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INTRODUCTION

In noncommutative geometry the paradigm of a geometric space is given in spectral
terms, by a Hilbert space H in which both the algebra A of coordinates and the
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640 ALAIN CONNES AND HENRI MOSCOVICI

analogue of the inverse line element ds~! are represented, the latter being embodied
by an unbounded self-adjoint operator D which plays the role of the Dirac operator.
The local geometric invariants such as the Riemannian curvature are extracted from
the functionals defined by the coefficients of heat kernel expansion

Tr(aeftD2) ~ENO Z an(a, D2)t7d2+n, a€ A,
n>0

where d is the dimension of the geometry. Equivalently, one may consider special
values of the corresponding zeta functions. Thus, it is the high frequency behavior
of the spectrum of D coupled with the action of the algebra A in H which detects
the local curvature of the geometry.

In this paper we implement the Riemannian aspect of this program in great depth on
an archetypal example, that of the noncommutative two torus T3, whose differential
geometry as well as pseudo-differential operator calculus were first developed in [§].
To obtain a curved geometry from the flat one defined in [g], one introduces (cf.
[7, [14]) a noncommutative Weyl conformal factor (or dilaton), which changes the
metric by modifying the noncommutative volume form while keeping the same
conformal structure. Both notions of volume form and of conformal structure are
well understood in the general case (cf. [9, §VI]). We recall in §Il how one obtains
the modified Dirac operator for the curved geometry obtained from a flat one by
modifying the volume form.

The starting point is the computation of the value at s = 0 of the zeta function
Tr(a|D|~2%) for the two-dimensional curved geometry associated to the dilaton h,
or equivalently of the coefficient ag(a, D?) of the heat expansion. This computation
was initiated in the late 1980s (cf. [7]), and the specific result which proves the
analogue of the Gauss-Bonnet formula was published in [14]. It was subsequently
extended in [I5] to the case of arbitrary values of the complex modulus 7 (set to
7 = in [I4]). In both these papers only the total integral of the curvature was
needed, and this allowed one to make simplifications under the trace which are
no longer possible when a # 1, i.e., when one wants to fully compute the local
expression for the functional a € A + as(a, D?).

While the original computation of [7] was done entirely by hand, the technical obsta-
cles encountered when dealing with the local computation were overcome by means
of the general Rearrangement Lemma of §6.2] and the assistance of the computer.
The latter is not indispensable, its main role being to facilitate and achieve in a safe
way the routine task of collecting together the large number (around 1000) of terms
which arise when applying the generalized pseudo-differential calculus and the main
algebraic lemma. The complete calculation of ag(a, D?) was actually performed in
2009 and announced in lectures given at several conferences (Oberwolfach 2009 and
Vanderbilt 2011), as well as by Internet posting (with some typographical errors).
The same computation was independently done by Fathizadeh and Khalkhali in
[16] and gave further confirmation to our result.

The main additional input of the present paper stems from the fact that we suc-
ceeded to express in terms of a closed formula the Ray-Singer log-determinant of
D?, an issue which was left open in [7]. The gradient of the log-determinant func-
tional, or equivalently of the scale invariant version of it (cf. [I9]), yields in turn a
local curvature formula, which arises as a sum of two terms, each involving a func-
tion in the modular operator, of one and, respectively, two variables. Computing
the gradient in two different ways leads to the proof of a deep internal consistency
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MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 641

relation between these two distinct constituents, and at the same time elucidates
the meaning of the intricate two operator-variable function.

We now briefly outline the contents of this paper, starting with the description of
the local curvature functionals determined by the value at zero of the zeta func-
tions affiliated with the modular spectral triples describing the curved geometry
of noncommutative two-tori. As in the case of the standard torus viewed as a
complex curve, the total Laplacian associated to such a spectral triple splits into
two components, one A, on functions and the other AEDO’I) on (0,1)-forms, the
two operators being isospectral outside zero. The corresponding curvature formu-
las involve second order (outer) derivatives of the Weyl factor, and as a new and
crucial ingredient they involve the modular operator A of the nontracial weight
p(a) = po(ae™") associated to the dilaton h. For A, the result is of the form

0 aa(0.8,) =~ 5 gale (Ka(VHA0) + 5 HolT2, T2)(Oa(r) ).

where V = log A is the inner derivation implemented by —h,
A (h) = 63 (h) + 2R(7)8102(h) + |7[*63 (h),
O is the Dirichlet quadratic form
On(£) = (51(6))% +R(7) (51(£)02(0) + 62(0)81(0)) + |7[*(32(6))?,

and V;,i = 1,2, signifies that V is acting on the ith factor. The operators Ky(V)
and Hy(V1, Va) are new ingredients, whose occurrence is a vivid manifestation of
the genuinely nonunimodular nature of the conformal geometry of the noncommuta-
tive two-torus. The functions Ko(u) and Hy(u,v) by which the modular derivatives
act seem at first of a rather formidable nature and, of course, beg for a conceptual
understanding. Their expressions, arising from the computation, are as follows:

0:2) Fafs) = o)
2

and

(0.3)
Ho(s,t)
_ t(s +t)cosh(s) — s(s +t) cosh(t) + (s — t)(s + t + sinh(s) + sinh(¢) — sinh(s + t))
st(s + t) sinh (£) sinh (§) sinh (ST‘H)2

One of our new results consists in giving an abstract proof of a functional relation
between the functions Ky and Hy. More precisely, denoting
4sinh((s +1)/2)

H t
S+t O(Sa )a

. inh(s/2 -
Ro(s) = 45880/2) p ) and Fo(s,t) =
S
we establish by an a priori argument the identity

Ko(s2) — Ko(s1) . Ko(s1+52) — Ko(s2)  Ko(s1+52) — Ko(s1)
S1 + 89 S1 52 .

_%ﬁ0(51;32) =
(0.4)
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642 ALAIN CONNES AND HENRI MOSCOVICI

The function Ky is (up to the factor %) the generating function of the Bernoulli
numbers; i.e., one has

o0

(0.5) éf(o(u) =Y (g;:)llu%—z'

Another main result consists in obtaining the following closed formula for the Ray-
Singer determinant:
0

(0.6)  logDet!(4,) = log o(1) + log (47 [n(r)[*) + Lo (Ko(V1) (Cm(h)) ).

87’2
The a priori proof of the functional relation (0.3)) is based on the computation of
the gradient of the Ray-Singer determinant in two different ways. Using the left
hand side of (0.6]) one obtains a formula involving as(a, A, ), while using the right
hand side of (0.6]) gives a general expression as shown in Theorem 10 of §4.31

As a third fundamental result of this paper, we establish the analogue of the clas-
sical result which asserts that in every conformal class the maximum value of the
determinant of the Laplacian for metrics of a fixed area is uniquely attained at
the constant curvature metric. This is the content of Theorem H.6] whose proof
relies on the positivity of the function Ky. By (@03), Ko is a generating function
for Bernoulli numbers, known to play a prominent role in the theory of character-
istic classes of deformations, where it is used as a formal power series. It is quite
striking that in the present context of a conformal (but not formal) deformation,
Ky appears no longer merely as a formal series but as an actual function, whose
positivity plays a key role.

In marked contrast to the ordinary torus, for which as(a, A,) and as(a, A&O’l)) are
both constant multiples of the scalar (or Gaussian) curvature, the local curvature
expressions associated to the zeta functions of the two partial Laplacians differ
substantially. The function Hi(s,t) of two variables involved in the expression of
as(a, Agoo’l)) is related to Hy(s,t) in a simple fashion, but a new term appears, in
the form of an operator S(V1, Va) applied to the skew quadratic form

(0.7) s () = iS(r) (51(0)5:(6) — 52(0)5:(0)) . £ = 2.

It could be useful to find a fully conceptual understanding of the meaning of this
term.

Being isospectral outside zero, both partial Laplacians have the same Ray-Singer
determinant. This gives rise to a single log-determinant functional, which represents
in fact the analytic torsion of the underlying conformal structure. By analogy with
the classical case, its gradient provides the appropriate notion of scalar curvature,
and the corresponding evolution equation for the metric yields the natural analogue
of Ricci flow. A different version of the latter has been proposed in [I].

1. MODULAR SPECTRAL TRIPLES FOR NONCOMMUTATIVE TWO-TORI

The preliminary material gathered in this section is essentially borrowed from [7] in
order to provide the necessary background for the present paper. It also serves as a
first illustration of the distinctly non-unimodular feature of the conformal geometry
of noncommutative two-tori, which in particular validates the treatment of twisted
spectral triples [12] as basic geometric structures.
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MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 643

1.1. Inner twisting in the even case. The modular spectral triples considered
below can be understood as special cases of the following general construction.
Let us start from an ordinary spectral triple (A, H, D) which we assume to be
even (and we let v be the grading operator). Using the direct sum decomposition
H = H+ ®H™ the action of the algebra A, the grading operator, and the operator
D take the form

O I (A P ()

where T is an unbounded operator from its domain in H* to H~ and T* is its ad-
joint. Let now k € A be a positive invertible element. Since the commutator [D, k]
is bounded, the multiplication by k preserves the domain of T and the following
operator is self-adjoint:

0 KIT™
0 o= (&4 *7)
We use the notion of a modular (or twisted) spectral triple in the sense of Definition

3.1 of [12]. Let us show that the perturbation Dy ) of D defines a twisted spectral
triple on 4 with respect to the inner automorphism o.

Lemma 1.1. Let o(a) = kak™! be the (nonunitary) inner automorphism of A
associated to k. The triple (A, H, D) is a o-twisted spectral triple.

Proof. Let us compute the twisted commutator D(j, yya — o(a)D(j ). One has

0 kT*a 0 kak=1kT*
Dk yya = 0(a) D,y = (Tka 0 ) - (kalek 0 ) '

The upper right element of the matrix gives
kT*a — kak 'kT* = k[T*, a],

which is bounded since [D,a] is bounded as well as k. The lower left element of
this matrix gives

Tka — kak™*Tk = Tbk — bTk = [T, bk, b=o(a),
which is also bounded since b = o(a) € A. O

Remark 1.2. To display the dependence on the grading v one can use the following
formula for the perturbation Dy .y of D:

1
(1.3) Doy = KEDKP, =11,

We shall now explain why it is this simple twisting procedure which is appearing
naturally when one introduces a Weyl factor (dilaton) in the geometry of the non-
commutative torus. We still need another general notion of a transposed spectral

triple.

1.2. Transposed spectral triple. Given a Hilbert space #H, let H be the dual
vector space. The transposition T+ T gives an anti-isomorphism

(1.4) L(H) — L(H)°P, T T,

where L(H)°P is the opposite algebra of £(#). Thus one can associate to any
spectral triple (A, H, D) the transposed spectral triple as follows.
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644 ALAIN CONNES AND HENRI MOSCOVICI

Proposition 1.3. Let (A, H,D) be a o-twisted spectral triple. Let A°P be the
opposite algebra and Dt the transposed of the unbounded operator D. Let o’ be the
automorphism of A°P given by

(1.5) o'(a®?) = (07" ()"

Then the action of A% in H transposed of the action of A in H defines a o' -twisted
spectral triple

(1.6) (AP H, D).

Proof. The boundedness of the twisted commutators Da—o(a)D implies the bound-
edness of the twisted commutators

Da' — (07 (a))'D" = — (Do~ (a) — aD)".
O

Note that one can identify the dual vector space H with the complex conjugate of
‘H by the antilinear isometry Jy

(1.7) Ju(m)(&) = (& m), VE,n € H.
One then has the relation
(1.8) T' = JyT*J5", VT € L(H).

