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1. Introduction.

Let S be a non-singular cubic surface in the projective 3-space P> defined over an
algebraically closed field of arbitrary characteristic. In [H2], we have constructed
universal families of moduli of semi-stable 2-bundles with 4=C?—4C,=—4 on S. In
this article, we will treat the case of 4= —35. For a torsion free sheaf, the semi-stability
may vary by twisting line bundles. In fact, for a modulo 2 class in PicS, we had to
consider 243 species of moduli of semi-stable 2-bundles with 4= —4. On the other
hand, a semi-stable sheaf of rank 2 with 4= — 5 is always a p-stable bundle (Proposition
2.2). We can normalize the first Chern class to reduce two cases: (i) C;=e, C,=1 and
(ii)) C,=h, C,=2 where e is an exceptional class and 4 is the hyperplane class. The
moduli of the first case is obtained by contracting the line, corresponding to the first
Chern class C,, on the cubic surface S (Theorem 3.4). The moduli of the second case
is the cubic surface S itself (Theorem 6.3). In each case, we will construct a universal
family. It is worth while to mention that the universal family of the first case which we
will construct is obtained by modification of the family considered in the case of 4 = —4.
For the second case, to construct a universal family, we will use the method introduced
in [H2, §3 Limits of extensions]. We shall use notation and terminology in [H1, H2]
freely.

2. Stability and locally freeness.

LEMMA 2.1. Let & be a 2-bundle with A(&)=C(&)>*—4C,(&)= —1 (mod4) on S.
If A(&)= —1, & is not p-stable.

ProoF. By[H2, Lemma 2.1 (2)], thereis a line bundle .Z such thatfor&'=8 ® &,
C,(8")=efor some exceptional class e or C;(&") = h. We first consider the case C,(&") =e.
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Since C,(€')<0, x(€)=2—C,(&')=2. There is a non-zero section s of &'. If &’ is
p-stable, the scheme of zeroes of s has codimension >2. Therefore C,(£')=0 and there
is a short exact sequence

0———»(93—s—>(5'——->@s(e)—»0.

This must split, because of A'(S, Os(—e))=0. Thus &’ is not u-stable. Now consider
the case C,(&")=h. Since C,(8")<1, (8')=5—C,(&')=4. There is a non-zero section
s of &. Let Z be the scheme of zeroes of s. Now assume that &' is u-stable. If Z
has a codimension one component, it must be a line E by the p-stability. But
C,(&'(—E))*>=—5 and C,(&'(—E))<0, this is absurd. If Z has codimension >2,
lengthZ = C,(&")=1 or 0. Since Ext'(Os(h) ® £ 3, 05)=(0), &' =0 ® Os(h) ® £ 5. This
is a contradiction. [J

PROPOSITION 2.2. Let & be a semi-stable sheaf of rank 2 on S with A= —35, then
& is a p-stable vector bundle.

PrROOF. Since C,(&)=e (mod 2) for some exceptional class e or C,(&)=h (mod
2), C,(&)-h and 2 are coprime. Therefore & is p-stable. If & is not locally free, the
quotient J =&V /& is not zero and there is a short exact sequence

0——l— 8 —— T —0.

Since dimSuppZ =0, C,(€VV)=C. (&) and C,(&"')=C,()—lengths . Therefore
&VY is a p-stable vector bundle with A(£¥V)= —1 (mod 4) and A(£¥V)> —1. Thisis a
contradiction. [J ’

In the following sections, we consider the two cases (i) C; =e, C,=1, (ii)) C,=h,
C, =2 separately.

3. Moduli of u-stable 2-bundles with C, =e and C,=1.

Let E be a line on S and e be the exceptional class corresponding to E. Fix a line
E in this section.

LEMMA 3.1. Let & be a p-stable 2-bundle with C,(&)=e and C,(&)=1. Then there
is a short exact sequence

0 »Og > & »O5(6) @ M ,——0
for some closed point x in S.

PrOOF. Since y(&)=1, & has a non-zero section s. The scheme of zeroes of s has
codimension >2, by the u-stability. We have a desired short exact sequence. []

For any closed point x in S, since £z¢'(Os(e) @ ., Os)=k(x), there is a unique
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2-bundle &, which is defined by the following non-trivial extension

0—— Og—— &, —— Og(e) @ M,——0.

Remark that for any closed point x in S, &, is u-stable.
LEMMA 3.2. Forany closedpoints xandyinS,&,~=8& ,ifandonlyif x=yorx, yeE.

