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ABSTRACT

Re-examination of the Crocco-Lees method has shown that the
previous quantitative disagreement between theory and experiment in
the region of flow up to separation was caused primarily by the improper
C( K ) relation assumed. A new C(K ) correlation, based on low-speed
theoretical and experimental data and on supersonic experimental results,
has been developed and found to be satisfactory for accurate calculation
of two~dimensional laminar supersonic flows up to separation.

A study of separated and reattaching regions of flow has led to
a physical model which incorporates the concept of the '"dividing"
streamline and the results of experiment, According to this physical
model, viscous momentum transport is the essential mechanism in the
zone between separation and the beginning of reattachment, while the
reattachment process is, on the contrary, an essentially inviscid
process. This physical model has been translated into Crocco-Lees
language using a semi~empirical approach, and approximate C( K ) and
F( k) relations have been determined for the separated and reattaching
regions. The results of this analysis have been applied to the problem
of shock wave-laminar boundary layer interaction, and satisfactory

guantitative agreement with experiment has been achieved.
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I. INTRODUCTION

The main object of the present research is to advance the
development of the Crocco-Lees '""mixing" theoryl* so that it can be used
to treat flows that contain separated and reattaching regions. The
problem of separated flows is an old one, and many examples of such
flows are observed in everyday experience, as well as in diverse tech-
nical problems. For example, the relatively calm air pocket that is
found on the upstream side of a house during a w.vindﬁn;or:m2 and the '"dead
water'' zones behind large rocks in a swiftly flowing river are familiar
examples of separated regions. Knowledge of separated flows is important
to the engineer in such technical problems as the prevention of wing stall,
the calculation of diffuser and compressor efficiencies, the prediction of
losses in overexpanded rocket nozzles, and the estimation of the effective-
ness of aerodynamic control surfaces. In order to solve his problems,
the engineer has been obliged to use experimental data almost entirely,
since a practical theoretical method of treating such flows is not available.

Separated and reattaching flows can occur under a variety of
circumstances. For example, the flow may be laminar or turbulent,
steady or unsteady, and subsonic or supersonic. But in all cases, the
main cause of the phenomenon of separation can be traced to the inability
of the low energy viscous region adjacent to a body to adjust to the
imposed inviscid pressure distribution. More specifically, consider
subsonic laminar flow about a bluff body,such as a cylinder or sphere, in

a high Reynolds number stream., Such a flow generally contains a region

* Superscripts denote references at the end of the text.



in which there is a fairly large positive pressure gradient. The no-slip
boundary condition of continuum flow implies that the boundary layer fluid
upstream of the positive pressure gradient region is deficient in energy and
momentum, and this deficiency is especially serious for the fluid particles
near the wall. As the boundary layer fluid enters the region of positive
pressure gradient, momentum is transferred to the low energy fluid

near the wall from the more energetic fluid further out by molecular
transport. For turbulent boundary layers, the momentum transport is
mainly due to macroscopic turbulent eddies. In either the laminar or

the turbulent case, this momentum transfer enables the low energy fluid
near the wall to continue flowing downstream. At the same time, the
boundary layer velocity profile is distorted in such a way that the velocity
gradient normal to the wall, and thus the wall shear stress, is reduced.
The distortion of the velocity profile is therefore associated with two
effects which allow the boundary layer fluid to continue flowing downstream,
namely the transport of momentum from high energy to low energy regions
and the reduction of the wall shear stress.

However, the amount of velocity profile distortion that is possible
is limited. After the flow has progressed sufficiently into the region of
positive pressure gradient, the slope of the velocity profile becomes zero
at the wall, so that the wall shear stress is zero. At that point,for the
two-dimensional and axi-symmetric cases, the flow '"separates'' from the
wall. For general three-dimensional flows, the phenomenon of separation
is more complex3, and the vanishing of the wall shear stress is only a
necessary, but not a sufficient, condition for separation. However, in

all cases, if the flow field is divided into two regions by a stream surface



starting at the body such that one region consists of all the fluid particles
upstream of the body and the second region is an isolated '"dead water'
region, the flow is generally regarded to be a separated one. When the
flow separates, the actual pressure distribution is always markedly
different from the inviscid distribution, and in such a way as to reduce
the values of the positive pressure gradients. Thus, the phenomenon of
separation is caused by the limited ability of the flow to supply sufficient
momentum to the low energy portions of the flow that are adjacent to the
body, thereby necessitating a change in the effective body shape, which is
achieved by the fluid "separating' from the body. Increasing the capacity
for momentum transfer would of course tend to delay separation. This
deduction is readily verified by the well-known experimental fact that
turbulent boundary layers can penetrate more deeply into positive
pressure gradient fields without separating than laminar boundary layers
can. &

It is often found that separated flows will return to the surface,
and '""reattach'. The sequence of separation and reattachment traps a
separated dead water region between the body and the outer flow,
Examples of this phenomenon are found in separation '"bubbles'' on wing
Burfaces4, and in shock wave-boundary layer interactiona5~9. The
details of the reattachment process are more obscure than those in the
case of separation, and experimental studies of reattachment are only
now beginning to provide a real understanding of the process7.

It is clear from the above discussion that the details of separated

flow phenomena are quite complex, even for laminar flow. The Navier-

Stokes equations, which describe general laminar continuum flow with



satisfactory accuracy, also in principle describe the subclass of laminar
separated flows. Unfortunately, the Navier-Stokes equations are a

highly non-linear set of partial differential equations that have been
solved only in a relatively few simple cases. The flow geometries and
boundary conditions of separated and reattaching flows are so complicated
that a direct solution of the problem using the Navier-Stokes equations
directly does not seem to be feasible. This realization, and the practical
importance of separated flows, has led to a search for approximate
methods,

It has been observed experimentally that various types of separated
flows have many similarities, and indeed, it has been possible to correlate
the behavior of separated flows with widely different flow geometriesT.

The observed similarities suggest that an approximate method that is
applicable to general separated flows may be feasible. Several attempts
have been made to formulate such an approximate method, but unfortunately,
the results of these efforts, while showing some agreement with experiment,
have been either severely restricted in generality or quantitatively un-
satisfactoryl’ 10-E2 50 the vaviouy approximate methods that have been
formulated, the method of Crocco and Leesi1 appears to be the most

general and promising.

The Crocco-Lees method is similar in many respects to approxi-
mate integral methods that have been developed for the treatment of

attached boundary layer 313‘1?. However, these approximate methods of

attached boundary layer theory, with the exception of the method of ’.'[.’z-u‘nil7

]

employ a parameter that, while satisfactory for attached boundary

layers, is not appropriate for separated flows. The choice of an alternate



parameter that is satisfactory for the treatment of separated flows
largely determines the essential differences between the Crocco-Lees
method and the other approximate integral methods.

In order to describe the main conceptual aspects of the Crocco-
Lees method, as well as to show the specific differences between it and
the other approximate integral methods, we will briefly consider the
general approach and concepts of integral methods for the case of
attached boundary layers. The original idea stems from the von Kdrman
momentum integral equation. For steady two-dimensional flow, this

equation is as follows:

6 5
2
(3/83:)5 pu” dy - u_(8/8x) S pudy = - T - 5(dp/dx) (1)
o
where
p = density
u, = velocity in the x directionat y = § = ue(x)
T = wall shear stress =/w(au/8yly=0
P = pressure = p(x)

= a length which measures the boundary layer thickness

n

X,y the coordinates along, and normal to, the wall.

This equation is simply an expression of Newton's second law averaged
over the boundary layer thickness, §. By means of this averaging
process, the original second-order partial differential equation for the
x-momentum and the equation of continuity are converted into a single
first-order differential equation for the dependent variable, §(x), or for an

integral parameter, such as the momentum thickness, &§%%,



Suppose we consider the case of low-speed, isothermal flow. By

defining the displacement and momentum thicknesses as follows:
5.
i
‘51* = displacement thickness ES (1 - .a.l"l_) dy
e
o
4 (2)
i
Fk = i = .
65 momentum thickness S (u/ue) (1 ue) dy

[o]

- # . s s
the von Karman momentum integral equation can be written as

g,/ﬁ + 2 ua/a./z;r,/ (3?7“ (3)

13-17

In the usual approximate integral methods , the velocity profile isg
represented as
u xl -—
LV =g f N (4)
e

where N is a velocity profile shape parameter and £ is either 'Si or 51**.
In the Pohlhausen13 and Thwa.itesl4'16 methods, a second relation is
obtained by satisfying the boundary layer x-momentum equation at the

surface, which gives the following relation

HEs) g ugs o

If the parameter )\ is defined as

A-_. _ f?f’ t/“c
- Y aad d ¥

then Eqgs. (1) and (6) provide two independent relations for the dependent

= g"(0,\) ; (6)

variables, )\ and [ , and the method is completely formulated., If the



velocity profile is expressed in terms of more than one shape parameter,
then the additional parameters must be related to 511 or Si** by the
boundary conditions, or else additional relations must be supplied. Thus,
if an approximate integral method uses only the von Karman momentum
integral equation and a second relation analogous to Eq. (6), then such

a method generally implies, and is inseparable from, a one-parameter
description of the flow.

According to Eq. (6), the shape of the velocity profile is directly
related to the local gradient of the external stream velocity. Sucha
formulation may be more or less satisfactory for attached boundary layers,
but it is completely inadequate for separated and reattaching flows. It
implies, for example, that the profile must coincide with the Blasius flat
plate profile whenever (due/dx) —= 0. In the case of shock wave - laminar
boundary layer interaction (Figure 1), the pressure gradient downstream
of separation decreases steadily and is practically zero in the plateau
region, but the velocity profile bears no resemblance to the Blasius flow.
Similar anomalies occur in the reattachment region. In order to avoid
this difficulty, the Crocco-Lees method utilizes a shape parameter, K ,
which is a non-dimensional ratio of the momentum flux to the mass flux
in the viscous region. This parameter, K , is not explicitly related to
(due/dx} and is also not uniquely determined by §. A second relation, in
addition to Eq. (1), is required to complete the mathematical formulation
of the method, and this relation is obtained from a physical model. The
flow, according to this physical model, is divided into two regions -~ an
external, inviscid region and an internal viscous zone (Figure 2). These

two regions interact by the momentum transfer associated with the



"mixing', or mass entrainment, of fluid from the high energy external
flow into the low energy viscous region. A continuity equation, expressing
the rate of mixing, or entrainment, of fluid from the external region into
the internal region is the second relation between £ and § in the Crocco-
Lees method, and basically distinguishes it from the other approaches.
Another aspect which characterizes the Crocco-Lees method is
that the external and internal flows interact, so that the change in the
thickness of the viscous region affects the external inviscid flow. The
earlier discussion of the phenomenon of separation shows that a separated
flow certainly falls into this category. However, it is well-known that
for attached subsonic flows, the effect of the increase in boundary layer
thickness on the flow field is small, at least at high Reynolds number,
and can be neglected as far as the determination of the pressure distri-
bution is concerned. But if the flow does separate, the whole flow
field is strongly affected. Thus, subsonic interaction is generally either
trivial or drastic, In the supersonic case, the situation is the opposite,
with a relatively small thickening of the viscous region causing large
effects locally in the external flow field, especially for the case of non-
cooled walls. Also, if the flow separates, the effect on the external flow
field is rather localized. These considerations and the simplicity of the
relation between flow angle and velocity given by the Prandtl-Meyer
equation show that the problem of supersonic separated flow is much
more amenable to solution than the subsonic problem, and all calculations
that have been performed using the Crocco-Lees method have been for
the former case.

The Crocco-Lees mixing theory is not the only possible way in



which separated and reattaching flows can be treated. By multiplying
the x-momentum equation by u™ and integrating across the boundary
layer, one obtains a series of first-order moment equations, with the
von Ka,rmaTn momentum integral equation characterized by m = 0. This
n-moment method (n = m + 1) thus provides n independent relations that
can be used in the formulation of an approximate method. In the case of

o , following an idea of Wa}.zl8 , does not

attached boundary layers, Tani
use Eq. (6), but employs a formulation in which n = 2. He therefore
obtains a pair of first-order ordinary differential equations, instead of
the single differential equation and algebraic equation of the Pohlhausen
and Thwaites methods. Since Tani does not use Eq. (6), his method
could be used beyond separation and therefore constitutes a possible
alternate two-moment method for treating separated and reattaching flows.
An n-moment method for n > 2 offers the possibility of character-
izing the velocity profile by more than a single shape parameter. The
use of more than one parameter to characterize the velocity profile
clearly implies an increase in the mathematical complexity of the method,
and can really be justified only by the failure of one-parameter methods.
The complexity of separated and reattaching flows suggests that a one-
parameter approach may not be adequate, and the present study is to a
large extent an investigation aimed at determining whether or not the
one-parameter Crocco-Lees method is satisfactory for treating separated
and reattaching flows.
In this study, only laminar flows will be considered since the
present aim is to examine relatively well-understood cases with the

method to determine if the present formulation is basically adequate.
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The extension of the method to turbulent flows is discussed in References
1 and 19. Also only two-dimensional cases will be considered in the
same spirit of keeping the equations as simple as possible, but the
generalization of the method to axi-symmetric flows can be carried out
in essentially the same way as in Reference 16, In addition to the above
assumptions, it will also be assumed for the present that the heat transfer
to the body is zero. The extension of the method to include heat transfer
is not obvious, but approaches such as that used in Reference 16 may be
employed.

