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Abstract. Let C be an algebraic curve of genus g ≥ 2. A coherent system on C

consists of a pair (E, V ), where E is an algebraic vector bundle over C of rank n

and degree d and V is a subspace of dimension k of the space of sections of E. The
stability of the coherent system depends on a parameter α. We study the geometry
of the moduli space of coherent systems for 0 < d ≤ 2n. We show that these spaces
are irreducible whenever they are non-empty and obtain necessary and sufficient
conditions for non-emptiness.

1. Introduction

Let C be a smooth projective algebraic curve of genus g ≥ 2. A coherent system
on C of type (n, d, k) is a pair (E, V ), where E is a vector bundle on C of rank n and
degree d and V is a linear subspace of the space of sections H0(E) of dimension k.
Introduced in [7], [17] and [11], there is a notion of stability for coherent systems which
permits the construction of moduli spaces. This notion depends on a real parameter,
and thus leads to a family of moduli spaces. As described in [2], there is a useful
relation between these moduli spaces and the Brill-Noether loci in the moduli spaces
of semistable bundles of rank n and degree d.

In [5] we began a systematic study of the coherent systems moduli spaces, partly
with a view to applications in higher rank Brill-Noether theory. This study has been
continued in [4], where we have obtained substantial new information about the geom-
etry and topology of the moduli spaces for k ≤ n.

In the present paper, we go in a slightly different direction and consider coherent
systems with d ≤ 2n. Our results are essentially a generalisation and extension of those
of [3, 12, 14]. More precisely, we show that the moduli spaces of coherent systems are
irreducible whenever they are non-empty and obtain necessary and sufficient conditions
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for non-emptiness. Even for Brill-Noether loci, the irreducibility result is stronger than
those previously known. The condition for non-emptiness is identical with that for
Brill-Noether loci except when C is hyperelliptic, d = 2n and k > n. The methods are
generally similar to those of [3, 12, 14], except that we make essential use of extensions
of coherent systems (rather than simply extensions of bundles). In particular, at crucial
points in the proof of irreducibility and, in the hyperelliptic case, that of non-emptiness,
we use the methods of [5] to estimate dimensions of spaces of extensions. Some of the
estimates are quite delicate and require careful use of these methods. We also make
use of some of the results of [4] to handle the case k ≤ n, although the present paper
can be read independently of [4].

In order to give full statements of our main results, we need to outline some defi-
nitions and notations (for more details, see section 2). We denote by G(α;n, d, k) the
moduli space of α-stable coherent systems of type (n, d, k), where α ∈ R is a parameter
(with the necessary conditions d > 0, α > 0 and α(n − k) < d for non-emptiness of
G(α;n, d, k)), and by B(n, d, k) the Brill-Noether locus of stable bundles of rank n
and degree d with h0(E) ≥ k. We write β(n, d, k) for the “expected dimension” of
G(α;n, d, k), namely

β(n, d, k) = n2(g − 1) + 1 − k(k − d+ n(g − 1)).

Note that the data for defining a coherent system (E, V ) can also be expressed as an
exact sequence

0 −→ D∗ −→ V ⊗O −→ E −→ F ⊕ T −→ 0,

where D and F are vector bundles, T is a torsion sheaf and h0(D∗) = 0. A coherent
system (E, V ) is said to be generated if F and T are both zero. Finally, we define
U(n, d, k) and Us(n, d, k) by

U(n, d, k) := {(E, V ) : E is stable and (E, V ) is α-stable for α > 0, α(n− k) < d}

and

Us(n, d, k) := {(E, V ) : (E, V ) is α-stable for α > 0, α(n− k) < d}

(see section 5 for further details). Clearly U(n, d, k) ⊂ Us(n, d, k).

We can now state our main results.