PrROOF. Now assume &,~¢&, and xs#y. Then h°(S, &,)=h"(S, &,)=2. Thus
h°(S, Os(e) ® M ,)#0 and h°(S, Os(e) ® A ,)#0. Therefore x, y € E. Conversely, assume
that x, ye E. There are short exact sequences

0 Og—— O5(€) ® My——+Op(—2)——0,

0——r Os—— O(e) ® M, Ox(—2)——0 .

If x=y, there are nothing to prove. Assume that x#y. Let & be the kernel of the
homomorphism

i+j: Os(e)@ M, D Os(e) @ M,——O(—2).
There is the following exact commutative diagram
0 0
00— 05— Os(e) @ M, —— O(—2) —0

O__A@S—’ éo —>(93(€)®.ﬁx———'0.

Hence £=&,=¢&,. O

Let & be the 2-bundle on S x S, obtained in [H2, Proposition 2.8], defined by the
following short exact sequence

0—— Oguxs—>E——(Os(h—e) ® Og(e)) ® £ ,,—— 0.

ProposiTION 3.3. (1) For any closed point x in S,
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g |(x}xsggx .
(2) For any closed point y in S,

& |exin=0x(1) ® O5(1) .

Proor. (1) is obvious (cf. [H2, Proposition 2.8]). (2) For any closed point y in
S, the restriction & |5, of & to Sx {y} is contained in the following short exact se-
quence

(3.3.1) 00— Os——& |sxpy— Os(h—e) @ M,——0.

If the closed point y is contained in a reducible member F+ Ge| H— E|, the restriction
& |Ex{y}20E(f) @ Og(g)=0g(1) ® Og(1) by [H2, Lemma 2.6 (1), (2)]. If the closed point
y is contained in an irreducible member De| H— E|, we may assume ye DNE by [H2,
Lemma 2.6 (4)]. The section s of & st{y, given by the sequence (3.3.1), restricting to
E, gives Og(1) as a subbundle of & | ,. Thus we have & |z« (,, = O(1) ® Ox(1). O

Let ®p=®P,,, : S—S; be the contraction of the line E. For the morphism
pr=Ppxidg: Sx S»Spx S, Fs_:=0dp( ® pFOs(e)) is a vector bundle on Sg x S and
PEF s, =& ® p}0s(e) by virtue of a generalization of a theorem of Schwarzenberger by
S. Ishimura [Is] and Proposition 3.3 (2). By Lemma 3.2 and Proposition 3.3 (1), we
obtain:

THEOREM 3.4. The family (Sg, F s,) is a universal family of the moduli of p-stable
2-bundles with C,=e and C,=1 on the cubic surface S.

4. Stable 2-bunbles with C, =4 and C,=2.

Let M(h, 2) be the set of isomorphism classes of u-stable 2-bundles with C, =h and
C,=2on S and, for a line E on S, M(h, 2); be the subset of M(h, 2) consisting of vector
bundles which contain Og(e) as a subsheaf. The purpose of the remaining sections is to
construct a universal family of M(h, 2) over S and to prove that under the isomorphism
M(h,2)= S, M(h, 2)g is isomorphic to E.

From now on, fix a Schlifli’s double-six ({E;}, {F;}) and denote by /=(h+
e, + -+ +eg)/3 the contraction of {E;} [H2, §1].

LEMMA 4.1. Let & be a u-stable 2-bundle with C(8)=h and C,(8)=2 on S. Then
either (1) there is a non-trivial extension

0—— Og(h—I)— & — O5(I)—— 0

or (2) there is a non-trivial extension

00— Os(f}))—E——Os(l—e;)—0
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for some i.

ProoF. Since y(€(/—h))=1 and C(&(—h))-h=3, &(@—h) has a non-zero sec-
tion s. If the scheme of zeroes of s has codimension >2, we have the case (1) since
C,(&(I— h))=0. Assume that the scheme of zeroes of s has a codimension one component
D. By the p-stability, D is a line. Since Cp(&(I—h—d))=—2I-d>0, I-d=0. Therefore
D=E, for some i and we have the case (2). [

LemMmA 4.2. (1) For a non-trivial extension
0—0Ogh—1)— 88— Ox(l)—0,
if & is not u-stable, there is a non-trivial extension
0— Os(l—e;)—— E—— Os(fi)—0
for some i.
(2) For a non-trivial extension
0— Os(f))— & —Os(l—e)—0,
& is u-stable.
Proor. (1) If & is not u-stable, there is a class dePicS of degree two such that

&(—d) has a non-zero section. Since /—d is of degree one, the complete linear system
|I—d| consists of a line E. Now consider the following exact commutative diagram

0 0 0

I I I

0—— Op(h—2l+e) — Ee—1) ® Oy — Og(—1) —0

T I I

0— Ogh—2l+e) — Ee—1) —— Ose) —0

| I I

0— Ogh—2) — &) — 05 —s0.