The problem of two-dimensional laminar supersonic flow over

5-9

insulated bodies has been studied both experimentally

Crocco-Lees methodzo’ 21. Qualitative agreement between theory and

and by the

experiment has been achieved, but the quantitative agreement has been
unsatisfactory even for attached flu:)we:21 where the assumptions of the
method are least open to question. In the present study, the attached
region of flow will be investigated first with the aim of determining the
reason for the previous quantitative disagreement betwéen theory and
experiment. Then the problem of the separated and reattaching regions
of flow will be investigated. A physical model of separated flows will

be developed and translated into the language of the Crocco-Lees method.
Finally several calculations of shock wave-laminar boundary layer inter-
action will be carried out and shown to predict a complex separated and

reattaching flow with satisfactory quantitative accuracy.
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II. CROCCO-LEES METHOD

Since important changes in concepts and content of the Crocco-
Lees method have been developed here, it is the purpose of this section
to re-examine in detail the physical and mathematical formulation of the
method. The flow is divided into two regions -~ an oiter region which is
assumed to be essentially non-dissipative, and an inner region in which
viscosity is assumed to play an important role (Figure 2). The extent
of the viscous region is measured by the length, §, which for the case
of a body in a high Reynolds number stream is the usual boundary layer
thickness, and for a wake, is the extent of the non-uniform flow in the
direction transverse to the external flow direction. Clearly, the definition
of the length, &, is artificial, and physical quantities, such as pressure,
interaction distance, etc. should not be sensitive to the definition of 6.

LA 2L e

In several previous studies using the Crocco-Lees method
artificiality of the length, §, was not appreciated and studies were
carried out to determine the proper method of defining 6. It has been
found in the present study and in the work of Gadd and Holcle:t'?'2 that
physical quantities do not depend on the definition of § as long as the
definition is a reasonable one that is sensitive to velocity profile shape.
Indeed, for the limiting case of weak hypersonic interaction, which is
discussed in Appendix B, it is shown explicitly that several different
definitions of § give identically the same result,

Once some criterion for determining § is selected, the equations

of motion for the viscous region can be written. The complete equations

describing attached, separated, and reattaching flows are too formidable
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to allow mathematical analysis, so many simplifying assumptions have

to be made.

The assumptions will now be listed, but a discussion of

their validity will be postponed until Section V. The assumptions can be

grouped roughly into two categories depending on their importance and

inherent necessity. The major assumptions of the method are as

follows:

(1)

(2)

(3)

The gradients of viscous or Reynolds stresses in the flow
direction are negligible compared with the static pressure
gradient in the flow direction.

The pressure gradient transverse to the stream direction is
negligible. .

The flow is steady.

In addition to these major assumptions, the following secondary assumptions

have been made in the present study in order to simplify the problem:

(4)

(5)
(6)
(7)
(8)
(9)

The external flow is a plane, isentropic, supersonic flow

over a flat, adiabatic wall oriented in the free stream direction,
with the flow direction at y = § given by the Prandtl-Meyer
relation.

Prandtl number is unity.

Viscosity is proportional to the absolute temperature.

Flow angles relative to the wall are small.

The gas is thermally and calorically perfect.

The stagnation temperature is constant throughout the

whole flow.

(10) The viscous region is laminar.
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The equations describing the flow can now be written., The

momentum equation for the viscous region in the x direction is

dl/dx = u, (dm/dx) - (6dp/dx) - 7T (7)

w
where

I = momentum flux in x direction = pu2 dy

0~

u, = absolute value of flow velocity at y = §
m = mass flux in x direction = § pu dy
o

P = static pressure of viscous region at a streamwise location

T, = shear stress at the wall.
The continuity equation for the viscous region can be written as

- dé

(dm/dx) = p u_ (o - 0 ) (8)
where

pe = densityaty=§

@ = streamline direction angle relative to the wallat y = §

(Figure 2)

Since the external flow is assumed to be isentropic, the Bernoulli equation

can be written as

(1/p)(dp/dx) = - (1/@ )dw /dx) (9
where
a, = stagnation speed of sound = ) ¥R T
- 2
PR bW
y E

¥ Ve
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Ve - (ue/a't)

With these basic assumptions and equations, it is now possible
to cast the equations into the language of the Crocco-Lees method.
First, the basic parameter of the method, and the one used to characterize
the flow in the viscous region is defined as follows:

K momentum flux B I
mass flux x local external velocity ~ =

actual momentum flux
. (10)
momentum flux of mass flux moving at u = ug

= ul/ue
where

uy = '"average'' velocity of viscous region.

It is now convenient to introduce some definitions to facilitate

the writing of the equations. Let

6
&k = S (1 - —-—f%- ) dy = displacement thickness

A Pe “e

)
o%% = j (pu/peue} (1 - Tfu- ) dy = momentum thickness

e

° (11)
Pl = mean density of the viscous region = m /ula
Tl = mean temperature of the viscous region = p/le .

The definitions of p, and T, are made for convenience and no thermo-

1
dynamical significance is attributed to these quantities, except for the
trivial case of uniform flow conditions in the viscous region. We also

define the following convenient quantities:



15

@, = (T/TN1/¥w,)
¢ = (T /hpeu.)) (12)
m = ma

t

Using these relations, it can be E:hown1 that

ko= (BT (13)
2
- §*
(py/pe) = (TJ/T)) = 5% -PBT)- 5FF) (14

The flow equations written in terms of these newly-defined

quantities are

(d/dx)(m g w,) = w_ (dm/dx) - §(dp/dx) - (pw./ B )(c./2) (15)
‘ ds

dm/dx = p/@, ( gz - 9 ) (16)

dp/p = - (dw./@,) (17)

m = ps/@, (18)

For supersonic flow, the Prandtl-Meyer relation furnishes another
equation:

0 = 0(w,) (19)

When pand 0 are eliminated from the system of equations by using Eqs.
(17) and (19), there are three remaining independent relations for the six
unknowns 6§, m, K , Wes Cp and (251. Therefore, three additional relations

are required to complete the mathematical formulation of the method.

The three additional relations will be taken to be of the following form:
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I

¢1 ¢1{K s W

os ™, 6)

1

cldkK , w_, m, §) (20)

K e

k 2 (d§/dx) -0 = k(K , w_, m, §)

These additional relations are of the same type as those employed in the
integral correlation methods of Thwaitesl4, Rott and Crabtreel5, and
Cohen and Reshotkolb. It should be emphasized that the data necessary
to obtain these correlation relations must come from other sources,
either theoretical or experimental., For attached flows, detailed theoretical
and experimental dataare available, while for separated flows, only experi-
mental data of a very restricted natureare known. This qualitative difference
between attached and separated flow data will necessitate separate approaches
in obtaining the correlation relations QSI, Cpe and k. In order to avoid
confusion, the discussion of the problem beyond separation will be post-
poned until Section IV. It is nevertheless clear that the same basic
information is necessary in all regions of flow, and the apparent differences
in approach for the two flow regimes are dictated by the present ignorance
of separated flows.

For attached flows, the theoretical studies of Thwaitesl4, HowarchB,
Falkner and Skan24, and Ha.rtreeZE, and the experimental study of flow
over an ellipse by Schubauer26 provide detailed incompressible flow data
on attached boundary layers for different external velocity distributions,
This detailed data can be examined with a view toward finding relations

for ¢1, ¢, and k in terms of the variables K, w m, and § which are

e 2

similar for the several flows. If such relations can be found, interpolated
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curves for ¢1 s Cfo and k in the A, w_ , m, and § space can be selected
to represent flows of the same general class. These interpolated curves
are the "universal' curves characteristic of correlation methods.

The errors introduced by selecting '"universal' curves are not
obvious and are generally found by comparison with experiment and exact
solutions. If the correlation curves for the various experiments and exact
solutions can be made to agree closely, the correlation method should
give good results. Therefore, one problem is to try to optimize the
correlation relations to give such agreement (See Appendix D.). No
systematic procedure for such an optimization is known, and the general
method of determining correlation functions is to try the simplest functions
consistent with theoretical and experimental knowledge. The general
experience of correlation methods seems to be that a skin friction
correlation can be found that is quite '""universal', while the other
correlations are not as satisfactory.

With this discussion of the concepts, aims, and problems in
obtaining correlations for ¢1 s S and k, we now proceed to the methods
by which they have been determined in the present study for the attached
part of the flow. In order to determine the qjl correlation (related to the
mean temperature function of Reference 1), it is necessary to introduce
the Stewartson transformationz-?, relating a compressible boundary layer
flow with a prescribed variation of external velocity to an equivalent
incompressible boundary layer with a transformed external velocity
distribution.

The Stewartson transformation is defined by the relations
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~
1

X
S (a/a)(p/p,) dx
¥ (21)

n (a /) g (p/py) dy

o
where f , 1 are incompressible coordinates, x, y are the associated
compressible coordinates, and the subscript t refers to the compressible
free stream stagnation conditions (chosen as reference values). In Ref-
erence 1, it is shown that if u is the compressible velocity in the x direction

and u, is the transformed, or incompressible, velocity, then

(u/a) = (u/a,)

(w,/u, ) = (u/u)
(5, - 6.%) = 22 (5 %) (22)
ot Pt %¢
Pe ae
(6i - Gi* - ai**) = Pr Ay (6 - 6% = §¥%)

so that
S R
(6 - 6% - g%k) (B = ;% - 8;%%) . -

&w Smem TR T

Thus A can be evaluated from the incompressible equivalent of the com-

pressible flow. It is also shown in Reference 1 that

t‘3_.P:;atTt g - ¥-1 wz(a-a*-a**) (24)
_m i —a e i i i

and from the definition of T1 given in Eq. (14), one finds that
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(T,/T) = f- 5= K"~ w,_ (25)
where
(6. - 6.% - & *%) §. i 6.
W 21 LI . . (26)
(6 = 6% (6; - ;%)

For a uniform viscous region, 6i* and ﬁi** = 0, so that f and K approach
unity and the relation for Tl/Tt is the familiar one-dimensional result,
The deviations of f and K from unity thereby measure, in a certain sense,
the non-uniformity of the velocity profile.

It will be convenient to define an alternate function for f, defined
as follows:

y 2 (ai* F 51#*)
FsE ((/e)-1= . (27)
(6, - 5% - 5,77

Since F and K are defined by incompressible boundary layer parameters,
for every incompressible velocity profile there are unique values of F and

/& , so that the ¢1 correlation that is sought is

1

1 ¥-1 2 o B :’
2, ‘?W;[f(”"—z—“'e‘
or
¢1=__,£.._[F(.A:)+t:| (28)
where
= y-1 2_
5 = l o =g W, "'(Te/Tt) G
It should be noted that the compressibility effects are separated out in an
explicit way, since F and £ do not depend on W Thus the problem of
finding the ¢l correlation essentially reduces to the determination of the

F( k£ ) correlation.
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During the present study it was noticed that, for a given value of
the form factor, Hi , where Hi = (ﬁi*/ﬁi**} , the mean-temperature
parameter f is maximum for a finite value of 6i , while A generally has
the property that it increases monotonically towards unity with increasing
Gi . By choosing ﬁi such that f is maximum, one obtains a simple

analytic expression for f(A ), which is

KZ
flk) = —m —— (See Appendix A.)
(2K - 1)
or
2(1 - K)

F(k) = T -0 . (29)

For attached flows,the function F( &£ ) derived from this maximization

method agrees fairly well with the curve obtained from Falkner-Skan

1.1(.5i

solutions when ﬁi is defined by the condition = 0.95 (Figure 3).

