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To accurately characterize the mechanical behavior of magnetorheological elastomer (MRE)

under a wide range of strain amplitude, excitation frequency, and magnetic field, the

viscoelastic fractional derivative was introduced, and a modified Bouc-Wen model based

on fractional derivative for MRE in a nonlinear viscoelastic region was established. The Bouc-

Wen model can accurately describe the hysteretic characteristics of the MRE nonlinear

viscoelastic region, but it cannot accurately simulate magneto-viscoelasticity and frequency

dependence. The fractional derivative can express this characteristic with fewer parameters

and higher accuracy. The model’s validity was verified by fitting the experimental data of

stress and strain measured in shear mode. By analyzing the coupling relationship between

the model parameters and strain amplitude, frequency, and magnetic flux densities, a

method of parameter identification under multi-loading conditions was proposed, and the

modified model parameters were identified. The results reveal that the modified Bouc-Wen

model can accurately characterize the mechanical properties of the nonlinear viscoelastic

region of MRE, and the fitting accuracy is significantly improved compared with the Bouc-

Wen model. The expression of the model parameters obtained from the method of

parameter identification under multi-loading conditions is accurate in a wide range of

strain amplitude, frequency, and magnetic flux density. The fitness values of simulation

data and experimental data under identified and non-identified conditions exceed 90%,

showcasing the effectiveness of the modified Bouc-Wen model and the feasibility of the

parameter identification method under multi-loading conditions.

Keywords: magnetorheological elastomer, fractional derivative, hysteresis characteristic, constitutive model,

parameters identification

INTRODUCTION

Magnetorheological elastomer (MRE) is a new type of magnetosensitive smart material, which is
composed of elastomer matrix, magnetic particles, and additives, and displays a good
magnetorheological effect (Dong et al., 2012; Sun et al., 2018). Compared with
magnetorheological fluid, MRE is characterized by good stability, fast response, no settlement
and no leakage, thus showing promising application prospects in the field of tuned damper, nodal
bushing and variable stiffness suspension, amongst others (Ahamed et al., 2018). Many academics
have long focused on MRE research and carried out systematic research on the preparation,
mechanical properties, and performance control of MRE (Xu et al., 2016; Zhang et al., 2020).
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Presently, the mechanical properties of MRE are mainly studied
from micro and macro aspects. The micro constitutive models are
proposed based on themagnetic dipole theory, whichmainly delineate
the mechanism of magnetorheological effect and the relationship

between magnetostrictive modulus and various factors. Micro
constitutive models include the magnetic dipole model (Jolly et al.,
1996), chain model (Davis, 1999; Xu and Sun, 2021), column model
(Chen et al., 2007), grid model (Zhang et al., 2008). The micro model
based on magnetic dipole theory explained the causes of the
magnetorheological effect. However, they failed to depict the
dynamic behavior of MRE comprehensively in magnetic fields.

To apply MRE to engineering practice, a model that can describe
the macro mechanical behavior of MRE is also required. The macro
mechanical model should comprehensively consider the effects of the
externalmagneticfield, strain amplitude, and loading frequency on the

mechanical properties of MRE (Hemmatian et al., 2020; Wang and
Kari, 2020). Viscoelastic parameter models are widely employed to
predict the mechanical properties of MRE. (Li et al., 2010) proposed a
four-parameter linear viscoelastic model to predict the mechanical
properties of MRE. The model can portray the influence of excitation
frequency on the mechanical properties of MRE. However, the linear
viscoelastic model using only springs and damping elements does not
effectively trigger the nonlinear hysteretic characteristics of MRE.
Some academics believe that the parallelogram characteristic of the
MRE hysteretic curve under large strain is caused by friction between
the elastomer matrix and magnetic particles. Therefore, the Coulomb

frictionmodel was used to describe this phenomenon (Kari and Blom,
2005). Chen proposed a linear viscoelastic model with the Coulomb
friction model based on the viscoelastic parameter model (Chen and
Jerrams, 2011). Also, Wang proposed a new nonlinear constitutive
model of MS rubber by amalgamating the elastic and the boundary
interface model (Blom and Kari, 2011). Due to the existence of
Coulomb friction elements, the hysteretic curves of the above
models possess the characteristics of a parallelogram, but they
cannot accurately reflect the gradual change law of tangent
modulus during loading.

Compared with the integer derivative viscoelastic model, the

advantage of the fractional derivative model is that it can describe
the magneto-viscoelasticity and frequency dependence of MRE with
fewer parameters and higher accuracy (Xu et al., 2003; Xu et al., 2015).
Moreover, the mechanical properties of viscoelastic materials are
intricately related to the loading process, and the fractional
derivative has the function of time memory, which better describes
the physical phenomenawith the history-dependent process (Behrooz
et al., 2014). (Zhu et al., 2012; Xu et al., 2018) proposed a magneto-
viscoelastic parameter model and an improved fractional derivative
model based on the Kraus model in the form of fractional derivative
according to matrix viscoelasticity and magneto-viscoelasticity. Based

on the experimental results of MRE dynamic viscoelasticity, Wang
established a fractional nonlinear constitutive model. Research reveals
that the fractional derivative element can achieve fewer parameters
and higher accuracy to describe frequency dependence (Wang and
Kari, 2019). The results reveal that the fractional viscoelasticmodel can
accurately characterize the magneto-viscoelasticity and frequency
dependence of MRE.

