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Abstract. This paper presents some basic theorems giving the structure of cyclic codes of length n over the ring
of integers modulo p? and over the p-adic numbers, where p is a prime not dividing n. An especially interesting
example is the 2-adic cyclic code of length 7 with generator polynomial X 34AX24+ (A= X — 1, where A
satisfies A2 — A + 2 = 0. This is the 2-adic generalization of both the binary Hamming code and the quaternary
octacode (the latter being equivalent to the Nordstrom-Robinson code). Other examples include the 2-adic Golay
code of length 24 and the 3-adic Golay code of length 12.

1. Introduction

This paper was prompted by the following questions. It is known [14], [16] that the binary
polynomial X* + X + 1 that generates the cyclic Hamming code of length 7 lifts to a
polynomial X* + 2X% + X + 3 over Zy that generates the octacode, equivalent to the
binary nonlinear Nordstrom-Robinson code. What codes are obtained if we continue to lift
this polynomial to Zg, Zis. . . ., and even to the 2-adic integers Z,~? What is the general
structure of cyclic codes over these rings? (Solé [23] had already suggested in 1988 that
p-adic cyclic codes should be investigated.)

The answer to the first question is given in Example 1 of Section 4, where we describe the
“2-adic Hamming code” of length 7 in detail. This is in a certain sense the first interesting
2-adic code. Tn Examples 2 and 4 we give 2-adic versions of the Golay code and more
generally of extended quadratic residue codes of length 8m, where 8m — 1 is prime, and a
3-adic version of the Golay code of length 12, Furthermore, this Hamming code and the two
Golay codes (and more generally a large class of quadratic residue codes) are all MDS codes.
In particular the 2-adic Golay code has minimal Hamming distance 13, even though every
projection of it onto the integers modulo 2¢ has minimal distance 8. Section 4 also gives
p-adic generalizations for other classical families of codes, including BCH, Reed-Muller
and quadratic residue codes.

The answer to the second question is given in Theorems 5 and 6 of Section 3, which are
the main theoretical results of this paper. It will be seen that modular and p-adic cyclic
codes have a simple and elegant structure.

Although cyclic codes over the integers modulo g have been discussed by a number of
authors ([5], [6], [9], [12], [21]-[26]), these results seem to have been overlooked.

The resuits in Section 3, although not at all obvious, are easily verified by the methods of
commutative algebra or representation theory [13], [28], so we shall mostly not give proofs.

As far as we know, this paper is the first to consider p-adic codes. (However, several
authors ([2], [10], [20]) have studied “global” or complex-valued codes in connection with
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the representation theory of P SL;(r) and other groups, and our p-adic codes are analogues
of those complex codes.) For general background on p-adic numbers, see [3], [8], [15],
[171.

2. Codes mod p” and p-adic Codes

We use the symbol Z . to denote the ring Z/ p®Z of integers modulo p*, for any prime p
and positive integer a, and Z, for the ring of p-adic integers. This slightly unconventional
notation has the advantage of allowing us to use Z,; (where g = p“, 1 < a < o0) to denote
any one of these rings, and allows us to state our results in a uniform way.

An element u € Z,. may be written uniquely as a finite sum

u=ug+ pu + p2u2+ R pa_luaq,
and any element of Z,= as an infinite sum
=uo+ puy+ piuy+---,

where 0 < u; < p — 1. The units in Z« or Zp= are precisely the u for which ug # 0. Ze
has characteristic p®, and Z,~ has characteristic 0.

The following definitions and remarks are straightforward generalizations of notions for
Z4 codes given in [12] and [16].

Let Zg = Zpe, where 1 < a < oo. The set ZZ of n-tuples from Z, is of course a
Z4-module, and by a linear code over Z, we mean any Z, sub-module of Z. We equip
Zg with the inner product v - w = vywy + - - - + v, w, evaluated in Z,, and define dual and
self-dual codes in the usual way.

