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1 Introduction

Conformal field theories (CFT) are highly constrained by underlying symmetry. For the
case of two-dimensional CFTs, the modular invariance and crossing symmetry put strong
constraints on the spectrum and operator product expansion (OPE) coefficients. Especially,
the infinite dimensional Virasoro symmetry makes it possible to have CFTs with a finite
number of primary operators. Those CFTs are called as rational CFTs [1, 2] and it has
been known that they can be completely solved using the crossing symmetry constraints
when ¢ < 1.

The full classification of the unitary two-dimensional CF'Ts is however still out of reach.
For the CFTs with ¢ > 1 (without any extended chiral algebra) there is an infinite number
of primary operators. For such theories, modular invariance and crossing symmetry were
not enough to completely solve the theory. Nevertheless, in recent years, applying the uni-
versal constraints originated from the conformal symmetry and unitarity, a.k.a conformal
bootstrap has produced many fruitful results for the higher-dimensional CFTs [3, 4] and
two-dimensional CFTs with ¢ > 1 [5-10].



In the current paper, we further study the consequences of modular invariance for
the two-dimensional CFTs with ¢ > 1, along the line of [11-14]. See also [15-19].! The
previous works mostly focused on the case without extended chiral algebra. Instead, we
concentrate on the case of CF'Ts with holomorphic/anti-holomorphic (higher-spin) currents
and also with W-algebra symmetry. We first assume that there are conserved currents of
conformal weights (h, h) = (4,0) and (h, h) = (0, 7). Under this assumption, we investigate
the gap in the twist A; = A — |j| = 2min(h, k) for the non-current operators. We observe
rather dramatic consequences for the upper bounds on the twist gap for the non-current
operators. Also, we explore modular constraints for the CFTs with W-algebra symmetry.
We focus on the W-algebra associated with a simple Lie algebra g, which we denote as
W(g). We find that the numerical upper bounds depend on the choice of W(g)-algebra
when the central charge is small, namely ¢ < rank(g). For the case of W(Az)-algebra, this
problem has been recently discussed in [23, 24].

The torus partition function of an arbitrary ¢ > 1 CFT admits a character decompo-
sition of the form

Z(7,7) = xo(T)X0(7) + Y dp i X (7)XR(7)

= | (1.1)
+ Z [ () %0(™) + dixo(r)x;(7)]

where x,(7) denotes the Virasoro character for the primary operator of weight h. Here
the degeneracies d;, Jj, dy, ;, have to be non-negative integers. The invariance of (1.1) under
T-transformation forces the given CFT to have states of integer spin j = |h — h| while the
invariance under S-transformation implies

Z(1,7) =2 <—1,—1> : (1.2)

Combining (1.1) and (1.2), we obtain a constraint

(1,7) —l—i[dz (1,7 +dZ(TT:|+Zdthhh(TT)—O (1.3)
J=1 h,h

where the function Z,(7,7) is defined as xA(T)Xa(7) — xa(—2)xa(—2). We call (1.3) as
the modular bootstrap equation.

We utilize the semi-definite programming with the help of powerful numerical package
SDPB [26] to examine the modular bootstrap equation (1.3). The semi-definite programming
method has been first employed in [12] and then further refined in [14], leading to universal
constraints on the CF'T spectrum. For example, the upper bound on the spin-independent
gap Ag,p in the operator dimension is given as
Agap 1

1
— < i = .
I S dm == <3 (1.4)

Very recently, constraints on 2d CFT from the genus two partition function have been studied [20-22].
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Figure 1. Numerical bound on the twist gap A; = A — |j| for the non-current operators in the
presence of holomorphic currents.

A similar bound in the presence of a U(1) global symmetry has been found in [27]. In [14],
it was also observed that the level-one g = A1, Ag, Go, Dy, Eg Wess-Zumino-Witten (WZW)
models can be realized on the upper limit of the dimension gap of scalar primaries at the
corresponding values of central charge. We further refine this analysis by either relaxing or
imposing extra constraints on the spectrum. Let us highlight some of our results. We first
assume the existence of the holomorphic currents, and investigate the bounds on the twist
gap (A > Ay + |j|) for the non-current primaries as a function of central charge c¢. The
resulting numerical upper bound exhibits rather distinctive behavior compared to that of
the upper bounds studied in [14]. It is natural to ask if any known theories are realized on
the numerical boundary of the twist gap.

We find that the numerical boundary realizes the level-one WZW models with
g = A1,A2,Go, Dy, Fy, Fg, E7, Eg, as illustrated in figure 1. This set of g agrees with the
so-called Deligne’s exceptional series. They are the simplest examples of rational confor-
mal field theories (RCFT) with extended chiral algebras whose characters are given by the
solutions of degree-two modular differential equation [28, 29] with

14 26

=1,2,—,4,=
& 775”5

,6,7,8. (1.5)
Moreover, we also find the modular invariant partition function for the ¢ = % realized at
the numerical boundary. This partition function can be thought of as that of a two-channel
RCFT with extended chiral algebra gy—, = (E7 1 k=1, if such theory exists.?

Figure 2 shows the upper bound on the twist gap in the large central charge region. We
find numerous kinks and peaks on the numerical boundary. Among them, the three points
at ¢ = 8, ¢ = 24 and ¢ = 48 can be identified with the (Es); WZW, Monster CFT [30]

2The Lie algebra E.. is a non-simple subalgebra of Es, which shares common features like the ones in
the Deligne exceptional series [47].
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Figure 2. Numerical bound for the twist gap, in the presence of the conserved currents of spin
1 < j < Jmax and the conserved currents of spin 2 < j < jmax.

and ¢ = 48 extremal CFT, respectively. We also find that the (Es); x (Es); WZW model
can be placed at the boundary point at ¢ = 16. On the other hand, we obtain different
numerical bounds on the twist gap depicted in figure 6 when the currents are restricted to
have spins of j > 2. Interestingly, we are able to show that some RCFTs with finite group
symmetry of large degree can sit on the numerical upper bound. For instance, the baby

Monster CFT [31] is realized at the boundary point of ¢ = 4.

Finally, we impose the W-algebra symmetry to our analysis, which can be applied to
constraining higher-spin gravity in AdSs [32]. This can be done by using the character for
the Wh-algebra instead of the Virasoro character in the equation (1.1). We assume that
there is no degenerate state besides the vacuum. When the central charge is larger than the
rank r = rank(g), the numerics do not show a significant difference with the Virasoro case.
This might be due to the fact that we are not using the full character of the W-algebra,
but rather an ‘unrefined’ one for simplicity. However, we find that the numerical bound
shows a sharp cliff at ¢ ~ r, as presented in figure 3. It means there is no modular invariant
partition function for ¢ < r, which can be considered as a unitary bound of Wj algebra.
Additionally, we find that the rank-three W(A3) character realize the level-one A3 WZW
model at the numerical boundary, but not for the other choice of W(g).

This paper is organized as follows. In section 2, we review the solutions to the degree-
two and degree-three modular differential equation (MDE). It is known that the solutions
to the MDE can be identified with the vacuum and primary characters of a two-character
or three-character RCFT. We also summarize the basic aspect of the ‘unrefined’ character
of Wh-algebra. In section 3, we present numerical upper bounds on the scalar gap, overall
gap and twist gap for the parity preserving CFTs with or without conserved currents. We



DOy

2.0 ---- Virasoro
(2.3)
(2,3,4)
k- (2,3,4,5)
15 e (23456) A
----- (2,3,4,5,6,7) r,,,,/'
a7 _a"
(2,3,4,5,6,7,8) P i >
Y ! -
1.0 [M f 5 b
g Y i
| ! !
| P
0.5 / ! 1 i
| i ! !
| | P
pepeg a1 31—t o5t : ‘ c
2 4 6 8 10

Figure 3. Numerical bounds on the twist gap with various W-algebras. We also assume the

presence of the conserved currents of j > 1 in the spectrum.

identify 16 RCF'Ts that are located on the numerical boundary. In section 4, we provide
the evidences for the identification of the 16 special points on the numerical boundary with
the known and conjectured RCFTs. We find the modular invariant partition function of
various RCFTs by assuming every extremal spectrum saturate the bounds on the maximal
degeneracies. In section 5, we repeat the numerical analysis with the character for the

W-algebra.