The Bouc-Wen model has been widely used to delineate field-
dependent nonlinear hysteretic systems and other complex

dynamic characteristics (Ikhouane et al., 2007). (Dominguez
et al., 2004) introduced the excitation current of the MR
damper as a variable into the Bouc-Wen model, so that the
model can consider the influence of different current intensities

on the mechanical properties of the MR damper. (Yang et al.,
2013) first used the Bouc-Wen model to simulate the mechanical
characteristics of the MRE isolator. The study shows that the
Bouc-Wen model can effectively simulate the hysteretic
characteristics of the MRE nonlinear viscoelastic region. Still,
it cannot accurately reflect the dependence of the hysteretic curve
on frequency. Many scholars continue to modify the Bouc-Wen
model. (Kwok et al., 2007) expressed the parameters describing
deformation in the Bouc-Wen model with absolute values, and
proposed the asymmetric Bouc-Wen model. Furthermore, (Xu
et al., 2005) proposed a temperature phenomenological model

with mass elements based on the Bouc-Wen model and
considering the temperature rise effect and inertia effect of
magnetorheological fluid. (Wang et al., 2017) considered the
nonlinearity and frequency dependence of MRE and proposed
a nonlinear constitutive model of MRE based on Bouc-Wen. The
above Bouc-Wen model can simulate the nonlinear
characteristics of stress and strain. Because the hysteretic curve
of the Bouc-Wen hysteretic operator under sinusoidal load is
independent of loading frequency, the Bouc-Wen model cannot
accurately characterize the magneto-viscoelasticity and frequency
dependence of MRE only by the Kelvin model composed of

spring and damping element. Therefore, the Bouc-Wen model
requires further improvement.

Numerous methods of parameters identification for the Bouc-
Wen model have been proposed, which can be divided into two
main types. One is the identification of the parameters by
studying the forced limit cycle characterization of the Bouc-
Wen model. The method has been adopted to identify the
parameters of the Bouc-Wen model adopted to reproduce the
hysteresis of a vibration isolator (Wang et al., 2015) and
magnetorheological fluid damper (Rodriguez et al., 2008).
Several individual data points have been used in the method

to identify the model parameters, which makes the results prone
to data noise and has a high requirement for the experimental
sampling frequency (Zhu et al., 2019). The other one is adopting a
numerical optimization algorithm with an appropriate fitness
function. Different numerical optimization algorithms have been
adopted to identify several parameters in the method. Chae used
particle swarm optimization to identify the parameters of the
Bouc-Wen model (Chae et al., 2013). Giuclea proposed an
improved Bouc-Wen model, and the model parameters were
obtained by a genetic algorithm (Giuclea et al., 2004). Then,
charalampakis used a hybrid evolutionary algorithm to identify

Bouc-Wen hysteretic systems (Charalampakis and Koumousis,
2008). Due to applying numerical optimization algorithms, the
result can be easily trapped in a locally optimal solution.
Moreover, this method overlooks the physical meaning of
model parameters.

Despite the proof of the validity of the above mechanical models
by the scholars, they still perform unsatisfactorily in engineering
applications. The Bouc-Wen model has good universality and can
well simulate the nonlinear hysteretic characteristics under a large
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strain load. Still, it cannot accurately predict the magneto-
viscoelasticity and frequency dependence of MRE. The fractional
derivative model can describe this characteristic with fewer
parameters and higher accuracy. Furthermore, the fractional
derivative has a memory function, which describes the historical
dependence of viscoelasticity of MRE during loading. To accurately
characterize the mechanical behavior of MRE under a wide range of

strain amplitude, excitation frequency, and magnetic field, based on
the Bouc-Wen model, the viscoelastic fractional derivative element is
introduced into the stress-strain relationship ofMRE, and amodified
Bouc-Wen model based on fractional derivative for MRE in a
nonlinear viscoelastic region was established. The model’s validity
was verified by fitting the experimental data of stress and strain
measured in shear mode. Through analysis of the coupling
relationship between the model parameters and strain amplitude,
frequency, and magnetic flux density, a method of parameter
identification under multi-loading conditions was proposed, and
the parameters of the modified Bouc-Wen model were identified.

EXPERIMENT AND MODELING

Performance Tests of MRE
Isotropic MRE with 80% carbonyl iron particles (CIP) content
was prepared by using natural rubber (NR), CIP, and additives as
raw materials. CIP was procured from Jiangsu Tianyi Ultrafine
Metal Powder Co., Ltd. with an average particle size of 5.5 μm.

The main additives used were stearic acid, zinc oxide, accelerator
(CZ), antioxidant (RD), antioxidant (4010NA), coumarone resin,
and sulfur. NR and additives were provided by Hengshui Railway
Construction Engineering Rubber Co., Ltd. The composition

ratio of MRE is shown in Supplementary Appendix Table S1.
The equipments used include: internal mixer CF-2L (produced by
Dongguan Changfeng Machinery Technology Co., Ltd.), open
mill RL-6 (produced by Baihong Machinery Co., Ltd.),
vulcameter M-2000-AN (produced by Gotech Testing
Machines Co., Ltd.), plate vulcanization machine XLB-25
(produced by Xingtai Weist Machinery Co., Ltd.), and the
preparation process is shown in Figure 1.

The dynamic performances of MRE under various conditions
were measured by a Physica MCR301 rheometer (Anton Paar,
Austria) fitted with a magneto-rheological module (MRD180).