This F( &£ ) relation also agrees closely with ex;erimental turbulent data.
No physical explanation of the suitability of this F( £ ) relation has been
found as yet,

The maximum method of defining Ginot only leads to a simple
F(4k ) relation, but alsb greatly helps in obtaining the mixing rate correla-
tion, k, from experimental studies, such as the Schubauer ellipse experi-
ment. The reason this method of defining §; assists in reducing experi-
mental data is because it is possible to calculate the extent of the viscous
layer using well-defined experimental integral quantities (Hi and 61*),
instead of a velocity ratio, thereby determining the mass flux in the
viscous region at given streamwise station without large experimental

uncertainty. Inasmuch as k is determined from experiment by finding

differences in mass flux between adjacent flow stations, small errors in



21

y
A
°l
O
|
O
(0] = (Hi +1)
5
o - (0] Experimental Point
—— Faired Curve
(0]
'| —
SKETCH A

determining the area under a velocity profile curve can easily make it
impossible to determine mixing rates. (See Sketch A.)

The other two correlation relations necessary to complete the
formulation of the Crocco-Lees method can be obtained by using the
Stewartson transformation [Eq. (21)] to eliminate compressibility effects
and then examining known incompressible solutions. From Egs. (21)

and (22), it follows that
dm/dx = (a_p/a.p,) (dm.,/d¥) . (30)

For incompressible flow,
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m = = &

m, G (1’5i 6i }. . (31)
In order to obtain the functional form of the correlation relations,
similarity solutions,such as those obtained by Falkne'.-:r-Skan‘?'4

, have been

employed. For such solutions, u, ~ §v and
il

ZC/u 1
t e X
5. = §* = S . N | 3 32
-8 § e | (32)

where C is a function of the shape of the velocity profile, i.e., C= C( A ).

It is shown in Reference 1 that

_ !/ oJdm _ e
A=l oZ = c) L

o lly OX
and (33)
= ! D e
A. “RGadE - i

A similar treatment can be given for the skin friction correlation.

In Reference 1, it is shown that

D( &) ., D( &) pe

By B s, and cg =
m 1 2 ml

, (34)

where D( K ) is a function of the shape of the velocity profile.

In previous studies using the Crocco-Lees method, the C( £ ) and
D( £ ) relations that have been used were those obtained from the Falkner-
Skan solutions. However, by investigating other theoretical and experi-
mental results for attached boundary layers, it is found that although the
Falkner-Skan relation for cgappears general (Figure 4), the relation for
k is not universal. In fact, the Falkner-Skan values differ qualitatively

as well as quantitatively from the other boundary layer results (Figure 5).



23

Roughly speaking, C( k& ) for the Falkner-Skan solutions is essentially
constant from separation to the Blasius flow condition, while the other

14,23, 44, 25 and the experimental Schubauer ellipse

theoretical solutions
dataZ6 show a trend in which C( £ ) drops sharply going from the Blasius
condition to separation.

The reason that the C( £ ) correlation for the Falkner-Skan
solutions is qualitatively different from the other boundary layer solutions
may be seen by expressing the definition of k so that the formal difference

between Falkner-Skan flows and the other flows is brought out. From

Eqs. (8), (11), (20), and (21), we obtain

" ”
A = ﬁ;,ej;L:@’fjff%Féi*é%‘ —'{:;F/A_‘ . (35)
For a general separating flow,
(d,/d¥) > 0
(duie/df) < 0 (36)

(d/d %) (5;%/6) > O

For a Falkner-Skan similarity solution, (d/dg) (Bi*/Gi)E 0. Therefore,
for Falkner-Skan flows, the last term is zero, and the remaining two
terms are of opposite sign. By numerically evaluating ki for the Falkner-
Skan case, it is found that the first term, which is positive, is the larger.
It is therefore seen that the term that is missing in the Falkner-Skan case
tends, in the general case, to reduce the value of ki as separation is

approached. This tendency is enhanced by the fact that as separation is
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approached, the ratio, (6i - Gi*)/(ﬁi) , is about 0.4. In Figure 6, the
variation of ﬁi*/ﬁi with distance is shown for the Schubauer ellipse
velocity distribution (Figure 7). The term (d/d¥ )(51*/61) is essentially
zero near the Blasius flat plate condition, but becomes appreciable near
separation. It is thus clear why the C(AX ) correlations for Falkner-Skan
and other boundary layer flows are similar near the Blasius condition and
are different near separation. This difference is associated with the
physical fact that Falkner-Skan flows are similar flows which do not have
""histories'' and do not reflect the essential change in shape of the velocity
profile prior to separation, while the velocity profiles of the other boundary
layer flows change in the streamwise direction.

As discussed previously, the definition of the length, 5'1 , should
not affect physical quantities, such as separation pressures, interaction
distances, etc. However, the correlation functions F(A ), C( £), and
D( £ ) are strongly dependent on the method of defining 6;e This dependence
is seen in Figure 3, where for laminar flows it is found that the F( £ )
curves differ appreciably depending, for example, on the value chosen for
the u(&i)/ue ratio. The same sort of sensitivity is found in the C( £ ) and
D( X ) curve 51, 19. It should be emphasized that since the method of
defining qS..1 is artificial, no physical significance can be associated with
the fact that different methods of defining 6i lead to different numerical
values of F( £ ), C( L), and D( £ ) for the same velocity profile. It is
therefore clear that the choice of the method of defining 55 is tantamount
to choosing a method of bookkeeping. However, it can be expected that

physical statements such as ''the mixing rates between separation and
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shock impingement increase to high values', will be reflected numerically
for any definition of 5, These considerations of the artificiality of 65 and
the non-uniqueness of the F( K ), C( X ), and D( £ ) relations make it
clear that what is to be sought is a self-consistent method of bookkeeping
in which the behavior of flows which are of the same general type can be
understood and interpreted within the Crocco-Lees framework, so as to

allow reliable and relatively simple flow calculations and analyses to be

performed.
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III. FLOW PROBLEM UPSTREAM OF SEPARATION

The problem of two-dimensional laminar supersonic flow upstream
of separation can be approached in several different ways. In 1949, LEESIO

treated the problem of shock wave-laminar boundary layer interaction

0

using a modified von Kdrman- Pohlhausen method. Cheng and JESra)r2
Cheng and Changu, and Gadd and Holderzz have made similar calculations
using the Crocco-Lees method, with correlation functions derived from

the Falkner-Skan similar solutions, As mentioned previously, these
studies showed qualitative agreement with experiment, but the quantitative
agreement was generally poor.

In the present study, the problem of two-dimensional laminar
supersonic flows upstream of separation has been treated by two methods.
First, the Cohen-Reshotko method]l6 was modified to introduce interaction
between the external and viscous flows by equating the ""external flow"
direction with the gradient of the displacement thickness. (See Appendix
C.) Second, the problem has been studied using the Crocco-Lees method
w ith correlation functions obtained by the maximum principle, and a new
C( X ) relation based on boundary layers that have ""histories''.

In order to determine the sensitivity of the theoretical results to
the C( K ) relation, calculations were performed for a separating flow at
a free stream Mach number of 2. 0 and a separation Reynolds_ number of
2.87 x 105 using several C( K ) relations, corresponding to the curves
shown in Figure 5. The F( &£ ) relation used in the calculations was the
one obtained by the maximum principle, and the D( £ ) relation used was

that obtained by assuming that D( £ ) decreases linearly from the Blasius
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value at A = 0. 693 to zero at £ = 0. 630, the Howarth value of X at

separation. Thus,

F(K) = 2(1 -_Af)
(37)
D(K) = 22.2( K- .630)
If the variable, ¢“( £ ), is defined as
T(£) = e =

the Crocco-Lees equations, when linearized with regard to Mach number,

f.ec;, M= M'm + £ and £ << Mo0 , become (See Appendix B.):

(de/dl )= - L [{_l -5}
' (39)
(dg/d¢) = - N [% -s]
where
§ = (m//“tat) = E‘&“t is a kind of local Reynolds number ,
i 2K(7-#)2X- 1)) M1

Y Mo k(1K) 242 2% Ly 2 _ [ (24-1) % -0 (Me?-1)
(1-hH 24 200 14 ¥ M, )CMZ} P ; -sz)(;—:rfw,) 4 (;; {;;‘ 'MIW*‘-EM.

LMo L e (2-])
KFE) ~ a2k(/-k)

Z
0]

p= C(ZJH-B 0‘/' ‘7* /-?fd// ’/"Z(-zrk//"f/w" - £/ Me* o _,zkﬂ-,()ﬁf!;-’/‘f:)]

W) (2x-1) s R&-1)
Qs CA.’) [ (k) - 2 (/-0 K1+ % M-)[/ (/-r)f’z,e'-zt+ﬁ>]
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In calculating a separating flow problem, the free stream Mach
number, Mw , is given and the quantities L, N, P, and Q are first plotted
as a function of £ . A value of § is chosen at the separation point,
which is equivalent to selecting the value of the separation Reynolds
number. Then trial values of £ at separation are chosen, and the equa-
tions are numerically integrated in the upstream direction. The correct
eigenvalue for £ at separation is obtained when the integrated quantities
approach the weak hypersonic interaction Iimitlg' £0, 21, 28. The results
are then transformed back into the physical plane using the continuity
equation and performing a single quadrature. (See Appendix B.)

The pressure distributions obtained by four such integrations are
shown in Figure 8 along with a calculation of the same case using the
Cohen-Reshotko method. The point at which the pressure starts to rise
is roughly independent of the C( K ) relation. It is found that the larger
the value of C( X ) near separation is, the larger are the values of the
separation pressure rise and the separation pressure gradient. Also shown
in Figure 8 is the slope of the experimental pressure distribution near
separation (See Figure 9.) at the same free strearm Mach number and
roughly the same separation Reynolds number. By comparing the experi-
mental and theoretical separation pressure gradients one sees that even for
Case D, the theoretical separation pressure gradient is too great. In order
to obtain a theoretical lower limit for the separation pressure gradient, a
calculation was performed in which C( K ) was assumed to be zero
throughout the range of integration (Case F). Althrough this assumption
is in error near the Blasius condition, it is seen to give a separation

pressure gradient that is in good agreement with the experimental value,
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This result suggests that C( £ ) is essentially zero for some, as yet
undetermined, range of X. The reason that only the experimental
separation pressure gradient and not the pressure distribution is compared
with calculations is seen in Figure 9 where experimental results obtained
by Chapman, Kuehn, and Lar sonT are compared with those of Hakkinen,
Greber, Trilling, and Abarbanels at the same free stream Mach number
and approximately the same Reynolds number. The experimental pressure
distributions have similar shapes, with the major difference being a

shift of the distributions in the streamwise direction. The reason the
distributions are shifted is quite clearly the uncertainty in determining

the separation point. In the experiments of Chapman, Kuehn, and Larson,
the separation point was determined by an oil film technique, while in

the experiments of Hakkinen, et al, the separation point was obtained

from Stanton tube measurements. It is not clear which, if either, of these
methods reliably determines the separation point, especially since the
interaction distance in which the separation pressure rise takes place in
many of the experiments is only a small fraction of an inch. These
experimental difficulties have prevented the use of experimentally-
determined parameters that depend directly on the determination of the
separation point for comparison with the results of theoretical calculations.
In Figure 8, for example, the experimental separation pressure, as
measured by the two methods, indicates only that separation pressures
calculated using a Falkner-Skan C( & ) correlation are too high, but does
not distinguish among the other C( &£ ) relations.

Also, the uncertainty in locating the separation point prevents
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the determination of the range of & near separation for which C( X ) can
be set equal to zero. For this reason, an approximate C( &£ ) curve has
been selected for the present calculations. The C( &£ ) relation that has
been chosen is one that decreases linearly from the Blasius value of
C(XK ) at K= 0,693 to zero at the separation value of £, which is

K = 0.630, i.e.,
ClE) = 32K~ -630) (40)

Calculations of the pressure distributions up to separation for two
different cases of shock wave-laminar boundary layer interaction have
been carried out using this linear C( & ) relation, and the results are
shown in Figures 10 and 11. It is seen that the agreement between theory
and experiment is quite good for the case shown in Figure 10, while it is
less satisfactory for the case shown in Figure l11. The scatter of the ex-
perimental data in the latter case is appreciable, and it is not certain
whether the disagreement between theory and experiment is significant.
Based on these calculations, it is felt that although the linear C( K )
relation is not an optimum, it is capable of predicting pressure distri-
butions for a separating flow with an accuracy that is consistent with the
present status of experimental data.