Theorem 4.4. Suppose that 0 < d ≤ 2n and α > 0. If G(α;n, d, k) 6= ∅, then it is
irreducible. Moreover

(a) if k < n, the generic element of G(α;n, d, k) has the form

0 → V ⊗O → E → F → 0,

where F is a vector bundle with h0(F ∗) = 0;
(b) if k = n, the generic element of G(α;n, d, k) has the form

0 → V ⊗O → E → T → 0,

where T is a torsion sheaf;
(c) if k > n, the generic element of G(α;n, d, k) has the form

0 → D∗ → V ⊗O → E → 0,

i.e. (E, V ) is generated;



MODULI SPACES OF COHERENT SYSTEMS OF SMALL SLOPE 3

(d) dimG(α;n, d, k) = β(n, d, k) except when C is hyperelliptic and (n, d, k) =
(n, 2n, n+ 1) with n < g − 1.

Theorem 5.4. Suppose that C is non-hyperelliptic of genus g ≥ 3, n ≥ 2 and 0 <
d ≤ 2n. Then U(n, d, k) 6= ∅ if and only if either

k ≤ n +
1

g
(d− n), (n, d, k) 6= (n, n, n)

or

(n, d, k) = (g − 1, 2g − 2, g).

In all other cases,

• G(α;n, d, k) = ∅ for all α > 0;
• B(n, d, k) = ∅.

Theorem 5.5. Suppose that C is hyperelliptic, n ≥ 2 and 0 < d ≤ 2n. Then

(a) U(n, d, k) 6= ∅ if and only if either

0 < d < 2n, k ≤ n+
1

g
(d− n), (n, d, k) 6= (n, n, n)

or d = 2n, k ≤ n;
(b) if k > n, then

– U(n, 2n, k) = ∅;
– Us(n, 2n, k) 6= ∅ if and only if either k ≤ n+ n

g
or k = n+ 1 and 2 ≤ n ≤

g − 1.

In all other cases,

• G(α;n, d, k) = ∅ for all α > 0;
• B(n, d, k) = ∅.

The case n = 1 is omitted from the last two statements since the results then need
modifying; of course this case is very simple.

The contents of the paper are as follows. In section 2, we give definitions and
notations together with some basic facts which we shall need. In section 3, we generalise
the results of [3, 12, 14] to obtain a necessary condition for the existence of α-stable
coherent systems. Section 4 is devoted to a proof of irreducibility (Theorem 4.4).
In section 5, we state our results on non-emptiness separately for C non-hyperelliptic
(Theorem 5.4) and for C hyperelliptic (Theorem 5.5); the proofs for C non-hyperelliptic
are included. In the lengthy section 6 we prove Theorem 5.5; this requires some delicate
constructions using the methods of [5]. Finally section 7 contains an example with
d > 2n to show that the situation can then be more complicated.

We suppose throughout that C is a smooth projective algebraic curve of genus g ≥ 2
defined over the complex numbers. The cases g = 0 and g = 1 have been investigated
in [8, 9, 10], where irreducibilty has been proved with no restriction on the degree, but
the non-emptiness results for the case g = 0 are still not complete. We also assume
that k ≥ 1.
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2. Definitions, notations and basic facts

We refer the reader to [5] for the basic properties of coherent systems on algebraic
curves. For convenience, we provide here a synopsis of the main definitions and facts
which we shall need. Recall that the slope µ(E) of a vector bundle of rank n and degree
d is defined by µ(E) := d

n
.

Definition 2.1. Let (E, V ) be a coherent system of type (n, d, k). For any α ∈ R, the
α-slope µα(E, V ) is defined by

µα(E, V ) :=
d

n
+ α

k

n
.

A coherent subsystem of (E, V ) is a coherent system (E ′, V ′) such that E ′ is a subbundle
of E and V ′ ⊂ V ∩H0(E ′). A quotient coherent system of (E, V ) is a coherent system
(E ′′, V ′′) together with a homomorphism (E, V ) → (E ′′, V ′′) such that both E → E ′′

and V → V ′′ are surjective.

Note that, with our definition of coherent system, a subsystem possesses a corre-
sponding quotient system only if V ′ = V ∩H0(E ′).

Definition 2.2. A coherent system (E, V ) is α-stable (α-semistable) if, for every proper
coherent subsystem (E ′, V ′),

µα(E
′, V ′) < (≤)µα(E, V ).