I T T

0 0 0

Let ¢ be the extension class in Ext!(0s(l), Os(h—1D)= H'(S, Os(h—2I)) corresponding
to the given extension. By the diagram chasing, H 0(S, &(e—1))#(0) if and only if
H'(a)(¢)=0. Thus HO(E, Ogx(h—21+¢))#(0) and e*(h—2l+e)= —2e-[>0. Therefore
I-e=0 so that E=E, for some i. Then we get a desired extension. (2) is obvious. []

LEMMA 4.3. Let & be a p-stable 2-bundle with C(&)=h and C,(&)=2 on S. If &
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contains a line bundle of degree one, there is a non-trivial extension
0——0Og(e)——— Og(h—e)—— 0
Jfor some exceptional class e.

PROOF. Let Og(d) be a subsheaf of degree one. Since &(— d) has a non-zero section
whose scheme of zeroes has codimension >2, C,(&(—d))=1+d?>0. Therefore
x(Os(@)=1+(1+d?)/2>1 so that d is an effective class. Thus we have a desired
extension. []

Put
P=P(Ext'(Os()), Osth—1))¥)
P;=P(Ext'(Os(I—e;), Os(f,))")
0,=P(Ext'(0(f;), Os(i—e))") .
Since

dim Ext!(0x(1), Os(h— 1)) = h*(Og(h—21)) =3
dim Ext'(Os(/—e¢,), Os(f))=h"(Os2f;—h))=2
dim Ext'(0s(f,), Os(I—e;)) =h'(Os(h—2f))=1,

we have isomorphisms P~ P?, P,~P* and Q, is a point. By the proof of Lemma 4.2
(1), we can regard Q; as a point in P. And also by Lemma 4.2 and Lemma 43,
M(h,2)=(P\{Q,, - -, Q6})UP,LU - - UPg and M(h, 2)f,= P, set-theoretically. Let

b:5->P

be the blowing up of P at Q, - - -, Q¢. In the following section, we will construct a
universal family of M(h, 2) over S’ and prove that the restriction of the family to the
exceptional curve &~ !(Q,) is a universal family of M(h, 2)f,- In the next to the following
section, we will prove that the moduli of M(h, 2) is isomorphic to S itself and that
under the isomorphism, the moduli of M{(h, 2), is isomorphic to E for any line E on S.

S. Universal family of M(h, 2).

In this section, to construct a universal family of M(h, 2), we will use the method
introduced in [H1, §3 Limits of extensions] and use notation and terminology in it.

LEMMA 5.1. For an unstable extension
0—Osth—)— & —— O5(1)—— 0,

the déstabilizing diagram is



0 0

I I

00— Osth—1) — Os(f)) — Op, —0

| | “

0— Osh—1) —> & —— Ox() —0

I

Os(l—e;)) == Os(l—¢;)
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|
|

for some i. And the homomorphism
¢ 1 Ext'(0s()), Os(h—1))—— Ext'(Os(I—e)), O5(f2))
is surjective.

PrROOF. By Lemma 4.2(1), the former partis clear. The second partis obvious. []

There is a universal family &, of extensions in Ext!(0s(!), Os(h—1)) such that &p
is given by a non-trivial extension

0—— Og(h—1) R Op(1)—— Ep—— Os(l) B Op——0,

over S x P (cf. [HI, Theorem 2.2]). For the morphism ¢ =idgx ®: Sx S’'—>S x P, put
Es:=¢*&p and &q- 10n:=&s |sxo-10:) BY the surjective homomorphisms

gsr-—’g¢—l(Qi)—’@S(ﬁ) B @‘d’_l(Qi) ’

define the vector bundle Z . by
6
ysl . =Ker(éasr s @ (Qs(f;) & (9¢—1(QE)> .
i=1

We also put
Fo-1gn:=Fs |sx<b—1(Q,-)-

PROPOSITION 5.2. The family (S', Fs) is a universal family of M(h,2) and the
family (®~1Q;), F o-1,)) is a universal family of M(h, 2)g,.

PrOOF. By Lemma 5.1 and [H1, Proposition 3.3]. [
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6. Moduli of u-stable 2-bundles with C, =4 and C,=2.
For a non-zero element & in Ext!(04(!), Os(h—1)) = H'(S, O5(h—21)), let
0—Os(h—1)— &, > Os(1) >0,

be the corresponding non-trivial extension. For the line E,, there is the following short
exact sequence

0—— Os(h—21)—— Os(h— 21+ &;)— Oy, ——0 .

