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Abstract
We set up two new variants of ψ -contractive mappings designed for two and three
maps in metric spaces and originate common fixed point theorems for T -strictly
weakly isotone increasing mappings and relatively weakly increasing mappings in
complete ordered metric spaces. To demonstrate our results, we give some examples
throughout the paper. At the same time, as applications of the presented theorems,
we get hold of common fixed point results for generalized contractions of integral
type and we prove an existence theorem for solutions of a system of integral
equations.
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1 Introduction and preliminaries
The celebrated Banach’s contraction mapping principle [] is one of the cornerstones in
the development of nonlinear analysis. Fixed point theorems have applications not only in
the various branches of mathematics, but also in economics, chemistry, biology, computer
science, engineering, and other areas. In particular, such theorems are used to demon-
strate the existence and uniqueness of solutions of differential equations, integral equa-
tions, functional equations, partial differential equations and others. Owing to the mag-
nitude, the generalizations of the Banach fixed point theorem have been explored heavily
by many authors (see, e.g., [] and references cited therein).
Browder and Petryshyn [] introduced the concept of orbital continuity as well as of

asymptotic regularity of a self-map at a point in a metric space. Ćirić [] introduced the
concept of an orbitally complete metric space. Sastry et al. [] extended these concepts
to two and three mappings and employed them to prove common fixed point results for
commuting mappings. In what follows, we collect such definitions for three maps.

Definition  Let S , T ,R be three self-mappings defined on a metric space (X ,d).
. If for a point x ∈X , there exits a sequence {xn} in X such thatRxn+ = Sxn,

Rxn+ = T xn+, n = , , , . . . , then the set O(x;S ,T ,R) = {Rxn : n = , , . . .} is
called the orbit of (S ,T ,R) at x.

. The space (X ,d) is said to be (S ,T ,R)-orbitally complete at x if every Cauchy
sequence in O(x;S ,T ,R) converges in X .
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. The mapR is said to be orbitally continuous at x if it is continuous on
O(x;S ,T ,R).

. The pair (S ,T ) is said to be asymptotically regular (in short a.r.) with respect toR at
x if there exists a sequence {xn} in X such thatRxn+ = Sxn,Rxn+ = T xn+,
n = , , , . . . , and d(Rxn,Rxn+) →  as n → ∞.

. IfR is the identity mapping on X , we omit ‘R’ in respective definitions.

On the other hand, fixed point theory has developed rapidly in metric spaces endowed
with a partial ordering. The foremost result in this direction was given by Ran and Reur-
ings [] who presented its applications to matrix equations. Subsequently, Nieto and
Rodríguez-López [] extended this result for nondecreasingmappings and applied it to ob-
tain a unique solution for a first-order ordinary differential equation with periodic bound-
ary conditions. From then on, a number of authors have obtained many fixed point theo-
rems in ordered metric spaces. For more details, see, e.g., [–] and the references cited
therein.Many good quality works have been produced by the authors like Aydi, Karapinar,
and Shatanawi in this area. Very recently, Chen [] introduced ψ-contractive mappings
(see Definition ) and proved some fixed point theorems in an ordered metric space, thus
extending and improving the results given in []. One of the main results in [] is the
following theorem.

Theorem  Let (X ,d,�) be a complete partially ordered metric space such that for each
nondecreasing sequence {xn} inX converging to z ∈X , xn � z holds for each n ∈ N. Suppose
that T :X → X is a nondecreasing ψ-contractive self-map. If there exists an x ∈ X such
that x � T x, then T has a fixed point in X .

In this paper, we extend the results of Chen [] (and hence some other related common
fixed point results) in two directions. The first is treated in Section , where the notion of
a ψS -contractive condition is introduced in metric spaces. The existence and (under ad-
ditional assumptions) uniqueness of common fixed points is obtained under the assump-
tions that respective mappings are strictly weakly isotone increasing and that they satisfy
the ψS -contractive condition. In Section , we consider the case of three self-mappings
S , T ,R where the pair (S ,T ) isR-relatively asymptotically regular and relatively weakly
increasing, while the new contractive condition, named ψS ,R-contraction, is established.
We supply appropriate examples to make the validity of the propositions of our results

obvious. To endwith, as applications of the presented theorems, we achieve commonfixed
point results for generalized contractions of integral type and we prove the existence the-
orem for solutions of a system of integral equations.