A nonzero linear code C over Zya, for a finite, has a generator matrix which after a
suitable permutation of the coordinates can be written in the form

I Apq A Az - Aoa-l Agq
0 pl pAz pAs - pAiea PAi,
G=|0 0 pI p’An - pPAra p*Az , h
0 0 0 0 o pU ptlAu,
where the columns are grouped into blocks of sizes ko, k1, ..., kq—1, ks, and the &; are

nonnegative integers adding to n. This means that C consists of all codewords
fvo vi v2 --+ Va1lG,

where each v; is a vector of length k; with components from Z .-, so that C contains Pt
codewords, where

a—1

k=Y (a—ik.

i=0
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We say that C has type'

Lophi(ph)fe- - (pt~het. ©)

The zero code (containing only the zero codeword) has type 1°. It is easy to see that the
code C with generator matrix (1) has a dual C* with generator matrix of the form

By, Bog-1 -+ Bos By By I

pBi pBiga -+ pBis pBpp pl 0
P*Byy, P*Byat -+ p*By pil 0 0, (3)

P B, pU . 0 0 0 0

where the column blocks have the same sizes as in (1). The dual code therefore contains
p*+ codewords, where

a

ki=) ik,

i=1

and has type

lkapka,l (pz)ka_g .. (pa—l)kl . (4)

Also [C]|Ct] = pFth = pt and (CH)t = C.
Similarly, a nonzero linear code C over Z,~ has a generator matrix which can be written
in the form

p™l p™Ag p™Ayp - p™Agp-1r P Aoy

n, ny
G=| O A , )

0 0 0 cee pMetl pMe-tA gy,
where 0 < mg < m; < ---myp_y, for some integer b, the column blocks have sizes kg,

ki, ..., kp and the k; are nonnegative integers adding to n. This means that C consists of
all codewords

lvo vi v2 -+ V)G,
where each v; is a vector of length k; with components from Z,~. We say that C has type
(pl710)k0(p1711)k1 . (pml,,])kb_l‘ (6)
Now the code contains infinitely many codewords (although it is still finitely generated).

If my > 0in (5), all the codewords are multiples of p™, and (since Z,~ has characteristic
0) we may divide the whole code by p™¢. We shall therefore usually only consider codes
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in which mgy = 0. In this case the dual code has a generator matrix similar to (3), with type

1kb(pml)kb4 . (pmbfl)kl , (7)

and (CH)t = C. (If mg > 0 then (C1)L = p=™C.)

The automorphism group Aut (C) of alinear code C over Z, is defined to be the set of all
monomial matrices over Z, that preserve the code. Since it contains all scalar matrices u/,
where u is a unit in Z,, this group is infinite if g = p*. We therefore define the projective
automorphism group to be the quotient group Aut (C)/{ul : u = unit}.

A cycliccode C of lengthnover Z, (g = p®,1 < a < oo)isalinear code with the property
that if (co, ¢y, ..., cp—y) € C then (¢y,¢3, ..., Cy-1, Co) € C. We assume throughout that
n and p are relatively prime. As usual we represent codewords by polynomials, so cyclic
codes are precisely the ideals in the ring

R = Z,[X1/(X" = 1).

3. Rings

We now discuss the properties of the ring R and of certain Galois rings GR(g™).

Letg = p* (1 < a < 00), and let m(X) € Zp[X] be a monic primitive irreducible
polynomial of degree m, so that 7;(X) divides X" — 1 mod p, where n = p™ — 1. The
following are straightforward generalizations of results given in [16], [19], [27]. There is
a unique monic irreducible polynomial 7, (X) € Z,[X] such that 7,(X) = m1(X) mod p
and 7, (X) divides X" — 1 over Z, (see Theorem 1 below).

Let £ be a root of m,(X), so that £" = 1. Then the Galois ring G R{(g™) is by definition
the ring Z,[£]. There are two canonical ways to represent the elements of this ring. In the
first representation, every element has a unique expansion

u=ug+ puy+ plus+ -+ p*lu,,

(an infinite sum if a = oc), where u; € J = {0, 1,£,€2, ..., £"=1}, The map T 1 u > Uy
is given by

(1) = u’', ue Z418],
and satisfies
t(uv) = t(w)t(v), u,v e Z,E]

In the second representation u is written as

n—1

U= Zv,f’, v € Zy.

r=0
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The Frobenius map ¢ from Z4[&] to Z,[§] takes

a—1 a—1
E pu, to E pul.
r=0 r=0

Then ¢ generates the Galois group of Z,[£] over Z,, and ¢™ is the identity map,

The following theorem plays a central role in studying cyclic codes over Z,. It shows
that the irreducible factors of X" — 1 over Z,; are in one-to-one correspondence with the
factors over Zj.

