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ABSTRACT: We study the modular symmetry of zero-modes on T2 x Ti and orbifold
compactifications with magnetic fluxes, M7, Ms, where modulus parameters are identified.
This identification breaks the modular symmetry of T? x T%, SL(2,Z); x SL(2,Z), to
SL(2,Z) =T. Each of the wavefunctions on T2 x T3 and orbifolds behaves as the modular
forms of weight 1 for the principal congruence subgroup I'(N), N being 2 times the least
common multiple of My and Ms. Then, zero-modes transform each other under the modular
symmetry as multiplets of double covering groups of I'y such as the double cover of Sy.
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1 Introduction

The origin of the flavor structure such as the masses and the mixing angles of quarks and
leptons is one of the significant mysteries of the standard model (SM). Many ideas have
been proposed to understand the flavor structure. Among them, non-Abelian discrete flavor
models [1-9] are attractive. In such flavor models, various non-Abelian discrete symmetries
such as Sy, An, A(BN?), A(6N?) are assumed as symmetries of quark and lepton flavors.
In those models, the realistic masses and mixing angles of quarks or leptons are obtained
through breaking the flavor symmetries by vacuum expectation values (VEVs) of gauge
singlet scalars, so-called flavons. However, a complicate vacuum alignment is required.

Extra dimensional theory such as superstring theory can lead to non-Abelian discrete
flavor symmetries as geometrical symmetries. (See refs. [10, 11].) In particular, the two-
dimensional (2D) torus T? and orbifolds have the geometrical symmetry, the so-called
modular symmetry, I' = SL(2, Z) (or ' = SL(2,Z)/Zs). Zero-modes on such a geometry,
corresponding to flavors of the SM quarks or leptons, transform under the modular trans-
formation. It was investigated in magnetized D-brane models [12-16] and heterotic orbifold
models [17-25]. (See also [26-28].) In this sense, the modular symmetry is regarded as
a flavor symmetry. In particular, ref. [16] shows that |M| zero-mode wavefunctions on



T2 with magnetic flux M behave as modular forms of weight 1/2 for I'(2|M|), which is a
normal subgroup of the double covering group of T, i.e. [ = 5’1(2, Z), and then they are
representations of the quotient group 1:’2‘ M = I'/T(2|M]). Tt is notable that the Yukawa
couplings as well as higher order couplings also transform non-trivially under the modu-
lar transformation. In addition, instead of VEVs of flavons, the flavor symmetry coming
from the modular symmetry is broken when the modulus is fixed through the modulus
stabilization.

It is also interesting that the finite modular groups I'y = T/T(N) for N = 2,3,4,5
are isomorphic to Ss, A4, Sy, As [29], respectively. Note that T'(N) (I(N)) is a normal
subgroup of ' (T'), so-called the principal congruence subgroup of level N. Recently, a lot of
bottom-up approaches of flavor models inspired by these aspects have been studied [30-71].
In those models, the Yukawa couplings as well as higher order couplings are treated as
modular forms of even-number weights. Furthermore, ref. [72] shows modular forms of
odd-number weights are representations of Iy, = I'/T'(IN), which is the double covering
group of I'y. In the latest studies [73, 74], flavor models of I} ~ S’ with modular forms of
weight integer were studied. Thus, it is important to study the modular flavor symmetry,
I'y and its covering groups I'y from both top-down and bottom-up approaches.

The moduli stabilization is a key issue. Three-form fluxes can stabilize complex struc-
ture modulus [75] as well as the dilaton. In ref. [28], for example, T? x T2 x T2 with
three-form fluxes have been considered and the complex modulus of T2, 71 and that of T3,
79 have to be related each other, such as 71 = 79 = 7 due to the three-form fluxes. In other
words, the modular symmetry on TZ x T, I' x " is broken to I' due to the three-form fluxes
below the heavy mass scale of the stabilized moduli. A similar breaking I' x I' — I" can be
realized by imposing a permutation symmetry between T7 and T%. Such a setup is quite
interesting as follows. The zero-mode wavefunctions on 72 with magnetic flux M behaves
as the modular forms of the weight 1/2 representing f’2| M Thus we expect that the above
setup would lead to zero-mode wavefunctions behaving the modular forms of the weight 1
and representing double covering groups of I'y, i.e., I'y.

Our purpose in this paper is to study the modular symmetry of zero-modes on T2 x T%
with magnetic fluxes, where the complex structure moduli are identified as ™ = 9 = 7.
Furthermore, we also study its orbifolding by the Zo twist, the Zy shift, and also the Zs
permutation, which interchanges T? and T%. These orbifoldings decompose a representation
to smaller representations such as irreducible representations.

This paper is organized as follows. In section 2 we briefly review the zero-mode wave-
functions on 7?2 with magnetic flux. In section 3, we give a review on the modular symme-
try of zero-modes on T2 and its orbifolding. In section 4, we apply them on a magnetized
T12 X T22 and its orbifolding by the Zy twist, the Zy shift, and the Z, permutation. Here
we identify 71 = 7 = 7. We find that the wavefunctions on the T? x T3 behave as
modular forms of weight 1 for I'(IV). The zore-modes are multiplets of Iy, and I'y. In
section 5, we conclude this study. In appendix A, we explain a problem in models with
odd magnetic fluxes.



2 Zero-mode wavefunctions on magnetized T2

First, we review ten-dimensional (10D) A" = 1 super Yang-Mills theory on M4 x T2 xT§ x T3
with magnetic fluxes, which is the low energy effective field theory of superstring theory.
Also, our setup in section 4 is applicable to D7-brane models on M* x TZ x T%. The 10D
Lagrangian is given by

S:/Md4:1: H

1 .
/ d?z; [—“I&«(FMNFMNH;MAFMDMA) , (2.1)
i=1,2,37 17 g g

where Fyyny = OyAn — ONAy — i[AM,AN] and Dy A = Oy — Z[AM,)\] with M, N =
0,1,...,9. By Kaluza-Klein decomposition, ten-dimensional vector potential A;; and
Majorana-Weyl spinors A can be written as

Ap(,21,22,23) = D OMmanans () © Oarny (21) @ Gty (22) @ Garms (23),  (2.2)

ni,n2,n3

)\(a:, 21, 22, 23) = Z wmmm (x) ® wnl (zl) ® wm (ZQ) ® wna (23) (2'3)

ni,n2,n3

Here vy, (2;) is the n;-th excited mode of 2D Weyl spinors on the i-th torus, Tf, and satisfies
the following Dirac equation,

Since my,; gives the compact scale mass of the four-dimensional Weyl spinor, we consider
massless mode vg(z;). In this section, we focus on one torus 72, hence, we consider zero-
mode wavefunctions on the magnetized T2.