A re-examination of the Crocco-Lees theory up to separation has
revealed that the major reason for the previous disagreement between
theory and experiment for two-dimensional laminar supersonic separating
ﬂowsl' AHaa is that the flow is characterized by low values of C( &£ ) near
separation, and not by the Falkner-Skan values., The determination of an
approximate C( £ ) relation which seems to be consistent with low speed
and supersonic data completes, albeit roughly, the solution of the problem

up to the separation point,
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IVv. FLOW PROBLEM BEYOND SEPARATION

IV.l. Physical Discussion

The problem of separated and reattaching flows must be treated
in a manner that is different from the way in which the problem up to
separation was studied, since no detailed theoretical studies of separated
and reattaching flows exist. In order to focus on the main aspects of the
problem, consider the case of the steady two-dimensional interaction
between an incident oblique shock wave and the laminar boundary layer
on a flat plate (Figure 1). In a fictitious inviscid fluid, the static
pressure on the plate surface remains constant up to the point of shock
impingement, rises suddenly at this point to the level predicted by the
Rankine-Hugoniot shock relations, and remains constant thereafter. But
in a real fluid, a portion of the overall pressure rise is communicated
upstream through the boundary layer. Unless the shock wave is rather
weak, the laminar boundary layer separates from the surface upstream
of shock impingement. The static pressure distribution has the familiar
doubly-inflected shape, with the region of pressure rise extending over a
distance equivalent to hundreds of boundary layer thicknesses.

In the following paragraphs, it will be shown that in the region
between separation and shock impingement the main physical process is
the momentum enrichment of the viscous region through mass entrain-
ment from the external inviscid flow. Thus the flow is '"prepared' for
the additional pressure rise during reattachment. The reattachment
process itself will be shown to be an essentially isentropic, inviscid

recompression in which mass entrainment is not important. This
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general picture of the flow beyond separation is consistent with experi-
mental observations and well-established physical concepts.

In the present discussion of the flow beyond separation, a key

concept is Chapman's idea7’ 9

of the '""dividing (or zero) streamline''¥,
which may be briefly expressed as follows: for steady flow, the fluid
particle which is adjacent to the wall at separation must be adjacent to
the wall at reattachment. Thus the flow is divided into two zones -- the
first being a by-pass flow which includes all the fluid upstream of
separation, and the second being a circulating region of flow that always
consists of the same fluid particles, if diffusion is neglected (Figure 1).

In order to see how the dividing streamline idea contributed to

the present understanding of flow beyond separation, it is necessary to

p = constant ————"’
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SKETCH B

* This concept was also discovered independently for_ turbulent
separated and reattaching flows by Korst, Page, and Childs. 30
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discuss briefly a special separated and reattaching flow that was investi-
gated theoretically and experimentally by Chapman and his co-workers.
In a theoretical studyzg, Chapman examined the mixing region that is
formed when a uniform stream passes beyond a semi-infinite rearward-
facing step. (See Sketch B on page 32.) This flow configuration is of
course similar to that of a parallel jet streaming into a stagnant mass

of gas. Chapman calculated the velocity profile of the mixing, or transi-
tion, region for the case of constant pressure and uniform flow at the end
of the step, i.e., &% = §*% = 0, using the ordinary boundary layer
equations with the usual no-slip boundary condition replaced by the con-
dition that the velocity be zero at y = - 0. Chapman's result is a
similarity solution in which the velocity along the dividing streamline
changes impulsively from the initial uniform velocity to a value which

is 0. 587 of the initial uniform velocity, and remains at this value
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thereafter.

In the experimental study of reattaching flows by Chapman, Kuehn
and Larson7, a flow configuration was devised which approximated the
boundary conditions of Chapman's theoretical study, so that a separated
flow with a known velocity profile was generated. The geometry of the
model, shown in Sketch C on page 33, insured an essentially zero thick-
ness boundary layer (6% = §%* = 0) at the beginning of the separated zone
and a constant pressure mixing region up to the beginning of reattachment,
which is indicated by the appearance of compression waves. The semi-
infinite aspect of the theoretical model was approximated roughly by a
steep slope on the model face just downstream of separation. The
separated flow thus generated was then allowed to reattach on a flat
wall, and it was found that the observed pressure rise during reattach-
ment corresponded to isentropic deceleration to rest of the fluid along
the dividing streamline., These experiments therefore indicate that
reattachment is an isentropic process in which viscous effects do not
seem to be important. This conclusion is further substantiated by the
fact that the reattachment pressure rise was observed to be independent
of Reynolds number. Thus, it is seen that the most important phenomena
in the reattachment process are the deceleration of the flow and the
contraction of the viscous region, and not mixing -- a fact which will be
important in later discussions.

For a general separating flow, the velocity profile at separation
is of course far from uniform, but the dividing streamline concept is
still valid. The conclusion that mixing is not important during reattach-

ment should also apply for more general reattaching flows. These con-
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ditions, and the experimental observation that beyond separation the
static pressure rises monotonically, determine to a large extent the
major physical phenomena that must occur in general separated and
reattaching flows. Consider the fluid particle just above the dividing
streamline at the separation point (Figure 1). This fluid particle in
general has a negligible velocity, so that its stagnation pressure is
essentially equal to the static separation pressure. According to the
dividing streamline idea, this fluid particle has to reattach at a higher
stagnation pressure. In order for this reattachment to occur, work
must be done on this fluid element, and it is clear that this work is
done by the external flow through viscous momentum transfer. In
other words, the external flow does work on the fluid along the dividing
streamline, and thereby loses momentum. This loss of momentum of
the exterqal flow is reflected as mixing, or mass entrainment, From
the reattachment experiments of Chapman, Kuehn, and Larson, it is
clear that this viscous momentum transfer must occur prior to the
beginning of reattachment, and therefore must take place in the region
between separation and the beginning of reattachment.

This physical picture is further substantiated by the experiments
of Hakkinen et a18 , where it is found that the reattachment pressure rise
increases with the distance between separation and shock impingement
(Figure 12). Since viscous momentum transport is envisioned as the
essential physical mechanism in this region, it is clear that the longer
the region, the higher the stagnation pressure of the fluid element
adjoining the dividing streamline, and therefore the higher the reattach-

ment pressure rise necessary to stagnate the fluid below the dividing
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streamline.

From the above discussion, it is clear that the flow region
before reattachment begins is a zone in which mixing is the dominant
physical phenomenon. Chapman, in his similarity solution, finds that
the viscous mixing zone grows roughly three times as fast as an
equivalent Blasius flow, indicating high mixing rates based on a § which
includes the external and inducted flows. Since Chapman's solution
assumes that the velocity is always positive, the velocity profiles do
not contain the reverse flow regions which are known to exist for
separated and reattaching flows. Therefore, no accurate quantitative
conclusions can be drawn from Chapman's profiles. However, the
qualitative conclusion that the mixing rates beyond separation are high
will be seen to be consistent with the ideas and methods of the present
study.

In Chapman's idealized case, the reattachment pressure rise for
laminar flow is independent of Reynolds number because the flow velocity
of the dividing streamline is always 0, 587 of the free stream velocity,
The length scale of the reattachment process must also be independent
of Reynolds number since the process of reattachment is seen to be
essentially inviscid., However, we shall show by a simplified analysis
that for general separated flows the length scale for the reattachment
process must depend on Reynolds number through 68' On the other
hand, certain important features of the flow upstream of the beginning of
reattachment are virtually independent of Reynolds mimber and of the agency
causing separation.

The physical picture that has been developed for separated and
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reattaching flows may therefore be summarized as follows: after
separation, the flow is essentially divided into two parts by the dividing
streamline -- one part includes all the fluid upstream of separation and
the other part is a steady circulating flow in which the fluid elements
continuously undergo a cycling action. The fluid along the dividing
streamline is accelerated by viscous momentum transfer in the region
between separation and the beginning of reattachment, and is thereby
"prepared'' for the forthcoming reattachment pressure rise in which
fluid along the dividing streamline is isentropically stagnated. This
physical picture is quantitatively translated into Crocco-Lees language

in the next section.

IV. 2. Crocco-Lees Method

In re-examining the formulation of the Crocco-Lees method
beyond separation, it became clear that in order to determine the
correlation relations quantitatively, experimental results must be used,
since no satisfactory theoretical data are available. The case of shock
wave-laminar boundary layer interaction has been selected as a repre-
sentative example of separating and reattaching flows, since it embodies
many of the general characteristics which are observed in other separated
flows (Figure 1 ). The experiment selected to provide the necessary
detailed data was performed at a free stream Mach number of 2. 45 and
at a free stream Reynolds number per inch of 6 x 104 (Figure 13)7.

This particular experiment was chosen because of the small scatter of
the data, and because the Reynolds number was the lowest available

from experiments of shock wave-laminar boundary layer interaction,
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so that the flow is most apt to be laminar throughout the whole interaction
region.

The physical parameters of shock wave-laminar boundary layer
interaction may be readily determined from the limiting inviscid case,
i.e., Re —s=w. The parameters are clearly the free stream conditions,
the shock impingement point, and the incident shock strength (or overall
pressure ratio). The principal features of shock wave-laminar boundary
layer interaction are as follows (Figure 1): (1) the pressure rise up to
separation; (2) the pressure rise up to the plateau; (3) the pressure
rise during reattachment; and (4) the length scales of the various regions.
The present task is to relate the correlation functions, F(4k£ ) and C( XK ),
in the regions downstream of separation to these main features of the
flow, in the hope that the "universal'' behavior of the functions can be
determined. *

Since the flow configuration that is produced in the case of shock
wave-laminar boundary layer interaction is so complex, it is instructive
to discuss qualitatively what determines the various pressure rises and
length scales. According to the previous physical discussion, the
separation point must move upstream as the overall pressure ratio is
increased. This response is due to two factors -~ (1) the separation
pressure rise increases as the separation Reynolds number decreases,
and (2) as the distance between separation and shock impingement is

increased, the energy of fluid particles along the dividing streamline

* The skin friction is small in this region, and D(X" ) is taken
to be zero between separation and reattachment in a first approximation.
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is generally increased, thus making it possible to support a larger
reattachment pressure rise. Therefore the location of the separation
point is intimately connected with the various pressure rises, and the
flow responds chiefly to an overall pressure ratio by properly adjusting

the position of the separation point.

IV. 2.1, Simplified Analysis

It was shown in the previous discussion that the various regions
of shock wave-laminar boundary layer interaction are connected and that
the problem must be treated as a whole. By making several simplifications,
it is possible to treat the whole shock wave-laminar boundary layer inter-
action problem analytically, and thereby obtain explicitly the effects of
Mach and Reynolds numbers on the main features of the flow, In this
section, such a simplified treatment will be given and in subsequent
paragraphs the method will be refined to enable more accurate deter-
mination of the details of the flow.

It is clear from the physical discussion given in Section IV. 1.
that the pressure rise during reattachment is determined largely by the
momentum of the viscous layer at shock impingement, i.e., largely by

Ksh' Although the mixing rate, or C( K ), is expected to rise contin-

uously from zero near separation (Section IIl.) to a high value upstream
of shock impingement, suppose one takes C(A ) = C = constant for this
region. In this same spirit, at first we ignore the pressure rise between
separation and shock impingement, The momentum equation, Eq. (15),

becomes

(d & /dx) = (1 - £)(1/m)(dm/dx) > (41)
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Therefore,

(1 - £)m = constant = (1 - Ks)ms > (42)
and to this approximation,

Ky = 1=-(1- k) (ms/mah} . (43)

It is seen from this expression for kah that when m_ >>m_,
ksh — 1. Eq. (43) thus clearly shows that when the high energy
external flow mixes with the relatively low energy viscous flow, the
average energy and momentum levels of the viscous region are raised.
This same behavior is present in constant pressure wake flows, where
the low stagnation pressures of the wake region are increased at the
expense of the external flow,

From Egs. (16), (20), and (33), we have

Pa® 2
(dm/dx) = —‘3—%/—‘3— 8- O(K) (44)

and by integrating this equation from separation to shock impingement

under the assumptions of constant C( A ) and uniform external flow, we

obtain
Msh _ | + 2 Reux C
- a > 2)a 45
e L+ M) (35)
where
P B, AX
Re = _E.._.e_._

Ax A

m_a

s t
T, —a

I}

al
1

average value of C( K )

A x = Xgp = Xg .
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It is shown in Appendix B that

C+5M) = [ Rex, A (46)

T (-&) ’

where A = 0.44. From Eqs. (43), (45), and (46), it follows that

__(1-K)
y/* 2 /‘fjlg% :

KM: /

(47)

Therefore, Eq. (47) shows that th depends mainly on the product
C (Ax/xs) and only very weakly on Mach and Reynolds number. If an
explicit relation between reattachment pressure rise and Ksh can now be
developed, then by selecting a single experimental case of shock wave-
laminar boundary layer interaction, and measuring the reattachment
pressure rise and the length ratio, (Ax/xB), the value of C is obtained.
This value of C is then regarded as '""universal', and is employed in the
analysis of all other separating flows.