Definition 1.4. Given a modular spectral triple (A, H, D), the transposed modular
spectral triple is given by (L8]).

1.3. Notations for Tg. Let us fix our notations for the noncommutative torus
T2. We let 6 be an irrational real number and consider the (uniquely determined)
C*-algebra Ay = C°(T3) generated by two unitaries

Ur=u"", Vi=v-1
which satisfy the multiplicative commutation relation
VU =™ UV

The two-dimensional torus T2 = (R/27Z)* acts on Ag via the two-parameter group
of automorphisms {a, }, r € R?, determined by

o, (U™ V™) = gilrntram)prn yym. r = (r,r9) € R
We denote by Ag° = C°°(T32) the subalgebra of smooth elements for this action,
i.e., consisting of those & € Ay such that the mapping
r € R? i a(z) € Ay
is smooth. Expressed in terms of the coefficients of the element a € Ay,
a= Z a(n,m)U"V™,
(n,m)€z?

the smoothness condition amounts to their rapid decay, i.e., the requirement that
the sequences {|n|? [m|?|a(n, m)|}(n,m)ez2 be bounded for any p,q > 0.

The basic derivations representing the infinitesimal generators to the above group
of automorphisms are given by the defining relations,

L(U)=U,  &(V)=0,

(1.9) 5(U) =0,  6(V) =V
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MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 645

they are the counterparts of the differential operators %8/&%, %8/83/ acting on
C®°(T?), and behave similarly with respect to the *-involution:

(1.10) 0;(a*) = —6j(a)”, j=12 for all a € Ag°.

As 6 was chosen irrational, there is a unique trace ¢g on Ay, determined by the
orthogonality properties

(1.11) eo(U"V™) =0 if (n,m)#(0,0), and (1) =1,

and we denote by Hg the Hilbert space obtained from Ay by completing with respect
to the associated inner product

(1.12) (a,b) = @o(b*a), a,b e Ayg.
By construction the Hilbert space Hg is a bimodule over Ay with
(1.13) a.£.b:=akb, Ya,b e A, &€ Hy,

and the trace property of ¢( ensures that the right action of A is unitary.
The derivations 41, d2, viewed as unbounded operators on Hg, have unique self-
adjoint extensions,

(1.14) 67 =6, ji=12.
Furthermore, they obviously obey the integration-by-parts rule
(1.15) o(ad; (b)) + ¢o(d;(a)b) =0, a,be AF.

1.4. Conformal structures on T%. The conformal structures on the classical
torus are best parameterized by a complex number 7 € C, $(7) > 0 modulo the
natural action of PSL(2,Z) by homographic transformations. To 7 one associates
the lattice I' = Z + 7Z C C and the quotient complex structure on T2 ~ C/I.
The natural isomorphism of the two-dimensional torus T2 = (R/27Z)° (with real
coordinates (z,y) as above) with C/T" is given by

1

(1.16) (z,y) € (R/27Z)* — Z = 2—(3: +yr) € C/T.
i

One thus gets

. ()-%0 7))

This gives 07 and 0z as linear expressions in 0, and d,, and one finds up to the

overall factor A = 22 that
—T+T

(1.18) Oz = 0y — ;ay.

Since replacing the modulus 7 by —% does not affect the complex structure, this
allows us to transfer the translation invariant complex structures of T? to Tg.
Throughout this paper we fix a complex number 7 € C with ¥(7) > 0 and con-
sider the associated translation invariant complex structure, defined by the pair of
derivations

(1.19) d =01 + 70, 6" =01 + 702,

representing the counterparts of the differential operators 1 (8/0x 4+ 70/8y), and
1(8/0x + 70/dy) acting on C*>(T?). Our conventions differ slightly from [7] in
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646 ALAIN CONNES AND HENRI MOSCOVICI

which the only case 7 = i was covered, but we prefer to follow the usual convention
for the general case.

As explained in [9, §VI. 2], the conformal (or equivalently, complex) structures on
a Riemann surface can be recast as solutions of a variational problem, for Polyakov
action functionals, involving positive currents in the sense of Lelong that repre-
sent the fundamental class. Since Lelong positivity has a natural reformulation in
terms of positivity in Hochschild cohomology, the same type of construction can be
extended to noncommutative spaces with fundamental class.

In particular (cf. [9, §VI. 3]), for Ag° the information on the conformal structure
corresponding to the modulus 7 is encapsulated in the positive Hochschild 2-cocycle

(1.20) @(a,b,c) = —po(ad(b) §*(c)), a,b,ce AP,
which belongs to the intersection of the positive cone Z2 (A5°) in Hochschild co-

(r=1)
2

homology with the hyperplane 2 + b(KerB), where s is the generator of

HC?(Ag) given by
(1.21) wa(a,b,c) = g (a(d1(b) da(c) — 62(b) 61(c))), a,b,ce AY.

There is a canonical procedure (see [9, §VI. 3, Prop. 11]) for quantizing the positive
Hochschild cocycle ¢ thus obtained. As analogue of the space of (1, 0)-forms on the
classical two-torus one takes the unitary bimodule H(1:?) over A given by the
Hilbert space completion of the universal derivation bimodule Q'(A3°) of finite
sums y ad(b), a,b € Ag°, with respect to the inner product

(1.22) (ad(b),a’ d')) = @o((a’)* ad(b)6(b")*), a,a’,b,b' € AY.
Lemma 1.5. The map v : H(H0) — H,,

(1.23) HOO 5> ad(b) > ad(b) € Ho,

is a unitary Ag°-bimodule isomorphism of H 0 with Hy.

Proof. By definition of the inner product on (1% the operator is unitary and the
derivation property of d shows that it is an Ag°-bimodule map. It remains to check
that it is surjective. One has 6(U) = (61 + 762)(U) = U and thus ¢(aU10U) = a
which gives the required surjectivity. (Il

When viewed as an unbounded operator from Ho to H(1?, the operator § will be
called 0.

1.5. Conformal changes of metric. In order to implement conformal changes
of metric, we consider the family of positive linear functionals parameterized by
self-adjoint elements h = h* € AZ°, ¢ = @y, defined by

(1.24) o(a) = @olae™™), a € Ag.

Definition 1.6. We shall call a positive linear functional ¢ on Ay as in (L24) a
conformal weight with Weyl factor e and dilaton h. The normalized functional

ae™"
(1.25) eala) = 2200

is called the associated conformal state.

R CLEAQ,
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MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 647

Each conformal weight ¢ determines an inner product (, ),, on Ag, namely
(1.26) (a,b), = p(b"a), a,b e Ay.

We let H,, denote the Hilbert space completion of Ay for the inner product (, ).
It is a unitary left module on Ay by construction. Note that, whereas for ¢y we
have the trace relation

wo(b*a) = po(ab®), a,b € Ay,
the functional ¢ satisfies instead
(1.27) o(ab) = p(be "aeh) = o(bo; (a)), a € Ay,

which is the KMS (Kubo-Martin-Schwinger) condition (see e.g. [0, 1.2]) at 8 =1
for the 1-parameter group oy, t € R, of inner automorphisms
oy(z) = eithgeith,
Equivalently, 0; = A~% where the modular operator A, given by
A(z) = e el z € Ap,
is positive and fulfills
(1.28) (A2, AY2g) = (2% 2*),, V& € Ay
The infinitesimal generator of the one-parameter group oy is the inner derivation
-V
7 —V(z) = —log A(z) = [h, ], x € A,
To correct the lack of unitarity of the action of Ay on H, by right multiplication,
one replaces it by the right action

(1.29) a€ Ag— a®® = Jya*J, € L(Hy),
where J,, is the Tomita antilinear unitary of the GNS (Gelfand-Naimark-Segal)

representation (see e.g. [I0} I11.2.2]) associated to ¢; explicitly, with k = /2,
(1.30) Jo(a) = AY2(a*) = k™ 'a*k, Ya € Ay.

One thus gets

(1.31) a’P¢ = ¢k tak, Ya, & € AP,

The obtained unitary Ag°-bimodule is isomorphic to Ho.
Lemma 1.7. The right multiplication by k,
Rra=ak, Va € Ay,

extends to an isometry W : Ho — H, and gives a unitary Ag°-bimodule isomor-
phism of Ho with H,.

Proof. One has for any a,b € Ay,
(Ri(a), Ri(b)), = ¢o((bk)"(ak)k™2) = po(b*a) = (a,b).

This shows that W is an isometry. By construction it intertwines the left module
structures. Moreover, one has, using (L3I,

W(€a) = Eak = Ekk™rak = W(&)k tak = a®®W (£), Va, & € A,
This shows that W intertwines the right module structures. ([l
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1.6. Modular spectral triples on Tg. With the complex structure associated to
7 € C, (1) > 0 fixed, the operator associated to the flat metric in the correspond-
ing conformal class on Tg is given by

*
(1.32) D= (g 80 ) acting on  H = Ho ® HEY.
In other words, this is the natural T2 version of the (9 + 9*)-operator, which is
isospectral to the usual spin, dirac operator on the ordinary torus T2. The left and
right actions for the unitary Ag-bimodule structure of # both give spectral triples.
One can take the transpose in the sense of Definition [[.4] of the spectral triple
(AP, H, D) given by the right action of Ay. This transposed triple is isomorphic
to the spectral triple given by the left action of Ag in H = Ho ® H®Y and the
operator

o 0
If one disregards the grading -y, the spectral triples (Ag, H, D) and (Ag, H, D) are
equivalent, but this does not hold as graded spectral triples and, in fact, the equiv-

alence reverses the grading. One can see this distinction even in the commutative
case by looking at the equation

(1.33) D= (O 0 ) acting on Ho @ HOY.

1
aD,JE=0, abeA  E= %

which is fulfilled when b is antiholomorphic.

We now perform a nontrivial conformal change of metric on T%. Let the conformal
weight ¢ be as above. The varying structure comes from the operator 9, which is
given by 0 on AZ° but is viewed as an unbounded operator from H, to H10)

1.34 Op: A CHy = HID, 9,(a) =0(a), Ya € AP
® 0 ® 2 0
In order to form the corresponding spectral triple we consider the operator
(1.35) D, = ((90 80<p> acting on  H, = H, @ HLY,
©

where we view 7—~l¢ =H,D H(10) both as a left module and a right module over
AY. Lemmas (LH) and (L7) show that an Ag°-bimodule #, is isomorphic to
H = Ho @ Ho by the unitary map

(1.36) W(g.m) = (W(€),v ") € Ho @ HM, Ve, € Ho.

Let J denote the Tomita anti-unitary operator on Hy extending the star involution
arra*, a€ Ay. We let

(1.37) J= (‘g _OJ)7

the direct sum of two copies of £J acting in Hg D Hp.

Lemma 1.8. Let k = /2, where h = h* € A is the dilaton of the conformal
weight . We let Ry, denote the right multiplication by k in Hy.

(i) The operator V~V*D¢V~V 1s equal to the self-adjoint unbounded operator

0  Ryé*

(1.38) W*D,W = (mk p

>, §=01+70, 0" =01+
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MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 649

(ii) The operator jW*D¢Wj is equal to the self-adjoint unbounded operator

ce == (0 kS
(1.39) JW D¢WJ—<6*I€ 0).