There exists a moduli spaceG(α;n, d, k) of α-stable coherent systems of type (n, d, k);
necessary conditions for non-emptiness are

d > 0, α > 0, (n− k)d < α.

Definition 2.3. A critical value for coherent systems of type (n, d, k) is a value of
α > 0 for which there exists a coherent system (E, V ) of type (n, d, k) and a coherent
subsystem (E ′, V ′) of (E, V ) of type (n′, d′, k′) such that k′

n′
6= k

n
but µα(E

′, V ′) =
µα(E, V ). We also regard α = 0 as a critical value.

It is known [5, Propositions 4.2, 4.6] that, for any (n, d, k), there are finitely many
critical values

0 = α0 < α1 < . . . < αL <

{

d
n−k

if k < n
∞ if k ≥ n.

Moreover, if k < n and α ≥ d
n−k

, then G(α;n, d, k) = ∅. For α, α′ ∈ (αi, αi+1), we have
G(α;n, d, k) = G(α′;n, d, k) and we denote this moduli space by Gi := Gi(n, d, k). We
shall be particularly concerned with the moduli spaces G0 (“small” α) and GL (“large”
α). If (E, V ) ∈ G0, we say also that (E, V ) is 0+-stable (with similar definitions for
α±-stable).

We denote by M(n, d) the moduli space of stable bundles of rank n and degree d,
and by B(n, d, k) the Brill-Noether locus

B(n, d, k) := {E ∈M(n, d) : h0(E) ≥ k}.

We have, for any coherent system (E, V ), [5, Proposition 2.5]

• (E, V ) ∈ G0 =⇒ E semistable;
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• E stable =⇒ (E, V ) ∈ G0.

The moduli space G(α;n, d, k) has the property that every irreducible component
has dimension greater than or equal to the Brill-Noether number

(1) β(n, d, k) := n2(g − 1) + 1 − k(k − d+ n(g − 1)).

This number is the “expected dimension” of G(α;n, d, k) in a stronger sense. For this,
we define, for any coherent system (E, V ), the Petri map of (E, V ) as the map

V ⊗H0(E∗ ⊗K) −→ H0(E ⊗ E∗ ⊗K)

given by multiplication of sections. This map governs the infinitesimal behaviour of
the moduli space in the following sense.

• Let (E, V ) be an α-stable coherent system of type (n, d, k). Then G(α;n, d, k)
is smooth of dimension β(n, d, k) at the point corresponding to (E, V ) if and
only if the Petri map of (E, V ) is injective.

.

Definition 2.4. The coherent system (E, V ) is generated if the evaluation map V ⊗
O → E is surjective. The bundle E is generated if (E,H0(E)) is generated.

We shall make no explicit use of the flip loci G±

i of [5, section 6], so shall not describe
them here. However we make extensive use of extensions

(2) 0 −→ (E1, V1) −→ (E, V ) −→ (E2, V2) −→ 0,

where (E1, V1), (E2, V2) are coherent systems of types (n1, d1, k1), (n2, d2, k2) respec-
tively. Here we use the notations and results of [5, section 3]. The extensions (2) are
classified in the usual way by a group

Ext1((E2, V2), (E1, V1)).

For dimensional reasons Extq((E2, V2), (E1, V1)) = 0 for q ≥ 3, so we have [5, equation
(8)]

(3) dim Ext1((E2, V2), (E1, V1)) = C21 + dim H
0
21 + dim H

2
21,

where

(4) C21 := n1(n2 − k2)(g − 1) + (k2 − n2)d1 + d2n1 − k1k2

and

H
0
21 = Hom((E2, V2), (E1, V1)), H

2
21 = Ext2((E2, V2), (E1, V1)).

The main purpose of introducing the number C21 is that frequently, although not
always, H

0
21 and H

2
21 are both zero and dim Ext1((E2, V2), (E1, V1)) is then given by

the purely numerical formula (4). Of course, we can define H0
12, H2

12 and C12 by
interchanging the indices, and in particular

(5) C12 = n2(n1 − k1)(g − 1) + (k1 − n1)d2 + d1n2 − k1k2.