2 Notation and definitions
All the way through this paper, by R+ we designate the set of nonnegative real numbers,
while N is the set of natural numbers and N =N∪ {}.
First, we introduce some further notation and definitions that will be used later.
If (X ,�) is a partially ordered set, then x, y ∈ X are called comparable if x � y or y � x

holds. A subsetK of X is said to be totally ordered if every two elements ofK are compa-
rable. If T :X →X is such that, for x, y ∈X , x� y implies T x � T y, then the mapping T
is said to be nondecreasing.
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Definition  Let (X ,�) be a partially ordered set and S ,T :X →X .
. [, ] The pair (S ,T ) is called weakly increasing if Sx � T Sx and T x � ST x for all

x ∈X .
. [–] The mapping S is said to be T -weakly isotone increasing if for all x ∈X , we

have Sx� T Sx� ST Sx.
. [] The mapping S is said to be T -strictly weakly isotone increasing if for all x ∈X

such that x≺ Sx, we have Sx≺ T Sx ≺ ST Sx.
. [] LetR :X →X be such that T X ⊆RX and SX ⊆RX , and denote

R–(x) := {u ∈X :Ru = x} for x ∈X . We say that T and S are weakly increasing with
respect toR if for all x ∈X , we have

T x � Sy, ∀y ∈R–(T x) and Sx � T y, ∀y ∈R–(Sx).

. [] The mapping T is called dominating if x� T x for each x in X .

Remark  () None of two weakly increasing mappings need to be nondecreasing. There
exist some examples to illustrate this fact in [].
() If S ,T : X → X are weakly increasing, then S is T -weakly isotone increasing and

hence S can be T -strictly weakly isotone increasing.
() S can be T -strictly weakly isotone increasing, while some of these two mappings

can be not strictly increasing (see the following example).
() IfR is the identitymapping (Rx = x for all x ∈X ), thenT andS areweakly increasing

with respect toR if and only if they are weakly increasing mappings.

Example  LetX = [,+∞) be endowedwith the usual ordering and defineS ,T :X →X
as

Sx =

⎧⎨
⎩
x, if x ∈ [, ],

x, if x > ;
T x =

⎧⎨
⎩
, if x ∈ [, ],

x, if x > .

Clearly, we have x ≺ Sx ≺ T Sx ≺ ST Sx for all x ∈ X , and so, S is T -strictly weakly
isotone increasing; T is not strictly increasing.

Definition  ([, ]) Let (X ,d) be ametric space and f , g :X →X . Themappings f and
g are said to be compatible if limn→∞ d(fgxn, gfxn) = , whenever {xn} is a sequence in X
such that limn→∞ fxn = limn→∞ gxn = t for some t ∈X .

Definition  Let X be a nonempty set. Then (X ,d,�) is called an ordered metric space
if

(i) (X ,d) is a metric space,
(ii) (X ,�) is a partially ordered set.

The space (X ,d,�) is called regular if the following hypothesis holds: if {zn} is a nonde-
creasing sequence in X with respect to � such that zn → z ∈X as n→ ∞, then zn � z.

3 Common fixed points for generalizedψS -contractive mappings
Inspired by the notion of a ψ-contractive mapping given in [], we first introduce the
notion of ψS -contractive mappings in metric spaces.

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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For convenience, we denote by F the class of functions ψ :R+ → R
+ satisfying the fol-

lowing conditions:

(C) ψ is a strictly increasing and continuous function in each coordinate, and
(C) for all t ∈ R

+ \ {}, ψ(t, t, t, , t) < t, ψ(t, t, t, t, ) < t, ψ(, , t, t, ) < t, ψ(, t, ,
, t) < t, and ψ(t, , , t, t) < t.

The following are some easy examples of functions from class F:

ψ(t, t, t, t, t) = kmax

{
t, t, t,

t

,
t


}
, for k ∈ (, );

ψ(t, t, t, t, t) = kmax

{
t, t, t,

t + t


}
, for k ∈ (, );

ψ(t, t, t, t, t) = At + Bt +Ct +D
t + t


, for A,B,C,D ≥ ,A + B +C +D < .

Definition  Let (X ,d,�) be an ordered metric space, and let T ,S : X → X . The map-
pings T , S are said to be ψS -contractive if

d(T x,Sy)≤ ψ
(
d(x, y),d(x,T x),d(y,Sy),d(x,Sy),d(y,T x)

)
for x � y, (.)

where ψ ∈ F.

ForS = T , this definition reduces to the definition of aψ-contractivemapping from [].
It is easy to acquire the following examples of ψS -contractive mappings.

Example  LetX =R
+ be endowedwith usual metric and ordering, and letψ :R+ →R

+

be given by

ψ(t, t, t, t, t) =


max

{
t, t, t,

t + t


}
.

If T ,S :X →X are defined by T x = 
x and Sx = 

x, then T , S are ψS -contractive map-
pings.