So far the F( & ) relation has not entered the discussion. However,
the pressure rise during reattachment and the length of the reattachment
zone depend to some extent on the F( & ) relation. (See Section IV. 2. 3.)

Since there are five original dependent variables (F, £ , w m, and §)

e L
and five equations [Eqs. (9) to (14)] , the first rough approximation,
fhhei, ClE)=C, w, = constant, between separation and shock impinge-
ment specifies a unique relation between F and K in this region. By

eliminating § and m from Egs. (16), (18), (20), (33), and (42), the

following differential equation for F( £ ) results:

JdE , £ _ 85(-K) 1
Kk T e T @ 2()-%)? - k46)
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This equation can be readily integrated to give

7% = / K}K ch.} £(7 k){/ f; }) : (49)

If we define a parameter, —,K. 5 a

X= of /2T , (50)

then the F( k ) relation given by Eq. (49) can be exhibited for a range of
values of X. By using the Prandtl-Meyer relation and the separation
pressure correlation of Chapman, Kuehn, and Larson7, it can be shown

that

X ~ [ﬁe(ﬁs"f)]%
1+ & M) : (1)

It is found that the values of -)./_ for the cases studied in the present
investigation are of the order of unity. Eq. (51) shows that X is rather
insensitive to Mach and Reynolds number for the Mach number range
below five, so that a range of X from 0.1 to 10 may be expected to cover
a fairly wide experimental range. The F( &£ ) curves for this ré.nge of X
are given in Figure 14, and show that F( £ ) is approximately constant
for values of ¥ on the order of unity. This analysis, while admittedly
crude, suggests that F( £ ) may be approximately constant in the region
between separation and shock impingement, a result which is opposite
to the one previously assumed by Crocco and Leesl. This question will
be discussed again in Section IV. 2. 2.

If it is assumed that F( £ ) remains constant in the region between

separation and shock impingement, then Fo,=Fg+ The determination of
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¥ and /eshﬁxss the starting point in the F- &£ plane from which
reattachment starts., Since the terminal point, the Blasius flow con-
dition, is also known, the trajectory of the reattachment process is
largely determined. It has been assumed that the reattachment trajectory

is a straight line in the F- £ plane of the form:
F=oak+p , (52)

where a and B are constants depending on the values of F_, and '&’sh'

It can be readily shown that

a =N(g - H/@-1) (53)

B = F@-7)/(®-1) (54)
where

ne= (Fb//(b) 2 2.30

TE (F/F) T .79 , sinceF_=F_,

W= KK -

In the present simplified analysis, we shall tentatively assume that the
mixing term in the momentum equation, Eq. (15), is negligible so that

the momentum equation for reattaching flow is

d kK = KF(dM/M) . (55)

Since F = a K + B, Eq. (55) can be integrated to give the result

/e =M.y k‘/ﬁw )] , (56)

where wa = given final flow Mach number far downstream ofthe interaction

and A’ = Blasius value of A = 0.693.
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Evaluating this expression for M, at the shock impingement point gives

:/p
B} Wsn |/ ks + Fac
Mo = Mop [fetff it e )] . -

Substituting Eqs. (53) and (54) into Eq. (57), we obtain
-~ -1

Meg, = /\//.a,/—,zf‘-i : (58)

where

&
11

Keh o 1Ny __Ok) 59
Ky, ~ A V/.,. :z(/;‘l_rlﬂcf' 4 ’ e

Xs
and }? A, K s Kps Fyy, F , and M_¢are known constants. From

isentropic flow relations, we have

v
2 ¥-1
pe :[I s ?M:J , (60)

b
w-1)
el |y
Pt — f+%M‘:(%’—) sl
Pk I+ %' Mag

Eq. (61) shows that Poof/psh is only a function of & which, in turn, is

so that

: (61)

only a function of the product C(A x/xs) [Eq. (59)] . Thus by measuring
the reattachment pressure ratio, pmf/psh , and the lengths Ax and x
for a single experiment of shock wave~laminar boundary layer interaction
(Figure 13), the value of C is determined.

This simplified analysis can also be employed to obtain approxi-
mate expressions for the Mach and Reynolds number dependences of the

important features of shock wave-laminar boundary layer interaction.
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It has been found experimentally by Chapman, Kuehn, and Lar sonT that

1.24 M g
o0

P.,/P, T 1 + = s
sh’ o [(Mmd-l) Rex ] 1/4
(o]

(62)

where the subscript o denotes conditions at the point where the pressure
first starts to rise. This functional relation has also been obtained by

7,8, 10, 31

rough theoretical considerations Since the parameter

pmf/po = (pmf/pah”pah/po) is a constant that is determined by the

incident shock strength for a given interaction problem, the following

relation results:

¥-/ 2/&)_ % a
Pur - | 1+ T Mo (F ).24 M
Po / + %’ Mg; / + [W-a‘f)ﬁcx,] P" . (63).

From Eqs. (59) and (62), it is seen that the only unknowns in Eq. (63)
are x_ and X since C is now assumed to be known. Another independent
relation between X, and X has been found experimenta.lly7 and can be

justified by rough theoretical argu.ments?’ 10. This expression is

/]

x - XB fefx
—L_‘_F. ~ —Lﬁ.a'-l " (64)

If we define

n
~ SrolwXsh
/f’r, = T— . (65)

then by using the experimental data of Chapman, Kuehn, and Larson?

and Eq. (C-8), it can be shown that
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-1 2
0.93(1.73+2.39—-2—M ) 1/4
x /x T 14+ —r E (xgp /%) - (as)
s’ 7o [(MOOZ -~ 1) Re, ]1/4 e
sh
If we define
y 0.93 (1.73+ 2.39 51 sz)
= . 67)
z ~ /7 ' :
(M = 1) Re
[ oo xsh]
then
x/x, T 1+ ¢ {xsh/x0}1/4 : (68)

Solving for X and substituting the result into Eq. (59), we obtain the

N
/_%9)— ?gf)a:/)b 71

condition that

x=d g * * Ya
Dep - | |+ & My . ). 24 Moo (,_\’,._&)
./ = 2 ) Il (69)
2 N Fr =y |+ - el
where
B & he / (1 - Ks) . (70)
- K == ‘ __k,!ﬂ x"/kl o
. V £ A EE* PXsh /o l]

Thus Eq. (69) determines the value of the quantity xo/x. and since

sh ’
Xoh is a given parameter, the value of X - After X is determined, the
value of poof/psh . psh/p0 , and x  can be readily computed from Eqgs.
(61), (62), and (66).

The remaining major property to be determined is the reattach-

ment length scale, A Xpe The order of magnitude of A Xp can be

estimated by

o (8 5p/*gp)

AxR/xsh ‘T » (71)
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where Gsh is obtained by the Prandtl-Meyer relation and is a function

only of Me [See Eq. (57).] , and 'Ssh is found from Eq. (B-13) to be
sh

5 _ " sh Ksh ’:Fs + 1:sh:,
sh xpah Wesh ’

(72)

This equation can be put in the more explicit form

Yl
S _ o/ ma)xs V(82 ) _ 5 ) b, [ 1+’i-’M~1]m x/
Xeh ~ . ms Xﬂ.) Xs)(/ Tf) ki Moi:) f*—';—:-’-Ma: f;{/*;f&:}' =R

= 5. ;
s Mesh , xs/xsh »w , and (1 - & /63) can be obtained

from Eqs. (45), (58), (68), (70), and (A-26). Using Eq. (C-8), it can be

where msh/ms

shown that
E(BE)- 0 -0 50 [ fowmetnend -

4 E‘[(B’-I) Me | (G¥-) Mo ((, + 5 M) Hes#) - 9]

(74)

1+EIM2 T 4 (1+ 5 M)
where
p u xX
Re _ 0 o0 S
8 /“'ao
~o
M T iMoo+ M ) .
e, 2 €.h 0

This simplified analysis shows that parameters upstream of
shock impingement, as well as the reattachment pressure rise, are
rather insensitive to Reynolds number. However, it is seen from Egs.
(71), (73), and (74) that the Reynolds number variation of A Xp is roughly

Re

=

. This variation is obtained by noting that the quantities msh/ms

W , and xs/xsh have small Reynolds number variation, and tend to



48

oppose each other. Thus the term, ¢53/x‘3 , which is proportional to

Re"% is expected to account for most of the Reynolds number variation
of A xR "

The simplified analysis shows explicitly, although approximately,
how the various pressure rises and length scales are related when the
viscous region is subjected to a given overall pressure rise. This
discussion is not only useful in showing the unity of the whole interaction
and in bringing out the Mach and Reynolds number dependences of the

various features of the flow, but also aids in an understanding of the

more refined analysis that is given in the next subsection.

IV. 2. 2. Refined Analysis

In the simplified analysis, attention is concentrated on the pressure
rise during reattachment, and the pressure rise between separation and
shock impingement is neglected. By employing the approximations that
C(K)=Cand F(K) = F_, one can now go back and calculate the pressure
rise from separation up to the plateau (Figure 1). However, if a single
value of C( £ ) = C is employed in the region between separation and
shock impingement, one finds that the calculated pressure rise between
separation and the plateau is too large when compared with the gelected
shock wave-laminar boundary layer interaction experiment. Thus, in
order to obtain the proper pressure rise in the region between separation
and the plateau, we introduce the additional refinement of a two-step

C(K ) curve, i.e.,
C(/C):Cl forxsé xéxl.1

C(K):Cz forxr,é x <

x
sh ’



49

where xr,is the distance from the leading edge at which the calculated
pressure gradient is negligibly small, and is therefore the beginning of
the plateau region (Figure 1).

Using a two-step C( &£ ) relation for the region between separation
and shock impingement, an attempt has been made to determine the
validity of the assumption that F( &) = Fs , which was employed in the
simplified analysis given in Section IV. 2.1. Two linear F( & ) relations
passing through the point (FE| s KS ) have been assumed, one with a
positive slope and the other with a negative slope. For each F( K )
relation, a given value of Cl yields a unique pressure rise from
separation to the plateau if the conditions at the separation point are
specified. (See Appendix B.) By comparing the calculated pressure
rise with the pressure rise observed in the selected shock wave=laminar
boundary layer interaction experiment, the value of C, corresponding
to each assumed F( &£ ) relation is determined. The proper F( K )
relation and Cl value can then be found by matching the length scales

of the computed and experimental pressure distributions,

The F( K ) relations used in these exploratory calculations were

(A) F(AK) = 3.851 K + 0.424
(B) F(K) = F_ = 2.85
(C) F(K) = -1.926 K + 4,063

and the corresponding values of C, which approximately yielded the

experimental pressure rise were

(A) Cl = 7.94
(B) ¢, = 11.0
(C) C, = 13.7 .
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SKETCH D

The results of the calculations are given in Figure 15, It might appear
that Case A gives better agreement with experiment, but if a more
accurate C( K ) relation had been used, the curves in Figure 15 would be
displaced to the right as shown in Sketch D. Thus, the results of this
exploratory calculation do not select the proper F( & ) relation for the
region beyond separation since the length scale is not very sensitive to
the choice of F( & ) within the limits defined by the three cases A, B,
and C.

The insensitivity of the pressure distribution to the F( & )
relation requires a more precise analysis. If the separation point

could be unequivocally determined in an experimental case, and the



51

pressure distribution accurately measured, the F( £ ) and C( K ) curves
for the region between separation and the plateau could be determined by
assuming linear F( K£ ) and C( K ) relations, with the slopes of the curves
as parameters, and finding the best combination of slopes to match the
observed pressure distribution. Because of the present experimental
uncertainties associated with the location of the separation point, such
optimizing calculations are probably premature. In the present study,
the simplest assumption has been made, namely that F( £ ) = FB in this
region. The assumption that Fg,,=Fgis found to give good agreement
between theory and experiment in the reattaching zone, and may be some
justification for assuming that F( £ ) = Fg in the whole region between
separation and shock impingement.