Proof. Let £ € Ag° C Ho. One has W (&) = &k = Ri€ € Hy, and 0, W (&) = 0o Ri&.
Thus

(0, W (€)) = (60 Ry)S,

which gives the first statement. The second statement follows from the compatibil-
ity (I0) of the star operation with the derivations d;. O

Corollary 1.9. Let k = e"/?, with h = h* € A the dilaton of the conformal
weight .
(i) The left action of Ay on 7—~l¢, together with the operator D, yield a graded
spectral triple (Ag, 7:[5(,, D,).
(ii) The right action a — a°® of Ay on 7—~l¢, together with the operator D,
yield a graded twisted spectral triple (Azp,'f:[W,Dd, with bounded twisted
commutators

(1.40) D, a® — (k~'ak)*D, € L(H,) , Va € A,

(iii) The transposed of the modular spectral triple (Agp,’)':{g,,Dw is isomorphic
to the perturbed spectral triple

_ _ 0 kb =
(1.41) (A9, M. Dy), D“"_<6*k o)”(D)(’“”'

Proof. (i) In order to show that [D,,a] is bounded, it suffices to check that [0, a]
is bounded. In turn, the latter easily follows from the derivation property of J,
and the equivalence of the norms ||.||, and ||.|[o.

(ii) This follows from Lemma [[T] and the third statement which we now prove.
(iii) This follows from the second statement of Lemma [[8 using (). O

By Corollary [[L9] the transposed of the modular spectral triple (Agp,’]:lg,, D,) is
simply given by the left action of Ag on H = Ho ® Ho and the operator

= 0 ko
o b= (% )
Definition 1.10. The modular spectral triple of weight ¢ is
(143) ( goa}[aD@)a

where H = Ho @ Ho as a left Ag°-module and Dg, is given by (L42).

1.7. Laplacians on Tg. The spectral invariants of the modular spectral triple of
weight  are obtained by computing zeta functions and heat expansions, i.e., traces
of products of an element of Ay (acting on the left) by a function of Di. Let A be
the Dolbeault-Laplace operator for the flat metric,

(1.44) A =68 =67 4 2R(7)6102 + |7]262,

acting on functions on Tg.
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Lemma 1.11. Let k = e"/2, where h = h* € Ag° is the dilaton of the conformal

weight .
(i) One has
_ kAk 0
2 _ _ * 0,1) _ s*7.2
(1.45) D¢< 0 A&O,n), A =686, ALY = 5 k26,

(ii) The Laplacian on functions is anti-unitarily equivalent to A, = kAk.
(ii) The operator Afpo’l) = 0%k28 is anti-unitarily equivalent to the Laplacian
Ag’o) on forms of type (1,0).

Proof. This follows from Corollary [L9 |

Lemma 1.12. Let ¢ be a conformal weight with dilaton h = h* € Ag°. The zeta

function of the Laplacian on functions is equal to the zeta functions of the operators
1,0 0,1

Ny, DGV and AYY

(1.46) (2, (2) = (a0 (2) = (o (2) = Gean(2)-

Proof. The operators A, = kAk and Afpo’l) = 6*k?6 have the same spectrum
outside 0, which proves the first equality in (L4€). The others follow from
Lemma [[TT] O

2. CONFORMAL INVARIANTS

2.1. Conformal index of a spectral triple. We digress a little to show that
the notion of a conformal indez for a manifold, introduced in [2], admits a natural
extension to the framework of noncommutative geometry.

Let (A, $,D) be a p-summable spectral triple, which has a discrete dimension
spectrum in the sense of [11]. Fix h = h* € A, and let

(2.1) Dy =e7 De7, s €R.
Then
d 1
_Ds =3 hDS Dsh s
ds " 2( + )
and hence
d 1
2D = 5 (hD3y +2DshDs + D3yh) -
Duhamel’s formula for the family Ay =t ng
de= 2= 1 dA
2.2 — —ulg 5 o~ (1-u)As g
( ) ds /0 (& ds e U,

allows one to write

o (e_th”’) = —é Tr ((hDih + 2D, hDgy, + Dghh)e—mih)

ds
(23) = -2t Tr (h Dgh eithh,) .
Noting that
d
—Tr (h D2, e—thh) — ETY (h e—tDi,L) ’
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one obtains the identity

(2.4) %Tr (eftDzh) =2t %Tr (h eftDzh) .

At this point we make an additional assumption, which stipulates the existence of
small time asymptotic expansions of the form

(2.5) Tr (e—tD§h> ~EN0 Zaj(Dgh) t%v
j=0

and more generally, for any f € A,

(26) TI‘ (fe*thh) ~ENO Zaj(fa Dzh) tj;_pa
§=0

which moreover can be differentiated term-by-term with respect to s € [—1,1].

Theorem 2.1. Under the above assumptions the value of the zeta function at the
origin (| p|(0) is invariant under conformal deformations 1) of the spectral triple

(A, 9, D).

Proof. Denote by |D,,|~! the inverse of |D,p,|(1 — Psy,) restricted to Ker(Dgp)*,
where Py, stands for the orthogonal projection onto Ker(Dsp), and consider the
zeta function

(Do (2) = Te(|Dsn| %), Rz > p,

which is related to the theta function by the Mellin transform

(2.7) (D, (22) = ﬁ/ =1 (Tr(e_tDih) - dimKerDSh> dt.
0

The asymptotic expansion (2.5]) ensures that (p_,|(z) has meromorphic continu-
ation to C, with only simple poles. Furthermore, because of the pole of I'(z) at
z =0, (|p,,|(2) is holomorphic at 0, and its value at 0 is

(2.8) (p.,1(0) = a,(D2,) — dimKerDy, = a,(D?2,) — dim KerD.
Differentiating term-by-term the asymptotic expansion (28] and applying (24)
yields the identities

d

(2.9) —

a;j(D2,) = (j — p) a;j(h, D2,), jELT.
In particular,
d
Eap(Dgh) = 07
and hence
(2.10) (|p.,(0) = a,(D?) — dim KerD = (|p(0).
O

An instance where the above hypotheses are satisfied, and hence the result applies,
is that of the dilaton field rescaling of the mass in the spectral action formalism for
the standard model [6].
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2.2. Conformal index for Tg. More to the point, the pseudo-differential calculus
for C*-dynamical systems [], and especially the elliptic theory on noncommutative
tori [9, §IV.6], show that the condition (2.6) is fulfilled in the case of T3. In
particular, all the Laplacians in §I.6] admit meromorphic zeta functions, which
have simple poles and are regular at 0.

Theorem 2.2. The value at the origin of the zeta function of the Laplacian on
functions is a conformal invariant, i.e.,

(2.11) Ca,(0) =¢a(0),
for any conformal weight ¢ on Ag.

Proof. In view of Lemma [[.TT] one can replace the Laplacian on functions by A, =
k A k. Consider the family

>

s

sh
Ne?, seR.

ol

(2.12) Agp=e

Since

d

(2.13) -

1
Ash = 5 (hAsh + Ashh) )

by using Duhamel’s formula as in (23], one sees

d d

—Tr (e_tAsh) = —t'Tr (h N, e_msh) —+—Tr (h e—tAsh) )

ds 7

The variation formulas for the coefficients of the heat operator asymptotic expansion

yield in this case the identities

d

(2.14) -

1, . )
aj(ASh) = 5(]—2) aj(h,Ash), ] ezZt.
In particular, ag(Aspn) = a2(4), and the proof is achieved in the same way as that
of Theorem 211 O

Remark 2.3. This gives a noncomputational proof to the Gauss-Bonnet theorem
for the noncommutative two-torus (cf. [7], [15]).

3. ZETA FUNCTIONS AND LOCAL INVARIANTS

We now focus on the zeta function of the modular spectral triple of weight ¢, as
in Definition [LI0 i.e., (45°,H, Dy), in order to compute its local invariants. In
order to state our first main result, i.e., Theorem [3.2] we shall first introduce several
functions which play a key role in the statement of the basic formula.

3.1. Curvature functions. In the formulation of Theorem there is an overall
factor of — where 75 = 3(7) is the imaginary part of 7 but the other functions
involved are independent of 7, and we list them below and analyze their elementary
properties.
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-40 =20

20 40

FIGURE 1. Graph of the function K, even and negative with

K(0) = —1.

3.1.1. Functions of one variable. One always gets an expression of the form K (V)
applied to

A(0) = 62(0) + 2R(7)6162(0) + |7]%62(¢), £ =1logk.
For the first half of the Laplacian, the function is

_ 22 (2+4€*(-2+5)+5) _ —2+ scoth(s/2)

Ko(s) (—1+e5)7s T ssinh(s/2)
For the full Laplacian, it is
- sinh(u/2)
For the graded case
1, sinh(u/2)
Ky(u) = W.

3.1.2. Punctions of two wariables. One always gets an expression of the form
H(V1,V3) applied to

(3.1)
O (0) = (51(0))2 + R(7) (31(£)82(£) + 62(0)51(0)) + |72(62(0)%, € =1logk.
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-40 =20 20 40

FIGURE 2. Graph of the function K, even and positive with
K,(0)=1.

The functions H of two variables are as follows.
For the first half of the Laplacian

(3.2)
HQ(S, t)

_ t(s +t)cosh(s) — s(s +t) cosh(t) + (s — t)(s + t + sinh(s) + sinh(¢) — sinh(s + t))
st(s + t)sinh (£) sinh () sinh (%“)2

For the full Laplacian, the formula of Theorem involves Hy + H, where

(3.3) M, (s,1) = cosh (%”) Hol(s, 1).

For the graded case, it involves Hy — H7.

3.1.3. Skew term. The additional skew term is of the form S(Vy, V3) applied to
(3-4) Og(€) := 1 3(7) (0:1()02(£) — 62(£)01(€)), £ =logk.
It only appears in the second half of the Laplacian. The function S is

(s +t —t cosh(s) — s cosh(t) — sinh(s) — sinh(¢) + sinh(s + ¢))
st (sinh (£) sinh () sinh (££))

(3.5) S(s,t)=

which is a symmetric function of s and t.
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FiGURE 3. Graph of the function Hy.

3.1.4. Elementary properties. We now list the elementary properties of the modular
curvature functions of two variables (cf. Figures Bl @l B).

Lemma 3.1. The functions Hy(s,t), Hi(s,t) = cosh (53%) Hy(s,t), and S(s,t)
fulfill the following properties:

(1) They belong to C§°(R?).

(2) Hj(t,s) =—Hj(s,t), S(t,s) = S(s,t) and S(s,t) > 0.

(3) Hj(—s,—t) = —Hj(s,t), S(—s,—t) = S(s,1).

Proof. The smoothness of Hy is clear outside the three lines Ly : s+t =0, Lo : s =
0, and L3 : t = 0. Let n(s,t) be the numerator of the fraction defining Hy. Near
the first line one gets the expansion

n(s,t) = é(—Zs — scosh(s) 4 3sinh(s))(s +t)*

1 .
+ E(2 — 2cosh(s) + ssinh(s))(s +t)*

1
+ m(—Qs — 3scosh(s) + 5sinh(s))(s +1)° + O(s + t)°

which shows that as long as (s,t) # (0,0) the function Hy is smooth at (s,t) € L;.
The value of Hy on L is given by

4 (3 —3e?% + s+ 4de’s + 6288)
3 ((—1 +e5)? 52)

Near the second line Ly one gets the expansion

(3.6) Hy(s,—s) = —

1 1
n(s,t) = 3 (44 t* — 4cosh(t) + tsinh(t)) s> + 6(2t+t cosh(t) —3sinh(t))s® +O(s)*

which gives the smoothness for (s,t) on the second line (and the third similarly).
One needs to look carefully at what happens at the crossing point (s,t) = (0,0).
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———y )

0.0 f
-0.1 I;'_

=20

F1GURE 4. Graph of the function Hj.