Example  Let X = R
+ × R

+ be endowed with the coordinate ordering (i.e., (x, y) ≤
(x, y) ⇔ x ≤ x and y ≤ y) and with the metric d :X ×X →R

+ given by

d(x, y) = |x – y| + |x – y|, for x = (x,x), y = (y, y) ∈X .

Let ψ :R+ →R
+ be given by

ψ(t, t, t, t, t) =


max

{
t, t, t,

t

,
t


}
,

and T ,S :X →X be given by

T (x, y) =
(


x,



y
)

and S(x, y) =
(


x,



y
)
.

Then T , S are ψS -contractive mappings.

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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Now, we state and prove our first result.

Theorem  Let (X ,d,�) be a complete ordered metric space. Suppose that T ,S :X →X
are two mappings satisfying the ψS -contractive condition (.) for all comparable x, y ∈X .
We assume the following hypotheses:
(i) S is T -strictly weakly isotone increasing;
(ii) there exists an x ∈X such that x ≺ Sx;
(iii) S or T is continuous at x.

Then S and T have a common fixed point.Moreover, the set of common fixed points of S ,
T is totally ordered if and only if S and T have one and only one common fixed point.

Proof First of all, we show that if S or T has a fixed point, then it is a common fixed point
of S and T . Indeed, let z be a fixed point of S . Assume that d(z,T z) > . If we use the
inequality (.), for x = y = z, we have

d(T z, z) = d(T z,Sz) ≤ ψ
(
d(z, z),d(z,T z),d(z,Sz),d(z,Sz),d(z,T z)

)
= ψ

(
,d(z,T z), , ,d(z,T z)

)
< d(z,T z),

which is a contradiction. Thus, d(z,T z) =  and so z is a common fixed point of S and T .
Analogously, one can observe that if z is a fixed point of T , then it is a common fixed point
of S and T .
Let x be such that x ≺ Sx. We can define a sequence {xn} in X as follows:

xn+ = Sxn and xn+ = T xn+ for n ∈ {, , . . .}.

Since S is T -strictly weakly isotone increasing, we have

x = Sx ≺ T Sx = T x = x ≺ ST Sx = ST x = Sx = x,

x = Sx ≺ T Sx = T x = x ≺ ST Sx = ST x = Sx = x,

and continuing this process, we get

x ≺ x ≺ · · · ≺ xn ≺ xn+ ≺ · · · . (.)

Now, we claim that for all n ∈N, we have

d(xn+,xn+) < d(xn,xn+). (.)

Suppose to the contrary that, e.g., d(xn,xn+) ≤ d(xn+,xn+) for some n ∈N. From (.)
we have that xn ≺ xn+ for all n ∈ N. Then from (.) with x = xn+ and y = xn, we get

d(xn+,xn+) = d(T xn+,Sxn)

≤ ψ
(
d(xn+,xn),d(xn+,T xn+),d(xn,Sxn),

d(xn+,Sxn),d(xn,T xn+)
)

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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= ψ
(
d(xn+,xn),d(xn+,xn+),d(xn,xn+),

d(xn+,xn+),d(xn,xn+)
)

≤ ψ
(
d(xn+,xn),d(xn+,xn+),d(xn,xn+),

,d(xn,xn+) + d(xn+,xn+)
)

≤ ψ
(
d(xn+,xn+),d(xn+,xn+),d(xn+,xn+), , d(xn+,xn+)

)
< d(xn+,xn+),

a contradiction. Hence, we deduce that for each n ∈N,

d(xn+,xn+) < d(xn+,xn).

Similarly, we can prove that d(xn+,xn) < d(xn,xn–) for all n≥ . Therefore, we conclude
that (.) holds.
Let us denote cn = d(xn+,xn). Then from (.), cn is a nonincreasing sequence and

bounded below. Thus, it must converge to some c ≥ . If c > , then similarly as above
(e.g., for n = k), we have

cn+ ≤ ψ(cn, cn+, cn, , cn).

Passing to the limit as n→ ∞, we have

c≤ ψ(c, c, c, , c) < c,

which is a contradiction. Hence,

lim
n→∞d(xn+,xn) = . (.)

Next, we claim that {xn} is a Cauchy sequence. From (.), it will be sufficient to show
that {xn} is a Cauchy sequence. We proceed with negation and suppose that {xn} is not
Cauchy. Then we can find a δ >  such that for each even integer k, there exist even
integers mk > nk > k such that

d(xnk ,xmk ) ≥ δ for k ∈ {, , . . .}. (.)

We may also assume

d(xnk ,xmk–) < δ (.)

by choosing mk to be the smallest number exceeding nk for which (.) holds. Now (.),
(.), and (.) imply

 < δ ≤ d(xnk ,xmk ) ≤ d(xnk ,xmk–) + d(xmk–,xmk–) + d(xmk–,xmk )

< δ + d(xmk–,xmk–) + d(xmk–,xmk ) → δ, as k → ∞,

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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and hence

lim
k→∞

d(xnk ,xmk ) = δ.