In the plateau region, the constant pressure results given in the
simplified analysis (Sectioﬁ IV. 2. 1l.) can be used to calculate Ksh , with
the separation quantities designated by the subscript s replaced by the
quantities at the beginning of the plateau region, designated by the

subscript I Thus

K 1 0- &0 (75)
sh IR O Z
2 -1 2.2
Ca e+ M 9
r
where
Re _ PeI‘ueI"(xsh - xl")
e Mel
; i
rooC A
CZ = value of C( K ) for xré x € Xh ¢
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The value of C, is determined from the reattachment pressure rise in
the selected case of shock wave-laminar boundary layer interaction just

as C was determined in the simplified analysis (Section IV. 2. 1.).

IV.2.3. Reattachment

As has been mentioned several times in the previous discussions,
it is believed that during reattachment viscous effects are not important.
The main justification for this belief is found in the reattachment
experiments of Chapman, Kuehn, and Larson. However, other con-
siderations also suggest, but do not prove, that viscous momentum
transfer may not be important during reattachment. When skin friction

is negligible, the momentum equation can be written as
dK = (1- k) (dm/m) + KF (dMe/Me) , (76)

where the first term on the right hand side gives the increase in A
caused by mixing and the second term represents the decrease in K
associated with a positive pressure gradient. The mixing term shows
that for a given change in mass flux, the effect on K is directly
proportional to (1 - £ ), which essentially measures the relative
fractional improvement obtained per unit of high energy mass, and is
inversely proportional to m, which measures the ""inertia'' of the layer.
The ratio of the mixing term to the pressure gradient term can be
evaluated for a specific case if the value of C( £ ) is known., It is
found for the three shock wave-laminar boundary layer interaction
cases calculated in this study that the ratio of the mixing term to the
pressure gradient term is about 0.1 C( £ ). Therefore, if C(K ) is of

the order of unity, the effect of mixing is small.
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In the present analysis it is assumed, on the basis of the above
discussions, that mixing is negligible during reattachment and that Eqs.
(55) through (57) are valid. Therefore, by measuring the reattachment
pressure rise in the selected shock wave-laminar boundary layer inter-

Cz /eenx,-.
52 (15 e

I:See Eqgs. (61) and (75).:| Since all the quantities designated by the

action experiment, the value of is determined.

subscript 1 have been determined by the integration of the equations
from separation up to the beginning of the plateau, and A= (xl..- xsh)
can be measured in the selected experiment, the value of C, is deter-
mined, and has been found to have a value of 15.

In order to obtain the pressure distribution in the physical plane,

the continuity equation [Eq. (16)] is used. Since

C(K)
k = __/ue = 0 = (d§/dx) -0 (77)

m

we obtain the relation
dx = (d§/@) . (78)

Thus,
8/x
sh d(6/x_,)

x/x = 1+ 5 g B (79)

®on/*sn

The explicit integration of the equation determining x is carried out as

follows:

_ m K (F + t) "
5 = YD, . (B-13)

This equation can then be written in the form
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2 M"”(/* £ mE) [ + %' Ms* ]‘3711'7 msh\ By k (Frt)
Xsh

/+ UMz.rh ms Eex,;, - (80)

From this equation, it follows that

g -) Me :
d(x,,) (35-)Me 1 _ 1 fr-nMe -]dMe .

Xeh ( [R0+%GME)  Me (Frt)(1+EIM2)?

* [k. F-frt) T]‘ﬁ‘] ;

Using the approximation that F = a £ + B and that Me Me where

el

M

e

i (M, + M ¢ ) , as well as the momentum equation [Eq. (55) ] ’
sh

it can be shown that

4(5) = v L ?ﬁe")ag*?% ]H_’(’”fﬁ L ki),

L) M m-’ ﬁE'x:*

(82)

5t etam - 7, -l + ] o
R T A oy
By substituting this expression into Eq. (79) and using the results of the
integration of the momentum equation, the value of x/xsh is determined
for every value of &, and therefore for every value of M, and p. Since
Xoh is a known parameter of the flow problem, the pressure distribution
for a reattaching flow is determined by the above equations.

In the above analysis of reattaching flows, it has been assumed
that the F( £ ) relation is a linear one joining the points (F_, , K g ) 2nd
(Fb , K b ) , and that C( K ) is negligibly small. It should be emphasized

that these assumptions are to be regarded only as a first approximation
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to the actual F( K ) and C( K ) relations for reattaching flows. It is
clear, for example, that between flow reattachment and the Blasius
condition, skin friction becomes important and the positive pressure
gradient tends to zero, so that the relative importance of mixing

increases. The general momentum equation is

dK = KF(aM /M) + (1 - K} 1 - 0) (dm/m) . (B-12)

At the Blasius flow condition, "= 1, so the momentum equation is the
same as the equation for C( X ) = 0, which is the equation assumed for
reattaching flow., Since the momentum equations at both ends of the
region between reattachment and Blasius flow are the same, it is felt
that this equation is approximately correct throughout the region. If
this assumption is true, the pressure rise is unaffected by the simul-~
taneous advent of skin friction and mixing, which seems possible since
the effects of these two phenomena on K are in opposite directions.

In the parts of the interaction that are furthest downstream, the
flatness of the pressure distribution prevents an accurate determination
of the onset of the region in which the effects of mixing appear.

Figures 16 and 17 show the F( £ ) and C( X' ) trajectories for a complete
shock wave-laminar boundary layer interaction. The last part of the

C( K ) trajectory, i.e., the region between reattachment and the final
Blasius condition, is schematically indicated as a dashed curve. It is
hoped that accurate experiments in the downstream parts of shock wave=
laminar boundary layer interactions will enable the determination of

this part of the C( & ) trajectory. It is clear however that the assumption
C( kK ) = 0 for the region downstream of shock impingement gives excellent
quantitative agreement with experiment for the major part of the pressure

rise. (See Figures 13 and 18.)
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V. DISCUSSION AND APPLICATIONS

In previous sections, the Crocco-Lees method has been re-
examined and approximate correlation functions for the attached, sep-
arated, and reattaching regions have been determined, The Crocco-~Lees
method, using these new correlation relations, is now applied to two
cases of shock wave-laminar boundary layer interaction. Case A,
which corresponds to an experimental caseB , is calculated for a free
stream Mach number of 2.0 and a separation Reynolds number of
2.3 % 105. Case B is calculated for a free stream Mach number of 5.8
and a separation Reynolds number of 1 x 105. No experimental data
are presently available at the hyper sonic conditions of Case B.

In Figure 18, the results of the calculation of Case A are com-
pared with experiment. It should be emphasized that the parameters
of the problem are the free stream conditions, the shock impingement
point, and the overall pressure ratio. It is seen that the Crocco-Lees
method, with the new correlation functions, predicts a pressure distri-
bution that is in good general agreement with experiment. It should be
noted that the pressure rise up to the shock impingement point is
accurately determined, and that excellent agreement is obtained for
the reattaching part of the flow. The agreement with experiment in
the region near separation is only fair, and it is not known whether the
differences between theory and experiment are significant, or caused
by the scatter of the experimental data. In any event, it is clear that
the method is able to predict a complicated separated and reattaching
flow with good quantitative accuracy.

The results of the hypersonic calculation (Case B) are shown in
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Figures 19 and 20. Again the parameters of the problem are the free
stream conditions, the shock impingement point, and the overall pressure
ratio. The separation Reynolds number in Case B has a value between
that of Case A and that of the experiment used to determine C; and C,.
Thus, this calculation essentially shows the effect of high Mach number.
The general shape of the pressure distribution is seen to be similar to
the cases shown in Figures 13 and 18, indicating that no pathological
changes have occurred at the higher value of Mach number.

After re-examining the Crocco-Lees method and comparing the
results of calculations with experiment, it is appropriate to discuss the
various assumptions that have been made in formulating the method.

The various initial assumptions are listed on page 12, and subsequent
ones, such as the F( K ), C( X ), and D( KX ) correlation relations beyond
separation, are discussed in Section IV. Since the various initial
assumptions largely stemmed from attached boundary layer theory,

they are mainly in question only for the separated parts of the flow.

For laminar flow, it is believed that assumptions 1 to 10 are reasonably
accurate for separated regions and do not introduce serious errors.

The ignorance of the F( K ), C( KX ), and D( £ ) relations for the separated
region is considered to be far more serious. In the present study, all
the ignorance of the separated part of the flow is gathered into the con~
stants, C, and C, , and the assumed F(K ) relation. It is clear that
until the F( K ), C( £ ), and D( X ) relations for the separated and
reattaching parts of the flow are firmly established, either by theory or

by experiment, the effects of assumptions 1 to 10 cannot be accurately

assessed,



58

The agreement between theory and experiment for the case of
shock wave~laminar boundary layer interaction does not prove that the
method will be applicable to general separated flows, since the values
of C and C, were obtained from the same sort of experiment at roughly
the same free stream Mach number., However, the separation Reynolds
number in Case A and in the experiment used to determine Cl and C,
differed by over an order of magnitude, and it is believed that the ob-
served agreement is therefore significant. In order to establish the
generality of the method, calculations of other separated flow geometries,
such as those obtained with forward-and rearward-facing steps, corners,
ramps, cutouts, etc. must be carried out and the results of calculations
compared with experiment. Since many experimental studies of separated
flow have been carried out recently, it appears that such a calculation
program can be used to determine the general validity of the assumptions
that have been employed in the present study of shock wave-laminar
boundary layer interactions.

The extension of the Crocco-Lees method to turbulent flow

19

problems has been considered by several inveatigatoral’ , and some
success has been achieved in cases involving no heat transfer. The
physical model developed in the present study for laminar separated and
reattaching flows seems to be appropriate for the turbulent case also, and
it is believed that the same procedures that have been used in the laminar
case can be employed in the turbulent case, and an analogous formulation
developed.

The introduction of heat transfer into the Crocco-lLees method

has been tried for laminar flow by Gadd and Holderzz, but rather poor
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gquantitative agreement between theory and experiment was obtained.
The method by which Gadd and Holder included heat transfer was not
indicated in their paper so that it is difficult to determine reasons for
the discrepancies., One possible way of introducing heat transfer into
the Crocco-Lees method is to employ an additional parameter, analogous
to the wall enthalpy parameter, S, of the Cohen~Reshotko methodlb.
However, on the basis of the present study of the adiabatic case, it is
believed that it would be inappropriate to use the similar solutions of
Reference 16 to obtain the mixing rate correlation relation. Rather,
it is felt that an additional set of solutions which describe boundary
layers with ""histories' must be generated. Howarth's linearly-
decreasing external velocity distribution, for example, might be used
to obtain such solutions. The extension of the correlation relations
beyond separation may pose some difficulty, but the present adiabatic
results should permit the determination of approximate non-adiabatic
correlations for this region.,

The n-moment method, which was described in Section I, is a
direct theoretical technique for treating separated and reattaching zones.
Since the viscous region beyond separation seems to have two character-
istic lengths, i.e., the distance from the wall to the dividing streamline,
T, and the distance from the dividing streamline to the external inviscid

a4
stream, § , a two-moment method with the integral condition that

—_

]
S pu dy = 0 fulfills the minimum requirements. A two-moment treatment of

o
a typical separated and reattaching flow is a challenging problem, but

there is nothing in principle to prevent it from being carried out,
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V. CONCLUSIONS

Re-examination of the Crocco-Lees method has shown that the
previous quantitative disagreement between theory and experiment in
the region of flow up to separation was caused primarily by the improper
C( K ) relation assumed. A new C(K ) correlation, based on low-speed
theoretical and experimental data and on supersonic experimental
results, has been developed and found to be satisfactory for accurate
calculation of two-dimensional laminar supersonic flows up to separation.
Another result of the study of the Crocco-Lees method for attached
regions of flow has been the demonstration that the length, 6§, is
artificial and that physical quantities are not sensitive to the definition
of &.

A study of separated and reattaching regions of flow has led
to a physical model which incorporates the concept of the ""dividing"
streamline and the results of experiment. According to this physical
model, viscous momentum transport is the essential mechanism in
the zone between separation and the beginning of reattachment, while
the reattachment process is, on the contrary, an essentially inviscid
process. This physical model has been translated into Crocco-Lees
language using a semi-empirical approach, and approximate C( K ) and
F( K ) relations have been determined for the separated and reattaching
regions. The results of this analysis have been applied to the problem
of shock wave-laminar boundary layer interaction, and satisfactory
quantitative agreement with experiment has been achieved.

