon space.

§ 7. Concluding remarks

We have developed a useful method to treat the pairing correlation, which
takes the place of the BCS quasi-particle theory or the FBCS version. The prin-
cipal aspects of the method are as follows: The distribution of the J=0-coupled
nucleon pairs among various orbits is determined by a linearization technique, with
respect to the number projected ground state. The method describes both the
normal and super-conducting phases of the pairing system. It gives a number
conserving treatment of the pairing vibrations. Truncated low-seniority states are
given by the number conserving basis states which are suitable for dealing with
configuration mixing caused by other residual interaction.

An advantage of the method is to be available for the normal and transi:ional
regions in which the BCS approximation is not applicable. In a forthcoming paper,
the applicability of the method will be examined in realistic nuclei. Another advan-

tage is that the method excludes the number non-conservation effect in the coupl-
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484 M. Hasegawa and N. Kanesaki

ings between pairing vibration and quadrupole phonon. This problem will be more
extensively discussed in a subsequent paper.
Appendix

If we neglect the terms such as dR;dR;, [S;_,dR;], etc., in the double
commutators [X,, [H,, X,7]] and [Y,, [H,,Y,]] in Eqs. (3-22), the approximate
energies E, and E, of X' ,l¢> and Y] 4|d,> are given by

C]. AN OFFANAY
E=ESor-en( 0 ()
3 ’ * ij' Ciwr @i

C;;r Cyp Y
E:a+2@www< Mé)

Crsr o
where
+%G@§g§@w> Zﬁpyns%
Cuv= =G i ¥ O piavmy N @
~@M<421§2ZSRT“TM>~ A§%¥3<&+Tﬁﬁ,

Here <{8;.dR;S;.> and (T} .dR,T,_> are approximated by —N(/,")?/2R (N;) and
—N (" 2R(N,).
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