By the proof of Lemma 4.2 (1), H°(S, &,(e;— 1)) #(0) if and only if £ e Im(H°(E,, Og)—
H'(S, Og(h—20))). Remark that Og(h—2I)=Ox(— > f= , €)- Now consider the following
short exact sequence

6 6
0—»03(1— > ei)——»@s(l)——» D Op,—0.
i=1

i=1

Taking long exact sequence of cohomology groups, we get

. 4 6 B o
0— HY(S, (Us(l))—’_@ H(E, Og) Hl(s, (95(1— 'Z e.-))—»O.

Let
Y’=.P“| . S__’PZ

be the contraction morphism of {E;}. Put Y(E;)=P;(i=1, - - -, 6). Taking an appropriate
coordinate system of P2, we may assume P,=(1,0,0), P,=(0, 1,0), P;=(0,0,1),
P,=(,1,1), Ps=(1, a,b)and Ps=(l, c, d). Then the homomorphism 4 is given by the

matrix
Y1 0 01 11
(OIOIac).
00115bd

Since the homomorphism B is surjective, B is given by the matrix

111 -1 0 0
lab 0 —-1 0
1 ¢d O 0 -1

for an appropriate coordinate system of H(S, Ox(/— Zf=le,-)). Since the point Q;
corresponds to the homomorphism H%(E;, Og)— H'(S, Os(I— Y.7_, e))), the co-
ordinates of Q;’s are given by 0, =(1,1,1), @Q,=(1,4a,¢), O;=(1, b, d), 04,=(,0,0),
Q5=(0,1,0) and Qs=(0,0, 1) for the coordinate system of P induced by that of
H(S, 05(I— Y.7_, e,)). Since P;s are in general position, so are Q,’s. Let C; be the
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non-singular conic passing through all P;’s but P; and D; be the non-singular conic
passing through all Q,’s but Q;.

LEMMA 6.1. There is a birational mapping
¢: P:--- 5P
such that the fundamental points of ¢ and ¢! are precisely all P;’s and Q,’s respectively
and such that ¢(P;)=D; and ¢ ~*(Q,)=C;.
ProoF. For homogeneous polynomials
lys=(a—b)xo+(b— Dx; —(a—1)x,
lig=—(c—d)xg—(d—1)x; +(c—D)x,
Is¢=(ad—bc)xo+(b—d)x;—(a—0)x,
ca=(a—c)bdxyx,—(ad—bc)xx, —(b—d)acxyx,
cs=—(c—Ddxox, +(c—d)xx,+ c(d—1)x0x,
ce=(a—1)bxox, —(a—b)xx,—a(b—1)xx, ,
define ¢ =(cscelse, CaCelass CaCslys). Since the line (J;;) passes through the points P;
and P;, and (c;) = C,, the fundamental points of ¢ is precisely all P;’s and the restriction
¢ |C‘ is constant. It is also clear that the strict transform ¢[C;]=Q; for i=4, 5, 6. Now
we construct the inverse of ¢. For homogeneous polynomials
my,=(@—c)yo+(c—1y,—(a—1y,
myz=—(0b—-d)y,—(@d—1y,;+(b-1)y,
my3=(ad—bc)y,+(c—d)y; —(a—b)y,
di=(a—c)edyoy, —(ad—bc)y,y, —(c—d)aby,y,
dy=—(b—1dyoy,+(b—d)y,y.+bd—1)yoy,
dy=(a—Dcyoy, —(@a—)y1y2—alc—1yoy,

define ¥ =(d,dsm,,, d,dsm, 5, did,m,,). The fundamental points of ¥ is precisely all
Q;’s and the restriction ¥ | p, is constant and also the strict transform y[D,]= P; for
i=1, 2, 3 as above. It can be checked that ¢ ! =y and that ¢[C;]=Q, and Yy[D;]1=P;
for i=1, - - -, 6. It is not advisable to calculate by hand. []

PROPOSITION 6.2. S’ is isomorphic to S and under the isomorphism, D~ YQ,) is
isomorphic to F;.

ProoF. Consider the graph I' of the birational mapping ¢ in Lemma 6.1. One
sees that '=~S=~S’' and &~ (Q,))=F;inI'. [

THEOREM 6.3. There is a vector bundle & g over S x-S such that ¥ s is a universal
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family of M(h, 2) and the restriction F g |sx g IS a universal family of M(h, 2)g for every
line E on S.

Proor. By Propositions 5.2 and 6.2, there is a vector bundle # g over S x S such
that % is a universal family of M(h, 2) and the restriction F |5, is a universal family
of M(h, 2)g,. To construct a universal family, we can start from any double six. So the
last assertion follows. [] '
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