For simplicity, we study the wavefunctions on the torus 7% with U(1) magnetic flux [76].
The torus can be regarded as the complex plane C divided by a two-dimensional lattice A,
that is T2 ~ C/A. Then, the lattice A is characterized by the complex modulus parameter
T = eg/e; (Im7 > 0), where eg, ey are the basis that spans the lattice A. This torus has
the metric such as

0L

ds? = 2h,,,dz"dz",  h = |e1|? (1 8) , (2.5)
2

and the U(1) magnetic flux is given by

- it M
~ Imr

F

dz N dz. (2.6)

This flux leads to the vector potential one-form,

A(z,2) = %Im ((z+Q)dz)
M~
-  2lmT (2+)dz+

= AZdZ + Agdz,

itM

STrr (z+()dz (2.7)



where ¢ is a Wilson line phase. Since the complex coordinate z on T2 is identified with
z+ 1 and z + 7, the vector potential A(z,Z) obeys the following boundary conditions,

A(z+1,74+1) = A(2,5) +d <;T]wlmz> = A(2,2) + dx1(z, %), (2.8)
mrT
o _ oM _ B B
Alz+1,24+7)=A(2,2)+d (ImImTz) = A(z,2) + dxa(z, 2), (2.9)
T

which correspond to U(1) gauge transformation. Here, x1(z, Z) and x2(z, Z) are given by

x1(z,2) = %Im(z +¢), x2(2,2) = %Im[f(z + Q)] (2.10)

Here and in what follows, we consider the 2D spinor with the U(1) charge ¢ = 1.
To preserve 2D Dirac equation, eq. (2.4), under U(1) gauge transformation, the boundary
conditions for 2D Weyl spinors,

M z
v(e) = (m;) M) =0, 1)

are obtained by

Im(24¢)

Bz +1) = Oy (z) = R (2), (2.12)
Wz +7) = XBy(z) = M ERE Ly (). (2.13)
Then, considering contractible loops on T2, we obtain the Dirac quantization condition,
MeZ. (2.14)
To determine the zero-mode of 1)(z), we need to compute the 2D Dirac operator,

i P =iv*D, + iy’ D; (2.15)

_ 0 20 —ids)) _ 0 20— gz (24 0)
Bl (21'(5—1'A5) 0 >_ (3;‘(5+ L (24 C)) 0 ) (2.16)

€1 2ImT

1 {02 1 (00
s o= , 2.17
VT (0 0) LA (2 0) (2.17)

with {7*,7*} = 2h**. By solving the massless Dirac equation, i Di(z) = 0, for M >
0 (M < 0), we find only ¢} (2) (¢M(z)) has the |M| number of degenerate zero-mode
solutions,

where v*, % are given by

‘ 1/4 e . N s -
ey = (1) e 5 gt g ). (o2

A2
leZ
M\ mparieag e o
:<A2 GMICHO By | (A, M),



where j=0,1,...,|M|—1 and A=|e1|*Im7 is the area of T2. The ¥ function is defined by

9 [Z] (V, 7_) _ Z 67ri(a+l)2‘re27ri(a+l)(1/+b)7 (2‘19)
leZ
so-called the Jacobi theta function.
We can show that eq. (2.18) satisfies [77]

WM (= 7) = MM ), (2:20)
as well as
oMz m) = g MM Gz, ), (2:21)

and, later we will use these relations.

We can extend the above U(1) theory to U(N) super Yang-Mills theory. We introduce
magnetic fluxes along the diagonal direction of U(N), diag(M, M’,---). Then, our theory
has several zero-modes, whose Dirac equations include various magnetic fluxes, although
their zero-mode wavefunctions are written by the above wavefunctions With correspond-
ing magnetic fluxes. The product of such wavefuncitons, @Z’i‘,o (z, )1,!) Ny 0 (z T) can be

expanded by the wavefunctions wé AMIFIMY (z,7) [76],!

Pz ) Wi, Zf“ PRI (2, (2.22)

where ¢ = j + k + |M|m with integer m. The 7-dependent coefficient C]M(T) is written
explicitly by

[M’|j— | M]|k+|M||M'|m
AT | (o, MMM+ 1047,

ClEl(r) =0

up to a constant factor. The coefficient provides us with three-point couplings because
their couplings are obtained by wavefunction integrals in the compact space,

ke j,| M k| M’ 0| M|+| M| "
%-Aﬁw%%nwbkwmp'Www (2.23)
Similarly, n-point couplings,
M jo,| M (2) | M (V) %
%m%—éfwl'(ﬂﬁﬂ'@ﬁW%d'@m, (2.24)

are also written by products of CY M( ) [79].

3 Modular symmetry in magnetized T2

In this section, we review the modular symmetry of the zero-mode wavefunctions on the
magnetized T2 and its orbifolding by Zy twist and shift [16]. To simplify our analysis,
we consider the torus with the magnetic U(1) flux and no Wilson lines. However, we can
extend this analysis to the models with any flux and non-vanishing Wilson lines without
any difficulty.

!See also ref. [78].



3.1 T2 models

First, we briefly review modular transformation of zero-mode wavefunctions on T?2. (See
for the modular symmetry, e.g., [80-83].) The torus 72 is constructed by C/A, where A is
spanned by the basis e, ez and characterized by the modulus parameter 7 = eg /ey (Im7 >
0). Then, the same lattice with different modulus parameter is given by the following basis,

(-(() - (2 emen=e @

This SL(2,7Z) transformation is generated by two generators,
01 11
S = , T = , (3.2)
—10 01

S?=-T1=2 8'=(ST)?=1= 2% (3.3)

which satisfy the algebra:

This gives following transformations:

z

U
VA eq i ey er+d (3.4)
!
e , €y ar+b
=2 G Tt 3.5
T e1 T e, cr+d (3.5)

where u is the complex coordinate of C and z is that of T2. Note that the Wilson line ¢ is
transformed as in z. These are also generated by two generators S and T,

1
S:(z,71)— (—Z, —) , T:(z,7)—= (2,7+1). (3.6)
T T
Since Z = —1I leaves 7 invariant, Z(z,7) = (—z,7), the transformation group for 7 is

isomorphic to I' = I'/{#I}. Here, we introduce the principal congruence subgroup of level

N defined by
T(N) = {h — (‘C‘,/ Zﬁ) c r‘ (Z,' g) = ((1) ?) (mod N)}. (3.7)

This is the normal subgroup of I', e.g., I'(1) ~ I'. Its quotient group is given by
Iy =T/T(N) = (S, T|S* = (ST)> = TN =1, S*T =TS?). (3.8)

Similarly, we can also introduce I'(N) = T'(N)/{#I} and obtain its quotient group as
follows:

Iy =T/T(N) = (S, T|S* = (ST)> =TV =1). (3.9)

The quotient I'y is isomorphic to I'y ~ S3, I's ~ Ay, 'y ~ Sy, and I's ~ As. In addition,
Iy is the double covering group of I'y.. (See e.g., [72-74].)