Note [5, Corollary 3.7] that, with the notation of (2),

(6) β(n, d, k) = β(n1, d1, k1) + β(n2, d2, k2) + C12 + C21 − 1.
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Note further [5, equation (11)] that, if N2 is the kernel of the evaluation map V2⊗O →
E2, then

(7) H
2
21 = H0(E∗

1 ⊗N2 ⊗K)∗.

Putting (E1, V1) = (E2, V2) in (3) and using (1) and (4), we get

dim Ext1((E, V ), (E, V )) = β(n, d, k) + dim End(E, V ) + dim Ext2((E, V ), (E, V ))− 1.

Now, when Ext2((E, V ), (E, V )) = 0, there is no obstruction to the construction of a
local deformation space for (E, V ) and this local deformation space has dimension

(8) dim Ext1((E, V ), (E, V )) = β(n, d, k) + dim End(E, V ) − 1

(see [6, Théorème 3.12] and compare [5, Proposition 3.4]).

We need one further important fact about the extensions (2).

Proposition 2.5. If (2) is non-trivial and αi is a critical value such that (E1, V1)
and (E2, V2) are both αi-stable with µαi

(E1, V1) = µαi
(E2, V2) and µα−

i

(E1, V1) <

µα−

i

(E2, V2), then (E, V ) is α−
i -stable.

Since this is not explicitly stated in either [5] or [4] (although it is used in [4]), we
give a proof.

Proof. Suppose that (E ′, V ′) is a coherent subsystem of (E, V ) contradicting α−

i -
stability. Then (E ′, V ′) also contradicts αi-stability of (E, V ). It follows that either
(E ′, V ′) = (E1, V1) or (E ′, V ′) maps isomorphically to (E2, V2). In the first case, αi-
stability of (E, V ) is not contradicted, while in the second (2) is trivial. �

3. Coherent systems for d ≤ 2n

Our first object in this section is to obtain a necessary condition for the existence of
α-stable coherent systems for d ≤ 2n; it turns out that the condition is almost identical
with that for stable bundles (see [12, 14]).

We start with the case d < 2n, when the results of [12] carry over quite easily to
give a necessary condition for α-semistability.

Lemma 3.1. Suppose that (E, V ) is an α-semistable coherent system for some α > 0
and that 0 < d < 2n. Then

(9) k ≤ n +
1

g
(d− n).

Proof. If E is semistable, the result holds by [12, Chapitre 2, Théorème A.1].

If E is not semistable, then E has a stable quotient G with µ(G) < µ(E) < 2. Again
by [12, Chapitre 2, Théorème A.1], we have

h0(G) ≤ nG +
1

g
(dG − nG),
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where nG and dG denote the rank and degree of G. Let W denote the image of V in
H0(G). Then, if k > n + 1

g
(d− n), we have

dimW

nG
≤ 1 +

1

g

(

dG
nG

− 1

)

< 1 +
1

g

(

d

n
− 1

)

<
k

n
.

It follows that the quotient coherent system (G,W ) contradicts the α-semistability of
(E, V ) for any α > 0. �

This lemma has the following interesting consequence, which has relevance for co-
herent systems with k > n in general.

Corollary 3.2. Suppose that k > n and that there exists an α-semistable coherent
system (E, V ) for some α > 0. Then

d ≥ min {2n, n+ g(k − n)} .

Proof. If k > n and 0 < d < 2n, then the lemma implies that d − n ≥ g(k − n).
For d = 0, (E, V ) cannot be α-stable. The associated graded object must be a sum of
coherent systems of types (1, 0, 1) or (1, 0, 0) and hence k ≤ n. �

In order to cover the case d = 2n, we shall make use of the dual span construction,
which we briefly recall. Let (F,W ) be a coherent system. Slightly modifying the
notations of [5, section 5.4], we define a coherent system

D(F,W ) = (DW (F ),W ′),

where DW (F ) is defined by the exact sequence

0 −→ DW (F )∗ −→W ⊗O −→ F

and W ′ is the image of W ∗ in H0(DW (F )). In particular we write D(F ) for DH0(F )(F ).
If W ⊗O → F is surjective, then the linear map W ∗ → W ′ is induced from the dual
exact sequence

(10) 0 −→ F ∗ −→W ∗ ⊗O −→ DW (F ) −→ 0.