One finds that the Taylor expansion of Hy at the point (0,0) is of the form
HO(Sv t) =

S t s3 $2t st2 3 $3¢2 s2t3

“25 725 T 504 T340 840 504 6720 T 6720
4754 475t 67s° 67t°

T 201600 T 201600 604800 T

604300
Similarly we let m(s,t) be the numerator of the fraction defining S(s, t),
m

(s,t) = (s +t —t cosh(s) — s cosh(t) — sinh(s) — sinh(¢) + sinh(s + t)),
and we get the expansion near the line L; in the form

(s,t) = (2 — 2cosh(s) + ssinh(s))(s+ ) + 1(—s cosh(s) + sinh(s))(s + t)?
1

+ = (1 — cosh(s) + ssinh(s))(s +t)* + O(s + t)*.

Near the second line Ly one gets the expansion

1
m(s,t) = 5(—1& + sinh(t))s? + 6(_1 + cosh(t))s® + O[s]*.
The denominator of S is

t t
st sinh (g) sinh (§> sinh (8—2’_ > ,
expansion

and this gives the smoothness outside the origin. At (0,0) one has the Taylor

2 2 t t2 4
S(s,t)=5— 2 —=

______ __|_ s _I_ﬁ_l_ﬁ_Fi_F t4 _I_
3 45 30 45 1260 504 378 @ 504 1260
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We now look at the behavior at co. It is enough to show that the function Hy(s,t) =
cosh (£££) Hy(s,t) tends to 0 at co. We write Hi(s,t) as the fraction

(3.7)
t(s +t) cosh(s) — s(s+t) cosh(t) + (s — t)(s + t + sinh(s) + sinh(¢) — sinh(s + ¢))
st(s +t)sinh (£) sinh (%) tanh (££) sinh (2£) '

First note the equality
1
(3.8) sup{|sl, |t |s + t|} = 5 (Is| + [t| +|s+t]), Vs, t €R,

which shows that away from the lines L; the numerator and denominator have the
same exponential increase. Let ||(s,t)||1 = |s| + |t|. The maximum of |H;(s,t)| on
the sphere S, = {(s,t) | ||(s,%)||1 = a} is reached on the interval

Ia:{(s,—a+s)|se {g,a}}.

Away from the boundary of this interval one can approximate the denominator of
H; by the product of the leading exponentials which gives

1
—e

8
Using this approximation and neglecting terms which are suppressed by an expo-
nential, one reduces the function H(s,t) well inside the interval I, to the fraction
A4(-1+ )t +s(1+1))
st(s+1t) '

o5t st(s +t).

wlen
e

r(s,t) = —

On I, the function r(s,t) reaches its minimum at (s,t) = (§ + vv/a,—§ + vy/a)
where v ~ % fulfills
120 8v® 8!
1922220 20 %

a Va o a

One finds in this way that the maximum of |Hi(s,t)| on the sphere S, = {(s,?) |
(s, t)||1 = a} is of the order of . One needs to control the size of the function
Hi(s,t) in the neighborhood of the zeros of the denominator. The restriction of
Hi(s,t) to the antidiagonal t = —s is given by the odd function

4 2
Hy(s,—s) = (—38 — 35 cosh(s) + 2sinh(s)) /s? sinh(s/2)?
which is equivalent to —%% when s — 400. The restriction of H;(s,t) to the axis
t = 0 is given by

(4 4 s* — 4 cosh(s) + s sinh(s)) cosh(s/2)
s2sinh(s/2)3

Hl (Sa 0) =
which is equivalent to —% when s — 4o0.
The restriction of S(s,t) to the antidiagonal ¢ = —s is given by

4 (=2 + scotanh($))
2

S
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FIGURE 5. Graph of the function S.

which behaves like % for s — 400, and this gives the behavior of the maximum of
|S(s,t)| on the sphere S, = {(s,%) | ||(s,t)||1 = a}. The minimum of S(s,¢) on the
sphere S, is reached on the diagonal s = t where the function reduces to

4 4
S == - —>
(z,2) x2  zsinh(z) ~
The other properties can be checked in a straightforward manner. O

3.2. Local curvature functionals. With the above notation, we are now ready
to express in local terms the value at the origin of the zeta functions of the modular
spectral triple of weight ¢

(A%, H,Dy).
For each a € A3° we consider the zeta function
(3.9) Cagla,z) =Tr(aA,* (1 - Py)), Rz > 2,

where P, stands for the orthogonal projection onto KerA,. It is related to the
theta function by the Mellin transform

(3.10) n,(a,2) = ﬁ /Oootz_l (Tr(ae™4¢) — Te(P,a P,)) dt.

As in the untwisted case, cf. ([2.8)), its value at 0 is related to the constant term in
the asymptotic expansion (Z.3]), via

(3.11) Ca,(a,0) = ag(a,Ay) —Tr(Pya Py).

The computation of the constant term as(a, A,) is quite formidable, as could be
expected from the already laborious calculations performed in [7] and [I5] in the
untwisted case, i.e., a = 1. For the clarity of the exposition, we postpone giving
the technical details until 6l

On the other hand, the additional term is very easy to compute. Indeed, KerA, =
Ker(0k) is one dimensional, and one has (with ¢, the associated state)

ek ) el
(3.12) Tr(PyaP,) = oD o) on(a).
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One deals in a similar manner with the Laplacian Ag,o’l), and one lets P(91) be the

orthogonal projection on its one-dimensional kernel, KerApr’l) = Ker(kd*) which
is independent of k, and consists of the constant multiples of the unit 1 € Ay,
so that

(3.13) Tr(POV ¢ PO = o4 (a).
Theorem 3.2. Let ¢ be a conformal weight with dilaton h = h* € AZ°, and let

k = e'2. The value at the origin of the zeta function associated to the modular
spectral triple of weight ¢ is given for any a € Ag° by the expression

Te(al Dyl )| g = = ola (K (V)(A(logh)) + H(V1, V) ([n(log k)
(314) + (Y1, V2)(Os(log k) — on(@) = ()

where H = Hy + Hy and for its graded version by
o T
Tr(val Dy| %), = — 5, pola (B (V) (A(log k) + Hy (V1, Vo) (Dr(log k)

(3.15) — S(V1,V2)(Os(logk))) — ¢n(a) + ¢o(a),
where H, = Hq — H.

In order to check the normalization constants we compare this result with the
classical formula for the value at 0 of the zeta function of the Laplacian on a closed
surface X

1

(3.16) ¢(0) + Card{j | \; = 0} = E/z R\/gd’z = éx(E),

where R is the scalar curvature (normalized as being 1 for the unit two sphere)
and x(X) the Euler-Poincaré characteristic. One double-checks this formula for the
unit two sphere, whose Laplacian spectrum is the set {n? +n | n € Z} where the
eigenvalue n? + n has multiplicity 2n + 1. One has

1 1
Do(2n+ et S 2 0),
Zy
whose constant term 3 agrees with the right hand side § x(S?) of .I6). In a local
form one has

(3.17) Tr(aA™7)| _o T Tr(aP) = L/ a R\/gd*z,
2= 127 >

where P is the orthogonal projection on the kernel of the Laplacian. To compare
this formula with Theorem we take the half sum of [BI4]) and BIH) in the
commutative case. This reduces to

(3.18) Tr(aA™%)|,_, + Tr(aP) = —%gpo(aKo(O)A(log k).

One has Ky(0) = % and (g is the state associated to the volume form of the flat
two-torus with integral spectrum. To check the overall normalization we take 7 = i
so that 75 = 1. The torus has coordinates x; with period 27, the Riemannian metric
ds? = dx? +dz3, and the spectrum of the Laplacian is the set {n?+m? | n,m € Z}.

Thus
(3.19) pola) = ﬁ /adl‘1d$27 A(f) =—(07 +03) .
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We now consider the Riemannian metric g = k~2(dx? + dx3). Its volume form is
\/§d2x = k~2dz1dzs. The scalar curvature is

(3.20) R =k*(07 + 03) log k.

To check this, take the stereographic coordinates on the unit two sphere, so that
the metric becomes g = k=%(da? + dz3) with k = (14 2% + 23). Then B20) gives
R =1 as required. Thus [B.I7) gives for arbitrary k the local form

1
(3.21) ’IT(aA_Z)‘ZZO + Tr(aP) = o /T2 a (0} + 93)(log k)d*=,

™

and this agrees with the right hand side of (B8] which is, using BI19)),

1 1
~Zpo(ako(0) A (log k) = 70 (a (93+02) (log k)) = —/ a(0;+03)(log k)d*x.
T2 3 127 T2

The fact that the local curvature expressions, occurring in (814 on the one hand
and those occurring in ([BI5) on the other hand, are sharply different stands in
stark contrast with the case of the ordinary torus. For the latter they reduce to

1 1
—K(0) A(logk) k* = 6 A(h)el, resp.  — K, (0) A(logk) k* = —5 A(h) e,
and thus are both constant multiples of the Gaussian curvature of the conformal
metric.

4. LOG-DETERMINANT FUNCTIONAL AND SCALAR CURVATURE

In this section we develop the analogue of the Osgood-Phillips-Sarnak functional
[19], which is a scale invariant version of the log-determinant of the Laplacian. We
then compute its gradient, whose corresponding flow for Riemann surfaces exactly
reproduces Hamilton’s Ricci flow [I8], and therefore yields the appropriate analogue
of the scalar curvature.

4.1. Variation of the log-determinant. The Ray-Singer zeta function regular-
ization of the determinant of a Laplacian [20], as well as the related notion of
analytic torsion [21I], makes perfect sense in the case of noncommutative two-tori,
due to the existence of the appropriate pseudo-differential calculus [§]. Thus,

log Det!(A,) = —Ch_(0), resp. logDet/(ALD) = —¢’ ., (0),

are well-defined. Because A, = kdd*k and Afao’l) = 0*k?6 have the same spec-
trum outside 0, and so the corresponding zeta functions coincide, the two log-
determinants are in fact equal.

In order to compute the above determinant, let us consider again the one-parameter
family of Laplacians; cf. (212),

Ash::ksAkS:e%Ae%, s eR.
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Differentiating the corresponding family of zeta functions and taking into account
(Z13) one obtains, for Rz > p,

d 1 < d
_ z T —tAsh 1 P

1 oo
= ——t*Tr (he "2 (1 - P,
I'(2) e (he ( Sh)) 0

2 o0
——— [ 7 Tr (he "2 (1 — Py)) dt
f [ e )
z > z—1 —tA
=——— t*7  Tr (h (1 — Pgp)) dt =: — h,z).
Fo T I (e (= ) de = = )
By meromorphic continuation one obtains the identity
d
(41) %CAS;L (Z) ==z CAS;L(hv Z)? VzeC,
and taking % ’z:O yields the variation formula
d
(42) G (0) = Gy (1,0)

Applying Theorem to the conformal weights ¢, with dilaton sh, and retaining
only the even part of the expression in the right hand side, yields

e s 2] comim (o (2))

(4.3) —on(h).

One has ¢,,(h) = —- log ¢o(e*") and so by integration along the interval 0 < s <
1 one obtains the following conformal variation formula.