2 Preliminaries

2.1 Modular differential equation

A conformal field theory with a finite number of primary operators (maybe under an
extended chiral algebra) is called a rational conformal field theory (RCFT). From this

definition, the partition function of a RCFT can be expressed as
Z(’T,’Ti) = Z Mz]fz(T)f](%)a (21)
ij=1
where f;(7) denote the characters of the (extended) chiral algebra including the Virasoro

algebra.
There has been an attempt to classify RCFTs using the modular differential equa-

tion [28]. The main idea is to regard n characters f;(7) of a given RCFT as independent
solutions to a modular-invariant differential equation. One can use the covariant derivative

on a modular form of weight 7,

Dy =0, — éiﬂ'T’Ez(T) (2.2)



with the second Eisenstein series Ea(7), to express the most general n-th order holomorphic
differential equation as

n—1

DP + ) Gomi)(T)DE| f(7) =0. (2.3)

k=0

Here ¢or(7) denotes a modular form of weight 2k that becomes singular at the zeros of the
Wrénskian W = det Wij with Wij = D.f;(r) and i,j = 1,...,n. It is shown in [28] that
the total number of zeroes of the Wronskian W is given by

n—1
¢c nn—-1) ¢

_ h; = 24

ZZ; + 24 + 12 6 (24)

where h; denote the conformal weights of non-vacuum primary operators in a given RCFT
and / is either 0 or an integer greater than or equal to two.

In the present work, we are mostly interested in the modular differential equation with
¢ = 0 where ¢, (7) of (2.3) can be expressed as a sum of monomials of E4(7)?Eg(7)® with
4a + 6b = 2k. The Eisenstein series are normalized such that they can be expanded as

E4(7) = 1 + 240q + 2160¢> + 6720¢° + 17520¢* + O(¢°),

2 3 . i (2.5)
Eg(7) = 1 — 504¢ — 16632¢% — 1229764¢° — 532728¢" + O(¢%)

2miT

in the limit g = e — 0. We further demand the modular differential equation to have

a solution of the form

o

froe =4 [H _ +o<q”1>], (26)

fqm

m=2

which will be identified as the vacuum character of a corresponding RCF'T with the central
charge c¢. We can then determine the modular differential equations unambiguously up to
fifth order. For instance, the modular differential equation of order two is given by

[(qjq) - 580 () - E4(T)] 1) =0. .1)

And the modular differential equation of order three is given by

d\* 1 d\? (1 d
[(%) 350 (0, ) +{ g om0z ) 0| F =0 25
with
_ 152 +52%c2+ 7027 g c(144 ;12;3;; 5¢2) ' (2.9)



2.2 Deligne’s exceptional series and monsters

Deligne’s exceptional groups and WZW models. The “vacuum” character of (2.7)
takes the following form

c(5c+ 22)

fvaC(T):qfc/24 1+ 0o g+---1,

(2.10)

c(5¢+22)
10—c
spin-one conserved currents. In other words, the chiral algebra of the RCFT we are looking

for could be generated by Virasoro and also Kac-Moody algebras as long as 0(5%4_'?) becomes

which implies that the corresponding RCFT with central charge ¢ should contain

a positive integer. When ¢ = —22/5, there is no conserved-current. This gives the simplest
(non-unitary) minimal model, the Yang-Lee model.

One can show that the Wess-Zumino-Witten (WZW) models for Ay, As, Go, Dy, Fy,
FEg, E7 and Eg with level one satisfy the above conditions. In general, the central charge
of the g WZW model with level % is given by

~ kdim g

c(@r) = 27 (2.11)

where hY denotes the dual Coxeter number of g. It is straightforward to show that

c(g1) (5c(gr) +22)
10 —c(gr)

when g = Ay, Ao, Go, Dy, Fy, Eg, By and Eg. These groups are often referred as the

dimg = (2.12)

Deligne’s exceptional series.
Indeed, fyac(T) of (2.10) at ¢ = ¢(g1) is the vacuum character of the WZW model for
Deligne’s exceptional groups with level one. Moreover, one can identify the other solution

to (2.7) with ¢ = ¢(g1),?
o (5¢—2)(c+4) 2+¢

_ h— = 1 =
fu(T) =aog" 21 |1+ et 14 q+ with h 7

(2.13)

as the characters associated with the primary operators of the corresponding theory; here
ag is a constant which is not determined by the modular differential equation. The g WZW
model with level one has primary operators in the dominant highest-weight representations
of the affine algebra g, i.e.,

k=1>()\0);, (2.14)

where 6 is the highest root of the Lie algebra g (see table 1). Their conformal weights are

(A A +2p)

ha(gr) = kR

(2.15)

where p denote the Weyl vector. The conformal weight h) coincides with %(2 + c(fjl))
for the g1 in the Deligne’s exceptional series except for Fg. One can also show that,

3The exact solutions fuac(7), fu(7) of the second order MDE are given in [33] in terms of hyper-
geometric series.



g | W | dimg | c(g1) dominant highest-weight rep. h(g1)

Ay | 2 3 1 [0;1] :

Ay | 3 8 2 [0;1,0], [0;0,1] 3

Gy | 4 14 4 [0;1,0] 2

Dy| 6 28 4 [0;1,0,0,0], [0;0,0,1,0], [0;0,0,0,1] %

Fy| 9] 52 % [0;0,0,0,1] 3

Fg | 12 78 6 [0;1,0,0,0,0,0], [0;0,0,0,0,1,0] %

E; | 18 | 133 7 [0;0,0,0,0,0,1,0] %

Eg | 30 | 248 8 none
Table 1. Dual Coxeter numbers, dimensions, central charges ¢(gig=1), dominant affine weights of
k=1 other than the basic weight [1;0,0,...,0], and conformal weights of corresponding primary
operators.

when ap = dim A, all the coefficients of the g-expansion of f(7) (2.13) with ¢ = ¢(g1)
become positive integers that agree with those of the characters associated with the primary
operators of weight h = hy(g1). For example, for ¢ = 4 (when we turn off the chemical

potentials for the flavor charges),

fh:1/2(7') = X[0;1,0,0,0] (1) = X[00,0,1,0] (1) = X[0;0,0,0,1] (1)

2.16
= 8+ 64q + 288¢” + 1024¢° + 3152¢" + 8704¢° + - -- (2.16)

where X[o.y are the characters associated with the primary operators with the highest-
weights A\ that are present in the 50(8); WZW model. The three representations are
mapped to each other via triality of so(8).

For later convenience, let us also discuss the modular-invariant partition function of
the WZW models with level one. For the Deligne exceptional groups, it is shown in [34]
that the torus partition functions (in the limit of zero chemical potential for the global

currents) are

Zﬁl (Tﬂ 7_—) = fvac(’r)f_vac(%) + N (ﬁl) fh(T)f_h(’T—) ’ (217)

where N (g1) denotes the number of dominant highest-weight representations of gy other
than the basic representation. For instance, the partition function of $0(8); WZW model
can be expressed as

Zs77(8)1 (7‘, 7_—) = fvac(T)fvac(%) + 3fh:1/2(7—)fﬁzl/2 (7_—) (2'18)
with ¢ = 4.

Monster and its cousins. The modular differential equation of order three (2.8) with
the ansatz (2.6) has been studied relatively recently in order to explore unitary RCFTs
that has no Kac-Moody symmetry (but may have some extended chiral algebras) [35, 36].



Let us first discuss the possible values of the central charge for which RCFTs without the
Kac-Moody symmetry may exist. The “vacuum character” of (2.8) is given by

c ¢ (70¢* + 955¢ + 2388)
=q |l
Faclm) = a7 1+ =5 7am) ¢

(2.19)
5530c + 114000¢* + 919648¢3 + 3949824¢? + 5656576¢ N
q ..

3(c2 — 86¢ + 1864)(c2 — bbe + 748)

It is not difficult to show that the requirement to have positive integer coefficients of the

g-expansion of fu..(7) (up to the O(¢*"?))

values [35, 36],

restrict the central charge ¢ to nine possible

44 47 164 236
=—-—,8,16, —,24,32, —, —
c a2a ’ a5’7a

.8, 40. 2.20
5 (2.20)

One can also identify the other two solutions to (2.8) with two different characters
associated with the primary operators of conformal weights h = hy (c),

fe(7) = ¢ [ag + O(q)] (2:21)

with

c+4 /(24— c)c+ 368
+ ;
16 161/31

in the corresponding would-be RCFT with central charge c. It is clear from (2.22) that the

hi(c) =

(2.22)

above two “primary operators” of weights h4 (c) would not exist for ¢ > 12 + 16v/2. This
suggests that the RCFT of our interest with ¢ = 40 may correspond to a single-character
RCFT, having the vacuum as the only primary.

