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Abstract We constructed in this work a modulated soliton solution. This solution is a multiform soliton prototype
modulated by the very small parameter & . In practice it can represent, a model of soliton capable of changing its form with
respect to the obstacle in its medium of propagation without any loss in its initial energy. The nonlinear partial differential
equation used in the construction of this solution is that of modified Kuramoto -Sivashinsky.
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1. Introduction

All physical phenomena are in most cases governed by
differential equations and especially by the nonlinear partial
differential equations (NPDE) for most complicated cases.
Among these NPDEs, the most regular are that of
Schrodinger, Ginzburg-Landau, KdV and

Kuramoto-Sivashinsky[l— 4] . The essential thing is not to

obtain of NPDEs, but to propose possible solutions. It is in
this light that many resolution techniques have been

proposed [5—32]. In our recent works we proposed a new

method of construction of solutions of NPDEs named the
method of identification of coefficients of hyperbolic
functions or Bogning-Djeumen Tchaho-Kofané method

(BDKm) [33—36]. In this work, we use the BDKm to

construct the soliton solutions formed by combining
solutions of type kink and pulse according to the degree of
dominion of the parameter & . It is necessary to say that here
we are enlivened by the desire to construct a type of solitary
wave solution that is the combination of several shapes of
solitary waves. If we can already confess that on the
mathematical plan it is possible, on the other hand we cannot
already say explicitly what such a solution can represent in
the practice or in the physics in general. While we think that
in the case where the broadcast of such a signal would be
possible in practice, it would be a solitary wave that will be
able to change shape according to the characteristic
properties of the propagation medium or merely of the met
obstacle. To reach our goal, we needed a differential
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equation where cohabits the scattering and the non linearity.
For this reason we chose a differential equation presenting a
very strong non linearity. Thus, the construction of this
mu Itiform solution is supported by Kuramoto-Sivashinsky’s
equation. This method has been chosen due to the fact that it
is more adapted for the construction or amelioration of
soliton solution in NPDEs.

This work is organized as follows:

In section 2, we are going to presentthe BDK method and
in section 3 construct or propose asolution which is closer to
the formenvisaged. In section 4 we will polish up our work.

2. The BDK Method

This method is based on the construction of soliton
solutions of certain types of nonlinear equations of the form

[33—36]
ou o%u
%Z[&}biz_ax? +.. 4G,
o0"uo™u 2
+dianW+ f (U,|U| ):0

where 7;, b, C;, d; are constants, f a linear function

du
~ OX;
1)
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of U and |u| and U the variable to determine. Knowing

that majority of soliton solutions have their analytic forms
constituted by functions exp , sinh , cosh , arctan ,

tanh, sech, cosech ..., we have imagined the form of
solutions capable of bringing together the different functions
seen above. Among all general forms of solutions which
have come across our minds, the most adapted is

u=a;sinh’ axsech'ax, (2)
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where @; are constants to determine, « considered as

known constant, i and j are natural integers. Why have

we chosen solution (Eq.(2))? Simply because it covers
effectively the majority of soliton solutions that we come
across depending on the variation of integers i and j.

The methodic principle is based on determining the
constants &; . If we propose the construction of solutions of
Eqg.(1) in the form

u=> a,sinh’ axsech'ax,
ij
taking into account Eq.(3) in Eq.(1) we get an equation of the
form indicated below
> F(ay)sech’ax+ 2.6 (a )sinh axsech™ax

i,j,m

©)

i,j,n
+> H(a;)cosh* ax+Y T (a;)cosh' axsinhax (4)
i,jk i,j,l

+;W (a;)=0.

In the relation given by Eq.(4), the factors SeC h"ax,
sinhax sech™a X , cosh® arx

cosh' axsinh aX are considered as a sort of simple
elements of Eq.(4). We wish simply to mention the fact that
on introducing Eq.(3) in Eq.(1) we obtain hyperbolic
functions which are not directly simple elements obtained in
Eqg.(4). To come back to the form Eq.(4), it is necessary to
use adequate transformations [33—36] .On identifying the
different coefficients of simple elements of Eq.(4) to zero,

we obtain a range of equations in &; to determine. In all

and

these equations those which have exact values and those
which have values more or less closes to exact values respect
a certain order of priority ( high value of Nand M). It is
convenient to mention here that the choice of the solution to
be made is fundamental. When the choice is not appropriate,
the results will be contradictory.

In the lines that follow we will go beyond the classical

ways of calculation as seen in our previous works [33—36] ,

construction of modulated soliton solution by the parameter
g .