Lemma 4.1. Let ¢ be a conformal weight with dilaton h = h* € Ag°. Then

1
log Det’(A,) = log Det’ A + log (1) — Ul / ©o(h(sKo(sV)(A(logk))
T2 Jo
(4.4) +5°Ho(sV1, sV3)(Og(logk))))ds.
We now show that this formula simplifies much further.

Lemma 4.2. For f(u) a function in Schwartz space one has

(4.5) po(hf(V)(a)) = f(0)po(ha), Va € AG®.

Proof. The derivation V is given by the commutator with —h and o, = A~% fixes
h and preserves the trace ¢y. Thus writing f as a Fourier transform

po(hf(V)(a)) = /g(t)soo(hot(a))dt = /g(t)wo(at(ha))dt = [(0)¢o(ha).

We thus get that

o (1 (s0(6%) (2 (5 ) ) = 5EoO)sin(nsh) = Sea(hish),
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and integrating from 0 to 1 we obtain, under the hypothesis of Lemma 1]
log Det’(A,,) = log Det’ A + log (1) — %(po(hAh)
T2
1
™

(4.6) ) @0 (hs*Hoy(sV1,sV2)(On(logk))) ds.

Let us now simplify the last term of (£6]). By construction the expression S =
Ox(log k) can be expressed as a linear combination of squares of elements of Ag°.
Thus we really need to understand the quadratic form

1
(47) Qo) = [0 (Ho (s 1.5V3) o) 2,
0
where writing Hy as a Fourier transform
(4.8) Hy(u,v) = /g(a,b)e‘i(““+b”)dadb,

one has
Hy(sV1,sVsa)(zx) = /g(a,b)asa(x)asb(x)dadb.

Lemma 4.3. Let k(u,v) be a Schwartz function, such that k(v,u) = —k(u,v), and

then
1
(4.9) po(hk(V1, V2)(z2)) = =500 (E(V)(2)x),
where the function ¢ is given by
(4.10) L(u) = uk(u, —u).
Proof. Let us define the function of two variables
(4.11) w(a,b) = golhoa(z)on(x))
so that, with k(u,v) = [ g(a,b)e~ (@) dadb, one has
(4.12) wo(hk(V1,V2)(zx)) = /g(a,b)w(a,b)dadb.

One has, using o.(h) = h for all ¢,
e w(a+c,b+c) =w(a,b) for all ¢,
e w(a,b) —w(b,a) = —po(V(ca(z))op(z)),
where the last equality follows, using the trace property of (g, from

0 (2)04(2) — ho(2)0a(2)) = G0((I Ga(2)}o(2))-
Thus one gets, using the antisymmetry of k(u,v) and g(a, b),
Polhk(V1,92)(w2) = —3 [ 9(aD)n(Vloa-s(e)o)dod.
Moreover,
k(u,—u) = /g(a,b)e‘i(““_b“)dadb,
and one gets
Po(RK(V1, V) (52)) = ~560(T(K(V, ~9)(2))2)

which is the required equality. ([l
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We used the hypothesis that k is a Schwartz function in order to use freely the
Fourier transform, but since the spectrum of the operator V is bounded, this hy-
pothesis is not needed as long as we deal with smooth functions. It follows using
k(u,v) = Ho(su, sv) that

1
(4.13) wo(hHo(sV1,sVa)(zx)) = ggoo(Lo(sV)(x)x),
where the function Lg is given by
(4.14) Lo(u) = —%uHo(u, —u).

We now need to compute the integral in the variable s of [{@7]).

Lemma 4.4.

(4.15) Q(x) = po(K2(V)(z)z),
where the function Ky is given by
Proof. One has, by (36,

u _
Lo(u) = 2 — % + sinh (g) °

Thus, using (£I13)),
1 1
Q(x) :/ Yo (hHO(SVl,SVQ)(.Tx))SzdS :/ wo(Lo(sV)(z)x)sds
0 0
which gives ({13) for

1 v
Ky(v) = / Lo(sv)sds = ’U_Q/ uLg(u)du,
0 0

and one checks that this agrees with (.I6]) by showing that the derivative of v2 Ky (v)
is vLo(v). O

We can thus simplify (£6]) and obtain, using log k = %,

(4.17)

log Det'(4,) = log Det! A + log p(1) = 5 —po(hAR) = 500 (Ka(V1)(Om())).

127’2
Remark 4.5. Since A is isospectral to the Dolbeault-Laplacian on T? whose spec-
trum is the set of |n + m7|? for n,m € Z, (n,m) # (0,0), log Det’/A remains the
same as for the ordinary two-torus and is computed by the Kronecker limit formula,
as in |21 Theorem 4.1]; explicitly,

d

log Det' A = ——

e > In+mr[7* =log (477 |n(r)]*)

5=0 (n,m)#(0,0)

where 7 is the Dedekind eta function

77(7_) _ e’{—,}‘r H (1 N e?m"m—) )

n>0
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664 ALAIN CONNES AND HENRI MOSCOVICI

Recalling that the logarithm of analytic torsion for a complex curve [21] is given by

1
1
S (=1)7log Det!(A(#9)) = —~ log Det' (AL),

q=0

N —

it is perhaps not surprising that the Osgood-Phillips-Sarnak functional [I9 §2.1]
involves the negative of the log-determinant. By analogy, we define the translation
invariant functional F' on the space of the self-adjoint elements of Ag° by the formula

(4.18) F(h) := —logDet'(A,) + log p(1) = —log Det/ (e%Ae%) +log @o(e™™).

Its invariance under rescaling is due to the fact that (s (0) = —1; cf. Theorem
Indeed, since  Apy. = e/}, for any ¢ € R, one has

CAHC (Z) =e “ CA;L (Z)a
and it follows that
F(h+c) =Ch,, (0)+logpo(e™" ™) = —c(a, (0) + (i, (0)
+ log po(e™) + log o(e™") = F(h).

Theorem 4.6. The functional F(h) has the expression

(4.19) F(h) = —log (472 [n()|*) + 4%% ((Kz - %) (vl)(DéR(h))) :

One has F(h) > F(0) for all h and equality holds if and only if h is a scalar.
Proof. One obtains using ([AI7)) and the classical value for h =0
F(h) = —log (47” [n(r)|") + 75— o(hOSh)
127’2

T
47’2 o
Using integration-by-parts with respect to the derivation §*, one sees that
(4.21)  @o(hA(h) = ¢o(hd*(8(h))) = —po(d"(h) 8(h)) = wo (3 (R)" 8(h)).
Note that the skew term

Po(—i202(h)*01(h) + i1261(h)"62(h)) = —iT2p0([61(h), 62(h)]) = O
vanishes. Thus one has
(4.22) vo(hA(h)) = —po(On(h)).

This, together with [@20), gives (@I9).
In the Hilbert space Hy with inner product (LIZ), the operator V which is given
by a — —[h, a] is bounded and self-adjoint, since

(4.20) + (K2(V1)(@x(h))) .

(4.23) (V(a), b) = —pob* [h,a]) = o (~[h,b])*a) = {a, V(b)).

Since the function % — K is even and strictly positive, it follows that the equality
1

(124) (@t = (5 - K2) (Va0
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FIGURE 6. Graph of the function % — K>, even and positive.

defines a nondegenerate positive symmetric inner product on Hg. Now by (£23)
and the skew adjointness d,(h)* = —d;(h) one has

oo ((Ke = 3 ) (V@800 = (51052001 + 2007 52(0). a0
17 (52(), 82

and thus
Vs

(4.25) F(h)=F(0)+ E(é(h), 0(h))k.
This shows that F'(h) > F(0), and moreover the equality holds only if §(h) = 0
which implies that h is a constant. ([l

Remark 4.7. Note that the first term in the right hand side of (@20 matches the
expression of the functional in the commutative case (cf. [19] §3]), while the second
term is of a purely modular nature and is highly nonlinear.

4.2. Gradient flow and scalar curvature. Identifying the tangent space to the
dilatons with the self-adjoint elements of A3°, and using the inner product given
by o, we shall define the gradient of the functional F' by means of the Gateaux
differential:

(4.26)  wo(agrad, F) = (grad, F,a) = di F(h+ ea), Va=a" € AP,

€ le=0

Theorem 4.8. The gradient of F is given by the expression
T

(4.27) grad, F' = 1

(f{O(V)(A(h)) + %ﬁo(vh Vz)(Dﬁe(h))> )
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666 ALAIN CONNES AND HENRI MOSCOVICI

where the functions Ko and Hy are directly related to Ko, Ko, and Hy by

(4.28) f{o(s) = 4MK0(8) =-2 (Kg(s) - %)
and
(4.29) Ho(s,1)) = 4—Sinh(is++tt) /2 1o (s, 1).

Proof. Consider the one-parameter family of operators

h+eca h+eca
2

A.=e Ne 2| e>0.

The Duhamel (also the expansional) formula implies that

d h+4ea 1 1 uh (1—u)h
— e 2 = e ae 2 du,
de|._, 2 Jo
and hence
d ~ 1 [t wh 1 L Gown (1—w)h
— Ne== [ e2ae 2 duldp+ -4y e” 2z ae = du.
dE e=0 2 0 2 0

(4.30)

I
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Differentiating at € = 0 the one-parameter family of the zeta functions

) =T (A=P)AZT), Re>p,
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and taking into account the above identity, one obtains for &z > p,
d 1 < . d
— x = 71
de EZOCAE(Z) F(z)/o de
- / Tl
F(Z) 0 d€
1 >~ . d Y

= [ t"—Tr(e o 2 ae 2 du) dt

QF(Z)/() g rle /16 ae u)

1 1 un u
= T(z)tZTr (emh(l—Ph) /71 e ae T du>

Tr (e_tAf(l - Pg)) dt

e=0

Il
| =
(5
)
N\
—
=
)
=
Q
m\
o
QU
£
>
>
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| =
Qo
)
N\
—
R
®
N3
S
o
|
s
QU
S
>
>

The calculation of the derivative corresponding to the area term is very easy. In-
deed, since g is a trace, one simply has

d —h—ca\ __ —h
| eole™ ) = —eufae™),
and hence
—h
il lo e—h—aa _ _900(0‘6 )
de o g@O( ) npo(e—h)

Summing up and recalling that by its very definition [cf. [@LIS])],

h+eca h+ca

F(h—l—sa) ::_logDet’ (6 T Ne' 3 )—l—log(po(e_h_sa),

one concludes that

1 uh
(4.31) wo(agrad, F) = -3 a2 (/ ez ae” 2 du, Ah> .

=

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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To obtain the claimed expression of the gradient we appeal to Theorem [B.2, move
one of the exponential factors under the trace g, and get

grad, F = —— / 2 (Ko(V)(A(logk)) + Ho(V1, Va)(Op(log k) e du.
One has
1 .
V(x) = ~[h,al, / o du = 4w;
—1

thus the function K, gets multiplied by 4 sinh(s/2)/s and becomes
~ inh(s/2 4(2 (=2 th(s/2
KO(S):4sm (s/ )Ko(s): (2+e’(—2+s5)+s) _4((;0 (s/2) —232>.
s

(—1+e®)s? s

Similarly, one has

b wwyavy sinh((V1 + V2)/2)
e 2 du =14
/4 (Vi+V2)

which gives ([{29)). O

Remark 4.9. One may wonder if there is a similar manner of using the local formula
for A(O Y of Theorem B2 to handle log Det (A(O 1)) = —C/A(o,n (0). To this end, we

start from the equality Afao’l = §*k20 and the one-parameter family

ALY = g* Mt eeR

Since
1
i ehtea :/ 6uhae(lfu)h du,
de .o 0
one has
d 1
—| 2l = / 6 e g (=W § dy.
de .o 0

The Duhamel formula

1
i e—mgo’n _ —t/ e—umg“) i (Ago,l))e—(1—u)m<£»l> dv
de|._ 0 de |~
implies
4 Tr (e*m(oyl)) = —tTr <i (A1) emg)'l)>
de | ._ de|._,

1
= t/ Tr (6* e*P g et “)h(se*m(o 1)) du
0

1
= t/ ’IT( h g e(l=wh 5=t 5*) d
0
1
/ Tr( em = (1_§u)h) (e% §e Ay 5 e%)> du
0

1

1T1r ( e *Th> (e% (567m$’1)5*e%)> dv.

|
-

l\')l(*

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 669

Notice now that

h
2

[N (Y _
e Je B §F et = e 1he A,

reverting us to the expression ([@30), which involves the local formula for A, and

not for A&O’l). Thus, one ends up by merely recovering the same expression ({27
of the gradient.