THEOREM 1 Let g = p% 1 < a < oo. If hi(X) € Z,[X] is a monic irreducible divisor
of X" — 1 over Z,, then there is a unique monic irreducible polynomial h,(X) € Z4[X]
which divides X" — | over Z, and is congruent to hi(X) mod p.

Proof.  This result can be obtained from Hensel’s Lemma, but we prefer to skeich a
constructive proof (by induction).

For 1 <r < oo, suppose h,(X) € Zy[X]1s a monic irreducible polynomial such that
h(X) = hi(X) mod p, and h.(X) | X" — 1 over Z,. We will show that 4,(X) can be
lifted uniquely to a monic irreducible polynomial /1,1 (X) € Zp+ [X] which divides X" —1
over Z,+1. Then heo(X) is defined as the (p-adic) limit of 4,(X) as r — oo.

Let h(X) € Zy+[X] be any lift of 4, (X), say h(X) = h,(X) + p"g(X), and let o be a
root of A, (X) and 8 a corresponding root of 71(X), so that 8 = o + p”48. Then

o = 1+ p'e, B = (w+p' & = of,

BT = (I+pe) =1
Therefore the monic polynomial whose roots are the p-th powers of the roots of #(X)
divides X" — 1, and mod p" has the same roots as h,(X), and so may be taken as #,;(X).

This polynomial is irreducible since its roots form one orbit under the Frobenius map. To
show that &, (X) is unique, we argue as follows. Let £(X) and A'(X) be two different

possibilities for A, 1(X), and let 8 and y be zeros of & and A’ respectively, with 8 = y
mod p",say B = y + p’S. Then p" = y™" =1, BP = y?, hence (B/y)" = (B/y)¥ = 1.
Since n and p are relatively prime, 8 = y, and so h = ', [ ]

We now investigate the structure of ideals in R. The units in R are precisely the elements
n—1
u= 7Y uX",u, €Zy,suchthatatleast one of the u, is a unit in Z,. We denote the natural

map rfrgm Rto Zy[X]1/(X" — 1) by p.

If A is an ideal in R with generators fi, f>, ..., we write 4 = (fi, f2,...). The radical
Rad(A) of A is the set of all elements of R, some power of which is in 4. The radical of
the ideal {0} is called the radical of R, and denoted by Rad(R). Then Rad(R) = (p) if
g = p° is finite, or (0) if g = p*.

The ring Z,~ is a principal ideal domain, hence Noetherian. This implies that Z,.[ X]
and R = Zy«[X]/(X" — 1) are Noetherian for all 1 < a < co. R satisfies the descending
chain condition if ¢ = p? is finite (since then R is finite), but not if g = p™ (we will see
examples later). Hence every maximal ideal in R is prime, and if g is finite every prime
ideal different from (0) and (1) is maximal ([28], pp. 150, 203).
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It is well-known that the prime ideals in Z,[X]/(X" — 1) are (0), (1) and (), where m
is any monic irreducible divisor of X" — 1 over Z,.

THEOREM 2 If g = p* is finite the prime ideals in R are (0), (1) and (2, p), where n, is
any monic irreducible divisor of X" — 1 over Z,. If g = p™ there are in addition the prime
(but nommaximal) ideals (7,).

Proof. Let Abe aprime ideal in R different from (0) and (1). Then u(A) = (51), say, so
A contains 7, where u(r,) = my. If g is finite then p € A, or else R/.4 would contain
zero divisors, so .4 D (7,, p), and it is easily seen that this ideal is maximal. If g is infinite
and p ¢ A then the only other possibility is A = (7,). n

Note that the ideal (p) is not prime, since it contains the product of all the m,—which is
O—-but none of the 7, themselves.

It is also known that every ideal A in Z,[X]/(X" — 1) contains an idempotent e; (say),
such that A = (e;) ([18], Chapter 8, Theorem 1; [13], §24.2).

THEOREM 3 Every prime ideal A = (n,, p) in R contains an idempotent e, with eg = e,
A = (eq, p). Furthermore, if q is infinite then every prime ideal A = (n,) has an
idempotent generator.