The rheometer can apply different magnetic flux densities on the
parallel plates system (PP20) by altering direct current. The upper
rotor applies the rotational shear strain parallel to the specimen
according to the set program, and the internal precision sensor
measures the feedback stress of the specimen. The required
results are calculated by the instrument control software. In
the oscillatory shear test mode, the software can record
257 stress-strain data points in each sinusoidal strain loading
cycle and draw the stress-strain curve in each sinusoidal strain
loading cycle according to these data points. The steady-state
response of MRE under different strain amplitudes, frequencies,

and magnetic flux densities was tested under sinusoidal shear
strain excitation. The test conditions are listed in Supplementary

Appendix Table S2; Figure 2 depicts the rotary rheometer, the
specimen, and the schematic diagram of the test, in which the
specimen is a disc with a diameter of 20 mm of a thickness
of 1 mm.

Modified Bouc-Wen Model
As a classic model to describe the hysteresis loops, the Bouc-Wen
model was first proposed by Bouc and Wen, using nonlinear
differential equations to describe the hysteresis characteristics.
Yang first utilized the Bouc-Wen model to fit the force-
displacement relationship of the MRE isolator (Yang et al.,
2013) and the governing equation is given by:

F � αkx + (1 − α)kz + c _x (1)

_z � A _x − c| _x|z|z|n−1 − β _x|z|n (2)

where z denotes the evolutionary variable; k represents the

coefficient of stiffness; c represents the coefficient of damping;
α ranges between 0 and 1, denoting the linearity level of the
hysteresis loops, while the non-dimensional parameters, i.e., A, n,
β, and c affect the shape and the size of the hysteresis loops.

According to the MRE performance test, the shape of the
hysteresis loop of MRE will fluctuate with the change of strain
amplitude. Under the action of a small strain load, the shape of
the hysteresis loop is an approximately inclined ellipse. With the
increase of strain amplitude, the hysteresis loop gradually evolves
from an ellipse to an olive shape with two tips. When the strain
amplitude is greater than 20%, the shape of the hysteresis loop
presents the characteristics of a parallelogram (Wang et al., 2017).

FIGURE 1 | Preparation process of MRE.
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Therefore, MRE has obvious nonlinear hysteretic characteristics.
The linear viscoelastic parameter model cannot simulate the
parallelogram characteristics of the MRE hysteretic loop. Still,
the Bouc-Wen model can well simulate this characteristic,
especially under large strain amplitude, which is vital in

engineering applications. Taking seismic isolation as an
example, it often reaches large strain and enters the nonlinear
stage. On the other hand, due to the hysteretic curve of the Bouc-
Wen hysteretic operator under sinusoidal load is independent of
loading frequency, the Bouc-Wen model cannot accurately
characterize the magneto-viscoelasticity and frequency
dependence of MRE only by the Kelvin model composed of
spring and damping element. Therefore, the Bouc-Wen model
warrants further improvements.

Compared with the integer derivative viscoelastic model, the
advantage of the fractional derivative model is that it can describe

the magneto-viscoelasticity and frequency dependence of MRE
with fewer parameters and higher accuracy. Moreover, as
opposed to the integer derivative only reflecting the
instantaneous state, the fractional derivative is related to the
whole process, which is more suitable to describe the physical
phenomena of history-dependent processes. The stress-strain
relationship of MRE is closely related to the loading process,
so the fractional derivative model accurately portrays the
mechanical properties of MRE. To accurately characterize the

mechanical behavior of MRE under a wide range of strain
amplitude, excitation frequency, and magnetic field, based on
the Bouc-Wen model, the viscoelastic fractional derivative element
was introduced into the stress-strain relationship of MRE, and a
modified Bouc-Wen model based on fractional derivative for
MRE in a nonlinear viscoelastic region was established, as
illustrated in Figure 3. The governing equation is given by:

F � αkx + (1 − α)kz + cD
p
t x (3)

_z � A _x − c
∣∣∣∣ _x∣∣∣∣z∣∣∣∣z∣∣∣∣n−1 − β _x

∣∣∣∣z|n (4)

where k denotes the shear modulus of MRE, including the
modulus of elastomer matrix and the modulus generated from

the magnetorheological effects; c denotes the coefficient of
fractional derivative, including the damping of elastomer
matrix and magneto-damping characteristics (Zhu et al.,
2012); p is the order of fractional derivative, ranging from 0 to
1. D

p
t x represents the p derivative of strain x concerning time t.

Other parameters are identical to the Bouc-Wen model.

Simplification of the Fractional Derivative
Part
The definition of the fractional derivative has many forms. In this
paper, a Caputo type definition was used to describe

D
p
t x(t) �

1

Γ(1 − p) ∫
t

0

_x(τ)

(t − τ)p
dτ (5)

where the gamma function Γ(z) is described as:

Γ(z) � ∫∞

0

e−ttz−1dt (6)

The loading shear strain of the MRE performance test is set as
follows:

x(t) � xm sin(ωt + φ) (7)

where xm denotes the strain amplitude, and φ is the phase angle.
According to reference (Chang et al., 2020), the fractional
derivative term is simplified, and we can obtain:

D
p
t x(t) � xmω

p sin(pπ/2 + ωt + φ) (8)

FIGURE 2 | Rotary rheometer, specimen and schematic of the measuring system.