3. Solutions of the Shape

v =asech’aé +btanh & + ( Bsech’aé + y tanh? o)

The modified Kuramoto-Sivashinsky’s equation is given
by [33]

oy’ +Ly"+ Ly +Ly'y" + Ly
+L5(//’21//”+ L6l//”2 — 0,

rm

©)
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where (X t)=y (&), E=x-ct, y', v", v"
and y'" represent respectively the first derivative, the
second derivative, the third derivative and the fourth

&, L, with
v=12,3,4,5,6 arethe constants, C the group velocity.
The solutions of the shape

w (&) =asech’aé +btanh aé
+g(ﬂsec h*a& + y tanh® af) '

Introduced in Eq.(5) leads to the relation
a(cb+4al,a’ Jsech’as

+a’ (b +a’Lp* +4a’Lp* - 2L a)sech‘ad
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42002,
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~160c*Lyb( By + A° )sinh o sechaé
+8a*Lb(4y + 7 )sinh aé secharé
+¢&° {—16054 Ly’ sech®aé
+a'L, (1288y% +40y° )sech®aé
8oLy (40yB° +38y" +3y° )sechas
+160°L; (46 4%y +115y° +168° )sechPaé
-320L; (134%y +18° )sech* o
+3200' L, 3° sech*a &} =0.
While identifying the different coefficients of

sinh' a&sechiaé where i=0,1 j=0,1,2,... and

according to the powers of & which is infinitely small, we
get

Termiin (go,sec hzaf) ,
cb+4al,a® =0.
Termin (&% sech’a)
(L, +a’Ly)b* +4a’Lb* —2L,a=0. ()
Termin (&°,sech®a)

20* (2L,ab” —2L,a° - Lb* ) - 2a’L, —3a’Lb* =0.

()

)

(10)
Termin (&',sech’aé),
L +4a’L, =0. (11)
Term in (EI,SEC h40€§),
3(L, +20a°L, )y +8(L, +16a°L,) B W)

~4(L,+2a°L,)ya—8a’L,a’y =0.
Termin (&',sech®a&),
o’ L (6ya’ +168a° ~3yb* )+ 4(L, +8a°L, ) fa
+2(L, +8a’L, )ya-5(L, +52a°L, ) B
-30a°L,y =0.

(13)

Term in (81, sec hsaf) ,
4200°L,Ba—8(L, + 23a’L, +4a’L; ) fa
-3 (2L, + L) ya
+a’L (16ya” +168b” +3yh* ) = 0.

(14)
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Termin (el,SeC hgaé),

oL, —2L, (y+28)ba+5L,/0=0.  (15)
Termin (gl,sec hloaé:),
10(3L3 + Le)ﬂa
(16)

~L,(57a° +128a° +48b% ) = 0.

The combination of the equations Eq.(15) and Eq.(16)

gives a quadratic equation in a of the form
ra’+sa+t=0, (17)

where

r=4a’LL +4a' L (L +L,)

s=2(L+a’LL, +a’LL -4’ L )
t=4a’LL;+6a°L L,

The resolution of Eq.(17) requires a discussion around the
parameters I',Sand t.

For r=0 ie. L2/(L6+L3)=—052 ., Eq.(17)
becomes an equation ofsecond order and admits the solution
2 2
a=-a’L (2L +3L,)/ Lol (L L) (18)
4oL,
Inserting Eq.(18) in Eq.(9) we get
[L+a?(L+4L)] |2
b={-20°L% (2L, +3L,)/| [ 12 + 7L, (L, + 1) ] | ¢ -9
~4aL L
For r#0 ie. L/(L+L)=—a®, Eq.(17) is of

second order in @ . The resolution of Eg.(17) in these
conditions gives:

For A’ >0, we obtain the solution
S
a:(—EiVA,)/r,

(20)

and

1
b=[2L1(—§i\/Ej/(Lz +a’L, +4a2L3)rT (21)
where A’ :(32 /4)— rt.

-For A" <0, we obtain the following roots

a:(—iii —A'j/r
2

b:{Zg(—gii\/—_A’j/(L2+azLG+4a2L3)rT .(23)

On the other hand, while combining equations Eg.(15) and
Eq.(16),one gets S and y as functions of @ and b

f-15Lal 60L,a-5La b
= a
= —4L.a%* -8Lb’

(22)

and

(24)

and
(27015 +90L,L, )a
y = —108I_3L5a2 /{
—36L5I_3bz
where @ and b are values given respectively by
equations Eq.(18), Eq.(19), Eq.(20), Eq.(21), Eq.(22) and
Eq.(23).
Taking into account equations Eq.(18), Eq. (19),..., Eq.

(25) in Eqg. (6) we getthree great families of solutions as seen
below.