Proof. We establish the first assertion by induction. Let (., p) be the projection of A
onto Z, [X]/(X" — 1), and suppose e, € (7, p) is an idempotent with (e,, p) = (7, p).
Then ef = ¢ + p'hinZy«[X]/(X" — 1), for some & in Z, [X]/(X? — 1). If we take
erp1 =€ + p'0, thene?, | — e, = p'(h — 0(1 — 2¢,)), and e, is an idempotent in
Ly [X]/(X"— 1) if we choose 8 = h (if p = 2) or6 = h(1—2¢,)~! (if p > 2). (Note that
(1—2¢,)> = 1+4p"h,so 1 —2e, isaunit.) Itis easily verified that (e,;1, p) = (7,41, p).
By repeating this process we obtain an idempotent e, € A with (e,, p) = (4, p).

To prove the second assertion, since 7, and (X" — 1)/, are relatively prime, we can find
h € Zy=|X] such that

hrt, —1=0 mod (X" — 1)/m,,

so hmg(hm, — 1) = 0in R, and hrn, is the desired idempotent. [ ]

Next, every primary ideal is a power of a prime ideal.

THEOREM 4 The primary ideals in R are (0), (1), (n,) and (m,, p*), where 7, is an
irreducible divisor of X" — 1 over Zy and 1 <i < a.

We omit the proof. The key steps are (i) to show that if A = (7,, p) = (e, p) is a prime
ideal then
A’ = (0, p) = (4, p') = (ea, p), (3)

for 1 <i < a, and (ii) to show that if B is a primary ideal whose associated prime ideal is
A = (7, p) then (by [28], p. 200, Ex. 2) there is an integer j such that 4/ € B C A, and
from this that B = A’ for some i.
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Note that when g = p? is finite then (,, p)* = (i7,), and
(T P) D (g, p2) D+ D (14, p*71) D ()
is a finite descending sequence. When g = p°, however,
(oo, P) D (oo p*) D (oo, P1) D -+ D (o)

is an infinite descending sequence of primary ideals, the first and last of which are prime.
In this case we adopt the convention that (7., p)*° denotes (7).

THEOREM 5 Letn{D,i =1, ..., A, denote the distinct monic irreducible divisors of X" — 1
over Lg. Any ideal in R can be written in a unique way as

A
A= 1_[(7[‘5[)’ p)m,-’ (9)
i=1

where 0 < m; < a. In particular if a is finite there are (a + D)2 distinct ideals.

This is a consequence of Theorem 4 and the Lasker-Noether decomposition theorem
([28], p. 209). The product symbol in (9) may also be replaced by an intersection symbol.

THEOREM 6 Ifq = p°, 1 < a < oo, any ideal in R has the form

(fo. AP Fos oo DV fam)), (10)

where the f; are divisors of X" — 1 satisfying

Ja-1

fa—Z(""fI‘fO‘ (1)
If g = p®™, any ideal in R has the form

"™ fo. P fio o P fo1),s (12)
where 0 < mg < my < --- < my_y, for some b, and

So-1 ’fb—Z("‘ !fl !fo.

Proof. This follows by expanding the product in (9) and using (8). |

COROLLARY Every ideal in 'R is principal.
Proof. (1))If g = p°, 1 < a < oo, then the ideal defined by (10) has the generator
g=fo+pfi+pPh+ - +p fur.

We prove this for @ = 2 and 3, leaving the general case to the reader. Let ]‘E =X"-1/fo,
fi = fimi/fiforl <i < a. Casea = 2: Then g = fo + pfi, and (g) contains
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=pfo=1p flﬁ and f(;g pfi ]/”(\), hence pf (since f; and ﬁ have no common
factors), hence fp. Case g = 3: Now g = fo +ph+p 2f,, and (g) contains p? g =
P*hiih phg = 7 2 fofofrr and fofig = p*fafofi. hence p? fy, hence fy + Pfl
(g) = (fo+ pfi, p*f2). Arguing as in case a = 2 it follows that (g) = (fo, pfi, p fz)
(b)Suppose g = p™. Let g, be agenerator for the principal ideal given by the projection of

the ideal onto Z,+, fora = 1, 2, ... . Since R is compact in the p-adic metric, the sequence
{g.} has a subsequence which converges to a limit g (say). Then g generates the ideal.
|

Finally, although we have not made any use of this, it is worth noting that R has a
decomposition into a direct product of Galois rings:

A
Zp | X1/(X" =) = HZP"[X]/(”}E”l
i=1

4. Generalizations of Classical Codes to Z,

Theorem 1 provides a mechanism for generalizing any class of cyclic codes from G F(p)
to Zpe (for finite a) and even to the p-adic integers Zp,~. For example we define a BCH
code of length n over Z; (g = p®, 1 < a < o) to be the cyclic code whose generator
polynomial is obtained by lifting the generator polynomial for a BCH code over G F(p) to
Z,. The resulting polynomial has a string of consecutive roots in the appropriate Galois
ring G F(g™). (For finite g this is essentially the same as Shankar’s [22] definition of BCH
codes over Z;.) The code has type 1*, where k is the dimension of the BCH code over
G F(p). One of the main unsolved questions here is to determine how the minimal Lee
distance of these BCH codes varies as a — co. (Similar questions can be asked about all
the codes in this section.) We investigate the first nontrivial case of these BCH codes later
in this section.