FIGURE 3 | Modified Bouc-Wen model.
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\The commonly used algorithms for solving fractional
derivatives are approximate analytical, numerical, and filter
algorithms. Professor Oustaloup, a French scholar, proposed
a fractional-order operator filter called the Oustaloup filter.
These kinds of filters allow users to freely choose the
fitting frequency band (ωb, ωh) and order N of interest, and
use the integer-order transfer function model to approximate
the fractional calculus operator (Oustaloup et al., 2000;
Xu, 2018).

In this paper, the Oustaloup filter algorithm was used for

approximate calculation. The basic idea is to do the approximate
replacement of fractional operator sp in the selected frequency
range (ωb, ωh), in which (ωb, ωh) is freely selected according to the
frequency range of the research object. According to this idea, the
Oustaloup filter is constructed as follows (Xue et al., 2006; You
et al., 2018):

sp ≈ ω
p
h ∏N

i

s + ωp

i

s + ωi

(9)

where N represents the order of the filter, and the zeros and poles
of the filter can be written as:

ωp

i � ωb( �����
ωh/ωb

√ )(2i−1−p)/N (10)

ωi � ωb( �����
ωh/ωb

√ )(2i−1+p)/N (11)

Let x(t) be the input signal of the filter; then, the output signal
is approximately equal to D

p
t x(t) . For example, when the

fractional order operator is s0.5, the selected frequency
range is (0.001 rad/ s, 1,000 rad/ s), and the order of the
Oustaloup filter is 5, 7, and 9, respectively, the frequency
response curve is depicted in Figure 4. As inferred from
Figure 4, when the filter order is N � 9, the results obtained

by the algorithm in the selected frequency range tend closer to
the real value.

VALIDATION OF MRE CONSTITUTIVE
MODEL

Parameter Identification Optimization
Algorithm
Particle swarm optimization (PSO) has good optimization ability
among many optimization algorithms, especially for complex
engineering problems. Suppose that in the D dimensional
search space, there are m particles forming a population of X,
the current number of iterations is n, the current position of the
particle is Xi, the flight speed is Vi, the current optimal position of
the particle is pi, and the current optimal position of the population
is g. The position of each particle is a potential solution, which is
substituted into the objective function L(x) to calculate the fitness

value, and the solution is evaluated according to the fitness value.
The optimal position of the i th particle is updated as follows:

pi(n + 1) � {pi(n), L[Xi(n + 1)]≥ L[pi(n)]
Xi(n + 1), L[Xi(n + 1)]< L[pi(n)] (12)

The current optimal position of the population is determined by
the following formula:

L[g(n)] � min{L[p1(n)],/, L[pm(n)] } (13)

The velocity update formula of the particles in search space is as
follows:

vij(n + 1) � ωvij(n) + d1r1[pij(n) − xij(n)]
+ d2r2[gj(n) − xij(n)] (14)

The update formula of the particle position in search space is as
follows:

xij(n + 1) � xij(n) + vij(n + 1) (15)

where i � [1,2, . . . ,m], j � [1,2, . . . ,D];ω refers to the inertia weight;
d1 and d2 represent the acceleration constants; and r1 and r2 are the
random number in (0,1), respectively. Set the velocity range of the
particles as (vmin, vmax) and the position range as (xmin, xmax). If the
range is exceeded, the boundary value will be taken.

Despite the good optimization ability of PSO, it may easily fall into
local optimum. Besides, the poor local-searching performance of PSO
could induce a slow-down of the convergence at the later stage and
yield an inaccurate result (Banks et al., 2008). As an optimization
method based on probability, the Genetic Algorithm (GA) can
adaptively adjust the search direction with an outstanding local

searching capacity (Kumar et al., 2010). The optimization process
is time-consuming and sensitive to population initialization. The
combined use of GA and PSO algorithms improves the
shortcoming that easily falls into the local extreme value and slow
operation speed of the GA algorithm and improves the operation
accuracy of the PSO algorithm (Bi and Qiu, 2019; Chen and Li, 2019).

In this paper, the hybrid GA-PSO algorithmwas chosen to identify
the parameters of the MRE mechanical model (Liu et al., 2020). The
genetic operator is embedded in the PSO algorithm to improve the
balance between exploration and development capabilities. First, the
particle swarm population was initialized, and then the fitness value of

the individual particle swarm was calculated. The individual optimal

FIGURE 4 | Frequency response curve.
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particle and the optimal group particle were updated according to the
particle fitness value. After generating a new generation in the PSO
iteration, the current population was replaced with a better population

through GA operations such as selection, crossover, and mutation;
then, a new population was created (Garg, 2016).

In this paper, the fitness values between simulation data and test data
were taken as the quantitative standard of thefitting error.Moreover, the
fitness values of the simulation data of the MREmodel can be obtained
by subtracting the error rate from 100%. The error rate calculation
formula proposed by Spencer was taken as the objective function for
parameter identification (Liu et al., 2011), as shown below:

J �

���������������
1
m
∑m
i�1

(τtesti − τsimi )2
√
���������������
1
m
∑m
i�1

(τtesti − τtest)2
√ (16)

where τtesti refers to the shear stress test data of MRE, τtesti represents
the mean value of test data, τsimi denotes the simulation data of shear
stress, and m is the number of data points.