Also, by the triangular inequality,

∣∣d(xnk ,xmk–) – d(xnk ,xmk )
∣∣ ≤ d(xmk–,xmk )

and

∣∣d(xnk+,xmk–) – d(xnk ,xmk )
∣∣

≤ d(xmk–,xmk ) + d(xnk ,xnk+).

Therefore, we get

lim
k→∞

d(xnk ,xmk–) = δ

and

lim
k→∞

d(xnk+,xmk–) = δ.

Since T , S are ψS -contractive mappings, we also have

δ ≤ d(xnk ,xmk )

≤ d(xnk ,xnk+) + d(xnk+,xmk )

= d(xnk ,xnk+) + d(T xmk–,Sxnk )

≤ d(xnk ,xnk+) +ψ
(
d(xmk–,xnk ),d(xmk–,xmk ),

d(xnk ,xnk+),d(xmk–,xnk+),d(xmk ,xnk )
)
.

Passing to the limit as k → ∞, we get

δ ≤  +ψ(δ, , , δ, δ) < δ,

a contradiction. It follows that {xn} must be a Cauchy sequence.
Since X is complete, there exists z ∈X such that limn→∞ xn = z. Moreover, the continu-

ity of T implies that

z = lim
n→∞xn+ = lim

n→∞T xn = T z.

Similarly, if S is continuous, we have that Sz = z. Using the argument from the beginning
of the proof, we conclude that S and T have a common fixed point.
Now, suppose that the set of common fixed points of T and S is totally ordered. We

claim that there is a unique common fixed point of T and S . Assume to the contrary that

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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Su = T u = u and Sv = T v = v, but u �= v. By supposition, we can replace x by u and y by v
in (.), and by the continuity of ψ , we obtain

d(v,u) = d(T v,Su)≤ ψ
(
d(v,u),d(v,T v),d(u,Su),d(v,Su),d(u,T v)

)
≤ ψ

(
d(v,u), , ,d(v,u),d(u, v)

)
< d(v,u),

a contradiction. Hence, u = v. The converse is trivial. So, we have completed the proof.
�

Weare also able to prove the existence of a commonfixed point of twomappingswithout
using the continuity of S or T . More precisely, we have the following theorem.

Theorem  Let (X ,d,�) and S ,T :X →X satisfy all the conditions of Theorem , except
that the condition (iii) is substituted by
(iii′) X is regular.
Then the same conclusions as in Theorem  hold.

Proof Following the proof of Theorem , we have that {xn} is a Cauchy sequence in (X ,d)
which is complete. Then there exists z ∈X such that

lim
n→∞xn = z.

Now suppose that d(z,Sz) > . From regularity of X , we have xn � z for all n ∈ N. Hence,
we can apply the considered contractive condition. Then setting x = xn+ and y = z in (.),
we obtain

d(xn+,Sz) = d(T xn+,Sz)

≤ ψ
(
d(xn+, z),d(xn+,T xn+),d(z,Sz),

d(xn+,Sz),d(z,T xn+)
)

≤ ψ
(
d(xn+, z),d(xn+,xn+),d(z,Sz),

d(xn+,Sz),d(z,xn+)
)
.

Passing to the limit as n→ ∞ and using the properties of ψ , we have

d(z,Sz) ≤ ψ
(
,,d(z,Sz),d(z,Sz), 

)
< d(z,Sz),

and this is a contradiction. Hence, d(z,Sz) = , i.e., z = Sz. Analogously, for x = z and
y = xn, one can prove that T z = z. It follows that z = Sz = T z, that is, T and S have a
common fixed point. �

Corollary  Let (X ,d,�) be a complete ordered metric space. Suppose T ,S :X → X are
two mappings satisfying the ψS -contractive condition for all comparable x, y ∈X .
We assume the following hypotheses:

(i′) S and T are weakly increasing;
(iii′) X is regular.
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Then S and T have a common fixed point.Moreover, the set of common fixed points of S ,
T is totally ordered if and only if S and T have one and only one common fixed point.

Putting S = T in Theorem  and Theorem , we obtain easily the following result.

Corollary  Let (X ,d,�) be a complete ordered metric space. Suppose T : X → X is a
mapping satisfying the ψ-contractive condition for all comparable x, y ∈ X . Also suppose
that T x ≺ T (T x) for all x ∈ X such that x ≺ T x. If there exists an x ∈ X such that x ≺
T x and the condition

T is continuous, or X is regular

holds, then T has a fixed point. Moreover, the set of fixed points of T is totally ordered if
and only if it is a singleton.