Moreover, if h0(F ∗) = 0, then W ∗ maps isomorphically to W ′.

For the canonical line bundle K, we obtain a bundle D(K) of rank g− 1 and degree
2g − 2. Taking W = H0(K), (10) becomes

(11) 0 −→ K∗ −→ H0(K)∗ ⊗O −→ D(K) −→ 0.

It is known [16] that, if C is not hyperelliptic, then D(K) is stable and h0(D(K)) = g,
while, if C is hyperelliptic, then D(K) ∼= L⊕(g−1), where L is the hyperelliptic line
bundle. In both cases, we obtain new α-stable coherent systems with d = 2n; to
describe them, we use the following general lemma.

Lemma 3.3. Let (E, V ) be a generated coherent system of type (n, d, n+ 1) such that
E is a semistable bundle. Then (E, V ) is α-stable for all α > 0.

Proof. Let (F,W ) be a coherent subsystem of (E, V ) with 0 < rkF < n. Since E is
semistable, µ(F ) ≤ µ(E). To show that µα(F,W ) < µα(E, V ), it is therefore sufficient
to show dimW ≤ rkF . Suppose dimW > rkF . Then the image of V in H0(E/F ) has
dimension ≤ rk(E/F ). Now d > 0, hence deg(E/F ) > 0. It follows that the image of
V does not generate E/F , which contradicts the hypothesis that V generates E. �
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Corollary 3.4. If C is not hyperelliptic, then D(K,H0(K)) is α-stable of type (g −
1, 2g − 2, g) for all α > 0.

Proof. This follows immediately from the lemma and (11). �

Corollary 3.5. Suppose C is hyperelliptic and a is an integer, 1 ≤ a ≤ g − 1. Let L
be the hyperelliptic line bundle and W a subspace of H0(L⊕a) of dimension a+1 which
generates L⊕a. Then

• the coherent system (L⊕a,W ) is α-stable of type (a, 2a, a+ 1) for all α > 0;
• (L⊕a,W ) ∼= D(La, H0(La)).

Proof. The first statement follows at once from the lemma. For the second statement,
note that we have an exact sequence

0 −→M −→ W ⊗O −→ L⊕a −→ 0,

where M is a line bundle. But then M∗ ∼= detL⊕a ∼= La. We therefore have a dual
exact sequence

0 −→ (L⊕a)∗ −→W ∗ ⊗O −→ La −→ 0.

Since h0(La) = a + 1, this must be the defining exact sequence for D(La, H0(La)),
which completes the proof. �

Remark 3.6. In Corollary 3.5, for any subspace W of dimension a+1 which generates
L⊕a, the isomorphism class of (L⊕a,W ) is the same.

Lemma 3.7. Let (E, V ) be a coherent system and F a vector bundle. Suppose that F
is generated and that h0(F ∗) = 0. Then

Hom(D(F,H0(F )), (E, V ))

is isomorphic to the kernel of the homomorphism

Ψ : H0(F ) ⊗ V → H0(F ⊗E)

given by multiplication of sections.

Proof. We have an exact sequence of coherent systems

(12) 0 −→ (F ∗, 0) −→ (H0(F )∗ ⊗O, H0(F )∗) −→ D(F,H0(F )) −→ 0 .

Taking Hom((12), (E, V )), we get an exact sequence

0 −→ Hom(D(F,H0(F )), (E, V )) −→ Hom((H0(F )∗ ⊗O, H0(F )∗), (E, V ))
ψ

−→ Hom((F ∗, 0), (E, V )) −→ . . .

Now ψ can be identified with the natural linear map

Hom((H0(F )∗, V ) −→ Hom(F ∗, E)

and this in turn can be identified with Ψ. �

Corollary 3.8. Let (E, V ) be a coherent system of type (n, d, k) with h0(E∗) = 0 and
let

m = dim Hom(D(K,H0(K)), (E, V )).
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Then

k ≤ n+
1

g
(d− n+m).