(60L3L5 _5L6L5)a2b (25)
—412a% —8L2ab®

For r=0,ie. L,/(Ls+L,)=—a’, thefirst family is given by

w(&)=]-a’L, (2L +3L,)/ L +a’L, (L + L) - 4a’ L, |sechaé
=203 (2L, +3L,) /[ L+ & (L +4L,) [ L +aL, (L + I_3)—4a2L1L5]}; tanh ha&

where @ and D are given by Eq.(18) and Eq.(19).

| 45L,a/(60L,a—5L,a-4La" ~8LbH* )b |sech*as

+e| || (2701 +90L L, )a—108L L ~36L,L b |
+

/] (60L,L, ~5L L )a’b—413a’h —8L2ab’ |

(26)

tanh? &

For r#0,ie. L,/(Ls+L;)= —at®, we obtain the last two families of solutions
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w (&) :K—%i@)/ r}sechzag{zg(—%i@)/(l_z + oL, +4oﬁ|_3)r}2 tanh &

| 45L,a/(60L,a—5L,a-4L.a* ~8Lb° )b |sech’as

+&

[ (27015 +90L,L, )a-108L,L,a* ~36L,Lb° |
+

: (27)
tanh® &

/[ (60L,L; —5L,Ls)a*h—4L2a’h —8L2ab’ |

where A'>0, a and b given by Eq.(22) and Eq.(23). We also have

v($) =K—§ii —A']/ r}sech2a§+[2g(—%ii —A’j/(Lz +a’ly +4a2L3)rT tanh or&

+&

where A'<0, a and b are given by Eq.(22) and

Eq.(23).
To better understand the notion of dominant and less
dominant parts of wave

y =asech’aé +btanh aé +&( Bsech*as + y tanh® &)
we are engaged in the representation of the two main parts
that  constitute . If we state that

w, =asech’aé +btanh aé and

w, = Bsech*aé +ytanh* a& | the wave becomes

v =y, +&y,. Figure 1 shows the representation of i/,
which is the profile of a soliton wave of a kink type. Figure 2
and Figure 3 showthe representation of ¥/, forafew values

of B andy . The two profiles obtained in Figure 2 and
Figure 3 are soliton waves of pulse nature. Figure 4 gives the
representation of solution in general ¥ =y, +&y, for
& very small (& = 0.01). The profile obtained is that of a
kink. We simply realize that y/ can take the form of a kink
orthe formofa pulse depending on the value of & . As regard
our research work, we have chosen for our dominant part
W, . The practical interpretation that we can give to this

solution is that of a soliton wave solution which changes its
form with respect to the environment in which it happens to
be or to the obstacle to overcome in its medium of
propagation. In the example considered hereafter the soliton
 can lose its kink or pulse form depending on the

conditions under which it is subjected.

| 45L,a/(60L,a-5L,a-4L,a” ~8Lb" )b |sech‘cs

(2703 +90L,L, )a—108L,L;a° ~36L,L " |
/[ (60L,L, —5L,L;)a*h—4L5a®h —8L3ab® |

(28)

tanh’® a&

2 100

g
Figure 1. Representative curve of the soliton profile of the solution
w, =asech’aé +btanhaé fora=1, b=1, a=0.1.

Figure 2.

Representative
w, = fsech’aé+ytanh® aé  wa=1,b=1, 4=01.
and and in the case where¢ e [—100,100] Y e[—1.5,1.5]

curve of the wliton profile of
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2 00
Figure 3. Representative curve of the wliton profile of
w, = Bsech’aé+ytanh’aé , for a=1, b=1
a =0.1 andinthe case where ¢e[-10,10], y [-1515]

2 100

Figure 4. Representative curve of the sliton profile of the combined
solution = asech’aé +btanh ¢ + £ ( Bsech*ad +y tanh’ ).
a=1, b=1, =01, g=1, y=1 and £=0.01

4. Conclusions

We have just polished up this work by putting forward a
solution to Kuramoto-Sivashinsky’s equation in the form of
a combine soliton wave. In the course of our work we have

made up a solution of the form /(&) =y, (&)+ew, (&),

where ¥, and ¥/, are solitary waves. Through the BDK

innovative method mentioned above, we want to prove that it
is possible to make up modulated soliton solutions of the

form  y =y, (&) +ew, (&)+w, (&) +..+ &y,

where ¥y, ¥/,, ..

that we are putting forward as regard all calculations and
analysis undertaken up to date, helps us to confirm our
satisfaction as regard the usage of the BDK method in
making up modulated soliton solution of
Kuramoto-Sivashinsky’s equation.

On the whole, projecting our reasoning rays beyond its
limit, multi-soliton put into evidence experimentally will be
an object of attraction for all scientists.

. W, representsolitary waves. This form
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