The vacuum character of a single-character theory has to be of the form [28]

§(0) (i (r) — 1728)° P (j(7)) , (2.23)

where o = 0,1/3,2/3 and = 0,1/2 while P, (j(7)) denotes a polynomial of order k in the
j-function with integer coefficients.* One can indeed show that fy.c(7) (2.19) for ¢ = 40
can be expressed in terms of the j-function,

Feac(T) = ¢~ 21 [1 + 20620¢> + 866662404 + - - - |

(r) [j(f) - 1240] . (2.25)

win

=J

In summary, it is plausible from (2.8) with (2.6) that unitary RCFTs without Kac-
Moody algebra can exist for c=8, 16, 47/2, 24, 32, 164/5, 236/7 and 40. (See table 2.) Some

“Here the j-function is normalized as follows:

(12E4(1))*

i) = P B (2.24)



c Jvac(T) Jni(T) automorphism group

1 8
2724a9 [1 +36g+ - -
$ | ad[easeg ] | g0 el 01y(2)2
q "2by[l1+16g+ -]
1—16
141
16 | ¢ 2 [1+2296¢% +---] q, ao[l+136q +--] 0,(2).219
q2"2aby [1 +52¢+ -]
2 8ag [34 785 + -]
2 48 .o
B 149625607 + -] | Ta I Baby Monster
qT6 " asby [AT +5177q + - - -]
24 q_% [1 +196884¢> + - - ] none Monster
32 q—% [1 + 139504q2 + .- ] none unknown

1141

573024
164 | =55 [1 4 90118¢% + -] q3 7 90[248 + 90365 + -] N

q'5 30 [484 + 120032q + - - -]

16 59
712|391 + 140896 cee
@ q_% [1 +633664¢% + - - ] q177 23 1391 + a+] unknown
q7 "22[7192 + 1971507q + - - - |
40 | ¢~ [1+20620¢> + - -] none unknown

Table 2. Central charge, characters with unfixed integers ag and by, and automorphism group of
eight possible rational conformal field theories.

of their vacuum characters (2.19) can be identified with the Monster module (¢ = 24) [37]
and the Héhn Baby Monster module (¢ = 47/2) [31]. Furthermore, the vacuum characters
for ¢ = 8,16 can be realized as a certain fixed-point free lattice for the rank 8 even lat-
tice and the rank 16 Barnes-Wall even lattice whose automorphism groups are related to
07,(2).2 and O;(2).2'6 respectively. The extended chiral algebras for ¢ = 32, %, @,40
are however not much known and need further investigation. Moreover, beyond the Monster
CFT, some of their modular-invariant partition functions have been poorly understood.

We discuss in the next section that the above RCFTs, both of the WZW models with
level one for the Deligne’s exceptional series and the Monster CFT and its cousins, are
realized at the numerical bounds of the twist gap.

2.3 Character of Wh-algebra

W-algebra is an extension of the Virasoro algebra, augmented with generators with higher
spins s > 2. In section 5, we will investigate consequences of the W-algebra symmetry
in the modular invariant partition function. We label the W-algebras by the spins (or
dimensions) of the generators as W(dy,ds,...,d,), where we call r as the rank of the
algebra. For the W(g)-algebra associated to a Lie algebra g, the spins of the generators
agree with the degrees of the Casmirs of g. In this section, we briefly review necessary
aspects of the W-algebra for our numerical bootstrap program. See [38] for more details.

W(2, 3)-algebra. The first example of W algebra is the W(A2) = W(2,3) [39]. It has
two generators, one comes from the stress tensor 7'(z), and the spin-3 generator W(z),

~10 -



which upon mode expansion

T(z) =Y Loz "2, W()=> Wnz " (2.26)

nez nez

The commutation relations between generators are given by

C
[Lm, Ln] = (m - n)Lm_,_n + ﬁm(m2 - 1)(5m+n,[)
[Lin, Wa] = (2m — )Wt

1 1 2.27
W W] = (=) {4 3)m++2) = g+ 204 2)| L5
16 c
- Am n orn 2 1 2 4 m-+n
b o (= A + el = Dm® — i
where the operator A, is
3

An=> LpLnp+ > LnpLy— g+ 2)(n+3)L. (2.28)

p<-2 p=>—1

The highest weight states |h, w; c) are labeled by Lg eigenvalue h and W) eigenvalue w and
also by the central charge ¢. The Verma module is generated by acting negative modes
L_,, and W_,,, to the highest weight state. When the central charge ¢ and the highest
weights (h,w) satisfy some relation, the Verma module might carry null states that we
need to mod out to form a faithful representation. For a generic value of ¢, h, w, the Verma
module does not have a null state, which is the scenario we are mostly interested in.

One can define the character for a given representation Vi w 88

X(havre) (T39) = Trve (qLO_ipWo) : (2.29)

This quantity turns out to be rather challenging to compute, even for the case of the Verma
module. This has to do with the fact that one needs to simultaneously diagonalize vectors
in V., with respect to Ly and Wy. See [40, 41] for a recent development on this issue.
Due to its computational difficulty, we will focus on the ‘unrefined’ character, which sets
p = 1. The unrefined character turns out to be very simple, just given by

c—2
< < 1 qh_ 24

X(hawe) () = Trye g"0721 = ¢"7a = : (2.30)
(h,w;c) how };[1 (1—q)? n(r)?

for a generic representation. For the vacuum module, we simply get

oo 00 _c=2
_e 1 1 ¢ (1-q)*(1-¢%
- = 2.31
o= = Ha=m o 20
from the following null states:
(0|L1L_1|0) =0, (O|W1W_1]|0) =0, (0|W2W_3|0) = 0. (2.32)

- 11 -



W-algebra associated to a Lie algebra. The most straightforward way of construct-
ing a W-algebra is to start with generators of dimensions dy,...d, and then try to fix
various structure constants by imposing Jacobi identity. This way is notoriously difficult
to perform in practice, which has been done only up to 3 generators [42]. Instead, a more
systematic approach is available.

Start with an affine Kac-Moody algebra gi. From here, one can obtain an associated
Wh-algebra via quantum Drinfeld-Sokolov reduction [43-45]. This W-algebra W(gg, A) is
labeled by choice of a su(2) embedding A : su(2) < g, where g is the finite part of the
affine Kac-Moody algebra. When g = su(N), the su(2) embedding is classified in terms of
partitions of N or Young tableaux of N boxes. This choice determines how the Virasoro
algebra is realized in affine Kac-Moody algebra.

The choice of A determines the degrees of the W-algebra generators. It goes as follows.
One can decompose the adjoint representation of g into the su(2) representations as

adj(g) = QB V;, (2.33)

where V; denotes 2j + 1 dimensional spin-j representation under su(2). Once we have the
decomposition as above, the W(g, A)-algebra associated to the affine Lie algebra g and
the su(2) embedding A will have the generators of spins (dimensions) given by j + 1. For
example, let us choose A to be given by the principal embedding A,,. Then the adjoint
representation decomposes into g = ®;_,;Vy,—1 where r is the rank of g and d; are given
by the degrees of the Casimir operators. Sometimes we denote the W-algebra given by
the principal embedding as W(g) = W(g, Apr). Our main focus in section 5 will be the

modular constraint coming from W(g)-algebra.

For the W(dy, ..., d,)-algebra, we have generators with the mode expansions given as
W) (z) = Wit gmn—d, (2.34)
nez

Verma module is simply generated by acting negative modes of the generators ng) on
the highest-weight state. Therefore, the reduced character for a generic module (that does
not have any null state) is simply given as

1 h—c=r

s _q
Xn(T) =4 711;[1 A=)~ (2.35)

where we omitted the dependence on the weights for the generators except for the stress-
energy tensor. The vacuum states are defined to be annihilated by all the generators
of mode number greater than equal to zero. In addition, there are null states at level

1,2,...,d — 1 of the form Wﬁcgl . WS?JO} with 1 <37 np < d— 1. Now, we can write
the vacuum character for general rank-r W(dy,da, ..., d,)-algebra as
r 00 1 g 02*47' r d;j—1 ‘
) =a 5 [[ [l 7=="= 11110~ (2.36)
i=1n=d; L=q") () i=1 j=1
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Now, the partition function of a CFT with W(d, ..., d,)-algebra symmetry should be
written in terms of W-algebra characters, instead of Virasoro characters. For the compu-
tational convenience, we mainly focus on the reduced partition function given as

Z(r,7) = |7z |n(0) " Z (7, 7). (2.37)

Note that |7"% |n(7)|? is modular invariant. Therefore the reduced partition function is also
invariant under 7 — —%.

3 Modular constraint with Virasoro algebra

3.1 The modular bootstrap equation

The torus partition function of a two-dimensional compact (bosonic) CFT can be defined as
Z(1,7) = Tryysn qLO_%(jEO_% with ¢ = > (3.1)

where 7 parametrizes the complex structure of the torus, and trace is taken over the states
of a given CFT on a unit circle. We focus on CFTs having parity-invariant spectrum and
thus free from the gravitational anomaly, i.e., ¢, = cg in what follows.