We define Reed-Muller codes (since they are extended cyclic codes [1], [18]) and quad-
ratic-residue codes over Z, in an analogous way.

If C is a code of length n over Z, with generator matrix (1) or (5) and type (2) or (6), we
define k by

a—1i b—1
k=Y ki (for(2)), Y ki (for (6)).
i=0 =0

The usual argument ([18], Chapter 2) then gives the Singleton bound:
d<n-k+1, (13)

where d is the minimal Hamming distance of the code. We say that C is maximal distance
separable, or MDS, if equality holds in (13). Since codes over Z,~ have infinitely many
codewords, it is better to use the equivalent definition (see [18], Chapter 11, Corollary 3)
that a code is MDS if and only if every k columns of the generator matrix are linearly
independent over Z,.
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EXAMPLE 1 The 2-adic Hamming code of length 7. In the binary case, X" — 1 factors
trivially over Zy, ¢ = 2%, 1 < a < oo, forn = 1,3 and 5. The first nontrivial factorization
is for n =1, where it is easy* to find the 2-adic factorization

X —1l=(X DX+ X2+ G- DX -DX’ = -DX* =2X - 1), (14
where

A=0+2444+32412842564--- (15)
is a 2-adic number satisfying

M—A+2=0. (16)
The first 32 terms in the 2-adic expansion (15) of A are

0110010111111001110011011000110. ... un

There is no pattern to these digits.

Then the 2-adic code of length 7 and type 1* with generator polynomial
X4+ AX+ - DX —1

is the 2-adic lift of the familiar binary [7, 4] Hamming code. The generator polynomials
for the versions of this code over Z;, Zy, . . . are:

Zy : X+ X +1
Zy @ X342X24+X—1
Zs + X3 —2X%2-3X -1

18
Zig : X24+6X2+5X—1 (18)

Za @ XP4+6X24+5X -1

(The coefficients can be read off (15).) By appending a 1 to the generating vectors of these
codes, we obtain a sequence H,, Ha, Hsg, ..., Hoo of self-dual codes. In particular,

lai-1 -1 0 0 0 I
01 A A-1 -1 0 0 1 (19)
00 | A A-=1 -1 0 1
00 0 I A A=1-1 I

is the generator matrix for a self-dual 2-adic code M, of length 8 and type 1* that we call
the 2-adic Hamming code. This is in some sense the smallest interesting 2-adic code.
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The Z, version of this code, H,, is the [8, 4] Hamming code, and the Z, version, H,,
is the octacode, studied in [11], [12], [14], [16], and equivalent to the binary nonlinear
Nordstrom-Robinson code.

The minimal Hamming and Lee distances of these codes are as follows:

Hy Ha Hs His Hap Hes -+
Hamming 4 4 4 4 4 4
Lee 4 6 8 12 14 18

The minimal Hamming distance of Hye for 1 < a < oo is always 4, since the codeword
obtained by multiplying any of the generators by 22! has Hamming weight 4. However it
follows from Theorem 8 below that the 2-adic Hamming code H, has minimal Hamming
distance 5, and is an MDS code.

On the other hand the sequence of Lee distances of these codes, 4, 6, 8,12, 14, 18, ..,
approaches infinity as ¢ — oc. Unfortunately it appears that this sequence does not
converge 2-adically, so one obvious definition of the minimal Lee distance of H, fails.
Even the Lee weight of the projections of the integer A onto Zy» do not converge 2-adicaily

x .
asm — 00. Forlet A = )_ A;2' (the A; are given in (15), (18)), so the projection onto Zo»
i=0
m—1 i
isan = Y A2, m > 1. The Lee weight of oy, is w,, = min{oy,, 2™ — o}, and one can
=0
show that

Wy, = (1~ 2hpm1)0m -1 + )\m~12m_1, m> 2.