Proof. Apply Lemma 3.7 with F = K. The condition h0(E∗) = 0 implies by Serre
duality that h0(K ⊗ E) = d+ n(g − 1). �

Remark 3.9. If E is a semistable bundle with 0 < d < 2n, then Hom(D(K), E) = 0
since D(K) is semistable of slope 2. So m = 0 and the corollary reduces to [12,
Chapitre 2, Théorème A.1].

We come now to the main result of this section. Although we have already proved
it in the case d < 2n, for completeness we state it for the whole range d ≤ 2n.

Proposition 3.10. Let (E, V ) be an α-stable coherent system of type (n, d, k) with
0 < d ≤ 2n. Then

k ≤ n+
1

g
(d− n)

except when d = 2n and

• C is not hyperelliptic and (E, V ) ∼= D(K,H0(K));
• C is hyperelliptic and (E, V ) ∼= (L⊕a,W ), where L is the hyperelliptic line

bundle, a ≤ g − 1 and W is a subspace of H0(L⊕a) of dimension a + 1 which
generates L⊕a.

Proof. For d < 2n, this follows at once from Lemma 3.1. So we can suppose d = 2n.
If E is stable, the proposition follows from the results of [14]. If E is not semistable,
the proof of Lemma 3.1 still works.

It remains to consider the case where E is strictly semistable with d = 2n. We can
certainly suppose that

(13) k > n +
1

g
(d− n) = n

(

1 +
1

g

)

.

By Corollary 3.8 this implies that there exists a non-zero homomorphism

(14) D(K,H0(K)) −→ (E, V ).

Suppose first that C is not hyperelliptic. Then D(K) is stable; since E is strictly
semistable, the homomorphism (14) must be injective and indeed

dim Hom(D(K,H0(K)), (E, V )) ≤ dim Hom(D(K), E) ≤
n

g − 1
.

Corollary 3.8 implies that

k ≤ n

(

1 +
1

g

)

+
n

g(g − 1)
=

ng

g − 1
.

But now

µα(D(K,H0(K))) = 2 + α
g

g − 1
≥ 2 + α

k

n
,

which contradicts the α-stability of (E, V ) unless (E, V ) ∼= D(K,H0(K)).
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If C is hyperelliptic, we have D(K) ∼= L⊕(g−1) and h0(L∗ ⊗E) ≤ n, so Corollary 3.8
gives

k ≤ n

(

1 +
1

g

)

+
1

g
n(g − 1) = 2n.

By (13), we deduce that there exists an integer a, 1 ≤ a ≤ g − 1 such that

n

(

1 +
1

a

)

≥ k > n

(

1 +
1

a+ 1

)

.

By Clifford’s Theorem (see [3, Theorem 2.1]), we have h0(E ⊗ La) ≤ (a+ 2)n; so

k · h0(La) = k(a+ 1) > n(a + 2) ≥ h0(E ⊗ La).

Hence, by Lemma 3.7, there exists a non-zero homomorphism of coherent systems

D(La, H0(La)) −→ (E, V ).

Now

µα(D(La, H0(La))) = 2 + α
a+ 1

a
≥ 2 + α

k

n
.

By Corollary 3.5, this contradicts the α-stability of (E, V ) unless

(E, V ) ∼= D(La, H0(La)) ∼= (L⊕a,W ),

where W is any subspace of H0(L⊕a) of dimension a+ 1 which generates L⊕a. �

4. Irreducibility of the moduli space for d ≤ 2n

In this section we prove that the moduli space G(α;n, d, k) is irreducible for 0 < d ≤
2n. We start with two lemmas.

Lemma 4.1. Suppose that (E, V ) is a coherent system of type (n, d, k) and consider
the exact sequence

(15) 0 → D∗ → V ⊗O → E → F ⊕ T → 0,

where D = DV (E), T is a torsion sheaf and F is a vector bundle. Suppose further that
Hom(D(K,H0(K)), (E, V )) = 0. Then

(a) h1(D) = 0;
(b) if F = 0, the Petri map at (E, V ) is injective.