One can decompose the partition function Z(7,7) of a given parity-preserving CFT in
terms of the Virasoro characters as

Z(r.7) = x0(D)%o(7) + Y dn i [Xn(T)XA(P) + X (1) (7)]
h,h
(3.2)
+> d; [Xj(T)Xo(f) + XO(T)XJ'(%)} ;
j=1

where xp(7) denotes the Virasoro character for the highest-weight representation with
weight h. The vacuum and non-vacuum characters take the forms

= 1
xo(r) =g # [] —
"2 ) (3.3)
— "= .
Xh>0(T) q };Il 1—qgn

Unless a given CFT suffers from the large diffeomorphism anomaly, the torus partition
function (3.1) has to be invariant under the modular transformation SL(2,Z) generated by
T and S,

1
T:7T—71+1, ST —>——. (3.4)
T

Invariance of the partition function under the T-transformation requires that all states
carry integer spins, i.e., 5 = |h — h| € Z>o. The invariance under the S-transformation
implies that the spectrum dj, , and d; are further constrained to satisfy

0= Zvac(r, ) + > dy; [zh,,;(T, )+ Zpa(m fﬂ +Y 4 [zj(T, )+ Z(, ?)] ., (3.5)
h,h Jj=1
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where
2,5 (1,7) = xu(7) X () — X (—i) X <—i> : (3.6)

Our goal in this paper is to study the consequences of the equation (3.5) on the
spectrum of operators. It is in general challenging to solve the constraint equation (3.5)
analytically. However, the numerical method of semi-definite programming (SDP) makes
it feasible to study the constraint imposed by (3.5). The procedure goes as follows: first,
make a hypothesis on the CFT spectrum. Second, search for a linear functional « satisfying

the conditions below
a[zvac(f, f)} =1, a[Zhﬁ(T,f)} >0, a[zj(T, f)} >0 (3.7)

for (h,h) subject to the hypothesis. If such an « exists, the non-negativity of dp, , and d;
implies that

a [ZvaC(T, ?)} + Z dp p [Zhjl(T, )+ Z, (T, ?)] + Z djo |:Zj(7', )+ Z4(r, %)] >0.
h,h Jj=1
We thus find a contradiction that (3.5) cannot be satisfied, and the hypothetical CET
spectrum is ruled out.
In this section, we investigate the numerical upper bounds on the so-called scalar
gap, overall gap and twist gap defined below for parity-preserving CFTs with and without

conserved currents:

1. scalar gap problem: we impose a gap A; in the spectrum of scalar primaries. In other
words, the spectrum of a hypothetical CFT is constrained to have scalar primaries
with conformal dimensions A > A, while the unitary bound A > j is satisfied for
other primaries with spin j.

2. overall gap problem: there is a gap max(A,,j) in the conformal dimensions of all
non-degenerate primaries. The conformal dimension A of non-degenerate primaries
of spin j are required to satisfy A > max(A,, 7). However, we do not impose the
above gap on the conserved currents. If A, < 1, this condition is identical to the
scalar gap problem. As the maximal gap A, grows, one can expect to have upper
bounds on A, different to those of the scalar gap problem.

3. twist gap problem: we also study the universal gap A; on the twist ¢ defined by
t = A —j = 2 min(h,h). The gap is again relaxed for the conserved currents. A
putative CFT is thus constrained to have non-degenerate primaries with conformal
dimensions A > j + Ay only. Among the three problems, the twist gap problem is
expected to show the most stringent upper bound.

— 14 —



It is convenient to use a linear functional o of the form

5.5 ()

p=0 m+n=2p+1

(3.8)

T=1,T=—1

to implement the semi-definite programming problem (3.7). The spins of primaries are in
practice truncated up to j < jmax where juax is carefully chosen such that the numerical
bounds for Ag, A, and A; are well-stabilized for a given derivative order Npyax = 2N + 1.
In the present work, the default value for the derivative order is 41, but can occasionally be
enhanced up to 81 if necessary. In order to make the numerical analysis simple, we solve
a different but equivalent SDP problem (3.7) with the partition function and characters
multiplied by certain modular-invariant factors to get

Z(r.0) = |rin(r)

() = rin(r)x(r) . (3.9)

Z(r,7),

Here Z(7,7) and X(7) are often referred to as the reduced partition function and reduced
characters respectively [12, 14].

3.2 Numerical bounds on spectrum gap

We solve the SDP problems (3.7) with the scalar, overall and twist gaps using the SDPB
package [26]. Figure 4 shows the numerical upper bounds on Ag, A, and A; for parity-
preserving CFTs with and without conserved currents.

As studied in [14], there is no essential difference between the CFTs with and without
conserved currents for the numerical bounds on the scalar gap A;, especially when ¢ < 8.
The authors of [14] found that (A;);, (A2)1, (Ga)1, (D4)1 and (Es); WZW models are
, %, 4, 8. Tt is rather tempting to test the pos-
sibility of achieving all the WZW models with Deligne’s exceptional series A1 C Ay C Go C
D, C Fy C Eg C E7 C Eg at the numerical boundary. Figure 5, however, shows that other

level one WZW models for the Deligne’s exceptional series would not be realized on the

realized on the numerical bounds at ¢ =1, 2

boundary even for the sufficiently large order of derivatives. It was also reported in [14] that
there is no upper bound on the scalar gap Ag beyond ¢ > 25 where one can easily construct
a modular invariant “partition function” of a noncompact CFT having no scalar primaries.

Unlike the scalar gap Ag, we find that the numerical bounds of the overall gap A,
are sensitive to the existence of conserved currents. Note that we do not impose the gap
condition on the conserved currents. It turns out that the numerical bound on A, for the
CFT with conserved currents start to deviate from that of the CFT without conserved
currents at ¢ = 4. We find a sharp peak at ¢ = 8 when the conserved currents are included,
which can be identified again with the (Eg); WZW model.

We observe that the curve for the numerical bounds on the twist gap A; with the
conserved currents shows the most dramatic pattern. We find that all the level one WZW
models for the Deligne’s exceptional series including (ﬁ4)1, (Eg)l and (E7)1 now sit on
the numerical bounds. We also observe that a modular invariant partition function with
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Figure 4. Numerical upper bounds on the scalar gap Ay, the overall gap A,, and the twist gap A;.

integer degeneracies is realized at the bound for ¢ = %. Interestingly, this value of central

charge is identical to the Sugawara central charge for E7; with level 1. We discuss this
2
point in more detail in section 4.2.

The twist gap problem without the conserved currents also shows a different numerical
upper bound. The asymptotic slope of this bound is compatible with % [13].
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Figure 5. Numerical upper bounds on scalar gap, overall gap and twist gap zoomed in around
c=06and 7.

In figure 6, we further explore the numerical upper bounds on the twist gap A; for
CFTs with conserved currents, by restricting the spins of the conserved currents. We
consider the case without the spin-1 current (only the spins j > 2 included), and also the
case without j = 1,2 current (only the spins j > 3 included).

We find 13 special points on the numerical upper bounds of A; that may correspond
to RCFTs, some of which are known and the others are conjectured, when 5 > 1 con-
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Figure 6. Numerical upper bounds on the twist gap in the range of 1 < ¢ < 55 with the conserved
currents of 5 > 1, j > 2 and j > 3 included. Each x-mark on the boundary refers to a certain
RCFT in given in tables 3, 4.

served currents are included. Those RCFTs are summarized in table 3. We can further
show that only these 13 RCFTs saturate the integer bounds on the degeneracies of the
scalar primaries with dimension A = A;. We will discuss this point in section 4. If we
exclude j = 1 conserved current in the spectrum, the three additional RCFTs conjectured
in [36], including the Baby Monster CFT, are realized at the numerical bounds. They are
summarized in table 4.

4 Spectroscopy

4.1 Spectrum analysis in modular bootstrap

We discuss in this section how to constrain the degeneracy of primary operators above
the vacuum in a hypothetical CFT when the numerical bound on the twist gap A; is
saturated [14]. Let us first start with upper bound on the degeneracy of the lowest scalar
primaries of conformal dimension A = A;. As long as A; is below the numerical bound,
there can exist certain linear functional 8 such that

BlZs o (r )| =1, (4.1)
and
B|Za(r.7)] = 0 for (n,h) # <A2tA2t> . 8lzinn)] 20, (4.2)
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Label c Ay Maximal Degeneracy Expected CFT
A 1 |1/2 deg = 4.000000 (A1); WZW model
B 2 | 2/3 deg = 18.000000 (A3); WZW model
C | 14/5|4/5 deg = 49.000000 (G3)1 WZW model
D 4 1 deg = 192.0000000 (D) WZW model
E |26/5|6/5 deg = 676.000004 (F4); WZW model
F 6 | 4/3 deg = 1458.000091 (Eg)1 WZW model
G 7 | 3/2 deg = 3136.000011 (E7); WZW model
H |38/5]8/5 deg = 3249.000405 (E71)1 WZW model
I 8 | 2 deg = 61504.00000 (Es); WZW model
J 16 | 2 deg = 246016.0000 (Es x Eg); WZW model
N 24 4 deg = 38762915689.0000 Monster CFT
0 32 | 4 | deg=19461087009.0351 “c = 32 ECFT”
P 48 | 6 | deg = 1847926789775361.00 ¢ =48 ECFT

Table 3. List of theories on the numerical boundary of A;. We include the conserved currents of
7 > 1 in spectrum.