We present an example showing how our results can be used.

Example  Let the set X = [,+∞) be equipped with the usual metric d and the order
defined by

x � y ⇐⇒ x = y∨ (
x, y ∈ [, ]∧ x ≥ y

)
.

Consider the following self-mappings on X :

T x =

⎧⎨
⎩


 +


x,  ≤ x≤ ,

x – , x > ,
Sx =

⎧⎨
⎩


 +


x,  ≤ x ≤ ,

x – , x > .

Take ψ ∈ F given by

ψ(t, t, t, t, t) =


max

{
t, t, t,

t + t


}
.

Then it is easy to show that all the conditions of Theorem  are fulfilled. The contractive
condition (.) is trivially satisfied if x = y. Suppose that x � y and  ≤ x, y ≤ , i.e., x ≤ y.
Then (.) takes the form

∣∣∣∣  +


x –



y
∣∣∣∣

≤ 

max

{
|x – y|, 


|x – |, 


|y – |, 



[∣∣∣∣x – 

–


y
∣∣∣∣ +

∣∣∣∣y – 

–


x
∣∣∣∣
]}

.

Using substitution x =  – ξ , y =  – ξ t,  ≤ ξ ≤ , t ≥ , the last inequality reduces to

|t – | ≤ max

{
| – t|, 


,


t,



[∣∣∣∣  t – 
∣∣∣∣ +

∣∣∣∣t – 


∣∣∣∣
]}

,

and can be checked by discussion on possible values for t ≥ . Hence, all the conditions
of Theorem  are satisfied and S , T have a common fixed point (which is z = ).
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4 Common fixed points forψS,R-contractive mappings
In this section, we generalize and improve the results of Section  (hence results given
in []) for three maps (under additional conditions).
For this, we first introduce the notion of ψS ,R-contraction in metric spaces.

Definition  Let (X ,d) be a metric space. Mappings T ,S ,R : X → X are called ψS ,R-
contractive if

d(T x,Sy)≤ ψ
(
d(Rx,Ry),d(Rx,T x),d(Ry,Sy),d(Rx,Sy),d(Ry,T x)

)
, (.)

forRx �Ry, where ψ ∈ F.

It is easy to acquire the following example of ψS ,R-contractive mappings.

Example  LetX =R
+ be endowed with standard metric and order. Let ψ :R+ →R

+ be
given by

ψ(t, t, t, t, t) =


max

{
t, t, t,

t

,
t


}
,

and let T ,S ,R :X →X be defined as

T x =


x, Sx = 


x and Rx = x.

Then T , S ,R are ψS ,R-contractive mappings.

Now, we state and prove our second main result.

Theorem  Let (X ,d,�) be an ordered metric space, and let T , S , and R be self-maps
on X satisfying the ψS ,R-contractive condition for every pair (x, y) ∈ O(x;S ,T ,R) ×
O(x;S ,T ,R) (for some x) such thatRx andRy are comparable.
We assume the following hypotheses:
(i) (S ,T ) is a.r. with respect toR at x ∈X ;
(ii) X is (S ,T ,R)-orbitally complete at x;
(iii) T and S are weakly increasing with respect toR;
(iv) T and S are dominating maps.

Assume either
(a) S andR are compatible; S orR is orbitally continuous at x or
(b) T andR are compatible; T orR is orbitally continuous at x.

Then S , T , and R have a common fixed point. Moreover, the set of common fixed points
of S , T , and R is well ordered if and only if S , T , and R have one and only one common
fixed point.

Proof Since (S ,T ) is a.r. with respect to R at x in X , there exists a sequence {xn} in X
such that

Rxn+ = Sxn, Rxn+ = T xn+, ∀n ∈N, (.)
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and

lim
n→∞d(Rxn,Rxn+) =  (.)

holds. We claim that

Rxn �Rxn+, ∀n ∈N. (.)

To this aim, wewill use the increasing propertywith respect toR satisfied by themappings
T and S . From (.), we have

Rx = Sx � T y, ∀y ∈R–(Sx).

SinceRx = Sx, x ∈R–(Sx) and we get

Rx = Sx � T x =Rx.

Again,

Rx = T x � Sy, ∀y ∈R–(T x).

Since x ∈R–(T x), we get

Rx = T x � Sx =Rx.

Hence, by induction, (.) holds. Therefore, we can apply (.) for x = xp and y = xq for all
p and q.
Next, we claim that {Rxn} is a Cauchy sequence. From (.), it will be sufficient to show

that {Rxn} is a Cauchy sequence. We proceed with negation and suppose that {Rxn} is
not Cauchy. Then we can find a δ >  such that for each even integer k, there exist even
integers mk > nk > k such that

d(Rxnk ,Rxmk ) ≥ δ for k ∈ {, , . . .}. (.)