Replacing in the definition [@26]) the fixed inner product by the running one, one
could alternatively define the gradient by means of the running inner product, as

follows:
(4.32)
(Grad, F,a), = po(aGrad, Fe™ ") = dia F(h+ ea), Va=a" € AF.
e=0
Then Theorem (] gives
- 1 -
(4.33) Grad,,F = (KO(V)(A(h)) + §H0(V1,V2)(D§R(h))) e,
2
Based on the analogy with the standard torus (cf. [I9] §3, (3.8)]), the right hand
side
s ~ 1 -
43 K= o (Ra(®)A0) + 50V V2 On(h) ) ¢

can be taken as the appropriate definition of the scalar curvature K, of the
conformal metric on the noncommutative torus associated to the given dilaton.
The evolution equation for the conformal factor —h becomes

oh
(4.35) 5 = Ko

Unlike the commutative case, the corresponding flow of inner products is not given
by the same differential equation. Denoting by g, the Hermitian form

9go(a,b) == (a,b), = @(b*a) = goo(b*ae*h), Va,be Ay,

one has
8949(@) b) _ * 867}1 _ * /1 —uh oh (u—1)h
o =g | b*a 5 =—po | ba ; e 8te du

1 1
= —o (b*a/o e MK et dueh) =— <a/0 e "MK et du,b> )
©

Denoting by R, the resulting Hermitian form

eV —1
(4.36) R,(a,b)=(a (Ky),b) , Va,be Ay,
©
we conclude that the metric associated to ¢ has evolution equation
99
4.37 —% = —R,.
( ) ot ®

Since the average curvature

F(h+¢) =0,

e=0

d
(K,) = po(grad, I) = e
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670 ALAIN CONNES AND HENRI MOSCOVICI

the equation ([A37)) is precisely the analogue of Hamilton’s Ricci flow [I8] for the
standard torus. This justifies viewing the Hermitian form R, as the Ricci curva-
ture of Tg endowed with the inner product g,.

4.3. Functional relation between K, and H,. We shall now explain how to
perform the direct computation of the gradient of an expression of the form

w0 (G(V1)(Ox(h))).
We shall then show how this, together with Theorem 8] implies the following
relation between Ky and Hj:

(4.38)

Ko(s2) — Ko(s1) n Ko(s1+52) — Ko(s2)  Ko(s1+52) — Ko(s1)
S1 + 89 S1 52 .

1~
—§H0(81,82) =

This relation can then be checked directly and gives the following decomposition:

1- 2(s—1) coth (£)  coth(3)  coth (%)
—gHolst) = TP 2 S(s—i—i) e
coth (%)  coth (5£)  coth (5£)
ts+t)  s(s+t)  ts+t)

The fact that [38) can be proven on a priori ground gives a handle on the com-
plicated two variable functions which appear in Theorem since by ([@29) one
can deduce the function Hy from Hy. Note moreover that the function %f(o is the
generating function for Bernoulli numbers since one has

oo

(4.39) éf(o(u) -y (g;’;!u%—z_

Theorem 4.10. Let G(u) be an even Schwartz function, and then with
(4.40) Qh) = o (G(V1)([On(h)))
one has
d
(441) - Q(h+ea) = =200(aG(V)(A(R))) + polawe(V1, V2) (Or(h)),
e=0
where the function wg(s,t) is given by
G(s2) —G(s1) G(s1+s2) —G(s2) G(s1+ s2) —G(s1)

1
4.42) — = —
( ) 2(4)@(81,52) S1 + 89 + S1 So

Proof. 1t is enough to prove the statement with Oy (h) replaced by 6(h)d(h) and
A(h) by 6%(h) where § is a derivation equal to d; or d; + d. One has

L Gv6050) = oo (] Gllow B0 50
e=0 e=0
+0(Gllog An)(6(a)) 5(1))
+¢0(Gllog An) (6(h)) 8(a))

The proof of Theorem [4.I0 then follows from the equality between the last two
terms and the following two general lemmas. ([l
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Lemma 4.11. Let G(u) be an even Schwartz function, and then for any x,a € Ay
one has

d

4.43 —
(4.43) i,

¢o(G(log Aptea)(z) T) = @o(aH (V1, Va)(z2)),

where the function H(s,t) is given by

G(Sg) - G(Sl)
4.44 H =2———
(1.49) (51,0 =202 =€

Proof. Using the Fourier transform

and the equality
log Apieq =log A — ead,, adq(z) = [a, 2], Vz € Ag°,

we write
Gllog Ansoo)() = [ g(t)e V0 )

Since

d

1
e—ztv-i-eztada _ e—zutV itada e—z(l—u)tv du,
de|._, 0

one obtains

% 6:0900((?(105'; Aptea)(z) ) = /g(t)/o o (Uut(itada U(lfu)t(x)):ﬂ) dudt.

One has

0o (aut(itada 0(1,u)t(x))m) = itpg (ada(a(l,u)t(ac))a_ut(x))
= it@o (a(o(1—uyt(®)o—uw(x) — o—ut(2)o1—u)(T)) ,
which is of the form

npo(af(Vl,Vg)(mx)), @(81,82) — e*iSl(l*U)t*Z—SQ(*u)t _ e*iSl(*U)t*’L‘SQ(l*U)t
and gives ({.43) for

H(s1,82) = /g(t) /01 it (e*isl(lfu)t*”z(*“)t - e*isl(*“)t*“?(l*“)t) dtdu,
which gives
(4.45) H(s1,82) = /01 (G'(—usy + (1 —u)sz) — G'((1 — u)s1 — us2))du.
One then performs the integral to obtain ([@44]). g

As a simple example we take G(u) = u?. In that case one has

d d

72| po(Gllog Aniea)(z)2) = — - _Osoo([thea,w]z),

e=0
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and the right hand side gives

d

—=z|  wollh+ea,a]?) = =2p0((a, al[h, 2]) = go(aH (V1, V2)(22))
e=0

with H(Sl, 82) = 252 — 281.
Let us now consider the term

o (G (log A)(8(a)) 6(h)).
We need to integrate by parts, which is achieved as follows.
Lemma 4.12. Let G(u) be a Schwartz function, and then for any a € A3° one has

(4.46)
0o (G(log Ap)(8(h)) 8(a)) = @o(aL(V1, Va)(8(h)8(h))) — ¢o(aG(log Ap)s*(R)),
where the function L(s,t) is given by

G(s1+ s2) — G(s2) B G(s1+ s2) — G(Sl)_

4.47 L =
(4.47) (s1,82) . .

Proof. One has for any z € A3° the equality
5(ou(x)) — o (8(z)) = it /0 G (ads ) (0 1yt (@) )
so that
1
d(oi(x)) — 0u(6(x)) = it/o (ut(6(h))or(x) — or(x)owui (5(h))) du,

and taking x = 6(h) we get
3(oe(8(h))) — (6% (h)) = Le(V1, V) (8(h)3(h)),

where
_ p—itsy ) _ ,—itso )
Li(s1,52) = Loe it 1€ T it
51 52
Now writing G(v) = [ e~ g(t)dt one gets
(4.48) 8(G(log Ap)(6(h))) = G(log Ap)(6%(h)) — L(V1, V2)(6(h)3(h)),

where

1— —itsy . 1— —itso .
Llovsa) = = [ (F2E et - A0 e ) gy,

S1 52

which is the same as ([{Z7). One has, using integration by parts,
o (G(log An)(6(h)) 8(a)) = —¢o(8(G(log Ap)(d(h))) a),
and using ([A4])) one obtains (L40). O
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5. FURTHER REMARKS

5.1. Explicit examples. As a concrete illustration, we shall compute the Ray-
Singer determinant and the scalar curvature for a class of conformal factors which
exhibit interesting geometric features and have no classical counterparts. These
are the dilatons associated to self-adjoint idempotents, such as the Powers-Rieffel
projections, which exist in abundance in Ag°. In order to describe them it will be
convenient to identify the C*-subalgebra generated by V with C(S!), or equiva-
lently to represent the algebra Ay as the crossed product of C'(S1) by the irrational
rotation, so that

UfU* = fo, Vf € C(SY), fo(z) = f(z —0), Yz € R/(20Z), V(z) = e™.
A Powers-Rieffel projection [22] has the form
(5.1) p=[aU"+ fo+ f1iU, [ € C®(SY),
where, assuming the functions f;, j = —1,0,1, real valued, one has

f-1(z) = filz +0), fi(z)fr(z—0) =0, fi(z)(fo(z) + folz —0)) = fi(z),
(5.2) fo(@)* + fi(x)? + fi(z +0)* = fo(x), Yz € R/(27Z);

moreover, one can choose fy taking values in [0, 1] and such that

1 2m
(5.3) wo(p) = ), folx)dz = 6.

We now fix a projection p = p* = p? as above, and consider a one-parameter family
of dilatons of the form

(54)  h=h(s):=sp+p(s), with p(s):=log(l+ (e *—1)0), seR.
The function p is chosen so that the corresponding conformal weights

ws(x) := o (xe‘“’_p(s)) , T €Ay,
are actually states; indeed,

(55 eall) = o (e P) = e (14 (7~ Dpolp)) = 1.