Label c A; | Maximal Degeneracy | Automorphism
K 8 1 deg = 496.000000 Ofo(Q).Q
L 16 | 2 | deg = 69255.00000 07,(2).216
M | 47/2 | 3 | deg =19105641.071 | Baby Monster

Table 4. List of theories on the numerical boundary of A;. We include the conserved currents of
J > 2 in spectrum.

but acts negatively on Zyac(7,7) to satisfy the modular constraint (3.5). Then, (4.1)
and (4.2) imply

2 & = —B[Zvac} —~ > dyB [Zh,ﬁ + zhﬁ} + D dnB {Zf' + zﬂ}

- (hh)#( 550 J

B[ Zuclr,7)] - (4.3)

IA

To obtain the upper bound on da, a,, one thus need to solve an optimization problem of

272
searching a linear functional 5 that maximize

B |:Zvac(7—a f)} - (4.4)
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Let us denote such a linear functional by 5*. Then this leads to
day o, < da, o, = =508 [Zvac(’?',’?)} . (4.5)
> A

It will be shown later that the 16 RCFT's that lie on the numerical bounds on A; saturate
the degeneracy bound (4.5).

We can further determine the entire spectrum of a putative CFT, referred to as
the extremal spectrum, when the degeneracy of the lowest primary scalar saturates the
bound (4.5). This is because, when da, a, = d’, ,,, the first line of (4.3) becomes

202 PIRECE

0= Y i {F[Eann] + 5 [Zan )]}

(hR)#(5E,5E)

a4 {8 (20 + 8 (267 (46)
and thus

8|2l =0 (87|Z50(n 7] =0) (4.7)

for each primary in the extremal spectrum, i.e., dj, j 7 0 (d;j # 0). Therefore, by examining
the functional B8* evaluated at the Virasoro weights (h, h), one can determine which value
of the weights are allowed. This analysis is initiated in [46], often called as the extremal
functional method.

One can also find the upper bounds on the degeneracies dj, 7, of the primaries in the
extremal spectrum. This can be done by solving another optimization problem, that is to

search for a linear functional szh’ﬁ’) that
maximize B(*h’ﬁ’) [Zvac(T, f)} (4.8)
such that
B iy | Zueae (7| =1, (4.9)
and
Bl iy | Zna(m:7)| = 0 for () # (0 1) (4.10)

Although it is not guaranteed that a CFT having the extremal spectrum always maximizes
the degeneracies at all weights, it is still interesting to ask if there exist such CFTs. We
will see soon in the next subsection that 16 RCFTs that are realized on the numerical
bounds of A; indeed saturate the upper bounds on the degeneracies of all the primaries in
the extremal spectrum.
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Figure 7. The extremal functional 8* acting on spin-0 (left) and spin-1 (right) primaries at ¢ = 2
and A; =

(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(2,2) | 676.0000 | (1,1) | 2704.0000 | (1,0) | 52.00028
(2,8) | 7098.0001 | (2,1) | 16848.001 | (2,0) | 324.0007
(2,43) | 35802.002 | (3,1) | 80444.061 | (3,0) | 1547.0091
(8,8) | 74529.0001 | (2,2) | 104976.005 | (4,0) | 5499.0126

Table 5. The maximum value of degeneracies for low-lying states in a putative CFT with ¢ = %

4.2 WZW models with Deligne’s exceptional series

In this subsection, we utilize the extremal functional method (EFM) to investigate hy-
pothetical CFTs on A; = A} having the maximal degeneracies at all weights in the ex-
tremal spectrum. It turns out that the WZW models with level one for Deligne’s excep-
tional series are the CFTs of such type. Among them, the spectrum of WZW models for
g= A\l, A\g, ég, ﬁ4 and Eg are also shown to agree with the extremal spectrum of CFTs
on A =Ajatc=1,2, 154,4 and 8 [14]. We present below our numerical spectral data at

26.6,7,328 from which we identify the CFTs of our interest with the WZW models for
g= F4, E6, E7 and also with the mysterious E71

e Spectrum analysis for the (ﬁ4)1 WZW model

We apply the EFM to a hypothetical CFT with ¢ = %. The results illustrated in
figure 7 suggest that the extremal spectrum of spin-0 and spin-1 have the conformal
dimensions Aj—g = {& 4+ 2n,2+ 2n} and Aj— = {& +2n,3 4 2n} for n € Zxq.

We utilize the linear functionals 8y ; in (4.8)—(4.10) to obtain the maximal degen-

eracies of low-lying primaries in the extremal spectrum, listed in table 5. It implies
that in terms of the Virasoro characters, the partition function of a putative CFT of
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Figure 8. The extremal functional 5* acting on spin-0 (left) and spin-1 (right) primaries at ¢ = 6
and Ay = 3

our interest can be decomposed into the following form.

Z,_s (7. 7) = Xo(r)Xo(7) + 6763 (1)x3 (7) + 7098( g( JXs(7) +cc.)
+ 2704x1(T)x1(7) + 16848(><2( ) + 104976 x2(7) X2(7)
452 (Xl(f)ym(f) +c.c.) +324 (XQ(T))_(O(T') tee) b (411)

The affine character of (ﬁ4)1 is known to agree with the solution (2.13) to the second

order modular differential equation (2.7) with ¢ = 22,
=26 26
frac® (1) = X[IOOOO]( T)=q 0 (1+452g + 377¢* + 19764° + O(¢%)) ,

26 ; (4.12)

=26 =2 3_13

fs 7 (1) = X[0;0§070,1] (1) = g5 0 (26 + 299 + 1702¢* + 7475¢° + O(q*)) ,

where the overall constant ag of (2.13) is now fixed by the dimension of fundamental
representation of Fj.

Using this affine character, one can simplify the modular invariant partition func-
tion (4.11) as
Z_2(1,7) = | fue(T )!2+\f ()% (4.13)

which perfectly agree with the modular invariant partition function of (ﬁ4)1 WZW
model [34]. Therefore, we identify the putative CFT at ¢ = 2% with the (F});
WZW model.

e Spectrum analysis for the (Eg)l WZW model

Using the linear functional (4.7), we can learn that the extremal spectrum with ¢ = 6
and A; = % contains the scalar primaries of A;—g = {% + 2n,2 4 2n} and spin-one
primaries of Aj—y = {Z + 2n,3 + 2n}(n > 0), as depicted in figure 8. We also
summarize the maximal degeneracies of various primaries in the extremal spectrum
in table 6.

We can express the partition function of a CF'T that contains primaries in table 6 in
terms of two solutions to (2.7) with ¢ = 6 as follows,

Ze=o(,7) = fiac () Fiad’ (7) + 257 (1) f5°(7), (4.14)
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(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(3,2) | 1458.0001 | (1,1) | 6084.0001 | (1,0) | 78.00023
(2,2) | 18954.003 | (2,1) | 50700.004 | (2,0) | 650.0012
(2,8) | 112266.08 | (3,1) | 278850.00 | (3,0) | 3575.010
(5,2) | 246402.001 | (2,2) | 422500.05 | (4,0) | 14806.03

Table 6. The maximum value of degeneracies for low-lying states in a putative CFT with ¢ = 6.

Log[B’[Zaoll Log[B'[Zaa]]
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Figure 9. The extremal functional 5* acting on spin-0 (left) and spin-1 (right) primaries at ¢ =7
and A; = %

where

=67} = g1 (1 + 78q + 729¢* + 4382¢> + O(q")) , w15)

Furthermore, two solutions f&:°(7) and f$7%(7) can be identified as the affine char-
3

acters of EG

e (1) = X[C1:;(?,o,o,0,0,0] (1),
(4.16)

% ()= X[co;l,o,o,o,o,o] (1) = X[CO;O,O,O,OJ,O] (7)-

Here, two representations [0; 1,0, 0,0, 0,0] and [0;0, 0,0, 0, 1, 0] are complex conjugate
to each other, and their characters are indistinguishable unless we turn on additional
chemical potentials for the Cartan parts of the current algebra.

The partition function (4.14) then becomes the partition function of (Eg); WZW
model (2.17).

o Spectrum analysis for the (E7)1 WZW model

As depicted in figure 9, the extremal spectrum with ¢ = 7 and A; = % contains spin-0

primaries of Aj—o = {2 +2n,2+2n} and spin-1 primaries of Aj_; = {5 +2n,3+2n}
(n € Z>0). The maximal degeneracies at various weights in the extremal spectrum
are listed in table 7.
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(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(3,3) | 3136.0000 | (1,1) | 17689.000 | (1,0) | 133.00116
(3,%) | 51072.000 | (2,1) | 204687.00 | (2,0) | 1539.0104
(3,4 | 362880.00 | (3,1) | 1344364.01 | (3,0) | 10108.085
(£,7) | 831744.01 | (2,2) | 2368521.01 | (4,0) | 49665.351

Table 7. The maximum value of degeneracies for low-lying states in a putative CFT with ¢ = 7.

The solutions to (2.7) with ¢ = 7 are known to agree with the E; affine character
with ag = 56

() = Xfi0.00000 (T) = a2 (1+133q + 1673¢> + 11914¢* +....)