We may also assume

d(Rxnk ,Rxmk–) < δ (.)

by choosing mk to be the smallest number exceeding nk for which (.) holds. Now
(.), (.), and (.) imply

 < δ ≤ d(Rxnk ,Rxmk )

≤ d(Rxnk ,Rxmk–) + d(Rxmk–,Rxmk–) + d(Rxmk–,Rxmk )

< δ + d(Rxmk–,Rxmk–) + d(Rxmk–,Rxmk ) → δ, as k → ∞,

http://www.fixedpointtheoryandapplications.com/content/2012/1/203
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and hence

lim
k→∞

d(Rxnk ,Rxmk ) = δ.

Also, by the triangular inequality,

∣∣d(Rxnk ,Rxmk–) – d(Rxnk ,Rxmk )
∣∣ ≤ d(Rxmk–,Rxmk )

and

∣∣d(Rxnk+,Rxmk–) – d(Rxnk ,Rxmk )
∣∣

≤ d(Rxmk–,Rxmk ) + d(Rxnk ,Rxnk+).

Therefore, we get

lim
k→∞

d(Rxnk ,Rxmk–) = δ

and

lim
k→∞

d(Rxnk+,Rxmk–) = δ.

Since T , S ,R are ψS ,R-contractive mappings, we also have

δ ≤ d(Rxnk ,Rxmk ) ≤ d(Rxnk ,Rxnk+) + d(Rxnk+,Rxmk )

= d(Rxnk ,Rxnk+) + d(T xmk–,Sxnk )

≤ d(Rxnk ,Rxnk+) +ψ
(
d(Rxmk–,Rxnk ),d(Rxmk–,Rxmk ),

d(Rxnk ,Rxnk+),d(Rxmk–,Rxnk+),d(Rxmk ,Rxnk )
)
.

Passing to the limit as k → ∞, we get

δ ≤  +ψ(δ, , , δ, δ) < δ,

a contradiction. It follows that {Rxn} must be a Cauchy sequence.
Since X is (S ,T ,R)-orbitally complete at x, there exists some z ∈X such that

Rxn → z as n→ ∞. (.)

We will prove that z is a common fixed point of the three mappings S , T , andR.
We have

Rxn+ = Sxn → z as n→ ∞

and

Rxn+ = T xn+ → z as n→ ∞.
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Suppose that (a) holds; e.g., let R be orbitally continuous. Since S and R are compatible,
we have

lim
n→∞SRxn+ = lim

n→∞RSxn+ =Rz. (.)

From (.) and the orbital continuity ofR, we have

R(Rxn)→Rz as n→ ∞. (.)

Also, xn+ � T xn+ =Rxn+. Now

d(SRxn+,T xn+) ≤ ψ
(
d(Rxn+,RRxn+),d(Rxn+,T xn+),

d(RRxn+,SRxn+),d(Rxn+,SRxn+),

d(RRxn+,T xn+)
)
. (.)

Passing to the limit as n → ∞ in (.), using (.) and (.), and the continuity of ψ , if
Rz �= z, we obtain

d(Rz, z) ≤ ψ
(
d(Rz, z), , ,d(Rz, z),d(Rz, z)

)
< d(Rz, z),

a contradiction, hence

Rz = z. (.)

Now, xn+ � T xn+ and T xn+ → z as n → ∞, so by the assumption, we have xn+ � z
and (.) gives

d(Sz,T xn+) ≤ ψ
(
d(Rxn+,Rz),d(Rxn+,T xn+),d(Rz,Sz),

d(Rxn+,Sz),d(Rz,T xn+)
)
.

Passing to the limit as n → ∞ in the above inequality and using (.) and the continuity
of ψ , it follows that if Sz �= z,

d(Sz, z) ≤ ψ
(
,,d(Sz, z),d(Sz, z), 

)
< d(Sz, z),

which is impossible. Hence,

Sz = z.

Now, since xn � Sxn and Sxn → z as n→ ∞ implies that xn � z, from (.)

d(Sxn,T z) ≤ ψ
(
d(Rz,Rxn),d(Rz,T z),d(Rxn,Sxn),

d(Rz,Sxn),d(Rxn,T z)
)
.

http://www.fixedpointtheoryandapplications.com/content/2012/1/203


Nashine et al. Fixed Point Theory and Applications 2012, 2012:203 Page 14 of 18
http://www.fixedpointtheoryandapplications.com/content/2012/1/203

Passing to the limit as n→ ∞, and the continuity of ψ , we obtain that if T z �= z,

d(z,T z) ≤ ψ
(
,d(z,T z), , ,d(z,T z)

)
< d(z,T z),

which gives that

z = T z.