According to the control equation of the modified Bouc-Wen
model, the simulation model was established by using the
Simulink software, as illustrated in Figure 5A. The parameter
identification based on MRE mechanical model refers to the
optimization process of minimizing the objective function. The
flow chart is shown in Figure 5B.

Model Validation Under the Single-Loading
Condition
A GA-PSO algorithm was used for the identification of all
unknown parameters in the MRE mechanical model with the

following settings, including inertia weight ω � 1, acceleration
constant d1 � d2 � 3.5, particle number m � 36, iteration number
n � 400, chromosome coding length of 8, crossover probability of

0.7 and mutation probability of 0.3.

Model Validation Under Different Strain Amplitudes
The stress-strain curve of MRE will fluctuate with the strain
amplitude of sinusoidal load. This section discusses the ability of
the modified Bouc-Wen model to predict the nonlinear hysteretic
characteristics of MRE, and whether the modified model can
accurately reflect the variation law of viscoelasticity with strain
amplitude.

At the magnetic flux density of 0 mT and the strain frequency
of 1 Hz, the experimental data under different strain amplitudes

(1.36, 2.51, 4.64, 8.57, 15.8, and 29.3%) were selected to identify
the parameters of the Bouc-Wen model and the modified Bouc-
Wen model. The comparison between the simulation data and
experimental data is depicted in Figure 6.

As per Figure 6, the fitting effect of the Bouc-Wen model
performs better at low strain amplitude. However, with the
increase of strain amplitude, the error between simulation data of
the Bouc-Wen model and experimental data increases gradually. At
the strain amplitude of 29.3%, the hysteresis loops of simulation and
experiment markedly differ. The fitting effect of the modified Bouc-
Wen model under different strain amplitudes is significantly
improved compared with that of the Bouc-Wen model. At the

strain amplitude of 29.3%, the data fitness degree is high, indicating
that the modified model can be effectively used to simulate the
mechanical characteristics of MRE.

Model Validation Under Different Frequencies
The mechanical properties of MRE depend on the loading
frequency. Because the Bouc-Wen hysteretic operator is

FIGURE 5 | (A) Modified model in simulink software and (B) flowchart of Hybrid GA-PSO algorithm.
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independent of the loading frequency, the Bouc-Wen model
cannot accurately characterize the frequency dependence of
MRE. Whether the modified Bouc-Wen model based on
fractional derivative can accurately describe the influence of
loading frequency on shear modulus and damping requires

further studies.
At the magnetic flux density of 405 mT and the strain

amplitude of 0.40%, the experimental data under different
strain frequencies (0.5, 1, 3, and 5 Hz) were selected to
identify the parameters of the Bouc-Wen model and the
modified Bouc-Wen model. The comparison between the
simulation data and experimental data is illustrated in Figure 7.

As inferred from Figure 7, the fitness values of the Bouc-Wen
model under four loading frequencies are 95.54, 94.19,97.65, and
97.41%, respectively. The fitness values of the modified Bouc-
Wen model under four loading frequencies are 99.24, 99.18,

99.55, and 99.57%. The comparison shows that the fitting
effect of simulation data of the modified Bouc-Wen model
and experimental data at different strain frequencies
outperforms that of the Bouc-Wen model. This also reflects
that the Bouc-Wen model cannot accurately identify the

variation law of the hysteresis curve with frequency. The
modified Bouc-Wen model is more accurate in reflecting the
frequency variation characteristics of the MRE hysteresis curve.

Model Validation Under Different Magnetic Flux
Densities
The storage modulus and loss modulus of MRE increase with the
increase of magnetic flux density; that is, the viscoelasticity of
MRE is magnetic field dependent. Compared with other
viscoelastic materials, the accuracy of magneto-viscoelastic
prediction is crucial for MRE. This section discusses whether

FIGURE 6 | Simulation data and experimental data under different amplitudes: (A) Bouc-Wen model and (B) modified Bouc-Wen model.

FIGURE 7 | Simulation data and experimental data under different frequencies: (A) Bouc-Wen model and (B) modified Bouc-Wen model.
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the modified Bouc-Wen model can accurately reflect the
influence of the MRE magnetorheological effect on its
mechanical properties.

At the strain amplitude of 2.51% and the strain frequency of
1 Hz, the experimental data under different magnetic flux
densities (115 mT, 234 mT, 405 mT, 456 mT, and 545 mT) are
selected for the identification of the parameters of the Bouc-Wen
model and the modified Bouc-Wen model. The comparison
between the simulation data and experimental data is

illustrated in Figure 8.
According to Figure 8, the simulation data of the modified

Bouc-Wen model under different magnetic flux densities is in
perfect agreement with the experimental data. The fitting
accuracy is significantly higher than that of the Bouc-Wen
model, indicating that the modified Bouc-Wen model can
accurately reflect the influence of magnetic flux density on the
mechanical properties of MRE.

The parameter identification results of the two MRE models
under the above conditions are shown in Supplementary

Appendix Table S3, S4. The data in the table shows that

under the same test conditions, the coincidence rate between
the simulation data and the experimental data of the modified
Bouc-Wen model is higher than that of the Bouc-Wen model,
showing that the modified model has a higher fitting accuracy.

RESULTS AND DISCUSSION

As the modified Bouc-Wen model has a total of eight parameters,

yielding the optimal results for the eight target parameters in each
application of the model will result in greater difficulty in the
utilization of the model and the engineering application of the
model will also be impacted. Moreover, it is difficult to ensure the
consistency of the optimization results. Therefore, this paper
proposes a method of parameter identification under multi-
loading conditions.