Proof. (a) Suppose that h1(D) 6= 0. Then there is a non-zero morphism D → K.
Since V ∗ generates D, the map V ∗ → H0(K) is non-zero. Dualising we obtain a
diagram

0 → K∗ → H0(K)∗ ⊗O → D(K) → 0
↓ ↓ ↓

0 → D∗ → V ⊗O → E

and hence a non-zero morphism D(K,H0(K)) → (E, V ), contradicting the hypothesis.

(b) Tensor the sequence V ⊗ O → E → T → 0 with D and apply cohomology to
get an exact sequence

H1(D ⊗ V ) → H1(D ⊗ E) → 0.
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By (a), h1(D) = 0, which implies that h1(D ⊗ V ) = 0, hence h1(D ⊗ E) = 0. Now
dualise the sequence (15), with F = 0, to get

(16) 0 → E∗ → V ∗ ⊗O → D ⊕ T → 0.

Tensor this exact sequence with E to obtain the surjectivity of the map H1(E∗ ⊗
E) → V ∗ ⊗ H1(E). This map is dual to the Petri map at (E, V ), which is therefore
injective. �

Lemma 4.2. Let α > 0, d ≤ 2n and k ≤ n(1 + 1
g
). Let (E, V ) be an α-semistable

coherent system of type (n, d, k). Then

Hom(D(K,H0(K)), (E, V )) = 0.

Proof. We have

µα(D(K,H0(K))) = 2 + α
g

g − 1
> 2 + α

(

1 +
1

g

)

≥ µα(E, V ).

Since (K,H0(K)) and (E, V ) are both α-semistable, this implies that

Hom(D(K,H0(K)), (E, V )) = 0.

�

Now let (E, V ) be a coherent system and let E ′ be the (subsheaf) image of the
evaluation map V ⊗O → E. We can write E ′ = Ok2 ⊕G where h0(G∗) = 0. We have
a diagram (extending the sequence (15))

(17)

0 0 0
↓ ↓ ↓

0 → D∗ → V1 ⊗O → E1 → T1 → 0
↓ ↓ ↓ ↓

0 → D∗ → V ⊗O → E → F ⊕ T → 0
↓ ↓ ↓ ↓
0 → Ok2 → E2 → F ⊕ T2 → 0

↓ ↓ ↓
0 0 0

with exact rows and columns. Here F is a vector bundle and T , T1, T2 are torsion
sheaves. Writing V2 := H0(Ok2) ⊂ H0(E2), we can interpret (17) as an exact sequence
of coherent systems

(18) 0 → (E1, V1) → (E, V ) → (E2, V2) → 0.

Lemma 4.3. Let 0 < d ≤ 2n and k ≤ n + 1
g
(d − n). Suppose that (E1, V1), (E2, V2)

are of fixed types (n1, d1, k1), (n2, d2, k2) with E1 6= 0, E2 6= 0, h0(D∗) = 0. Suppose
further that h0(G∗) = 0, where G is the (sheaf-theoretic) image of V1 ⊗O in E1. Then
the diagrams (17) in which (E, V ) is α-stable for some α > 0 depend on fewer than
β(n, d, k) parameters.
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Proof. By Lemmas 4.1(a) and 4.2, h1(D) = 0. Hence, from the cohomology sequence
associated to the top row of (17), h1(D ⊗ E1) = 0; thus, by (7) and Serre duality,

Ext2((E1, V1), (E1, V1)) = H0(E∗
1 ⊗D∗ ⊗K)∗ = 0.

It follows by (8) that the local deformation space of (E1, V1) has dimension

x1 := β(n1, d1, k1) + dim End(E1, V1) − 1.

On the other hand, the Petri map of (E2, V2) is clearly injective, so (again by (8)), the
local deformation space of (E2, V2) has dimension

x2 := β(n2, d2, k2) + dim End(E2, V2) − 1.