Therefore, Sz = T z =Rz = z, hence z is a common fixed point ofR, S , and T . The proof
is similar when S is orbitally continuous.
Similarly, the result follows when the condition (b) holds.
Now, suppose that the set of common fixed points of S , T , andR is totally ordered. We

claim that there is a unique common fixed point of S , T and R. Assume to the contrary
that Su = T u =Ru = u and Sv = T v =Rv = v, but u �= v. By supposition, we can replace x
by u and y by v in (.), and by the lower semi-continuity of ψ , we obtain

d(v,u) = d(T v,Su)≤ ψ
(
d(Rv,Ru),d(Rv,T v),d(Ru,Su),d(Rv,Su),d(u,T v)

)
≤ ψ

(
d(v,u), , ,d(v,u),d(u, v)

)
< d(u, v),

a contradiction. Hence, u = v. The converse is trivial. �

Let I be the identity mapping on X . Putting R = I in Theorem , we obtain easily the
following result.

Corollary  Let (X ,d,�) be an ordered metric space, and let T and S be self-maps on
X satisfying ψS -contractive conditions for every pair (x, y) ∈O(x;S ,T )×O(x;S ,T ) (for
some x) such that x and y are comparable.
We assume the following hypotheses:
(i) (S ,T ) is a.r. at some point x ∈X ;
(ii) X is (S ,T )-orbitally complete at x;
(iii) T and S are weakly increasing;
(iv) T and S are dominating maps;
(v) S or T is orbitally continuous at x.

Then S and T have a common fixed point.Moreover, the set of common fixed points of T
and S is totally ordered if and only if T and S have one and only one common fixed point.

If S = T in Theorem , we obtain easily the following consequence.

Corollary  Let (X ,d,�) be an ordered metric space, and let T andR be self-maps on X
satisfying

d(T x,T x)≤ ψ
(
d(Rx,Ry),d(Rx,T x),d(Ry,T y),d(Rx,T y),d(Ry,T x)

)

for every pair (x, y) ∈ O(x;T ,R) × O(x;T ,R) (for some x), where ψ ∈ F such that Rx
andRy are comparable.
We assume the following hypotheses:
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(i) T is a.r. with respect toR at x ∈X ;
(ii) X is (T ,R)-orbitally complete at x;
(iii) T is weakly increasing with respect toR;
(iv) T is a dominating map;
(v) T orR is orbitally continuous at x.

Then T andR have a common fixed point.Moreover, the set of common fixed points of T
andR is totally ordered if and only if T andR have one and only one common fixed point.

Let I be the identity mapping on X . Putting R = I in Corollary , we obtain easily the
following consequence.

Corollary  Let (X ,d,�) be an ordered metric space, and let T be a self-map on X satis-
fying

d(T x,T x)≤ ψ
(
d(x, y),d(x,T x),d(y,T y),d(x,T y),d(y,T x)

)

for every pair (x, y) ∈O(x;T )×O(x;T ) (for some x) such that x and y are comparable.
We assume the following hypotheses:
(i) T is a.r. at some point x ∈X ;
(ii) X is T -orbitally complete at x;
(iii) T x� T (T x) for all x ∈X ;
(iv) T is a dominating map;
(v) T is orbitally continuous at x.

Then T has a fixed point.Moreover, the set of fixed points of T is totally ordered if and only
if it is a singleton.

The following example demonstrates the validity of Theorem .

Example  Let the set X = [,+∞) be equipped with the usual metric d and the order
defined by

x � y ⇐⇒ x = y∨ (
x, y ∈ [, ]∧ x ≥ y

)
.

Consider the following self-mappings on X :

Rx = x, Sx =

⎧⎨
⎩


x,  ≤ x≤ 

 ,

x, x > 
 ,

T x =

⎧⎨
⎩


x,  ≤ x ≤ 

 ,

x, x > 
 .

Take x = 
 . Then it is easy to show that all the conditions (i)-(iv) and (a)-(b) of Theorem 

are fulfilled (the condition (iii) on O(x;S ,T ,R)). Take ψ :R+ →R
+ given by

ψ(t, t, t, t, t) =


max

{
t, t, t,

t

,
t


}
,

and ψ ∈ F. Then the contractive condition (.) takes the form

∣∣∣∣ x –


y
∣∣∣∣ ≤ 


max

{
|x – y|, 


x,


y,



∣∣∣∣x – 

y
∣∣∣∣, 

∣∣∣∣y – 

x
∣∣∣∣
}
,
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for x, y ∈O(x;S ,T ,R). Using substitution y = tx, t ≥ , the last inequality reduces to

| – t| ≤ max

{
| – t|, 


,


t,



∣∣∣∣ – 

t
∣∣∣∣, 

∣∣∣∣t – 


∣∣∣∣
}
,

and can be checked by discussion on possible values for t ≥ . Hence, all the conditions
of Theorem  are satisfied and S , T ,R have a common fixed point (which is ).