Parameter Coupling Analysis
The modified Bouc-Wen model can accurately reflect the
viscoelastic characteristics of MRE under the single-loading

condition. To ensure that the identification results of the
model parameters are applicable under other loading
conditions, it is also necessary to analyze whether the model
parameters are coupled with other factors, such as strain
frequency, amplitude, and magnetic flux density. By dividing
both sides of the equation _z � A _x − c| _x|z|z|n−1 − β _x|z|n by _x,
then we can obtain:

dz

dx
� A − c · sign( _x)z|z|n−1 − β|z|n (17)

Eq. 17 indicates that no correlation exists between the z-x curve
and frequency under sinusoidal strain. There is no coupling
relationship between parameter A, c, β, n, and the frequency.
The first derivative of the equation F � αkx + (1 − α)kz + cD

p
t x

with respect to x can be obtained as follows:

dF

dx
� αk + (1 − α)k

dz

dx
+ cD

p−1
t x (18)

The first derivative of Eq. 14 with respect to x can be obtained as
follows:

D
p−1
t x(t) � xmω

p+1 cos(pπ/2 + ωt + ϕ) (19)

Substituting Eqs 17, 19 into Eq. 18, we can obtain:

dF

dx
� αk + (1 − α)k(A − c · sign( _x)z|z|n−1 − β|z|n)

+ cxmω
p+1 cos(pπ/2 + ωt + ϕ) (20)

According to Eq. 20, for sinusoidal strains with different
frequencies, the difference between the hysteretic loops
obtained using the modified Bouc-Wen model is only related
to cD

p
t x, coupling relationship between parameters c, p, and

frequency.
According to further analysis of the modified model, at the

same strain frequency and magnetic flux density, the
identification results of the model parameters obtained under
the strain amplitude of 1.36% are used for the prediction under

the strain amplitude of 2.51, 4.64, 8.57, 15.8 and 29.3%,
respectively. It was concluded that there was a large fitting
error between the model simulation data and the experimental

FIGURE 8 | Simulation data and experimental data under different magnetic flux density (A). Bouc-Wen model and (B) modified Bouc-Wen model.
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data, which made it unavailable to accurately simulate the
hysteretic loop under different strain amplitudes. Similarly,
when the parameters obtained under other amplitude
conditions are used to predict under the condition with the
amplitude of 1.36%, the agreement between the simulation
data and the experimental data is low. A large fitting
difference between the curves indicates that coupling exists
between the parameters and the loading amplitude when using
the modified Bouc-Wen model. Figure 9A shows the hysteresis
loops of MRE experimental data under different amplitudes at the
magnetic flux density of 0 mT and the strain frequency of 1 Hz.

According to Figure 9A, with the increase of strain amplitude, the
equivalent stiffness (diagonal slope of the hysteresis loop) of the
hysteresis loop decreases (Yang et al., 2013), while the equivalent
damping (area of the hysteresis loop) of the hysteresis loop
increases (Xia and Yue, 2004). Parameter k represents the
elastic force coefficient of the model, and c refers to the
viscous force coefficient of the model, also proving that the
parameters of k and c are related to the strain amplitude.

Figure 9B exhibits the hysteresis loops of MRE experimental
data under different magnetic flux densities at the frequency of
1 Hz and the amplitude of 2.51%. It can be inferred from

Figure 11 that the shape of the hysteresis loop basically
remains unchanged with different magnetic flux densities,
which denotes that the shape of the hysteresis loop does not
change with the magnetic flux density. The shape of the hysteresis
loop is jointly controlled by the parameters of α, c, β, and n.
Therefore, the parameters of α, c, β, and n are less affected by the
magnetic flux density, and the coupling relationship between the
parameters of α, c, β, and n the magnetic flux density are no
longer considered here. Moreover, with the increase of the
magnetic flux density, the equivalent stiffness and equivalent
damping of the hysteresis loop increase gradually, indicating that

the magnetic flux density is related to the parameters of k and c.
Parameter α represents the linearity level of the hysteresis loop,
and p refers to the order of fractional derivative, both of them are
related to the stiffness and damping of the hysteresis loop.
Therefore, they have a certain functional relationship with the
magnetic flux density.

In conclusion, strain frequency, strain amplitude, and
magnetic flux density are coupled with the parameters of the
modified Bouc-Wen model. The parameters related to strain

frequency are c and p; while those related to the strain
amplitude include k, c, A, c, β, n, α, and p; besides, the
parameters associated with the magnetic flux density include
k, c, α, and p.

Model Parameter Identification Method
According to the analysis described in the previous section, the
parameters of the modified Bouc-Wen model are coupled with
multiple factors simultaneously. Therefore, it is difficult to quantify
all the coupling relationships. To lower the difficulty degree of
parameter identification and universalize the results, this paper

simplified the coupling relationship of parameters. It proposed a
method for parameter identification undermulti-loading conditions.