=T/ \ _ =T 3.7 9 3 (4.17)
FNT) = X[0:0.0,0001,0(T) = @17 27 (56 + 968¢ + 7504¢” + 42616¢° + . ...) .
4 tt et b b A b}

It is straightforward to see that the partition function of (E7)1 WZW model (2.17),
Zewr(r,7) = | fd (MP + 15770, (4.18)

is consistent to the maximal degeneracies in table 7.
e Spectrum analysis for the (E7;)1 WZW model
2
It is shown in [28] that there is one more value of central charge ¢ = % where the all
the coefficients of the two solutions to (2.7) become positive integers,

_38
fone® (7) = q 00 (1 4 190q + 2831¢% + 22306¢° + 129276¢" + O(¢%)) ,

_ss (4.19)
£ (1) = g5 o0 (BT + 1102q + 9367¢° + 57362¢% + 280459¢* + O(¢°)) .

5

_38
The non-vacuum character fya.® (1) in (4.19) can arise from an affine Lie algebra if

there is one with dimension 190. Interestingly, mathematicians have discovered that
there is indeed such a Lie algebra called E.1, in an attempt to fill in a certain gap
in the Deligne’s exceptional series [47].

As illustrated in figure 10, the extremal spectrum contains scalar primaries of confor-
mal dimension A;_g = {%+2n, 2+2n} and spin-one primaries of conformal dimension
Ajo1 = {2 +2n,3+ 2n}(n € Z>(). As summarized in table 8, they have positive

integer maximal degeneracies.

It turns out that the modular invariant partition function of the a CFT that contains
primaries in table 8 can be simply expressed as,

38 —

Zep(17) = fra® (Dfee® (1) 4150 (L (7). (4.20)
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Figure 10. The extremal functional 8* acting on spin-0 (left) and spin-1 (right) primaries at

c-—andAt

(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(2,2) | 3249.0004 | (1,1) | 36100.000 | (1,0) | 190.00412
(3,2) | 59565.012 | (2,1) | 501600.00 | (2,0) | 2640.0481
(2,2) | 1092025.06 | (2,2) | 6969600.01 | (3,0) | 19285.021

38

Table 8. The maximum value of degeneracies for low-lying states in a putative CFT at ¢ = .
For these results, the maximum number of derivative is set to Nyax = 55, while spin is truncated

at Jmax = 40.
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Based on this observation, we suspect that there may exist a RCFT at ¢ =

15

-2

-40
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-120

The extremal functional g* acting on spin-0
c =16 and At:2

(left) and spin-1 (right) primaries at

% where

_38 _38 ~
feac® (1) and f3 7 (7) in (4.19) can be understood as the characters of (Ep1)1.°
s 2

o Spectrum analysis for (Eg x Eg)1 WZW model

The extremal spectrum of a putative CFT with (¢ = 16,A; = 2) and their maxi-
mal degeneracies are presented in figure 11 and table 9, respectively. The partition

Tt was shown in [33] that some of its fusion rules becomes negative. One can circumvent the puzzle

by interchanging the two characters in (4.19).

The new theory then becomes a non-unitary CFT with

¢ = —58/5 which has 57-fold vacua and primaries of negative dimension. Thus, the ¢ = —58/5 theory

cannot be understood as a standard CFT.
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Max. Deg (
246016.0000000000 | (
34350480.00000000 | (

(
(
(

) Max. Deg
)

)

) | 1014200960.000000

)

)

)

) | 496.000000000000
) | 69255.0000000000
) | 2044760.00000000
)
)

4796255025.000000
283219707600.0000

32485860.0000000
357674373.000000

Table 9. The maximum value of degeneracies for low-lying states in a putative CFT with ¢ = 16.
Here the maximum number of derivative is set to Npnax = 55, while the spin was truncated at
jmax = 40.
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Figure 12. The extremal functional §* acting on spin-0 (left) and spin-1 (right) primaries at
c=24 and A; = 4.

function read off from table 9. It can be written in a simple form

2 _

Ze=16(7,7) = j(7)35(T)3 (4.21)

win

where j(7) denotes the modular invariant j-function (2.24). The result (4.21) per-
fectly agrees with the partition function of the (Eg x Eg); WZW model.

4.3 c¢ > 8 RCFTs without Kac-Moody symmetry

In the previous subsection, we uncovered that the WZW models with level one for
Deligne’s exceptional series maximize the degeneracies of the extremal spectrum at ten
among sixteen special points on the numerical bound of Ay, as depicted in figure 6. It
is known that the characters of such WZW models are the solutions to (2.7). In this
subsection, we will show that the degeneracies of every extremal spectrum of certain
RCF'Ts saturate their upper bound at the remaining 3 4+ 3 points. It turns out that such
RCFTs have characters that agree with the solutions to (2.8), and have no Kac-Moody
symmetry but finite group symmetry of very large order. Such finite groups include the
Monster and the Baby Monster groups.

e ¢ =24 Monster CFT

Let us search for a hypothetical CFT with ¢ = 24 and A; = 4 that contains the
extremal spectrum, illustrated in figure 12, with the maximal degeneracies. From
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Max. Deg
38762915689.000000
4192992837508.0000
165895451930858.000
453556927359376.000

17944946332265576.00
709990476262174276.00

~N ||| | | [T
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Table 10. The maximum value of degeneracies for low-lying states in a putative CFT with ¢ = 24.
The maximum number of derivatives is set to Nyax = 55, while the spin was truncated at jyax = 40.
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Figure 13. The extremal functional §* acting on spin-0 (left) and spin-1 (right) primaries at
c=32and A; = 4.

table 10, we find its partition function can be written as

Zoeon(1,7) = x0(T)X0(F) + (4192992837508)(2(7))23(?) + c.c.>
+ 38762915689 x2(7) X2 (7) + 4535569273593763(7) Y3 (7)
+ (165895451930858X2(Tm(%) + c.c.) +-- (4.22)

+ (196883)(2(7-))‘(0(7‘-) + c.c.> T
= (j(r) = T44)(j(7) — 744).
Therefore we identify the putative CE'T of our interest as the Monster CFT of [30, 37].

o ‘c =32 Extremal CFT”
The extremal spectrum with ¢=32 and A; =4 have scalar primaries of A;—o={4+2n}
and spin-one primaries of Aj_; = {54 2n} for n € Z>¢, as depicted in figure 13. The
upper bounds on degeneracies of the extremal spectrum are summarized in table 11.
One can easily see that the partition function of the ¢ = 32 extremal CF'T given

below,

1

Zema(r.7) = (§(1)3 = 992§(7)3) (3(7)F - 992j(7)F) | (4:23)

is consistent with the maximal degeneracies as in table 11.
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Max. Deg
19461087009.000000000
9652699156464.0000004
966591762372600.00002
4787738781606144.0000
479429514136809600.01

48008604794505640003.18

~ ||| | | [T
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~— |~ [~ |~ |~ |~ |~—

Table 11. The maximum value of degeneracies for low-lying states in putative CFT with ¢ = 32.
The maximum number of derivatives is set to Ny.x = 55, while the spin is truncated at jmax = 40.
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Figure 14. The extremal functional 5* acting on spin-0 (left) and spin-1 (right) primaries at ¢ = 8
and A; = 1, without the spin-1 conserved current.

As discussed in [35], the vertex operator algebra giving the above partition function
can be constructed as a Zs orbifold of free bosons on an extremal self-dual lattice of
rank 32. However, the classification and the automorphism group of these lattices
have been poorly understood.

e ¢ =8 RCFT without Kac-Moody symmetry

Note first that the CFT of our interest does not contain spin-one currents at all.
Applying the EFM, we investigate the spin-0 and spin-1 extremal spectrum of a
CFT with (¢ = 8, Ay=1). Their conformal dimensions can be read from figure 14,
Aj—g = {1+ n} and Aj—; = {2+ n} for n € Z>g. We also analyze the maximal
degeneracies of the extremal spectrum, summarized in table 12. These results suggest
that the partition function of a putative CFT with (¢ = 8, A; = 1) but no Kac-Moody
symmetry admits the character decomposition as

Ze=s(,7) = X0(T)Xo(7) + 496X (7)1 (7) + 17360 (x (T)xs (7) + C.c.)

+ 33728x1(7) %1 (7) + 505920 (Xg(fm(%) + c.c.) + 7612825x2(7) X2 (7)

1
2

+ 155 (XQ(T)XO(f) + c.c.) + 868 (Xg(T)Xo(f) + c.c.) +--- (4.24)
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(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(3,3) | 496.0000000 | (1,1) | 33728.00000 | (2,0) | 155.000000
(3,2) | 17360.00000 | (2,1) | 505920.0000 | (3,0) | 868.000000
(2,3) | 607600.0009 | (2,2) | 7612825.000 | (4,0) | 5610.00000

Table 12. The maximum value of degeneracies for low-lying states in putative CFT with ¢ = 8,
without the spin-1 conserved current. The maximum number of derivatives is set to Npax = 55,
while the spin is truncated at jnax = 40.