We are now ready to construct the holomorphic functions of 7, the modular forms f(7)
of integer weight k for I'(IV). First, we define the automorphy factor Ji(v,7) as

Je(7,7) = (et + d)F, v = (Z Z) erl. (3.10)
It is straightforward to show it satisfies
Je(n172,7) = Ji(11,7%2(7)) k(2. 7). 1,72 €T (3.11)

Then, the modular forms f(7) are defined as the functions satisfying the following relation:

F () = Te(v, )p(M f (1), v = (Z Z) er, (3.12)

where
p(em) = p(r2)p(n), m,72 €T, (3.13)
p(h) =1, h e T(N), (3.14)

and therefore p is a unitary representation of the quotient group Iy, = I'/T'(N). Since
f(Z(1)) = f(r), there is the constraint, (—1)¥p(Z) = I. Thus, if k& = even, p becomes a
representation of I'y = I'/T'(IV). Here, we can extend the modular forms to the half integer
weight k/2. (See e.g., [82, 84, 85].) We define the double covering group of I' = SL(2,Z),
I'=SL(2,Z) as

L= {[y,flyeT, e {£1}}. (3.15)
This 5’1(2, Z) group is generated by two generators,
S=[s1], T =[T,1], (3.16)
which satisfy the algebra:
S?=[-L1 =2, S*=(ST)P =[1,-1]=2% S*=(ST)° =[] =1=2* ZT =TZ.
(3.17)
The normal subgroup of I', I'(N) corresponding to I'(N) of I is defined by
I(N) = {[h,e] € T|h € (N),e = 1}. (3.18)

Then, the new automorphy factor .J, /2(,7) is given by

~ _ _ ab -
Jipp(3,7) = F (v, 7) = Fler+ )2 kez, F= [7 = <c d) ’6] €, (319

k)2

where we take (—1)*/2 = ¢=¥™/2_1In this extension, the modular forms f(T) of half integer

weight k/2 are defined as follows,

FE®) = Tepo(F.m)p(H)f(7), Fe€T, (3.20)



where p(h) =1, h € f(N ), that is, p is a unitary representation of the quotient group
ﬂv =T/T'(N). The algebra of f’N is given by eq. (3.17) added the further relation TV = 1.

Next, we consider the modular transformation of zero-modes. Under S and T transfor-
mations in eq. (3.6), the equation of motion for 2D Weyl spinor ¥(z), eq. (2.4), is preserved.
The boundary conditions for 1(z), egs. (2.12) and (2.13), however, are not preserved under
T transformation unless M = even. In appendix A, we show the inconsistency between
the boundary conditions and the T transformation for M = odd. Here and hereafter, we
treat only M = even case. Under S and T, the zero-modes in eq. (2.18) are transformed as

[M|-1 )
j j 1 ; 1 omidk kM|
S : 7| M Z,T) — 7,1 M (—Z,—>: —r)/2 e/ TN g z,7), (3.21
vy (2, 7) = P R (=7) 1;0 o Yo (2,7), (3.21)
. . . 2 .
T oMy = M 7 1) = eyl Ml 7y, (3.22)

By using the modular forms of half integer weight in eq. (3.20), we can rewrite them as

|M|—1

MGz, 7)) = J1 23, 7) Z oo™ (z,7), FeT, (3.23)
k=0
3 im/a_ L 2T T 1 = imde
p(S)jk =€ W L p(T)jk = e M6, (3.24)

where p(7¥) is a unitary representation of the quotient group F2| M| = =T/ f(2\M ):

p(S)? = p(Z), p(S)* = [p(S)p(T)P = 1, p(2)p(T) = p(T)p(Z), p(T)*M =1. (3.25)

Thus, the zero-mode wavefunctions on 72 behave as the modular forms of weight 1/2 for
T(2[M]).

3.2 T?/Zy twist orbifold models

Here, we review the modular symmetry for the wavefunctions on the magnetized T?/Zy
twist orbifolds. The T2 /Zy twist orbifolds are obtained by further identifying the complex
coordinate of T2, z with the Zy discrete rotated points aﬂ“\,z, where

ok = 2™ FINY e 7y ={0,1,2,...,N —1}. (3.26)

In this identification, the wavefunctions on the magnetized T?/Zy twist orbifolds,

wgp%‘m( ), are required to satisfy the following boundary condition,

R (N Z) = QRS (), M€ Ly, (3.27)

and, therefore, can be expressed by liner combinations of the wavefunctions on 772
as [12, 77, 86, 87]

N-1
VP (2) = Ny 3 () Fu (2), (3.28)
k=0



where N} is the normalization factor. There exist only four consistent orbifolds such as
N = 2,3,4,6. However, except for N = 2, the modulus 7 must be fixed to be a certain
value for N = 3,4,6. Thus, any value of 7 is allowed for N = 2, that is the full modular
symmetry remains for only N = 2. Now, we focus on the 72/Z, twist orbifold although
we can also consider others with the broken modular symmetry

The zero-mode wavefunctions on 7?2 /Zsy twist orbifold, wTQ / (agz,7T), are obtained

Zm
as follows. By eq. (2.20), zero-mode wavefunctions on 72, 1/)6' , satisfy the following
relation,
P gz, 7y = M ()2 ) = 9T G ), m= 1 (3.29)
Thus, using eq. (2.21), we can write sz/Zlm (z,7) as

12 (j =0,|M|/2)
1/v/2 (otherwise)
(3.30)

Ul (5,m) = NG (0§12, ) + (1M ) ) 5={

where j = 0,1,...,|M|/2 and m = 0,1. There are the (|M|/2 + 1) number of Zs-even
modes (m = 0) and (|M|/2 —1) -odd modes (m = 1). Under these liner combinations, the
formula of modular forms in eq. (3.23) becomes

[M]/2
¢T|2J>/€Z‘m( T) = J1/2 Y, T Z PTQ/ZW jkd)TQ/Z'm(Z 7). (3.31)

The unitary representation pr2 Jzp s given by

~ in 2 2mjk ~ Py

pr2/79(S)jk = € /4 7 cos < i > o pr2yzg(T)je =€ 1165, (3.32)
~ in 2% . 2mjk ~ Py

pTz/Z%(S)]k =e /4 \/M sin < |M| > s pT2/Z% (T)]k =e  IM] 5j,k7 (333)

where pr2 /70 (S) is multiplied by a further factor 1/v/2 for j or k = 0,|M]|/2. We can

directly check that they satisfy the algebra of I and the further algebraic relation,

2|M |
prezp(8)? = preyzp (Z) = i(—1)™, (3.34)
Thus, the representations on the T2/Zy twist orbifold satisfy the same algebra with 72,

Note that we have not necessarily obtained the irreducible representation of I Actually,

2IM|
we will see the further decomposition in the end of this section.