Proposition 5.1. With the above notation, the Ray-Singer determinant of the
Laplacian A, , s € R, is given by the following closed formula:

(5.6)  logDet'(A,.) =log (472 [n(r)[*) — = (a(p) + |7*B(p)) s*Ko(s),

87’2
where
1 2w 1 2
(5.7) ap)=~ [ file)’dz, Blp) = —/ (fo(@)? +2f1(x)?) du.
™ 0 27T 0
Proof. Since p?> = p one gets
(5.8) d;(p) =pé;(p) +6;(p)p, =12,
and with V the derivation implemented by —h one has
(5.9) V(pdj(h)) = —spd;(h), V(6;(h)p) = sd;(h)p

since

[—h,p6;(h)] = —s (p°8;(h) — pd;(h)p) = —spd;(h).
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Thus the decomposition (B.8)) gives J;(p) as a sum of eigenvectors for the eigenvalues
+s for the operator V. Since the function K is even, we thus get

Ko(V1)(6;(h)d;(h)) = Ko(s) (p8;(h) + 6;(h)p) §;(h) = s> Ko (s)3;(p)°

and
(5.10) Ko(V1)(@x(h)) = s*Ko(s)On(p).
Using our formula for the variation of the log-determinant [cf. (£17)], one obtains
(5.11) log Det’(A,) = log (472 [n(r)|*) + S%SQKO(S) wo(On(h)).
One has
1 27 1 2
wolbi0f) = =5 [ (h@P+ fila+0)do=— [ plea
T Jo ™ Jo
2
@) =5 [ (B3P + Fi@? + file+0)
2w
= [ (@2 d,
0
. 27
PG 0r) =5 [ (@) fie) = Fle+0)fi(a+0)) dz =0
2m

1
ool2p)510) = 5 [ (@)F{(@) ~ fula+ O)fi (o +6)) da =0,
0
Thus, the formula (BI1)) takes the form (B.6l). O
Let us now compute the scalar curvature given by ([£34) for an arbitrary projection
p € AZ°. Since the normalization of the area plays no role in this local calculation,
we now take h = sp. One has

A(h) = sA(p) = s (pAP)p+ pAP)(L—p) + (1 —p)Alp)p+ (1= p)AP)(1 - D)),
which gives a decomposition in eigenvectors for V with eigenvalues 0, —s,s,0. It
follows that

Ko(V)(A(h) = sKo(s)(pA(p) (1 = p) + (1 = p)A(p)p) + sKo(0) (pA(p)p
(5.12) + (1 =pAlp)1-p)).
One has, moreover, using the decomposition (5.8) and the vanishing of Hy(s, s),

(5.13) S Ho(V1, Vo) On(h)) = 5% Ho(s, —5)(1 — 2p)On(p).

Proposition 5.2. Let p = p* = p? be any projection, h = sp, where s € R, and
o(x) = @o(ze*P) the associated conformal weight. The scalar curvature is given
by the formula

(5:14) K, = o (Ro(s)A0) + S0.Ko(s) (pA @)+ (1= p) D) (1 - p))) e
T2

Proof. The above discussion yields the formula
TS

Ky = 1 (Eo(s) 0A@)(1 —p) + (1= D) AD)D)

19+ 3 A0+ (=BG =) + 3 Hols -9~ 20)0n() ) -
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But since p? = p one has the relation

(5.16) 20%(p) = (1 = p)A(p) — Ap)p,

which gives

(5.17) 2(1-2p)0Ox(p) = (1-p)A(p) —(1-2p)A(p)p = pA(p)p+(1—p)A(p)(1-p).

Now, one has the relation
(5.18) S Ho(s, —s) = sd,Ko(s) + 2(Ko(s) = Ko(0)),
which is a special case of ([A38)). We then use
(PAP)(1=p)+ (1 =p)Ap)p) + (PAP)P+ (1 —p)A(p)(1 —p)) = Alp)
and simplify (B3] to

TS ~ S ~
Ky = i (Bo(s)A0) + 50.K0(s) 02D + (1= D)AE) (1 - p))) €,
which is the required equality. O

Note that each of the two separate terms pA(p)p + (1 — e)A(p)(1 — p) and A(p)
have a vanishing integral under g, confirming the validity of the Gauss-Bonnet
formula.

A more striking fact is the “bending” along the ray of conformal factors hy = sp
of the normalized scalar curvature

(5.19) Ks(p) :i= K, e .

Classically, the normalized curvature is given by the Laplacian of the conformal
factor, and therefore it is homogeneous of degree 1 in the scaling parameter. In our
case though, because p € A3° is an idempotent, ICs(p) turns out to be bounded as
a function of s € R. Indeed,

Kulo) = 1 (o)) + FOKa(s) G2+ (1= AGIL - 1))

T2
with the odd functions
1 - 1 1
ZSKQ(S) =2 ( -

1 .
- §> +1, gsT0Ko(s) = - - +
evidently bounded. Moreover, one has

™

lim K,(p) =+— (A(p) - % (pA(p)p + (1 = p)A(p)(1 —p))> :

s—+oo T9

5.2. Intrinsic definition and normalization. In this section we explain how to
reformulate the above scalar curvature in intrinsic terms involving only the even
two-dimensional modular spectral triple (A5°, #, Ds@)~ Let us first relate the weight
© to the natural volume form associated to the modular spectral triple.

Lemma 5.3. For any a € Ay one has

_ 2m _
laD-2 — / -2 _
(5.20) aD,*~ = . o(a), yaD,* = 0.
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Proof. We shall show that

~ 1+~
5.21 EaD;? == E=-—1
(5.21) fEaD;? = Zola) :
Note that since the kernel of D@ is finite dimensional, we do not care about the
lack of invertibility of D, and define arbitrarily D 2 on the kernel; this does not
affect the value of the residue. To prove (G.2I) note that ED2E = kAk and one
gets

][EaD;Q = fak71A71k71 = ][kflakflAfl = Apo(k™tak™) = \po(ak™?),
where the constant A comes from the equality
][x AT = po(z), Vo € Ay,

which can be checked directly since both sides vanish on U"V™ for (n,m) # (0, 0).
To compute A one just needs the residue at s = 1 of the zeta function

Tr(A™*) = Z In +mr| 7%,
(n,m)#(0,0)

which gives 7/ and proves (5.2I). We shall not need the other part but it follows
from the above. U

Using the canonical volume form of the spectral triple instead of ¢ in the definition
of the scalar curvature ([{34]) thus removes the unpleasant factor 7/7 in the above
formulas.

There is one more small adjustment needed to obtain an intrinsic definition; we
have identified above the space of deformed modular spectral triples with the space
of self-adjoint elements h € Ag° and the tangent space at a point h accordingly by
linearity.

Remark 5.4. In [10], Definition 1.147, the notion of a scalar curvature functional
was introduced for spectral triples (A, H, D) of dimension 4 by the equality

(5.22) R(a) = ][aD_2 , Va € A.

The same formula with D~("~2) instead of D=2 works in dimension n when n # 2
with a suitable normalization. For n = 2 the normalization factor has a pole, and
the analogue of (5.22)) becomes

(5.23) R(a) = ag(a, D*) = (p2(a,0) + Tr(Pa), Va € A,

where P is the orthogonal projection on the kernel of D. What the present de-
velopment shows in particular is that in the even case the above general definition
should be refined by using the chiral expression

1+
Ry(a) = ][EaDﬂ, where FE = T’y
A number of the above results extend naturally to the general case of dimension
two and relate the variation under the inner twisting of the Ray-Singer torsion of

modular spectral triples to their chiral scalar curvature.
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6. SYMBOLIC CALCULATIONS

The computation generally follows the same lines as in [14]. All computer-aided
calculations are contained in two Mathematica notebooks attached as ancillary files
to [13].

The case of the operator kAk is treated at the symbol level as in [I4]. We give here
the analogue of Lemma 6.1 of [14] for the operator Agpo’l) = 6"k?0.

Lemma 6.1. The operator A&O’l) has symbol U(A&O’l)) = az(§) + a1(§) + ao(§)

where
az = az(§) = k* (6 + 2R(1)&1& + |71783)
a1 = a1(§) = (kd1(k) + 61(k)k + 7(kd2 (k) + d2(k)k)) (&1 + 7E2) ,
ap = ap(§) = 0.

Proof. This follows from the derivation property of §* = §; + 765 that gives
§* k%5 = k26%6 + 0% (k*)0,
which is the decomposition of the operator as a sum of the homogeneous terms. [

In general we recall the product formula within the algebra of symbols, where with
o(P)=p, o(Q) = p', one has

o(PQ) ~ Y (1/(t:1 1) 91 05 (p(£)) 81" 85 (' (€))]-
£;>0
One then proceeds as in [I4] for the inductive calculation of the inverse of the
symbol of Afpo’l) — ), using A as a symbol of order two and

(6.1) bo = bo(€) = (K*(€7 + 2R(m)&1éa + |717€3) — N) 7!

and computing to order —3 in & the product by - ((a2 — ) + a1 + ap). By singling
out terms of the appropriate degree —1 in £, one obtains

(62) b1 = —(bo ay bo + (‘Z(bo) 5i(a2) bo)

Note that by appears on the right in this formula, and we refer to [I4] for detailed
explanations. In a similar fashion, collecting terms of degree —2 in £ one obtains

by = —(bo ao bo + b1 a1 by + 0;(bo) di(a1) bo
(63) + 8Z(b1) (5i(a2) bo + (1/2) (92 8j (bo) 51 5j (ag) b())
The resulting formula for by is quite long, and the next step is to perform the
integration a(X) = [b2(&,N)d?¢. Note, before starting, that by homogeneity of
symbols one has
b2(1)§7 Uz)\) = 1)74172(5, )‘)a

and we thus know that () is homogeneous of degree —1 in \ since

/ o€, uN)d2E = u? / ba(u 126, \) a2 = ™! / ba(e, N €.

Moreover, the next step in order to obtain the constant term in the heat expansion
is to do an integral in the variable A of the form

1 —tA
27ri/ce a(N)dA,
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where the contour C' around the positive real axis is chosen in such a way that

1
— [ e ! d\ = e ',
2 Jo 5—A

Applying this equality for s = 0, one gets that

1
— [ ePa(\)d\ = a(-1).
211 C
Thus we can already simplify and fix A = —1 before we perform the integration in

d*¢ = d¢idéy. To start this integration we follow [15] and perform the change of
variables, using 71 = R(7) and » = (1),

& = rcos(f) — rﬂsin(G), & = rsin(G).

T2 T2
The Jacobian of the change of coordinates is T—'; Moreover, after changing variables
one gets

& +2R(1)6 & + T8 =17
One performs the integration in the angular variable 6 first, and the terms one
obtains can be organized in the form

2mr
(64) —7_— (To + TlTLO + TQTO)l + ‘T|2T2) b()7
2

where one will note the overall multiplication on the right by by which for our
purpose cannot be moved in front as was done in [14].
The obtained terms are, except for this nuance, similar to those of [14] and [I5],

but for the operator A&O’l) there is a nontrivial term Ty ; which is given by
To.1 = ir2bokdy (k)bokda (k) + ir2bokdy (k)boda (k)k — irtbokdy (k) k*bkda (k)
— itk (k) k20302 (k) k — ir2bokda (k)bokdy (k) — ir2bokda (k)body (k)k
+ irtbokda (k) k> b3 ko1 (k) + irtbokds (k) k*b361 (k)k + ir?bod1 (k) kbokda (k)
+ir2bo 01 (k) kboda(k)k — irtbody (k) kk2b2kda (k) — irtbody (k)kk*b262 (k)k
— i12bo 0o (k) kbokdy (k) — ir2boda (k) kbody (k)k + irtboda (k) kk>b2kd, (k)
+irtbda (k) kb0, (k) k.
One finds that the terms Ty and T5 are equal and given by
Ty = Ty = —2r°k*b2k63 (k) — 4r2k2030, (k)6 (k) — 2r° k20367 (k) k
+ 2r K 03 k07 (k) + 4r k4036, (k)61 (k) + 2ri K 0362 (k) k — r2bokdy (k)bokdy (k)
— 2ok (k)body (k)k + rtbokdy (k) k*bakdy (k) + rtbokdy (k) k*b36, (k)k
— 120081 (k) kbokdy (k) — 72001 (k) kbody (k)k + r1body (k) kk2b2ES, (k)
+ 174001 (k) kE?b361 (k)k + 61 k23 kdy (k)bokdy (k) + 6r*k?b2ks, (k)body (k)k
— 2rSK202 k0, (K) k202K, (k) — 2r5K2b2 K6, (k) kD201 (k) K
+ 61 k20361 (k) kbokdy (k) + 67t k626, (k)kbody (k)k — 2r°k2b30, (k) kk*b2ky (k)
— 2r0k2025, (k) k20261 (k)k — 41Ok b3k, (k)bokd1 (k) — 4rSk*b3ks, (k)body (k)k