The fundamental idea is that the influence of the magnetic
field on α and p is ignored in the entire identification. The
functional relationship between model parameters and
amplitude and magnetic field can be explored at any
frequency without consideration for the effect of frequency on
k and c. Finally, with the comprehensive consideration of the
influence of frequency on k and c, the parameter expressions are
modified appropriately to improve the fitting accuracy at
different frequencies. The specific steps are as follows:

1) At the frequency of 1 Hz, the experimental data under 25 load
conditions (the strain amplitudes are 1.36, 2.51, 4.64, 8.57, and
15.8%, and the magnetic flux density at 0 mT, 115 mT, 234 mT,
456 mT, and 545 mT, respectively) were identified for the first
time. The identification results include kij, cij, Aij, cij, βij, nij, αij,
pij, where the subscript i represents the strain amplitude, and
the subscript j denotes the magnetic flux density.

2) With the same strain amplitude, the mean value of parameters
corresponding to different magnetic flux densities (0m T,
115 m T, 234 mT, 456 mT and 545 mT) is taken, and Ai, ri, βi,

ni, αi, pi could be obtained.
3) Analysis of the variation trend ofAi, ri, βi, ni, αi, pi obtained in

Step 2) with strain amplitude, the curve fitting toolbox was
used to determine the expression of each parameter as [A, c, β,
n, α, p] � F1 (xm) where xm represents the strain amplitude.

4) Ai, ci, βi, ni, αi, pi under different strain amplitudes (1.36, 2.51,
4.64, 8.57 and 15.8%) were obtained based on the expression
of [A, c, β, n, α, p] � F1 (xm). Ai, ci, βi, ni, αi, and pi were
substituted as the determined value in the MRE model.

FIGURE 9 | Experimental data of MRE (A). different strain amplitudes and (B) different magnetic flux density.
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Therefore, only the parameters of k and c remain unknown in
the MRE model. The parameters of k and c were identified for
the second time by using the experimental data of 25
conditions in Step (1), in this case, k̃ij and c̃ij are yielded.

5) Analysis of the variation trend of k̃ij and c̃ij obtained in Step 4)

with strain amplitude and magnetic flux density, the curve fitting
toolboxwas used to determine the expression of each parameter as
[k, c] � F2 (xm, B) where B refers to the magnetic flux density.

6) Combined with the influence of frequency on the parameters
of k and c, the expressions of the parameters of k and c were
modified to obtain [k, c] � F3 (f)·F2 (xm, B).

Based on the above identificationmethod, the parameters were
identified according to the experimental data of 25 selected load
conditions. The values identified first are listed in Supplementary

Appendix Table S5, while those identified for the second time are

shown in Supplementary Appendix Table S6. The curve fitting
was conducted according to the variation trend of the mean value
of the parameters of A, γ, β, n, α, and p in Supplementary

Appendix Table S5with the amplitude. The results are illustrated
in Figure 10. The parameter expression of the fitting is as follows:

A(xm) � 0.9497xm + 26.16 (21)

c(xm) � −2.554 × 10−3x3
m + 0.06056x2

m − 0.431xm + 18.89 (22)

β(xm) � 2.861 × 10−3x3
m − 9.676 × 10−2x2

m + 0.956xm + 0.5547

(23)

n(xm) � −9.6 × 10−4x3
m + 0.02539x2

m − 0.1291xm + 0.7127 (24)

α(xm) � −0.2798x−1.302 + 0.6506 (25)

p(xm) � 7.647 × 10−4x3
m + 2.167 × 10−2x2

m − 0.1709xm + 0.8195

(26)

where xm represents the strain amplitude.

The curve fitting was conducted according to the variation trend
of the parameters of k and c in Supplementary Appendix Table S6

with the amplitude andmagnetic flux density. The results are shown
in Figure 11, and the parameter expression of the fitting is as follows:

k(xm, B) � 8.437 − 1.106xm − 1.244 × 10−2B + 7.365 × 10−2x2
m

− 5.14 × 10−3xmB + 1.637 × 10−4B2 − 1.593 × 10−3x3
m

+ 6.261 × 10−4x2
mB − 2.852 × 10−6xmB

2 − 2.179

× 10−7B3 − 1.733 × 10−5x3
mB − 1.883 × 10−7x2

mB
2

+ 7.25 × 10−9xmB
3 + 4.17 × 10−11B4

(27)

c(xm, B) � 9.485 − 0.3246xm − 4.419 × 10−2B + 0.7159x2
m

+ 3.252 × 10−2xmB + 2.59 × 10−4B2 − 0.122x3
m

− 3.774 × 10−3x2
mB − 3.678 × 10−5xmB

2 − 3.318

× 10−7B3 + 4.877 × 10−3x4
m + 1.264 × 10−4x3

mB

+ 9.385 × 10−7x2
mB

2 + 2.744 × 10−8xmB
3

(28)

where xm denotes the strain amplitude, B represents the applied
magnetic flux density.

At the magnetic flux density of 405 mT and the strain

amplitude of 0.40%, the experimental data with the
frequencies of 0.5, 1, 3, and 5 Hz, respectively, were selected
for the analysis of the functional relationship between the
parameters of k and c and the frequency. Moreover, Eqs

27, 28 were modified. Based on the improved Bouc-Wen
model, the experimental data under the frequency of 1 Hz
were identified. The identified values of parameters were
substituted into the modified Bouc-Wen model as the

FIGURE 10 | Parameter fitting curve of modified Bouc-Wen model.
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determined values. Therefore, the parameters of k and c were left
unknown in the model only. The parameters of k and c were
subsequently identified with the experimental data at the
frequency of 0.5, 3, and 5 Hz, respectively. Supplementary