This shows that {w, w,, ...} = {0, 2,2, 6,6, 26, ...} does not converge 2-adically.

There are several other natural ways to define the minimal distance of this code, but none
are completely satisfactory. This is a question that requires further investigation.

The automorphism group of H, contains operations corresponding to x +> x 4 1,
x > 2x and x > —1/x, namely the monomials

(0,1,2,3,4,5, 6)(c0),
(0)(1,2,H(3, 6, 5)(c0),
(0, 00)(1,6)(2,3)(4,5) & negate 0, 1,2, 4,

which generate the central product Z,. P SL(7), as well as all scalar matrices u1, u = unit
in Zy~. Then the full projective automorphism group of Huo is PSLy(7), of order 168,

EXAMPLE 2 The 2-adic Golay code of length 24. The binary Golay code can be lifted in a
similar way. The factorization of X* — 1 over Zyx is

XP 1= (X - DrPX0rd(X),

where

VX)) = XM 4vX'0 4 (0 -3)X° —4x% - (v +3)X’
—Qv+ DXt - Qv =X’ - (v —HX*+4Xx3
++DX2+ @0 -DX —1, (20)
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v=0+24+8+32+64+ 128+ --- 2h
is a 2-adic number satisfying
V2—v4+6=0, (22)

and 755 (X) is the reciprocal polynomial to 78 (X). The first 32 terms in the 2-adic
expansion (21) are

0101011110010010110010000110000. ... .

Then the cyclic code generated by A (X)), extended by appending a 1 to the generators,

is a self-dual 2-adic code G, of length 24 and type 1'2, the 2-adic Golay code. The full
projective automorphism group of G is PSL2(23).

The projection on Z, of G is the binary Golay code G, of length 24 and minimal
Hamming distance 8, and in fact every projection Ga« of this code onto Zjy. for finite a has
minimal Hamming distance 8. However it follows from Theorem 8 that the 2-adic Golay
code Go has minimal Hamming distance 13, and is an MDS code.

As in the previous example, the Z4 version of this code, Gy, is especially interesting.
Bonnecaze and Solé [7] have shown that by applying Construction A to this code, i.e. by
taking all vectors in Z** which project onto G4 modulo 4, one obtains the Leech lattice.
This is one of the simplest constructions known for this lattice (cf. [11]).

EXAMPLE 3 The 3-adic Golay code of length 12. We lift the ternary Golay code in the
same way, using the irreducible divisor

X+oxX - X+ X+ @0 -1)X -1
of X' — 1 over Zs~, where
0=0+34+9+2274+281+---
is a 3-adic number satisfying
62 ~04+3=0. (23)

By appending a I to each generator we obtain a self-dual 3-adic code Ty, of length 12 and
type 15, the 3-adic Golay code. This has minimal Hamming distance 7 and is an MDS code.
Its full projective automorphism group is PSL,(11).

EXAMPLE 4 Binary quadratic residue codes. Examples 1 and 2 may be generalized as
follows. Let n be a prime of the form 8m — 1, so that X" — 1 factorizes over Z, into (X —
1)71'2( h (X )nz,(Z)(X ), where all the factors are irreducible, with a corresponding factorization
(X — l)nécl,)(X )mg)(X ) over Zy~. Let Q and N denote the nonzero quadratic residues and
nonresidues modulo n, and set
foX)=) X', f(X)=>) X"
ieQ ieN

Then as in the binary case there are two inequivalent 2-adic quadratic residue codes of
length n.
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THEOREM 7 The two quadratic residue codes of prime length n = 8m — 1 over Zy~ have
generator polynomials né},) and (X — l)néé)(X ), and idempotents

al+ Bfo(X) + v frn(X),

where the coefficients «, B, vy are the 2-adic numbers

n+1 14+ /=n 1 —/—n
B = Y=

_ —n
R P n 2n

for the first code, and

n—1 _ —l+J=n y —1—=n

2n 2n

for the second code. By appending 1/_71 to each generator of the first code we obtain a
self-dual code of length n + 1 and type 1011/,

We omit the straightforward proof, which includes the verification that when n = 7 and
23 the codes generated by il (X) coincide with those constructed in Examples 1 and 2.
The full projective automorphism group of the self-dual code of length n + 1 is PSLa(n).