3.3 T?/Zy shift orbifold models

As another example, we now review the magnetized 72/Zy shift orbifolds. The T?/Zy
shift orbifolds are obtained by further identifying the complex coordinate of T2, z with the
Zp discrete shift points z + ke%ﬂm) [88], where

kel™™ = (m+n7) /N kP mn € Zy = {0,1,2,...,N —1}. (3.35)



Since the full modular symmetry remains only on the T?/Zy shift orbifolds obtained by
(mn) for all m,n € Zy, we consider such full shift orbifolds.
L0y — = 1/N and eg\(;’l) = 7/N. We should
consider the identifications with these shlfts In these identifications, the wavefunctions on

the magnetized T2/Zy shift orbifolds, @ZJ]

further boundary conditions,

further identifying z with z +key,
Any Zy shift is generated by two shifts, ey

Z/Z(gl ) (2), are required to satisfy the following

| M| (1 0y — ofLet @05y g, M|

IP;Q/Z(Zl 42) (Z + ) - 1 X 1[);2/2([1 42)( ) (336)
M 0,1 % M

U 0Y) = g VO G2, (3.37)

with the Zy phase af\, = e2mt/N ¢ c 7 and

_(m,n)
X (2) = x| (Im(eN G+, m”) . (3.38)

Imt N

. . (m,n) . . . .
The exponential factor e~ (2) is required to be consistent with the torus boundary
conditions in eqs. (2.12) and (2.13). Moreover, to generate any shift from these two shifts,
it should be satisfied that

ag\}_;’_gzeixg\}v )(Z-i-eg\(]) 1>)+2X(0 1)( ) f\lf+62 'LXN 1)(z+e(1 0))+Z (1, 0)( ) _ af\lﬁ_Qeixg\l]vl)(z)' (339)

This shows the conditions for both the magnetic flux and the Zx phase as follows:

{M/N2 =5€Z hyy="L+0 (mod N) (for N €Z) (3.40)

M/N2=s€2Z+1, l149 =l + {5+ N/2 (mod N) (for N € 27)

Remembering the assumption M € 27, the case of s € 2Z + 1, N € 2Z + 1 is rejected
from the above. Taking these into account , the boundary condition for any Zpy shift is
induced as

Ty (2 hel™) = (o) e Oy (), 0= mbs 4ty (mod N). - (3.41)
N

According to eq. (3.40), for s € 2Z + 1, N € 2Z, the extra factor mnN/2 is added to
¢. Then, the consistency of the contractible loops on T? gives the further magnetic flux

condition M/N =t € Z, but it has been already satisfied. Thus, the eigenfunctions for

Heg\r,n’n)—shift can be expressed by liner combinations of the wavefunctions on T2 as

N-1

WL (2) = N S (o) e @Ml (s e, (342)

T2/74
k=0

where N3 is the normalization factor. Since e =il Z)wj ‘M‘(z + ke(m ") ) satisfies the

same equation of motion and boundary conditions with 1/)] |M|( ), it is shown that

¢J ‘M|(z+ k‘eg\;n’n)) _ zkx(m )(z)eiwkm(2j—(N—k)nN|s|)/Nw;j2-k”N|5|7‘M|(Z)‘ (343)

~10 -



(m,n)

Eventually, we obtain the eigenfunctions for Je N -shift as
N-1
jo| M —2mik(6—mj)/N —ink(N—k j+knN|s|,|M
ijL/Zlfv(Z’T) :/\/‘]f[ Z e 2mi (E=mj)/ et ( )mn|8|¢%2 niN|s|,| |(Z,T), (3'44)
k=0
where j = 0,...,N|s| — 1. To construct the eigenfunctions for ve(m’n)—shifts, we have to
consider the simultaneous eigenfunctions for both 65\1;0) and eﬁ’l)—shifts under the condi-
tions in eqs. (3.36), (3.37), and (3.40). Since the boundary condition for 65\1[,0)7 eq. (3.36),
gives the constraint /; = j (mod N), we can obtain the eigenfunctions for veg\rfn’n)—shifts as
follows:
s M| 1« +EN 5| [ M|
\IIT7S = 7| M — —QTF’L']{:EQ/N j+kN|s|,|M 3.45
r2aiga (2T = Vg e (57) = 5 2 v () (845)

J=Nr+1b €Ly, 7 € L), bi,l € Ly,

where M and s can only take the values allowed in eq. (3.40). There are |s| number of the
Zy shifts invariant modes (¢1 = ¢2 = 0) and (|M| — |s|) not invariant modes. Under these
liner combinations, the formula of modular forms in eq. (3.23) becomes

Is|-1 N-1
\IJ;LS)Z(ZI,ZQ) (:}7(27 T)) = J1/2 (:}77 T) Z Z pTQ/ZE\’;l’lQ) (%)rr’,(fl,b)(é’l ,@é)\y;;ls‘z(zlyzé) (Za 7_)7
N /=0 ¢} £,=0 /2N
(3.46)
for v € 1~“, and unitary matrices are represented by
~ . 1 omi(Q+r <ﬁ+r’)/|s|
4
IOTQ/Z%LQ) (S)TT,,(Zl’f2)(e/1’g/2) = e”"/ We (N ) N 5(2’g/1 5N—€1,€’27 (347)
~ ()
Pro /Z%b[Z)(T)rr’,(fl,fg)(fll,fé) = (5+) /‘S‘5r,r'5e1,eg5ez—£1,e;a (3.48)

where g, 4, ¢, In pTz/Z%I,Q)(T) is modified into 6y, ¢, 4 /2,0, for s € 2Z+1, N € 2Z. Then,
for s € 2Z, we can directly show that the Zy shifts invariant modes behave as modular
forms for ['(2|M|/N?) and variant modes are that for I['(2|M|). Although it may seem
these give the same result for s € 2Z + 1, the modular transformation does not close in the
Zy shift invariant modes, but they transform to Zy shift variant modes. Note that the
invariant modes correspond to modes on 72" ~ C/AN', N = A/N with the magnetic flux
M/N? = s. Thus, we can understand this from the fact that the wavefunctions on torus
with the magnetic flux M = 2Z + 1 are not consistent with 71" transformation 7 — 7 + 1.