5 Existence of a common solution of integral equations
Consider the system of integral equations:

⎧⎨
⎩
u(t) =

∫ T
 K(t, s,u(s))ds, t ∈ [,T],

u(t) =
∫ T
 K(t, s,u(s))ds, t ∈ [,T],

(.)

where T >  and K,K : [;T] × [;T] × R → R are continuous functions. The purpose
of this section is to give an existence theorem for a solution of (.).
We consider the set C(I,R) (I = [,T]) of real continuous functions defined on I . This

set with the metric given by

d(u, v) =max
t∈I

∣∣u(t) – v(t)
∣∣, ∀u, v ∈ C(I,R),

is a complete metric space. C(I,R) can also be equipped with the partial order � given by

u, v ∈ C(I,R), u � v ⇔ u(t)≤ v(t), ∀t ∈ I.

Moreover, in [] it is proved that (C(I,R),d,�) is regular.
Consider the mappings T ,S : C(I,R) → C(I,R) defined by

T u(t) =
∫ T


K

(
t, s,u(s)

)
ds, for all C(I,R), t ∈ I,

Su(t) =
∫ T


K

(
t, s,u(s)

)
ds, for all C(I,R), t ∈ I.

Clearly, u is a solution of (.) if and only if it is a common fixed point of T and S .
We shall prove the existence of a common fixed point of T and S under certain condi-

tions.

Theorem  Suppose that the following hypotheses hold:
(H) for all t, s ∈ I , u ∈ C(I,R), we have

K
(
t, s,u(s)

) ≤ K

(
t, s,

∫ T


K

(
s, τ ,u(τ )

)
dτ

)
;

(H) for all t, s ∈ I , u ∈ C(I,R), we have

K
(
t, s,u(s)

) ≤ K

(
t, s,

∫ T


K

(
s, τ ,u(τ )

)
dτ

)
;
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(H) there exist a continuous function α : I × I →R
+ and ψ ∈ F such that

∣∣K
(
t, s,x(s)

)
–K

(
t, s, y(s)

)∣∣
≤ α(t, s)ψ

(
d(x, y),d(x,T x),d(y,Sy),d(x,Sy),d(y,T x)

)

for all t, s ∈ I and x, y ∈ C(I,R) such that x� y;
(H) supt∈I

∫ T
 α(t, s)ds≤ .

Then the system of integral equations (.) has a solution u* ∈ C(I,R).

Proof Let u ∈ C(I,R). Using (H), for all t ∈ I , we have

T u(t) =
∫ T


K

(
t, s,u(s)

)
ds

≤
∫ T


K

(
t, s,

∫ T


K

(
s, τ ,u(τ )

)
dτ

)
ds

=
∫ T


K

(
t, s,T u(s)

)
ds

= ST u(t).

Similarly, using (H), for all t ∈ I , we have

Su(t) =
∫ T


K

(
t, s,u(s)

)
ds

≤
∫ T


K

(
t, s,

∫ T


K

(
s, τ ,u(τ )

)
dτ

)
ds

=
∫ T


K

(
t, s,Su(s)

)
ds

= T Su(t).

Then we have T u� ST u and Su� T Su for all u ∈ C(I,R). This implies that T and S are
weakly increasing.
Now, for all u, v ∈ C(I,R) such that v� u, by (H) and (H), we have

∣∣T u(t) – Sv(t)
∣∣

≤
∫ T



∣∣K
(
t, s,u(s)

)
–K

(
t, s, v(s)

)∣∣ds

≤
∫ T


α(t, s)ψ

(
d(u, v),d(u,T u),d(v,Sv),d(u,Sv),d(v,T u)

)
ds

=
(∫ T


α(t, s)ds

)
ψ

(
d(u, v),d(u,T u),d(v,Sv),d(u,Sv),d(v,T u)

)

≤ ψ
(
d(u, v),d(u,T u),d(v,Sv),d(u,Sv),d(v,T u)

)
.

Hence, we have proved that for all u, v ∈ C(I,R) such that u� v, we have

d(T u,Sv)≤ ψ
(
d(u, v),d(u,T u),d(v,Sv),d(u,Sv),d(v,T u)

)
.
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Now, all the hypotheses of Corollary  are satisfied. Then T and S have a common fixed
point u* ∈ C(I,R), that is, u* is a solution of the system (.). �
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