THEOREM 8 The self-dual extended quadratic residue code of length n + 1 described in
Theorem 7 has minimal Hamming distance (n + 3)/2, and is an MDS code.

Proof. Itfollows from Blahut [4] that this code consists of all vectors (co, 1, . . -, Ca—1, Coo) €
Z5%! that satisfy

-1 n—1
v ch + ¢ =0,
n
j=0

n—1
> eEl1=0, qe0,
j=0

where & = ¢?7//"_ The usual Vandermonde argument then shows that this is an MDS code
| |

EXAMPLE 5 Cyclic codes of length 7 over Zy and Zo~. As an illustration of the structure
theorems of Section 3 (and also because one of them is the octacode) we enumerate the
cyclic codes of length 7 over Z.y. We factorize X' — 1 over Z4 from (14), obtaining

X-DX+2X+X - DX =X +2X =)= fofif (24)
(say). The nontrivial prime ideals are, from Theorem 2,

PO - (f092)! Pl = (flaz)v PZ = (f2v2)y
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Table 1. Cyclic (and extended cyclic) codes of length 7 over Z4. Number 12
is the octacode.

#  generators type ideal d(d*)
L 0000000 (0) 1° 0= P@PEPZZ) ()
2 2222222(2) QAR =PRPIPE 14(16)
3 2220200 (0) 2 Qff)=PPEP,  8(8)
5 2022000 (2) 2 2f1) = PyPEP, 6(8)
7 2200000 (0) 26 2foy = PiPi Py 4(4)
8 2000000 (2) 2 Q) =P PPy 24
9 1000000 (1) v =1 12)
10 1300000 (0) 16 (fo) = P} 22)
11 1300000 (0), 2000000 (0) 162 (fo.2) =Py 2(2)
12 1213000 (1) 1* (f1) = P} 4(6)
14 1213000 (1), 2000000 (0) 1423 (fi,2) = Py 2(4)
16 1132100 (0) 13 (fof1) = PIP? 6(6)

18 1132100 (0), 2000000 (0)  1°2*  (fof1,2) = PoP) 2(4)
20 1132100 (0), 2200000 (0)  132°  (fpf1.2f0) = PiP;  4(4)
22 1132100 (0), 2022000 2) 132! (fofi.2f)) = PyP}  4(6)
24 1L (D) 1! (fLf) = PP} 7(8)
25 1111111(1),2000000 (0) 128 (A1, 2y = P Ps 2(4)
26 LI (1),2022000 (0) 1127 (fifo.2f1)=PIP;  6(8)

and the other primary ideals are

Py =(fo), PL=(fi), Pi=1(f).

There are 27 codes, by Theorem 5, and they are displayed in Table 1 (except that we have
omitted codes 4, 6, . . ., 27, which are equivalent to codes 3,5, . . ., 26 under the symmetry
interchanging fi and f,). The fourth column gives the canonical forms for these codes as
described in Theorems 5 and 6.

In Examples 1-4 we extended the codes to length n + 1 by appending a symbol that
made them self-dual. For the codes in Table 1 it is more appropriate to append a zero-sum
check symbol. The two extensions agree in the case of the octacode, which is number 12.
The second column gives representative generators for the cyclic code (with the extending
symbol in parentheses). The last column gives the minimal Lee distance d of the cyclic
code (and the minimal distance d* of the extended code in parentheses).

It is easy to extend this table to obtain a list of all possible types of cyclic codes over
lengthnover Z,, g = p®, 1 < a < oo, for any prime p such that X" — 1 factorizes modulo
p into three irreducible factors, as in (24). It follows from Theorem 6 that there are 24 types
of such codes, namely

o g

g01 pml)’
where go € { fo, f1, f2. fofi. fof2. f1 )2}, and

mo

(r"go), (p

iy my my my )
4

(P™go. "' 81), (P™go. P81, P



34

A.R. CALDERBANK AND N. J. A. SLOANE

where go € {fo /1. fof2, f1/2}, 81180, and

0 <mp <my < ms.

Similar enumerations can be obtained for any n, once the factorization of X" — 1 is known.
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Notes

. This definition of type differs from the one given in [12], [16]. The present definition has the advantage that

it applies also to p-adic codes.

2. Guided by the factorizations mod 2 and mod 4, one guesses that X0+ X + ...+ 1 = (X} 4+ 2X2 4 pX - ).
reciprocal; hence g = A — 1, A2 = A — 2,
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