Instead, there are the |s| number of the Zy shift (¢1,¢2) = (N/2,N/2) modes and
the other (|M]|— |s|) modes transformed independently under the modular transformation.
Also we can check that the former modes behave as the modular forms for T'(8|M|/N?)
and they satisfy the further algebraic relation,

~ 2
pTQ/Z%V/2,N/2) (T)2|MVN =1l (3.49)

The latter modes just behave as that for ['(2|M]).
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3.4 T?/Zy twist and shift orbifold models

As the end of the review of the T2/Zy orbifolds, we study the T?/Zy twist and shift
orbifold models. The full modular symmetry remains only on the combination of the
T2 /Zs twist orbifold and the full T2 /Zs shift orbifold, that is the full 72 /Zs twist and shift
orbifold, since the full 72 /Zs shift orbifold only satisfies the consistency condition with the
T2 /Zsy twist orbifold, i.e., N — U2 =V 2 (mod N). For M/4 = s € 27, the wavefunctions
on the above orbifold are given by

) ) - _Zl’lsl
i Is| ' = NSt [ g" |s] + (=1 m+£2\p|5| T
T2/ng’21’£2) 2 Tz/Zéflh) ( ) T2/z¥11£2)

_ arst 2r+-£1,4]s| Oo 1 2r+01+2|s|,4]s]|
= N3 (vgayzg ™+ (1) 0y

:th(@b?jelAlS' + (_1)Zz+m,¢;(2|8|*7"*51)+5174\8\ + (_1)£2¢§(2|S|+T)+€1,4\s\

(1),

sE€2, re Z%Jrlffl’ m, 1,0y € Zo, (3.50)

where A3? is the normalization factor. There are the (|[M|/8+ 1) and (|M|/8 — 1) numbers
of the full Zg shifts invariant modes (m;¥¢1,¢2) = (0;0,0) and (1;0,0), respectively. Under
these liner combinations, the unitary representations in eq. (3.24) become

% 2
pTz/Z(20;11,@2) (S)rr’,(h,b)(f’l,ﬁ’z) =e€ /47\/M CcoS (27['(51/2 + T)( /1/2 + ’I“,)/|S|) (5@2745&7%,
(3.51)

iw(%+r>2/|s|
pTQ/Zé()?él 1£2) (T)Tr’,(él L) (0 0) = € 5r,r'5z1 v 552—41 £ (3~52)

pTz/Zél;h,éQ) (S)rr’,(&,b)(f’l,%) =€ Mim sm (27T(€1/2 + 7’)(5/1/2 + T/)/‘SD 552,311 (5@1’5/2,
(3.53)

~ m(%w)zusl
Pra it e (T)rrr (01,028, 05) = € Orrr Oty 02 Oty 0y 01 (3.54)

Then, we can directly show that the Zs shifts invariant modes (m; ¢1, ¢3) = (m;0,0) behave
as the modular forms for I'(|M|/2) and variant modes are that for I'(2|M|). Moreover, they
satisfy the further algebraic relation such as eq. (3.34).

The same argument is also possible for s € 2Z + 1, but we show only the results
here. There are the (|M|/4 — 1) and (|M|/4 4+ 1) numbers of the Zy twist and full shifts
(m;l1,02) = (0;1,1) and (1,1, 1) modes, respectively. They are transformed independently
under the modular transformation. The Zs twist and full shifts (m;1,1) modes behave
as the modular forms for I'(2|M|) and they satisfy the further algebraic relation such as
eqs. (3.34) and (3.49). Other modes just behave as that for T'(2|M|) and satisfy eq. (3.34).
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4 Modular symmetry in magnetized T? x T?

In the previous section, we have seen the modular symmetry on the magnetized T2 and its
orbifolds by the Zy twist and shift. In this section, let us consider the modular symmetry
of the zero-mode wavefunctions on the magnetized T7 x T3 and orbifolds where the complex
modulus parameters are identified as 71 = 7 = 7. As in the previous analyses on T2, we
assume the even magnetic fluxes and focus on the zero-mode wavefunctions on the orbifolds.

4.1 T? x T? models

Since the wavefunctions on T2 behave like the modular forms of weight 1/2 for I'(2|M]),
we can treat the wavefunctions on T? x T as the modular forms of weight 1 as follows:

e (VL) e (7 (22, 7))

|M1|—1 |Mz|—1 L
= 1(L7) D0 P Y Pentyga (e T (22, 7)
m=0 n=0
|M1| Sy m A A
= Jl z_: nz_;) (jk mn) ¢0’j’-‘12 ' (ZlvT)@Z)O:T222 (227T)a (41)
il il 3 { 217r( + T )
S) (k) (mn S mg — S)im Spn = ———e |Ml| \M2\ 4.2
P(S) (k) (mn) = t1_1[2pT2 Jeme PTf( )j PTZQ( P M M| (4.2)
2
p( (jk)(mn) H pT2 ]tmt = pr(T)jmpTg(T)kn = ZW(M11|+|M2‘)5 mOk e (43)
t=1,2

Jsm € Ly kyn € Ziyg,, v €T

where the lower indices 1 and 2 of the coordinates z and the magnetic fluxes M denote the
tori T2 and T%, respectively. Note that the modular symmetry on 72 x Ts, ' x I, is broken
to I' by the identification 71 = 7 = 7. Similarly, the unitary representation p(fy)(jk)(mn)
is broken from FQ‘M R F2|M | to its subgroup. Since p(7y)(jk)(mn) is given by the tensor
products of the representations on 72 and T% such as above, by multiplying both algebraic
relations in eq. (3.25) for T2 and T%, we can obtain the following relations for T2 x Ts:

p(T) T YD = ()t mmy = [0S)PT) sk ommy = O ()

( (4.4)
[0S ()] 1y (mmy = [P(T) ()2 iy (mmys PCS) ity (ommy = — 0 ats |~ | —n

This is just the algebra of lecm(‘ My, M) 2 Thus, the zero-mode wavefunctions on T? x T3
behave as the modular forms of weight 1 for I'(2lem(|M;|,|Ma2|)). This argument on the
algebraic relations is valid for other orbifolds unless we study orbifolding across the tori
T 12 and T3. Such orbifolding by permutation may affect the algebraic relations since their
representations cannot be written as the tensor products. The remaining of this section,
we consider orbifolding T2 x T% by the Zg twist, the full Zy shifts and the Zy permutation
that interchanges the two tori coordinates, z1 <> z2.

22lcm(a, b) denotes two times the least common multiple of a and b.
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Before the end of this subsection, we comment on products of wavefunctions and
couplings. Using eq. (2.22), we can expand the product of wavefunctions on T12 X T22 as

g:§2xT2(21722a )% b oo (21, 22,7 = > CUIDRRED) (7) wg,fgx:ﬂ(zhz%ﬂ’ (4.5)
/l kl//
where
" M k,| M-
Sra (21, 22,) = U (21, ) (22, ), (4.6)
3" (kKK 7y = CJJ’J”( )ORER" (7). (4.7)

The modular transformation behaviors in left and right hand sides in eq. (4.5) must be the
same. The 7-dependent coefficient C'73%3")(BAK") (7 is the modular form of weight 1. In
szT? (21, 22,7) are the
same, CU:753"):(BKSK") (1) are multiplets under FQlcm(| My M) That is, the three-point cou-

particular, when the magnetic fluxes for wg’l;Qng(zl, z9,T) and wj

plings are the modular form of weight 1 with a non-trivial representation of chmﬂ Myl Ma))*

A

The n-point couplings are also obtained by products of C'U:"3"); (k’kl’kn)(T), and they are
modular forms of weight (n — 2).