Appendix Table S7 shows the identified values of the
parameters of k and c at different frequencies (the results
obtained at 1 Hz are regarded as unit 1, and the others are the

relative values). Fitting the data in Supplementary Appendix

Table S7, the functional relationship between the parameters of k
and c and the frequency can be expressed as follows:

Fk(f) � −0.2706 × f3 + 2.298 × f2 − 4.973 × f + 3.946 (29)

Fc(f) � −0.1933 × f3 + 1.69 × f2 − 4.197 × f + 3.7 (30)

where f denotes the frequency.
In conclusion, the modified expressions of the parameters of k

and c are as follows:

k(xm, B, f) � Fk(f) × (8.437 − 1.106xm − 1.244 × 10−2B + 7.365

× 10−2x2
m − 5.14 × 10−3xmB + 1.637 × 10−4B2

− 1.593 × 10−3x3
m + 6.261 × 10−4x2

mB − 2.852

× 10−6xmB
2 − 2.179 × 10−7B3 − 1.733 × 10−5x3

mB

− 1.883 × 10−7x2
mB

2 + 7.25 × 10−9xmB
3 + 4.17 × 10−11B4)

(31)

c(xm, B, f) � Fc(f) × (9.485 − 0.3246xm − 4.419 × 10−2B

+ 0.7159x2
m + 3.252 × 10−2xmB + 2.59 × 10−4B2

− 0.122x3
m − 3.774 × 10−3x2

mB − 3.678 × 10−5xmB
2

− 3.318 × 10−7B3 + 4.877 × 10−3x4
m + 1.264

× 10−4x3
mB + 9.385 × 10−7x2

mB
2 + 2.744 × 10−8xmB

3)

(32)

where xm represents the strain amplitude, B represents the
applied magnetic flux density, f denotes the frequency.

FIGURE 11 | Parameter fitting curve of modified Bouc-Wen model.

FIGURE 12 | Simulation data and experimental data under identification conditions: (A) 0 mT, (B) 115 mT, (C) 234 mT, (D) 456 mT, and (E) 545 mT.
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Verification of Identification Results
To verify the correctness of the identification results under the load
condition of both identification and non-identification, the fitness values
of the simulation data based on the method of multi-loading conditions

parameter identification and experimental data were analyzed.

Verification Under Identification Condition
For 25 identification conditions at the frequency of 1 Hz, different
amplitudes (1.36, 2.51, 4.64, 8.57, and 15.8%) and magnetic flux
densities (0 mT, 115 mT, 234 mT, 456 mT, and 545 mT), the
simulation data obtained by using the method of parameter
identification under multi-condition is compared with the
experimental data, as illustrated in Figure 12. The fitness
values are shown in Supplementary Appendix Table S8.

As illustrated in Figure 12, the fitness values of simulation data and
experimental data are higher than 90% under different amplitudes or
magnetic flux densities conditions. The hysteresis loops of model
simulation can accurately track the change law of mechanical

properties of MRE, indicating that the parameter identification
results are effective for identification conditionswith a goodfitting effect.

Verification Under Non-identification Conditions
At the magnetic flux density of 115 mT, the amplitudes are 2.51
and 4.64%, and the frequencies are 0.5, 3, and 5 Hz, respectively; in
comparison, at the magnetic flux density of 234 mT, the amplitude
is 1.36%, and the frequency is 0.5, 3, and 5 Hz, respectively. The
simulation data obtained using the method for parameter
identification under multi-condition is compared with the
experimental data, as illustrated in Figure 13. The fitness values

are shown in Supplementary Appendix Table S9.
It can be inferred from Figure 13 that at different frequencies,

amplitudes, and magnetic flux densities, the hysteretic loops of
simulation data and experimental data are in good agreement. The
modified Bouc-Wen model is available for a more accurate reflection
of the variation of MRE hysteretic characteristics with frequency. The
fitting error of individual load conditions is substantial. Still, thefitness
values of simulation data and experimental data exceed 90%, showing
that the parameter identification results are effective for non-
identification conditions with a good fitting effect.

CONCLUSION

The hysteresis loops of MRE under different strain amplitudes,
frequencies, and magnetic flux densities markedly differ. To
effectively simulate the mechanical characteristics of MRE, a
modified Bouc-Wen model based on fractional derivative
viscosity characteristics was proposed. Based on the analysis of
the coupling relationship of model parameters, a method for
parameter identification under multi-loading conditions was
proposed. The parameters were identified and verified according

to the MRE experimental data. The results are as follows:

1) A modified Bouc-Wen model of fractional derivative was
proposed, and the coupling relationship between parameters
and strain amplitude, frequency, and magnetic flux density was
obtained. The fitting results under different amplitudes,
frequencies, and magnetic flux densities conditions show that
themodel can accurately describe themechanical characteristics of
MRE, and the fitting accuracy was significantly improved
compared with the Bouc-Wen model. The model applies to the
loading conditions with the magnetic flux density ranging from

0–545mT, the strain amplitude ranging from 0.04–29.3%, and the
frequency within the range from 0.5 to 5Hz.

2) A method for parameter identification under multi-loading
conditions was proposed. The expression of model parameters
was obtained through fitting, and the relationship between
parameters and influencing factors was quantified. The
identification results were verified under the identified and
non-identified loading conditions. The fitness values of each
loading condition exceeded 90%, indicating the feasibility of
the identification method. The method can also be widely
applied in the parameter identification of other models.
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