The present study, it is hoped, has also helped to formulate

more clearly the major problems that must be solved in order to
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establish the validity and generality of the Crocco-Lees method. It is
felt that the formulation of the method up to separation is now satisfactory,
although not optimum. Beyond separation, it is believed that the main
phenomena are understood, but that mmany of the present results, such
as the F( K ), C(X ), and D( X ) relations, are to be regarded only as

first approximations.
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APPENDIX A

MAXIMUM CORRELATION METHOD

It is the purpose of this Appendix to derive several relations that
have been used in the present study to obtain the correlation functions

for the attached part of the flow. It is shown in Section II. that

6, = 6,% - § %%

g A-1
5, - 5% V1)

' (6; - 6,% - 5,*%) 5, K (8;/8:%) ke
(8, - 611’“)‘2 (si/si* - 1)

Solving for (6,/6,%) from Eq. (A-2), we obtain

6,/8, = (f/f-K) . (A-3)
Substituting this equation for 51/51* into Eq. (A-1), it can be shown that

f = K[Hi(l-K)-l-l] , (A-4)

where

= % sk
H, = (§; /5i .

If it is assumed that a boundary layer profile is characterized by the
value of H, , then for a given profile, H, may be taken as constant, and

thus

=Hi+1—ZHiK : (A-5)

It can be shown from Eq. (A-1) that
/ /
KE{=m (A=)
Hl—1)

so that
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_Q/£ TR ;s;—_a_ai(iﬁ) (A-7)
78, R (T dE (5]

&.
& = [ =g ) oy . (a8
then 3 32
J/AJ:.):_/_[_1 ue g au:]
C/J.:. J:. Jl o Cﬁ'e 7 Uye
T Uee & /= (I/J‘) S5E (A-9)
Thus,
if_ ; A-10
d&-/‘. >0 (A-10)

Therefore, K increases monotonically with 6i . This conclusion is also
obvious from the definition of &£ as the ratio of the momentum to the
mass flux.

It is clear however from Eq. (A-5) that

%/I —o . it Hetl-2Hck=0 (A-11)
so that %/ﬁ :-;:,{—’é-“[y j‘%la:() g AF M:*/"-?/).Ipfe‘:a . (A-12)

Thus it is seen that, for every I—I.1 , there exists a 6i such that f is an
extremum (a maximum), and in the present study, this condition has

been used to determine 6, . From Eq. (A-11), we find that
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H, = 1/(2k-1) or K = (H; + 1)/2H, . (A-12)

Substituting this relation back into Eq. (A-4), we obtain

f = K* = 6‘/"‘-*’)1
('?’e"’v 4/7';.
¥ 2’2‘;;;";‘): B (A-13)
where
F = f/gz -1 .

In the present study, the values of 61*, ﬁi**, and H, that have
been used have been those tabulated for Gi — 00 . Although this
procedure is not strictly consistent with the definitions of ﬁi*, Gi**,
and Hi , it can be shown that the errors introduced by this approximation
are small since the values of ﬁi obtained by the maximum method roughly
correspond to those obtained for u(ﬁi)/uie = 0,95,

With the above relations, it is now possible to relate the boundary

layer thickness, 6, , with .Si* and Gi**. It is found, for example, that

(H, + 1) K 6x
% 1 = 1 3
i i TH -1 T-2)

(A-14)

The C( k£ ) correlations have been obtained in the present study

by first finding the values of Hli at successive stations, where

n

oy

P Ui 8% (g - 1) = H=T) 2 (A-15)

and then fitting a polynomial in § through these values of 1'71.1 . The

derivative of this polynomial essentially gives the value of C( K ) at each
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station, and this value of C( k£ ) is then correlated with K = (Hi + 1)/2Hi

to give the desired C( £ ) relation.

Determination of ( 1 - ﬁs*/ﬁs )

In several of the calculations, the quantity ( 1 - 65*/63 ) is
required. The value of this quantity can be found using the above relations

and Eq. (23) as follows:

§. = §.% - § %¥%
6 - 6* - 6** 1 p ! 1
K = ( 5 - 5% ) = | ai = Bim ) . (A-16)

It can be readily shown that

H [(5/5*) - 1:| = H; [(51/51*’ =1 ] . (A-17)
Solving for §%/§, and using Eq. (A-14), we obtain
-1
_IN. H-K)
(/ v [/ Ty . (A-18)

The next step is to evaluate H. It is shown in Reference 1 that
m;t_[(F + t)] = ¥pw, 6 . . (A-19)
Using Eqs. (23) and (A-19), it can be shown that

8/6%% = K(F+t)/t(l-K) x (A-20)

If we write £ in the form

v £ st st
K == J‘/;..rn__H 3 (A"ZI)

and substitute the expression for §/6%* given by Eq. (A-20), it is found

that 1

K[F(l + L= Me2)+ 1] |
H = . (A-22)
(1-£)
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Thus,

Solving for F from Eq. (A-23) and substituting the result into
Eq. (A-22), we obtain

H = (Hi-l-l)(l-l-ti-]l-Mz)-l

e
This result has also been reported by Rott and Crabtreels and Cohen

and Reshotkolb. Therefore, the equation for (1 - §*/§ ) is

-/
" Yelpg 2y _ _
ﬁ_TJ‘):{/ y 100+ 56 1 (1-K)

(K1)

Evaluating this equation at the separation point, we obtain

B [Hat )+ Mel) 1] (1-K5)
ﬁ - ?‘;)‘[’ A

LS ﬂZK_,-I) '

where the Howarth values of KE and His have been used.,

(A-23)

(A-24)

(A-25)

(A-26)
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APPENDIX B
CROCCO-LEES METHOD

The purpose of this Appendix is to show how the basic equations
given in Section II are reduced to two non-linear first order ordinary
differential equations. These equations will then be linearized with
regard to Mach number for use in regions in which the difference
between the local and free stream Mach numbers is small compared
with the free stream Mach number. The linearized equations will then
be examined for the two flow regimes up to the plateau. Finally, the
limiting case of weak hypersonic interaction will be discussed to show
how this particular result is independent of the definition of the viscous
layer thickness, &.

The basic equations given in Section II are

Momentum Equation

P
(d/dx)(m Kw,) = w, (dm/dx) - & (dp/dx) - —poz—o

Continuity Equation

dm/dx = (p/@,) ( To - ©0)

Bernoulli Equation

dp/p = - (dwe/¢e)

Mean-Temperature Equation

m = P5/¢1

(B-1)

(B-2)

(B-3)

(B-4)
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In addition to these equations, the three correlation relations are
F = F(K)
A= (ds/dx) - 0 = C(K)ma/m (B-5)
cg = DK )/%at/m

Expanding the momentum equation, and using the Bernoulli equation to

eliminate the pressure gradient term, we find

fl{f:f"")m +(—@‘ faﬁ-g;“"" ¢‘f,,, C . (B-6)

It can be readily shown, using the equations given in Section II, that

@
(g -K)= KF/|t

e

, (B-7)
(l/wet) dwe = (l/Me) dJMe
so the momentum equation becomes
afﬂ-’ a’m KFJM- o O,P
(’ k)m " Me dX gjem 2 o 4Rq)
Introducing the definition
£= m/ay : (B-9)

it is found that the momentum equation can be written as

| 9, kF dMe _ Rue ¢ % pex)
ﬁ k)g' Ms ax .Z/le 2 . (B-10)

The continuity equation can be written as

1 dE_C)R Uet?
§'d)( = ?;a /6(. . (B-11)
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Inserting this form of the continuity equation into the momentum equation

and using the definition g¢/( L) = ]i)( ) , it is found that
JL KF c/Me [ =
g =(1-a)1- K)ET“(’ o) k)m . (B-12)
It is shown in Reference 1 that
_ mK(F + t)
& = TP w_ . (B=-13)
Since
dilde » G4 % = 84 C(sf“ (To/T,) , (B-14)
; : : : — 1 y-1 2
and introducing the definition t = (Te/Tt) = == — =1 = Wy »
CEF gy )

it can be shown, using Eqs. (B-13) and (B-14), that

[F+ ¢+ ﬁa,d—ﬂ 3"% - [K(F+t)(/—“1§%’ %a)-ﬁk'f(?-i)&;]ﬁ; jf" =

(B-15)
/a‘:’ ’f"‘[e +£(é K(Fd))]

It is to be noted that x appears in Eqs. (B-12) and (B-15) only in the
derivatives, and can therefore be eliminated. Solving these equations
simultaneously, we get the following set of non~linear first order
ordinary differential equations:

~ {g [£ - k(F+t) f’""—"’(q'na(/ IEL M) #kMet ﬁ-:))]+6}

dk _ (B-16)

# § K(F#2)1 S M3t)+ ke (- OMPE- KF (Fot +k JE)S
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Me__ Me [I—C“[f —-k(F+1) —-fﬂgg'_"'}/x{;,fp_ "'.ztl”ff)*ﬁ‘f)b%"t‘?]-l-éf
woc C{ K(F+ )7~ BELMEEL) +-)kMe ¢~ KF(FH+E + K ggg B

These general equations will now be specialized to the various
flow regions. The first region to be considered is the zone from the
beginning of the interaction up to separation. In this zone, the maximum
correlation method will be used so that

2(/-%)

Fk) = e

. (See Appendix A.) (B-18)

The equation for D( £ ) is obtained by noting from Figure 4 that a linear
representation of D( &£ ) appears reasonable. The Blasius value of D( £ )
is chosen to be 1.40 at £ = 0.693. It is assumed, following Thwaites,
that D( £ ) is zero when the Howarth separation value of A& = 0.630 is

reached. Therefore, the equation assumed for D( £ ) is
D) = 22.2( K - .630) P (B-19)

The equation for C( &£ ) is also assumed to be linear. However,
the scatter in the C(4 ) curves shown in Figure 5 does not allow an
accurate determination of the C(£ ) relation. Since the experimental
separation pressure gradient seems to agree with calculations assuming
that C( £ ) near separation is zero (Figure 8), it has been assumed that
C(#), like D(£), is zero at the separation value of £/. In order to deter-
mine another point for the linear C( £ ) relation, it is assumed that ¢ ( k)
is equal to unity at £ = 0.693. This assumption is usually made for flows
with zero pressure gradient and insures that the Crocco-Lees method will
give the same weak hypersonic interaction result which is obtained by

the Cohen and Reshotko method (Appendix C) and which has been
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found in earlier investigations?’z’ 33. The equation for C( K ), thus

defined, is
ClE) = 36.2( £ - .630) . (B-20)

The general equations are now linearized with respect to Mach

number. It is assumed that M = NIuo + € , where £ << Moo and

M%-1 €
¢ - = vA (linearized Prandtl-Meyer relation) . (B-21)

¥-1
M (1+ 5= M %)

u

If terms of order £ are kept, it is found that the equations can be cast

into the following form:

dK/dt

I
1
o

n
Z
™
| P

(B-22)

o Y
™
e

dé/dg

where

2k (7-k)(RK% 1)) M=/

o = =< LF =/ - /f":/ e ol 2.1
Ea kot 2t 11 RNE) Cﬂd[/ .7(22,; 24+ 5}3':54”:) %ﬁz%ﬁ-’@r H;W:)‘]

LMo LMo (24)
N= “KFk) = a2k (/-k)

2 ) 26k 7- A‘)M- Moo (1-kX0 51/‘/3)]
[0' 74)+ .znl’/ @ L ?//u_.‘,m. 2} 24 (M’g

C‘(K) [0_(; k) - 2 (1=K A’//f-E-‘M.)Z{/ //-r)(.z/r‘-.zxuf})]

ﬂ?f‘/) K (2e-/)

The results of numerical integrations using Eqs. (B-22) may be
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transformed back to the physical plane using the continuity equation as

follows:

puaz peut

t e
L2 Gr) =z —clk) (B-23)

This equation can be integrated and put into the form

dm/dx =

E 5 @r:f)
X=X _ _I (/+1"—"M:) rds Mw[?*%! 9 , (B-24)
Xs fex.’ 2 r C (k) Me ¥-/

where

u x
pnc ©w 8

X -

The remaining equation to complete the formulation of the problem

m

Re

up to separation involves the skin friction, or wall shear, distribution.

From the correlation equation for C¢, we have

DK WM. bk ) 1
3 o (1+52M5

Ci. =

(B-25)

Since every _f" corresponds to known values of Me , K , and x, the skin
friction distribution is therefore determined. Calculations of the skin
friction distribution for three shock wave-laminar boundary layer inter-
action cases are given in Figures 10, 11, and 20.