4.2 (T? x T3)/Zy twist and shift orbifold models

First of all, we consider orbifolding by the Zo twist and the full Zy shift, where the
algebraic relations in the previous section is valid. On the (77 x T2) /ZyN twist and shift
orbifolds, in general, the tensor product of the representations of F2| M| and FQ‘ M| gives
the representation of I"/ Slem(| M |, Ma])*

Since the wavefunctions on the above orbifolds are obtained by the tensor products of
each orbifold, for example, the wavefunctions on the pair of T2 and T2 with My = My =2

are obtained as

00
wéﬂfiTg (21, 22) ¢8:3~12 (Zl)wggg (22)
W) (1, 22) e )
on ° =1 02" 12° ) (4.8)
waXT; (217 22) w07T12 (Zl)¢07T22 (ZQ)
5 1,2 1,2
w(Tf >)<T22 (21, 22) Yo (zl)wO,Tg (22)

while the Zy-shift even modes on the pair of T2 and the T2 /Zy shift orbifold with M; =
2, My =2N? are

(00) 0,2 0,2
wffox (13 /23 (712 22) wggf(zl) g@/zﬁ&’”(@)
¢%82><(T22/Z?V)(21a 22) _ ¢g€12(21) IT%/ZE\?’O)(ZQ) (4.9)
Vras(rg/mg) (#1022) Yorz (1) %%/258’”(22)
w(IQ 2 /70 (21,22) ¢1’22(21) b 0,0 (22)

T2x(T2/28) 0,T% 12/209
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Then, the representations of the S, T' transformations are same on both wavefunctions,

11 1 1 100 0
if1-11 -1 040 0

S) =+ T) = . 4.10

P =511 i "D =004 o (4.10)
1-1-11 000 -1

They generate the group Iy ~ S} which has the order 48. From the correspondence of
the Zy-shift even modes to the 1/N torus with the magnetic flux Ms/N? = 2, we can
understand these equalities. Now, it is straightforward to confirm that they satisfy the
above general rule for the algebraic relations on the (T2 x T%)/Zy twist and shift orbifolds,
hence, the product representation of F’ and I ", gives the representation of Ij. The matrices
p(S) and p(T) in eq. (4.10) correspond to a reducible representation Iy ~ Sj. They can
be decomposed into a triplet and a singlet. The triplet corresponds to

¢ (©0) T2/ZO )(217 ZQ)
(1/}/1-'120 TQ/Zo )(Zlv 22) + ¢7921>)<(T2/ZO )(Zl) ZQ)) ) (411)

w(ll T2/ZO )(217 22)7

where S and T are expressed as follows:

. 1 V2 1 10 0
pS)=5 V2 0 V2|, pT)={0i 0 |. (4.12)
1 —V2 1 00 -1

In addition, the singlet corresponds to

1
E (¢%0>)< (T22/Z(1)V)(Zl’ 22) - ¢§%li (T22/Z9V)(21a ZQ)) > (4'13)

where S and T are expressed as
p(S)=—i,  p(T)=1i. (4.14)

The wavefunction of the singlet vanishes at z; = zo = 0, while the other do not vanish.
Thus, the singlet is trivial as the conventional modular form f(7).

Similarly, we can study other types of orbifolding. However, there are exceptions on
the pair of the Zy twist orbifolds and that of the Zy shift orbifolds. In the former case,
since the representations on the T2 /Zy twist orbifolds satisfy the relation in eq. (3.34), the
tensor product of these obeys

p(T)PmIMIVED = ()1 = [p(S)p(T)]* = L. p(S)* = —(=1)™+"™1, (4.15)

where m1, mg denote the Zo-twist eigenmodes 0,1 on 7} 12 and T22, respectively. Therefore,
the products of the same Zo-twist eigenmodes (m; = my) correspond to I', om(|My],[Ma])?

while the different Zo-twist eigenmodes (m1 # m2) correspond to Igiem(|as, |, M)
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In the latter case, only on the pair of the Zy shift orbifolds with the magnetic fluxes
M = N2s, s € 2Z+1, N € 27, there are the further relation in eq. (3.49) for the Z y-shift
(£1,€2) = (N/2,N/2) modes. Then, the tensor products of the algebraic relations obey

p(ryemlsiblezh = p(5)t = [p(S)p(T)]* =1, p(S)*p(T) = p(T)p(S)>. (4.16)

This means that the products of the Zy-shift (¢1,¢2) = (N/2, N/2) modes correspond to

'
4lem([s1],|s2])’

With these in mind, we show the algebraic relations for the unitary representation
on the (T? x T3)/Zy twist and shift orbifolds in table 1. The dimension of each normal
subspace (eigenmode) is given by the products of the number of modes on each T?/Zy

where 4lcm(a, b) denotes 4 times the least common multiple of a and b.

orbifold discussed in section 3. It is shown in table 2. For simplicity, we omit the results
of the Zy shift orbifolds with the magnetic fluxes M = N?s, s € 2Z + 1, N € 27, but we

can obtain them from the arguments up to now.

4.3 (T? x T2)/Zs permutation orbifold models

Next, we consider the (T? x T2)/Zs permutation orbifolds. It is obtained by further
identifying the complex coordinates of T’ 12 X T22, (21, z2) with the Zo discrete interchanged
points I3 (z1, 22) = (#14n, 224n), N € Za = {0,1}, Zodd = 21, Zeven = 22. We can easily check

I% o I3 = I;*™™. In this identification, the wavefunctions on the magnetized (72 x T%)/Zs
S| M|

permutation orbifolds, w(Tngz) 7
1 2 2

(21, 22), are required to satisfy the following further
boundary condition,

J,| M| 1 M| _ mn, M|
Virzxrgy/zg (12(2122) = Vigop) g (22 21) = €7 gy g (21 22), - 1€ 2y (417)

and, therefore, can be expressed by liner combinations of the wavefunctions on T2 x T3 as

J,|M TN — M k| M . .
ipanrayzy (F122) = NT D (€™ T (B (e0), )y s (13 (20),7), 5 2 K, gk € Ziay,

£=0,1
(4.18)

where the normalization factor N} = 1/2 and 1/y/2 for j = k and j # k, respectively.
Note that there exists the magnetic flux condition My = Ms = M to identify two tori Tl2
and T22. Furthermore, the modulus parameters are also required to satisfy the condition
71 = T2 = T, but it has been already assumed. There are the |M|(|M| + 1)/2 number
of Zg-even modes (n = 0) and |M|(J]M| — 1)/2-odd modes (n = 1). Under these liner
combinations, the formula of modular forms in eq. (4.1) becomes