Using the solutions to (2.8) with ¢ =8,
=8 g3 (1 4 156¢2 + 1024¢> + 6780¢" + O(¢%)) ,
fj—g( ) %*% (14 369 + 394¢% + 2776¢° + 15155¢* + O(¢°)) (4.25)
e=8(1) = gl " a1 (1 + 16¢ + 136¢° + 832¢° + 4132¢* + O(q°))

it is straightforward to check that (4.24) can be recast into the following form,
Ze=s(T,7) = fa ()i’ () + 496 £S5 (7) 15 + B3T28F{ () fi(7) . (4.26)

It is discussed in [35] that the automorphism group of the chiral CET (more precisely,
<=8(7) of (4.25) is the finite
group of Lie type, Of;(2).2. We use the GAP package [48] to obtain the dimensions
of the irreducible representations of OIFO(Q), some of which are 155, 340, 868, 2108,
7905, 14756, 31620, 55335, 73780, 505920, 1048576, 1422900. Indeed, one can see
that various coefficients in the character decomposition (4.24) can be expressed as
sums of those dimensions

vertex operator algebra) having the vacuum character

155, 496 =14 1554 340, 868,
17360 = 1 4 155 + 340 + 2108 + 14756, (4.27)
33728 = 2108 4- 31620, 505920.

e ¢ =16 RCFT without Kac-Moody symmetry

Let us search for a hypothetical CEFT with (¢ = 16, A; = 2) that does not have the
Kac-Moody symmetry. The extremal spectrum of such a CFT and their upper bound
of degeneracies are illustrated in figure 15 and table 13. These results imply that the
partition function of the CF'T of our interest can be expanded as

Ze=16(q,q) = Xxo(T)x0(T) + 32505856)(%(7'))7(%(77') + 1657798656 (X%( )X g( T)+c.c. )
+ 134912y (1) %1 () + 18213120 (XQ(T)@(%) + c.c.) (4.28)

+2295(X2(r)>zo(f)+c.c.) +63240<X3( )Xo(7 )+cc) 4o,
= frae (1) frae® (7) + 134912 f7~10(7) fy=1(7) +32505856 £5~1° () f§1°(7),
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Figure 15. The extremal functional 5* acting on spin-0(left) and spin-1(right) primaries at ¢ = 16
and A; = 2, without the spin-1 conserved current.

(h,h) Max. Deg (h,h) Max. Deg (h,h) | Max. Deg
(3,3) | 32505856.0032 | (1,1) | 134912.0000 | (2,0) | 2295.00000
(3,2) | 1657798656.0001 | (2,1) | 18213120.00 | (3,0) | 63240.0000
(3,7) | 34228666368.005 | (2,2) | 2464038225.003 | (4,0) | 1017636.00

Table 13. This table summarizes the maximal degeneracy of first few states in gapped ¢ = 16
CFT. The total number of derivatives is set to Nyax = 55, while the spin is truncated at jynax = 40.

vac

where fS&:10(7), f6710(7) and f§716(7) are solutions to (2.8) with ¢ = 16. Note that
various coefficients in the above 2decompositiom of (4.28) can be written as sum of the
dimensions of irreducible representations of Of(2),
2295 =14 186 + 2108, 63240 = 55335 + 7905,
134912 = 186 + 340 + 868 + 22848 + 110670, (4.29)
18213120 = 12 x 1422900 + 1048576 + 73780 + 14756 + 868 + 340 .

This observation suggests that the above putative CFT with (¢ = 16, A; = 2) but no
Kac-Moody symmetry may have the Of;(2) symmetry.
Baby Monster CFT with ¢ = %

In [36], the three solutions to (2.8) with ¢ = 4 are shown to be same as the characters

of the Baby Monster vertex operator algebra [31],

feac? (1) = Yymi, = g5 (1 + 96256¢2 + 9646891¢° + 366845011¢" + - - )

fo 2(T) = xyp: = q? (4371 + 1143745¢ + 64680601¢> + - - -) (4.30)
3 (1)
AT 31_47 2

far 2 (7) = Xype =16 15 (96256 + 10602496¢ + 420831232¢> + - - - ).
16 (2)

We observe in figure 6 that the numerical bound at ¢ = % is given by A} = 3,5 which

is consistent with the character fg/:;?/ 2 (1) of (4.30).

47

5As shown in table 14, the upper bound on A, at ¢ = %7 is approaching to 3 as we increase the total

2

number of derivatives Nmax.
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Nmax | A | Max. degeneracy of (h,h) = (2,3)
41 3.102 20633319.646029717379
51 3.058 20060048.798539029429
61 3.034 19728535.695677188476
71 3.023 19597158.910830818660
81 3.016 19499859.838240040877

Table 14. The degeneracy upper bound of weight (h,h) = (%, %) primary, for various Nyax.

Therefore, it is natural to expect that the corresponding CFT with ¢ = % and
A; = 3 has the Baby Monster symmetry. To support this hypothesis further, we
analyze the maximal degeneracies of the scalar primary of A = 3, summarized in
table 14. It appears that the upper bound is indeed converging to 4371% = 19105641
as is predicted from the character. However, the convergence of bound is not fast

enough as the order of derivative Ny, is increased.

To circumvent the above numerical difficulty, we employ an alternative strategy of
adding low-lying discrete spectrum in the semi-definite programming (4.8)—(4.10) by
hand. More precisely, let us assume that the partition function of the Baby Monster
CFT7 can be expressed as

2
+

2
+

41 4T 2
Zc:47/2 = |fvac® (T) f% (1) (4.31)

=47
fﬂ : (7')
16

Now, we add a discrete set of primaries having the conformal weights as below to the
SDP problem:

{(AD|A=8+55+57+j,,26+3+;}
U {(A)A=4+56+7,8+j, 26 +4+ 5}

, 31 .47 63 31
U{(A,J)\AZSH,SH +Ja"'725++3},

) 8

(4.32)

for 0 < j < jmax and an arbitrary positive integer §. For instance, the SDP problem
with § = 10 results in the maximal degeneracies of the extremal spectrum summarized
in table 15. It is easy to show that the partition function (4.31) saturates these upper
bounds. We thus expect that the putative CF'T of our interest has the Baby Monster
Symmetry.

"The characters of the Baby Monster modules Xyt are given by
(0,1,2)

. _ Ising Ising Ising
j(r) — 744 = xVBEO)T)xvac (r)+ xVBgl()T)xh:% (r)+ XVBlgs()T)Xh:% (),

where Xfi"g(r) denote the Virasoro characters of the Ising model. From this, it is obvious that the

ansatz (4.31) is invariant under the modular transformation.
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(h, h) Max. Deg (h, h) (h, h) Max. Deg

(3,3) | 19105641.026984403127 | (2,2) | 4980203754.2560961756
(5,3) | 1298173112605.3499336 | (2,2) | 9265025041.3227338031
(3,2) | 919296372501.31519351 | (3,3) | 91214629887092.699664
(31, 31) | 9265217540.6086142750 | (3L,31) | 1011288637613.8107313

Table 15. This table summarizes the maximal degeneracies of the first few states in a gapped
¢ =47/2 CFT. The maximum number of derivatives is set to Nyax = 65, 6 = 10, while the spin is
truncated at jmax = 40.

5 Bootstrapping with W-algebra

The two-dimensional CFTs with W(A2) = W(2,3) symmetry have been studied recently
in [23, 24]. To investigate the universal constraints on the spectrum of higher-spin “irra-
tional” CFTs, i.e., ¢ > 2, the authors of [23, 24] apply the modular bootstrap method to
the torus two-point function

Tr {quLo_iqzo_i} . (5.1)
On the other hand, we will focus on the torus partition function
Z(r,7) = Tr [gho~digho ] (5.2)

under the assumption that there is a W(d1,ds, ..., d,)-algebra symmetry. This allows us
to expand the partition function in the form

Z(r,7) = xo(T)X0(7) + D dy i | X (1T (T) + X4 ()% ()|
h,h

, (5.3)
+ Z dj |:Xj (7’))_(0(7_') + XO(T))ZJ' (7_—)} )

j=1

where the characters are given by (assuming the non-vacuum module is non-degenerate)

,% r di—1 ' h7c2—4r
X[)(T) = Z](T)r H H (1 — q])7 Xh(T> _ qn(T)r . (54)
i=1 j=1

In this section, we examine how the modular invariance for the theories with various
W-symmetries constrains the spectrum.

5.1 Numerical bounds

In this subsection, we examine modular constraints on the scalar gap Ag, overall gap A,
and twist gap A, for CFTs with W-symmetry. To this end, we use the W-algebra characters
given in (2.35) and (2.36) to decompose the modular invariant partition function (3.2).