)
— 4rSKA B35, (k) kbokd1 (k) — 475k D301 (k) kbooy (k) k.
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The term T} is more complicated, and we give it for completeness; it is of the
form

Tio = T + T +r°7S),
where
T?) = —ak2b2k6, 65 (k) — Ak>6261 (k)82 (k) — 4k2b265 (k)61 (k) — 4k2b261 55 (k)
- bokd1 (k)bokda (k) — bokdy (k)boda(k)k — bokda (k)bokdy (k)
— bokda (k)body (k)k — body (k)kbokda (k) — body (k)kboda(k)k
— boda (k) kbokdy (k) — boda(k)kbody (k)k.
T = Ak*b3k8100(k) + 420381 (K)o (k) + Ak*b385 (k)61 (k) + 4k 530102 (k)k
+ bokdy (k) k2 b3 ko (k) + bokdy (k) k20302 (k) k + bokda (k)k*b2kS, (k)
+ bokdo (k) k20301 (k) + body (k) kk2b2kd2 (k) + body (k) k6262 (k)k
+ boda (k) kk>bakd1 (k) + bodo (k) k2261 (k) Kk + 6k>b3kd1 (k)bokda (k)
+ 6k202 k01 (k)bodo(k)k + 6k>b3 ko (k)bokdy (k) 4 6k>b2kda(k)bod1 (k) k
+ 6k2b261 (k) kbokda (k) + 6k2b301 (k) kboda (k) k + 6k2b202 (k) kbokdy (k)
+ 6k20302 (k) kbody (k)k.
T8 = —2k202k8) (k) k202K (k) — 2Kk2b2k0y (k) k20202 (k)k — 2k2b2k6s (k) k2b2koy (k)
— 2k2b2 ko (k) K030, (k)k — 2k2D261 (k) kK22 ko (k) — 2k%b301 (k) kk2D262 (k)k
— 2k2D252 (k) kK23 koy (k) — 2k2b202 (k) kE*b3 6, (k)k — 4k*b3kd1 (k)bokda (k)
— 4K b3 k01 (k)boda (k) k — Ak D3kdo (k)bokdy (k) — 4k*b3kda (K)body (k)k
— 4k D351 (k) kbokda (k) — 4k*b301 (k) kboda(k)k — 4k*bdo (k) kboksy (k)
— 4Kk* b3 02 (k) kb (k)k.
We check that the coefficient T¢) of 77 in the term T is nonzero only for even j

and that the total power of by involved in T(%) is s 4+ 1. Thus for 7Tby as in (6.4)
we get that the general form is a sum

(65) TT(2S)b0 — Z bamoplbam1 . 'péb6m£r2(z m;—2)+1

In order to put all these terms in a canonical form, one moves the powers of k to
the left using the commutation of k£ with by and the rule

(6.6) ak™ = k"A"?(a), Ya € AP.
Thus, for instance, the first term of T1(760) which is —2k2b2k6; (k)k2b2kd2 (k) is rewrit-
ten as

— 2202 k0, (k) k202 kdy (k) = —2kSDEA3/2 (6, (k))b2o (k).

For such terms which are quadratic in the §;(k) we can use the simple formula

(6.7 35(0) = KF() (53080, fla) = 2
which is justified below in §6.11 Thus the above term can be written as
—2KCB5 A2 (61 (K))b302 (k) = —2kTB A% (61(k))bE £ (D) (52 (log(k)))

— 2RSBA%F(A) (81 (log (k) B (A) (62 (log(R)))
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Besides terms which are quadratic in the §;(k) we also get terms which involve
second derivatives of k. Thus, for instance, the first term of T1(,20) gives

4k D361 62 (k) = 4kPb36162 (k).

For the terms which involve second derivatives of k& we need to carefully reexpress
them in terms of second derivatives of log k as we now explain.

6.1. Expansional. We write the modular automorphism in the form
Alz) = e rae = k22 k?, k=e?
so that one has the permutation rule
ok =kA?(z).

The expansional formula can be written as

eAtB = E / eS“ABeslA~-~Bes"AHd5j.
n Y/20s;=1,5;>0

We take A = logk and for B the term one gets by expanding oy, 4, (A) around
t; = 0, i.e., using purely imaginary arguments t;,

1 1
B = t161(log k) + t262(log k) + 57:%5%(105; k) + §t§5§(log k) + t1t20102(logk) + - - - .

One has a similar expansion for ay, ¢, (k) which shows that, e.g., 67(k) is obtained
from the coefficient of ¢ in eA*5. More precisely one writes eA™5 as

1
€A+B _ 6A (1 +/ 6(_1+S0)ABQ(1_SU)AdSO
0

1 1-s
L / / 0e(_1+30)AB6((1—30)—(1—30—31))ABe(l—so—sl)Adsldso + .. )
0 0

=k(1+/01A%(B)dqu/Ol/ouA%(B)A%(B)dvdqu---),

where in the second integral one lets u = 1 — sg which varies from 0 to 1 and
v =1 — 59 — s1 which varies from 0 to u. In terms of the derivations V; = log AG)
this gives the formula

(6.8) k=167 (k) = £(V)07 (log k) + 29(V1, V2)b1 (log k)61 (log k),
where one has

(6.9) f(s) 2/0 e/ 2duy =

and

2 (—1 + 68/2)

S

(eSTHs +t—e/2(s —|—t))
st(s+t)

1 u 4
(6.10) g(s,t) = / / /202 qudy =
o Jo

Note the coefficient 2 in front of g since 67 (k) is obtained from the coefficient of 13
; A+B
ine .

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



MODULAR CURVATURE FOR NONCOMMUTATIVE TWO-TORI 681

6.2. Rearrangement lemma. In order to perform the integration in the radial
variable r one needs a more general lemma than Lemma 6.2 of [T4]. Note that only
even powers of r appear in the expressions for the terms 7' but since one needs to
multiply by the Jacobian of the change of coordinates, the integration in r only
involves odd powers of r. Thus it is natural to let u = r? so that du = 2rdr.

Lemma 6.2. For every element p; of Ag® and every integer mj; > 0 one has

/ (K% w4 1) 7" py (k2 w4 1) 7" - pg(k 1) =" 2 du
0

(6.11) =k 2D B me (A1) D)y D) (p1p2 - pe)s
where the function Fpg my ... m, (U1, U2, ..., Up) is
(6.12)

[e's) L j —m;
Fingmy,...om (U1, U2, ... up) = / (u+1)_m0H <uHuh+1) wZ ™2y,
0 | |

and Ay signifies that A acts on the ith factor.
Proof. Let G,, be the inverse Fourier transform of the function
t— (6t/2 + eft/Q)fn.

One has
1 s 1+ 4s?
G) = e BT GO Ty
S (1 + 32) 9 + 4052 + 16s*
Gals) = 20 Gyls) = o T8
18 =3 (—e=ms +ems)’ 3(5) = 354 (e + e™)
and more generally
P,
G (s) = (s)

ers — (_1)716—71'3'
The role of the polynomials P,, which appear in the numerator is to compensate for
the zeros of the denominator in larger and larger strips. Thus the imaginary part
of the first singularity of G, is 5. The inverse Fourier transform of the function,
defined for « €]0,n[ by

Hn,a(t) _ e(n—a)t(et + 1)—71’
is G,a(s) = Gn(s —i(§ — «)) so that

(6.13) H, () = /OO G, (s —4 (g — a)) e ¥tds.

We now perform in the left hand side of (G.I1]) the change of variables u = e®, with
k = e//?, and obtain

J— /oo (€N 4 1)=m0p, (GHD 1 1)L (BHD) 4 1)~me (S mi—Ds g,

—00
We now choose positive real numbers «; > 0 such that ) «; =1 and replace each
term (eCTF) £1)=™ by e(mi=ai)(s+F) (e(s+f) 1-1)=™5 This is fine for the s variable
since it accounts for the term e(>>™i =% but taking care of the pj one gets

7= [ (1) () o () A () o (51,
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where
¢

(6.14) By == (mi—a).
J

We set p; = APi(p;). Using ([6.I3) we can then write .J as an integral of terms of

the form
(6.15) e~ EmiTDIH (s f)phe Tt L em i g o5t
with respect to the measure given by
¢
[ Gom, ., (25)dt;ds.
1

The term (61) can be written as
e SmDI (st e SEEH T AT ().
One has

[eS) 4
. 4 (s
/ Hing o0 (5 + f)671(21 ) s = 270G omg 00 <_ th) .
oo n

Thus one obtains

L £
J = 27‘(’67(ij71)f/l_IAiiZﬁ b (pIh)GmmO(o <_th> HG'InJ a;
1 1

We now replace p; = APi(p;) and replace the term
. YA i £ 4
A*'LZh tj (p;z) = A >h tJJF:Bh(ph)
by
—i325 t+8
u, = "

and we are dealing with the scalar function of ¢ variables

Fmo,ml,...,mg (Ul, Uz, ... 7’“'()

¢ ¢
—i 35 ti+Bn
610 = [T G (<320 ) 0
1 1
We can now write
o0 Lt
Gmg,a0 Zt - / Hing a0 (5)3_1(21 f)sds.
— 00
With up = e®» we can perform the integral in ¢;, and one gets that the coeflicient

of t; in the exponent is —is — zzjl sp, so that the integral in t; gives the Fourier
transform of G o, at s+ Zjl sp. This is

i (mj—cy) i —m;
. . J J
e(mj—ozj)(s—&-zi s;L)(es+E{ s;L+1)—mj _ e(mj—ozj)s <H uh) (es Huh + 1) .
1

1
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In the product of these terms from j = 1 to j = ¢ one gets uj, with the exponent
Zf;(mj — ;). Thus this cancels the term ug“. We thus get

(6.17)

%) 4 J
Fmo,ml,“.,mg (uh U2y v vy u[) = / (es + 1)7m0 H e® H up + 1 e(z mjil)sd&
-0 1 1

which proves the required equality. O
One has by construction

Fm07m1,...7mg (Ul, U2y -y U@) = Hmo,ml,...,mg (ula ULU2,y.-.,Uy " U’Z))

where

(6.18)
4

(o)
Hopg oy, me (U1, U2, .. ug) = / (u+1)=m0 H(uuh + 1)y 2 gy,
0 1

The first few functions of two variables that we shall use are given as follows:
(=14 b)Log(a) — (=1 + a)Log(b)

Hiaab) = = T catt)
Hy o (a.h) = (=1+b)((=1+a)(a—b)+a(l —2a+b)Log(a)) + (-1 + a)?aLog(b)
AR (—1+a)%a(a—b)2(—1 +b) ’
Hyy 1 (a.b) = (=14 b)%Log(a) + (=1 +a)((a — b)(—=1 + b) — (=1 + a)Log(b))
2L (=14 a)2(a — b)(—1 + b)? ’
(=1 +b)((=1+a)(a—b)(1+a*— (1+a)b)
I by — +a(=1+ 3a — 2b)(—1 + b)Log(a)) — (=1 + a)3aLog(b)
221(a,0) = (—1+a)3a(a — b)2(—1 + b)2 ’
(=1 +a)(5 + a(—3 +b) — 3b)(a — b)(—1 + b) — 2(—1 + b)*Log(a)
+2(—1 + a)*Log(b)
Hsz11(a,b) =

2(—1+a)3(a — b)(—1 + b)3
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