[M|-1 m
i), | M
¢((]Tf)x|T§|)/zg(7(zl7z2’ =A(y,7 Z ZPT2xT2 y/ze (V) k) ey ¥ T2><T2)|/Zn(2172277')~
m=0 (=0

(4.19)

The unitary representation P(T2xT2)/Z5 is given by

perzxr2yz (Ve = (0O Grymey + (=1)" (N Gryem)) » J =k, m > ¢, (4.20)
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T? T2 Magnetic flux Algebra for each mode

T2 T2, ZQ twist Ml, MQ FIQICHI(|M1|,|M2|)
e Zn shift, My, My = N3's Dt fs)) (F2)
Zy twist & shift (s2 €27) L e asa)) (—3)
I’ 4t 4t
Ly twist Ly twist My, My { 2tz ! f)
Cotem(aay || Ms)) (E1F5)
_ 2 / s
Zs twist Zy shift M, Mo = Nps2 Fglcm(|M1|"S2|)(+2)
(s2 €2Z) Flzlcm(|M1|,\M2\)(_§)
Dem((ay | Jsa) (F1 2 +3)
My, My = 4s | + F +5
Zo twist | Zo twist & shift b T e e (e 1f2t 22
(s2 € 2Z) lecm(\MluMQD(il +5 —5)
Cotem(|ay )| Ma) (£ F5 —5)
/
M, = N2s; Loem(lsif so) (F172)
. ’ / s_8
Zy shift Zy shit, My = N2, Dotem((sa o)) (F173)
. . /
Zo twist & shift (51,8 € 22) 112101rn(|M1|7|52|)(_i—f_g)
Dotem(ian arp (—172)
Lotemlosf o) (£1 1 £33
FZlcm(\31|,|sz|)(i§ +i :F§+§
M; =43 FélCm(\SlHMﬂ)(itl + ig_

r
Zs twist & shift | Zo twist & shift My = 4s5 2em(fs1|Mz])

(
F’ (j:t s t+
(s1,82 € 27) 2lem(| My |[so)) \ 1 71 F2
(

Cotem(|ay ), [s]) (E5 =5 Fot

Dot )y (F1 =1 £5-3)
(£ - F5-3)

Dotem(|ay ], Ma))

Ve

Table 1. The algebraic relations for the unitary representation on the (T7 x T%)/Zy twist and
shift orbifolds. The first (second) column shows the types of orbifolds from T? (7%), which also
include T? (T%) itself. The third column shows the flux condition on each orbifold. The last column
shows the algebraic relations that the unitary representation on the orbifolds at least satisfies. The
sign (+/ —i//;) means the invariant (4)/variant (—) modes under the Zy twist (*)/Zy shift (*) on

T? (1)/T5 (2)-
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T? T3 Normal subspaces‘ # of zero-modes ‘

s T - A
T2 Zo twist ié \M1|(|M2| + 2)/2
77 Zn shift +3 | M |52]
—5 | M ||s2] (N5 —1)
T2 Z twist & shift £+ | Mi|(|s2| +2)/2
+5-3 3| M ||sa]/2
+t 4} M|+ 2)(|Ms| £2)/4
Zo twist Zo twist 1 (IMy| £ 2)(|Ma| +2)/
+i1F2 (| M| £ 2)(| M| F2)/4
+i+3 M| £2 2
Zs twist Zy shift e (1M )|822|/
+i-3 (| M| £ 2)[s2|(Ng —1)/2
i 543 (IMy] £ 2)(]s2] £2)/4
Zo twist | Zo twist & shift SRR 3(|Mq] £2)|s2]/4
+1 F5 +3 (IMy] £ 2)(]s2| F2)/4
+{ F5 -3 3(| My | £ 2)|s2| /4
+i‘;+§ |81||52|
+1—3 N2 -1
Zy shift Zy shift 172 [s1lls2|( 22 )
—i+3 |s1]|s2[(Ni — 1)
—1-3 |s1]s2|(NE = 1)(NZ — 1)
+1£5+5 |s1](|s2| £2)/2
+s :tt _s 3 2
Zx shift  |Zo twist & shift L : |s1]s2/
—132+3 [s1|(Nf — 1)(|s2| £ 2)/2
—5 +5 =3 3]s1||s2|(NE — 1)/2
i +7 £5+3 (Isa] +2)(|s2| £2)/4
+{ +5 53 3(|s1| £2)[s2|/4
£ - £5+3 351 (|s2| £ 2)/4
it _s it _s 9 4
Zo twist & shift|Zy twist & shife| 1 12 2 |s1][s2]/
+] +] Fots (Is1] £2)(|s2] F2)/4
i+ 53 3(|s1] & 2)|s2] /4
+i =5 Fh+3 3|s1/(|s2] F 2)/4
-1 F5-3 9|s1]|s2]/4

Table 2. The number of zero-modes on each normal subspace for the (T2 x T%)/Zy twist and
shift orbifolds. The first (second) column shows the types of orbifolds from T? (7%), which also
include T? (T%) itself. The third column shows the normal subspaces (eigenmodes) labeled by the
Zo-twist eigenmodes +! and the Zy-shift eigenmodes +° for (T? x T%)/Zy. The notation is same
with table 1. The last column shows the number of zero-modes on each normal subspace.
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where it is multiplied by further factor 1/2 for m = £. It satisfies the same algebraic rela-
tions with F’2| m|- Thus, the representations on the (T2 x T2) /Zy permutation orbifold obey
the same algebra with that on T?Z x T2, but their dimensions are smaller. For example, the
Zy-permutation even modes on the (T2 x T%)/Zy permutation orbifold with the magnetic
flux M = 2 is given by

Vs zg (1 22) U022 (22)

10),2 , 7

VD2 ) | = | 35 (8202 () + 02 vl ) | @2n)
1,2 1,2

Virdergyzg(e1:2) TN EY

The unitary representations of the S and T are expressed as follows:

. 1 V2 1 10 0
parzxr)zg(S) = 5 V2 0 V2|, pazwrzym(T) = (00 0 |. (4.22)
1 —vV2 1 00 —1

These matrices are the same as those in eq. (4.12). They generate the group I', ~ S}
which has the order 48. The three zero-modes correspond to a triplet of Iy ~ S). Thus,
orbifolding by twist, shift, and permutation can decompose reducible representations into
smaller one such as a reducible representation by their eigenvalues.

4.4 (T? xT2)/Zy twist, shift and permutation orbifold models

Now, we are ready to write down the algebraic relations for the unitary representations of
the zero-mode wavefunctions on the (T2 x T%)/Zy twist, shift, and permutation orbifolds.
As we saw in the previous subsection, the Zs permutation does not affect the algebraic
relations for the representations, although it is the permutation across the two tori T7
and T3. Thus, the algebraic relations in section 4.1 is valid for orbifolds including the Zs
permutation. Note that to identify two tori 72 and T3, the only pairs of the same Zo-
twist (Zy-shift) eigenmodes are allowed on the (T7 x T5)/Zy twist, shift and permutation
orbifolds.