It turns out that the numerical upper bounds with W(dy,ds,- - ,d,)-algebra exhibit
the same bounds as in the case for the Virasoro algebra except for the region ¢ < r. For
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Figure 16. Numerical upper bounds on the scalar gap, overall gap and twist gap with

W(Fy) = W(2,6,8,12) algebra in the range of 1 < ¢ < 10.
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Figure 17. Numerical upper bounds on twist gap with W(Fy) = W(2,6,8,12) algebra in the

range of 3.7 < ¢ < 4.0. The sharp cliff is pushed towards ¢ = 4 as the number of derivatives gets

increased.

instance, we summarize the numerical results with the W(Fy) = W(2,6, 8,12)-algebra in
figure 16. Unlike the case of the Virasoro symmetry, the numerical bounds sharply rise
near ¢ ~ 4. As is depicted in figure 17, the sharp cliff is pushed towards ¢ = 4 as we
increase the total number of derivatives Nyax. We further investigate how the position of
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Figure 18. Numerical bounds on twist gap with various W-algebra. We assume the presence of

the conserved currents of j > 1 in the spectrum.

the sharp cliff depends on the rank of the W-algebra. As shown in figure 18, these values are
placed near the rank of the corresponding W-algebras. Based on these observations, we can
legitimize the assumption in (2.35) and (2.36) that the unitary irreducible representations
of W(dy,ds,--- ,d,)-algebra do not contain any nontrivial null states when ¢ > r.

We also find that the gr—1 WZW model can be placed at the numerical upper bound
on A; for the W(g)-algebra. To illustrate this, let us consider the numerical bounds for
the W(Az) = W(2,3) and W(Gs2) = W(2,6). Figure 19 shows that the (A3); WZW model
indeed sits at the numerical bound for the W(2, 3)-algebra as expected. However, we notice
that the model violates the modular constraint for the W (2,6)-algebra. This is because
when we decompose the partition function of the (A3); WZW model (2.17)(with h = 1 and
N(g1) = 1) using the W(2,6) characters, some of the multiplicities dj, ; become negative.

Figure 20 shows the numerical bound on A; for the W(As3) = W(2,3,4)-algebra.
Again, (As); WZW model is located at (¢ = 3, Ay = 3) on the numerical upper bound.
Later we verify that the spectrum of (23)1 WZW model maximizes the degeneracies of the
extremal spectrum for ¢ = 3 and A; = %. It is interesting to see that the (//1\3)1 WZW
model is realized at the numerical boundary only using the W(2, 3,4)-algebra, but not
using the other W-algebras (including Virasoro). Note that Az does not belong to the

Deligne’s exceptional series.

5.2 Spectral analysis

e Spectrum analysis for the (ﬁ4)1 WzZw

Let us show that the gr—1 WZW model saturates the upper bound not only on A,
but also on the degeneracies of the extremal spectrum for the W(g)-algebra. As an
example, let us consider a hypothetical CFT with ¢ = ? and Ay = % which lies at
the numerical boundary on A; for the W(Fy) = W(2,6, 8, 12)-algebra.
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Figure 19. Numerical bounds on the twist gap for W(2, 3) and W(2, 6)-algebra. The upper bound
obtained from the W(2, 3)-algebra realizes the (A2); WZW model at the numerical boundary, while

W(2,6) does not.
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Figure 20. Numerical bound on twist gap with W(2,3,4) algebra. It turns out that the (A\g)l
WZW model is realized on the numerical boundary.

To study the extremal spectrum of a hypothetical CFT, we apply the EFM analysis.
The conformal dimensions of spin-0 and spin-1 extremal spectrum can be read off
from figure 21, given by A; = {g +j+2n, 2+j+2n} for j = 0,1 and n € Z,,>9. The
maximal degeneracies of various primaries in the extremal spectrum are summarized
in table 16. It implies that the partition function of the putative CFT of our interest

can be expressed as follow,

W(2,6,8,12)
Zc: %6

+2704x1 (7)x1(T) + 8736 (x2(7)x1(T) + c.c.)

(4:0) = X0(r)Xo(7) + 676x3 (7)Xa () + 5070 (x (r)xs (7) + c.c.)

(5.5)

+52 (1 (7)X0(T) + c.c.)) +168 (x2(7T)Xo(T) +c.c.) + -+,
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Figure 21. The Extremal Functional Method applied for W(2,6,8,12), ¢ = 25—6. In this plot, we set

Npax = 51 and jmax = 30. The left figure is the spin-0 sector, while the right one is the spin-1 sector.

(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(2,2) | 676.00000 | (1,1) | 2704.0000 | (1,0) | 52.00000
(2,8) | 5070.0000 | (2,1) | 8736.000 | (2,0) | 168.0000
(2,4) | 14508.000 | (3,1) | 29900.000 | (3,0) | 575.0000
(8,%) | 38025.000 | (2,2) | 28224.000 | (4,0) | 1118.0000
(8,43) | 108810.00 | (2,3) | 96600.008 | (5,0) | 2700.0000
(3,12) | 311364.001 | (3,3) | 330625.00 | (6,0) | 4780.0000

Table 16. Degeneracies of the first few states in ¢ = 26 OFT. We set Nyax = 55 and Jmax = 40.

5
We used the W(2,6,8,12) character with ¢ = 2.
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Figure 22. Extremal Functional Method applied to ¢ = 3 CFT with W(2, 3,4)-algebra. In this
plot, we set Nyax = 51 and jmax = 30.

where xj, denotes a W(2,6,8,12) character. One can easily show that (5.5) agrees
with the partition function of the (Fy); WZW model (4.13).

e Spectrum analysis for the (A\g)l Wzw

Let us discuss the point (¢ = 3,A; = %) placed at the numerical boundary on
Ay for the W(A3) = W(2,3,4)-algebra. The extremal spectrum at this point and
their maximal degeneracies are illustrated in figure 22 and table 17. From these
results, the conformal dimensions of spin-0 and spin-1 primaries can be obtained as
Aj:() = {% + 2n, 1+ n} and Ajzl = {% =+ 21’L,2 + n}, for n € ano.
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(h,h) | Max. Deg | (h,h) | Max. Deg | (h,h) | Max. Deg
(3,3) | 32.00000 | (3,3) | 36.000000 | (1,1) | 225.25714
(2,4) | 96.00000 | (3,3) | 48.00000 | (1,2) | 75.00020
(4, 4) | 288.01585 | (3,3) | 64.11818 | (2,2) | 25.00500

Table 17. Here Npax = 51, jmax = 30. We used the W(2, 3, 4) character with ¢ = 3.

We can recast the partition function of a CFT containing the primaries in table 17
as the following form

W(2,3,4 — c= c= c=
2504, 0) = 112 @ + 1757 @) + 2057 @) (5.6)

vac

where f$3(q), f$73(q) and f§73(q) are (A3);1 characters given by,
2 8

_ _1
vae (@) = X[00,0/(2) = g5 (1+15¢ + 51¢° +172¢" + 453¢" + O(¢”)) ,
I8 (@) = Xpo01.0(a) = 4275 (64260 + 1024 + 276° + 728¢* + O(¢) . (5.7)

_ 31
?3(41) = X[0:1,0,0] (@) = X[0:0,0.1](¢) = 4575 (4+24q+84¢>+248¢° +648¢" +O(¢°)) -

~

(5.6) is nothing but the partition function of the (As); WZW model. We thus identify

~

a putative CFT of our interest with ¢ = 3 as the (A3); WZW model.

5.3 Accumulation of the spectrum

Figure 23 shows the plots of the maximal degeneracy versus the conformal dimension of
the lowest primary in a theory with W(dy, da, - - ,d,) symmetry at various central charges.

We notice that there is no upper bound on the degeneracy as the conformal dimension

Ay approaches to S5~ We also observe that the location at which the degeneracy diverge

is independent of the presence of holomorphic/anti-holomorphic currents other than W-
symmetry. The divergence can be explained from the fact that infinitely many primaries
get accumulated at h = S [14, 23]. For the self-containment, we briefly present the
derivation of [14, 23] below.

In order to understand the origin of the divergence, it is sufficient to consider the
theories without conserved currents. In the limit 7 — ioo, the vacuum character of W-

algebra dominates the partition function:

i | 200 — o) (5.5)

T——ico | X0 (77')

We further consider the limit 7 — {07 where the vacuum character behaves as

lim yo(r) = lim (¢/)" 21, (5.9)

T—i0t T—i0t
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Figure 23. The maximal degeneracies of the lowest primary with various W-algebras and central
charges.

27i

where ¢ = e~ = . As a consequence, the modular invariance of the partition function
Z(—1/1,—1/7) in the above special limits requires

lim e = lim _lim 1 .MJFZd (1 ﬁ( %) (5.10)
T—i0+ 0+ Fo—ico X0 T Xo(7) .k Xh - . .

o (=1
Note that lims_,_ ;oo % _
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summation in the r.h.s. of (5.10) were to commute, we would therefore say that the r.h.s.
of (5.10) vanish, which is inconsistent with the L.h.s. of (5.10). One can resolve the above
contradiction only when there exist infinitely many primaries of weight h accumulating to
%1 - The infinite degeneracy at h = ;- and h = %1 then explains the divergence behavior
in figure 23.
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