In the region between separation and the beginning of the plateau,
the following assumptions have been made and are discussed in Section IV:

(1) F = constant = value of F at separation

(2) 0= 0, since Cfis assumed negligible in separated flow

(3) C(K)= Cl = 11 (by comparison with a selected experiment)
W -1 &
(4) @ = - L ==t .
( e T
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Substituting these conditions into the general linearized equations, we

obtain

EVET [emfi w.,}//g -(-x)y , 5]
- Pt e

(B-26)
£ _— M CMal 15 M2)Fs .
I KIEM)CL YmEl T
where
— 2 Yﬁ'Mm - /)
é - /'.;" /11. r../M-Z) (/_,.. r—IMma &3 )

These equations are integrated in the same manner as Eqs. (B-22),
using as initial conditions the values at separation found in the solution
of the eigenvalue problem for £ g ¢ The transformation of the results

back to the physical plane is carried out using Eq. (B-24).

Weak Hypersonic Interaction

If g-( £) is set equal to unity, corresponding to Blasius flow,

it is seen that Eqs. (B-16) and (B-17) reduce to

d&/dT = (-KF/Cd) {C [t E ;‘F i t)]— n oj (B-27)

dM_/dg= (-M_/Cd) {C[ - ‘;(F + o) +0f = (M_/kF)(dk/dy), (B-28)

where

a = kEF+00 -2 M 204 k0-1) M2 - pr(r + t4+AGE )

Therefore, if (dMe/dt;) and dK/d% are assumed to be of lower order than
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either of the terms on the right-hand sides of Egqs. (B-27) and (B-28),

then the following relation is obtained:

0 = - C [t- K(F + t)] ) (B-29)

g EsE

since the condition, ¢~ ( £) = 1, implies A=A} . It is shown in Reference
19 that

T = (tReguy)/(1 -K) (B-30)
and from Eqs. (A-24) and (C-8), it follows that
Re cyx ¥ YK }’Eex " (B-31)

Using Eqs. (B-21), (B-29), (B-30), and (B-31), it is found that

_ Me(1t 5 Me ) COIN1-£)? o
6 - + o0 . i
y VME-1 VA VAe /= ﬂ k. (/ M) » (B-32)
=Kp

In the hypersonic limit, i.e., Mw > > 1, we obtain

-k (5L M )
S T (7 e

K=K

which is numerically identical to Eq. (C-19).

Using four different definitions of 6, , it is seen in Table I that
despite large numerical differences in the valuesof F( ¢ ), k , and
C( 4, ), the terms C( £ )(1 - £ )2 and ( fF/1-4) are identical, showing
that the physical quantity, £ b’ is independent of the definition of 5; .

The four definitions of 61 were the following:
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(1) 6i defined by the maximum method (present study)

(2) &, defined by u(&i)/uie = +95
(3) &, defined by u(Bi)/uie =.99
(4) Gi defined by u(bi)/uie = .998 -

The values of the quantities F, A , and C( ') defined by the several
values of u(Gi)/uie were read from curves given in Reference 19, and
it is found that the agreement of the two terms investigated is within
the ability to read the values from the curves. Since the values of &
given by earlier investigations33’ 34, the Cohen and Reshotko methodl 6,
and the Crocco-Lees method for several definitions of § agree, the
artificiality of § has been demonstrated for a case in which an explicit

physical result can be obtained in a simple analytic form, not requiring

numerical integration.

TABLE I

Definition of §, Ky F(K}) Cky) |Ch )0-48)7 %ﬁ%@
b

Maximum Method | . 6930 1. 591 2. 341 0. 2206 3.592

u(ﬁi)/uie = .95 . 700 1.557 2. 42 0.218 3.63

u(8,)/u, = .99 . 794 . 945 5.15 0. 220 3. 64

u(ﬁi)/uie = .998 . 834 . 719 7.97 0. 220 3. 61
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APPENDIX C
COHEN-RESHOTKO METHOD

In this section, the method of Cohen-Reshotk016 will be used to
calculate the pressure distribution over a flat plate up to separation for
the case of steady two-dimensional laminar supersonic flow in which the
Prandtl number is equal to unity and the heat transfer is zero. The
external streamline direction will be set equal to the gradient of the
displacement thickness, and in the present analysis, it will be assumed
that €, the deviation of the local Mach number from the free stream
Mach number, will be small compared to the free stream Mach number,

From Eqgs. (33) and (34) in Reference 16, we have

K ~(1t8) o
n s () T () (o

B fwe(gfa’ae

From the isentropic Bernoulli equation, we have

(3 - 1)
2y -1 ¢

and A and B are constants.

Y M

(1/p)(dp/dx) T —7— (aM//dx) . (C-2)
(1+==M,)
Thus
dM
n=-am P+t 4 T e M) EMBlax . (c-3)

(o]
Let Me = Moo + & where Muo = free stream Mach number >>& .

Substituting M, in the above expression for n and keeping only first order
terms in € , we obtain

n = - {A/Mm) (d€/dx) x ‘ (C-4)
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From Eqgs. (34), (39), and (40) in Reference 16, we have for

Pr = 1 and no heat transfer:

f* asi / 7;//_ nx Me (C-5)
A=A vl o >
Py Yo X
where Re =
w M
But using Eq. (C-4) for n, it is found that
5" A x .
/'[4.‘* '%-_’Ms'z//%""/) ; /P'-’w // 7 Y’ZMBJ) .
Thus
¥ _ o / AX Uw 5
[ —[//4; +1/ /+%LM¢,] Mol % . (C-7)
To terms of order £ , it can be shown that
o~ Y?l:§+?5 ] (c-8)
where
ky & (H' M”);ﬂ”a.,
£ = (5=1) Meo s Gr-1) Mo 9‘
(O 5IM *F (1+5073)
K a
Thus,
d'f* Lég L, Gr)MeE
o [9*f€]+*€'/_[dn - 7207, 5] e

But
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IMe-T £
(d6*/dx) = - =1 > ; (C-10)
M (1 + 55— M %)

from the Prandtl-Meyer relation and the assumption that d6*/dx equals

the outer streamline direction. Therefore,

| [T & _,_:2%(?__}_{75)] +€yxﬂ

dn _ _ Al X L Mol + BIMS) (C-11)
dx %—_[f 4+ (35-)MaE ]
4(’+%‘Mﬂa)
de _ Maon
dx -~ T TAx '

These two non-linear first order ordinary differential equations can be

integrated numerically since the right-hand sides are known functions of

n, £ , and x. Such an integration has been carried out for the Mm = 2,0,

Re = 2.87 x 105 shock wave~laminar boundary layer interaction case,
s

and the results are shown in Figure 8. In the calculation, the n(Hi)

relation given in Reference 16 has been approximated by the following

polynomial:

n=-1.4992 + 1.1845 H, - 0. 29950 Hiz - 0.025327 Hi3 x (C-13)

Weak Hypersonic Interaction

It is interesting to note that if the boundary layer approaches the
Blasius flat plate condition, corresponding to n = 0, the equation dn/dx = 0
gives the weak hypersonic interaction result in the same way as the
Crocco-Lees method does when £ = Kb and d/dx = 0. Ifn= 0= dn/dx,
we have

) Mmz 1 €, k

- + (g, +1, €,) =0 . (C-14)
Y-1 P b b b
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Solving for &€ b Wwe obtain

£,
£, 8 = — . (C-15)
b 2Vx [ Vi1 2
4 =) BT ’€]

Substituting values for Eb 3 fb , and k3 , we have

[Pl Sl E -
o .-; w1+ 5 HEVE 1y 3) DM @ M) C
2 JRey, (112-) Hg}f(j‘:chfﬁ[/*ﬁm* M) 7w f%_;‘FEB

If we let
- Lnss 0 5 M3) 1Ml 5 MY (C-1%
B B I’/E’x‘ //%52"9
then,
6‘5 — . (C-18)

Es
— 7 [ (v-f) M (Br-1) Mo
[~ & m* 4’{/*5—“’M§)]

This result holds for all Mach numbers if £ <% Mno . However, if

Moo >>1, itis seen that & p—> E g 8 Therefore,

e & e -(H, + 1)( E;}z Moo4 YA | e
Mm>>1 2 Y ﬁexb
where
A = 0,44
Hy = 2.591

Using Egs. (C-2) and (C-19), we obtain
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3
(C-20)

0.119 ¥ ( Ly m_
lim  (ap/p_)
M_>>1 Y Re,

b

For low supersonic Mach numbers, § bg &E b * if 6b < <1, since

the bracketed term in the denominator of Eq. (C-18) is of order unity.
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APPENDIX D
ALTERNATE C(A£ ) CORRELATION

In this Appendix, an attempt is made to construct a C(L )
relation that correlates the Falkner-Skan solutions with flows that have
""histories', such as the Schubauer ellipse flow. The idea motivating
this attempt is the removal of the term 5, (d/df)(ﬁi*/ﬁi) since this term
is identically zero for the Falkner-Skan solutions. (See Section II.)

La %4
A new mass flux parameter, m, , is defined as

e _ MM
e 7 - Y o =5 aA.‘eJ:'
& . . (D-1)
kM. C/m;; — C(ft’)a.-/(f'
A /é' af(e a/ ; %A‘

n

It can be readily shown that

Pu
E:“(/c)i-—-/ut (5,/6:%)% &%

From the maximum correlation procedure, it is shown in Appendix A

6;
(d/d¥) (0, == 8% . (D-2)
1

that

6,/8.% = (H, + 1)(H; - 1) (A-14)

Therefore,

~ *A‘.
C(K)‘::%f& ﬁf-*‘/ » d /oy Uce f/,..,“)f) (D-3)

For the Falkner-Skan case, Hi = constant for each flow. Also,

i
, where a and v are constants, and §, * = b_;-' Re; Tz

t uief

where Rei =——H0=_. and b is a constant, it can be shown that

S

since w, = af
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(H, + 1)
d/d§ (log llie —(-Hi.—_rr 51* ) = ‘(%l)_ f (D"4)
i
so that _ 2
rcv( K ) = H&'*/)?J:.*} ﬁe,q_‘ m*f) (D-5)
i~ M._,/ y 2 :
" _ 8% JRey .
ut A * = _F > where A*are values tabulated in
Reference 34. Thus,
> Hi + 1 2
ClKk) = | =1 )A*] (D-6)
i
and
(Hi + 1)
= ~—2H_ . (A“IZ)

i

For Thwaites' treatment of the Schubauer ellipse14

»

Clk). = He 1) U e (JI-Z_V /Pcc)dcgr[/aj % ff—w {;z_l/ﬂ] —_—

N Hel] U
where _
- . D% uoo K
g, == Tm—me————
i Ay

¥ = (§/D

Using these formulae for E( x l: the correlation curves have been
computed and are shown in Figure 21. It is seen that although the curves
diverge toward separation, the agreement is better than that obtained
with the conventional C( £ ) formulation shown in Figure 5, and the
improvement expected by removing the 61’"/6i term has therefore been
largely realized. Also, 61*/51 is seen to be a universal function of A
using the maximum correlation procedure, and it can be readily shown

that
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(1-5—) = =— . (A-14)

Therefore, we can write

— _ (2K -1)

m, = e m, 4 (D-8)
Thus,
c/ﬁ — N dEk |, fox-)? C(K)A- _ )
since
A o=/ e ClkJue '
“ "Rl dE R
It therefore follows that
— ]
Cek). = '/'Z’e’) O 2D LI . (D-10)

KRK-1) d § Fafhe Use

3 2./ =) 2 e
Let us define: TC( £ ,i = 4 ——— ) C( K ); and transform the

results to the compressible plane. It is easily shown that C( XK ); = C(/L)

and r?xi = m (See Reference 1l.). Therefore,

=2
C(k) = Clx),; + _IZT—IT (dX/dx) ————— /L . (D-11)
e e e

Clearly, if Falkner-Skan solutions are used, dﬁ/d;: d4/dx = 0, so that

C(k) = ClK) (D-12)

and the C( £ ) relation is the same in the compressible and associated
incompressible cases. However, for the general case, the term

2
d kL 1 ;
is not zero, but generally depends on a
R @ % e fle
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numerical integration of a specific case, and the C(4 ) relation is

therefore not known a priori. It is thus seen that this attempt to improve

the universality of the C( & ) formulation has increased the mathematical
complexity of the method. No systematic procedure for trying other
C( £ ) formulations in order to obtain an optimum is known, and it

is not even clear how to express the optimmum condition since univer-

sality and mathematical simplicity are both important.
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