As shown in the previous subsection, we can construct the wavefunctions on the (Tl2 X
T2)/Zy twist, shift and permutation orbifolds as

J,| M| mn g, M p k| M|
v P I Vi
@y i am (10 72) pzol Vrs /z“" vt (220 T s (T2 (22),7),
(4.23)

where wj 2/Z|(’" 1.0, denotes the wavefunctions on the T?/Zy twist and shift orbifolds. The
unitary representation p (T2xT2) /Zg;r]n;fl,ZQ;n) is also given by

p(Tf XTS)/ZS\T;ZL@Q;") (’7)(jk)(pq)

- (p(foTg)/Zg\T;‘fl’@(7)(jk)(m) - (_1)np(T12xT22)/Z§;”’?41"2)(7)(jk)(qp)) ’ (4.24)
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Orbifolds Magnetic flux Algebra for each mode

Zso permutation My =My=M F/QIMI
Zs twist & permutation My =My=M F’2|M|(j:t1:t§)

I (F143)

Zn shift & Zo permutation |M; = My = M = N?s, s € 27 / L
FQ\M\(_l_Q)

1'\/
Zo twist & shift & permutation|M; = My = M = N?s, s € 27 I"Q'S‘
2|M|

(£1£5, +5435)
(:l:i:l:é, _i_g)

Table 3. The algebraic relations for the unitary representation on the (77 x T%)/Zy twist, shift
and permutation orbifolds. The first column shows the types of orbifolds. The second column shows
the magnetic fluxes. The last column shows the algebraic relations for the unitary representation.
The notation is same with table 1.

Orbifolds Normal subspaces # of zero — modes
Zo permutation 40 |M|(|M| £ 1)/2
+f +h £ M| +2)(|M|+4)/8
Zs twist & permutation i f ' (IM]£2)(|M[£4)/
145 F |M|(|M]| £2)/8
+5 45+ s|(|s| £1)/2
Zp shift & Zo permutation 1r2 A , |s[(ls] 2)/
ik |s|(N= = 1)(|s[(N* —1) £1)/2
+ ] Eh 5 £ (Is| =2)(|s| £4)/8
+) ] ) 5 F s|(s| =2)/8
Zo twist & shift & permutation i ! t2 2 /(s )/
s 3|s|(3]s| £2)/8
5 U e 3[s/(3s] ¥ 2)/8

Table 4. The number of zero-modes on each normal subspace for the (T? x T3)/Zy twist, shift
and permutation orbifolds. The first column shows the types of orbifolds. The second column
shows the normal subspaces labelled by the Zs-twist eigenmodes £!, the Zy-shift eigenmodes +*
and the Zy-permutation eigenmodes +° for (T? x T2)/Zy. The last column shows the number of
zero-modes on each normal subspace. The notation is same with table 1.

where
p(foTf)/Z%’“el’Q) (7) (jk)(pq) = ple/Z%n;Zla@z) (i)jppTzz/Z%mhh) (;?)kqa (4.25)

and Prro yzmiti t2) denotes the representations on the 72 /Zy twist and shift orbifolds. Then,

as shown in table 3, we can obtain the algebraic relations for the unitary representation on
each orbifold. The dimension of each normal subspace (eigenmode) is shown in table 4.
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5 Conclusion

In this paper, we have discussed the modular symmetry on (T? x T%)/Zy assuming the
modulus parameters are identified. This identification allows us to regard the zero-mode
wavefunctions on (T x T%)/Zy as the modular forms of weight 1. Moreover, the modular
symmetry on T2 x T3, T'xT, is broken to I'. Zero-modes are multiplets of the favor symmetry
Latem(a1y o)
of the T? /7 twist orbifolds, the flavor symmetry of zero-modes are Lotem(ian |, |Me))- In the

case of other orbifolds obtained by the Zy twist, the full Zy shift and the Zs permutation,

!/
2lem (| My || Ma|)®

of the double cover of Sy, i.e., Sj. That would be interesting from the recent bottom-up

and T'jem(|ar,),|01)) depending on orbifolding. Only if we consider the pair

the flavor symmetries are given by I' Especially, we have shown the realization
approach of model building [73, 74]. Also the flavor symmetry T'jem(|ar,|, |,y Would be
interesting.

Orbifolding decomposes zero-modes by eigenvalues of the Zy twist, the Zy shift and
the Zs permutation, and reduce the number of zero-modes, namely the generation number
of quarks and leptons. Three-generation models on twist orbifolds 72/Zs with magnetic
fluxes have been classified in refs. [89, 90]. Combinations of orbifolding by the Zy twist,
the Zy shift and the Zs permutation provide us with the further possibility to construct
three-generation models. We would study such model building and its phenomenological
aspects elsewhere.
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A T transformation for M = odd

Here, we show the inconsistency between the boundary conditions, eqgs. (2.12) and (2.13),
and the T transformation, eq. (3.22), for M = odd. First, we note that the boundary
conditions mean the wavefunctions at the point, z, which denotes the complex coordinate
on T2, are identified with ones at the translated points, z +n7 +m, n,m € Z, up to the
phase factor related to the gauge transformation. It can be easily checked that the equation
of motion, eq. (2.4), is preserved under the 7' transformation:

(i Do — m)p(2,7) = 0 5 (i Py — m)(z, 7+ 1) = 0. (A.1)

However, the boundary conditions for wavefunctions are changed as follows:

. Im(z+¢) : Im(z+¢)

bz +1,7) = ™I (2, 7) Doz + Lr 4+ 1) = ™ (2,7 + 1), (AL2)
. Im7(z+¢) ; Im[(7+1)(2+¢)]

Y(z 4 71,7) =™ T P(z,T) 1>@D(z+7‘+1,7+1) = M Y(z, 7+ 1).

(A.3)

- 21 —



These lead to the following conditions for ¢ (z,7 + 1):

Im(z4+¢)

?l)(Z + 1,7' + 1) = eiﬂ—M Imr 711(277' + 1)3 (A4)
V(z+71,7+1) =™ ei”M%w(z, T+ 1). (A.5)

Here, the only second condition is different with the boundary conditions for ¢ (z, 7) by the
exponential factor €™ . If we focus on M = even, e drops and the boundary conditions
for ¢(z, 7 + 1) are the same with 1 (z,7). While if we focus on M = odd, ™ equals to
-1. Then, 9(z,7 + 1) cannot be expanded by v(z,7) since it obeys the same equation of
motion and the different boundary conditions with ¢(z, 7). This inconsistency is caused
from the gaps of the phase factor between the wavefunctions at z and z + n7 + m.

Thus, for M = odd, we cannot define the T" transformation as the map among the

wavefunctions at the point z, ¢(z,7). (See for details [16].)
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