We need to consider only those extensions (18) for which (E, V ) is α-stable for some
α. For fixed (E1, V1), (E2, V2), the group

Aut(E1, V1) × Aut(E2, V2)/{(λ, λ
−1) : λ ∈ C

∗}

acts freely on these extensions. Hence, in (18), (E, V ) depends on at most

x1 + x2 + dim Ext1((E2, V2), (E1, V1)) − (dim Aut(E1, V1) + dim Aut(E2, V2) − 1)

= β(n1, d1, k1) + β(n2, d2, k2) + dim Ext1((E2, V2), (E1, V1)) − 1(19)

parameters. Now, by (3), we have

dim Ext1((E2, V2), (E1, V1)) = C21 + dim H
0
21 + dim H

2
21.

Here H0
21 = Hom((E2, V2), (E1, V1)) = 0, since the existence of a non-zero homomor-

phism would imply that (E, V ) is not simple, in contradiction to [5, Proposition 2.2(ii)].
Moreover, by (7),

H
2
21 = H0(E∗

1 ⊗N2 ⊗K)∗,

where N2 is the kernel of the evaluation map V2 ⊗O → E2, which is clearly 0. So (19)
becomes

(20) β(n1, d1, k1) + β(n2, d2, k2) + C21 − 1.

So, to prove that the number given by (20) is less than β(n, d, k), it is enough by (6)
to prove that C12 ≥ 1. Now, by (5),

C12 = n2(n1 − k1)(g − 1) + (k1 − n1)d2 + d1n2 − k1k2

= (d1 − n1 + (n1 − k1)g)n2 + k1(n2 − k2) + d2(k1 − n1).(21)

We can now check that the third term in (21) is positive and the other two are non-
negative.

• Since h0(G∗) = 0 and G 6= 0, we have k1 > n1 and d1 > 0; also k2 ≤ n2, hence
k1
n1

> k2
n2

. Now α-stability of (E, V ) implies that d1
n1

< d2
n2

, hence d2 >
d1n2

n1

> 0.

So d2(k1 − n1) > 0.
• Since k2 ≤ n2, k1(n2 − k2) ≥ 0.
• Since Lemma 4.2 applies to (E, V ), it follows from (18) that

Hom(D(K,H0(K)), (E1, V1)) = 0.

Since also h0(E∗
1) = 0, it follows from Corollary 3.8 that k1 ≤ n1 + 1

g
(d1 − n1),

so d1 − n1 + (n1 − k1)g ≥ 0.
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This completes the proof of the lemma. �

Theorem 4.4. Suppose that 0 < d ≤ 2n and α > 0. If G(α;n, d, k) 6= ∅, then it is
irreducible. Moreover

(a) if k < n, the generic element of G(α;n, d, k) has the form

(22) 0 → V ⊗O → E → F → 0,

where F is a vector bundle with h0(F ∗) = 0;
(b) if k = n, the generic element of G(α;n, d, k) has the form

(23) 0 → V ⊗O → E → T → 0,

where T is a torsion sheaf;
(c) if k > n, the generic element of G(α;n, d, k) has the form

(24) 0 → D∗ → V ⊗O → E → 0,

i.e. (E, V ) is generated;
(d) dimG(α;n, d, k) = β(n, d, k) except when C is hyperelliptic and (n, d, k) =

(n, 2n, n+ 1) with n < g − 1.

Proof. Let Z be a component of G(α;n, d, k). Note that dimZ ≥ β(n, d, k).

(a) Suppose k < n. By Lemma 4.3, the generic element of Z must have (E1, V1) = 0
in (18), so we have

0 → V ⊗O → E → F ⊕ T → 0,

i.e. (E, V ) is injective in the sense of [4, Definition 2.1]. The result now follows from
[4, Theorem 3.3(iii)].

(b) Suppose k = n. By Lemma 4.3, the generic element of Z has the form (23).
Now the proof of [5, Theorem 5.6] applies to show that G(α;n, d, k) is irreducible.

(c) If k > n + 1
g
(d − n), then, by Proposition 3.10, G(α;n, d, k) consists of a single

point and (24) holds. So suppose n < k ≤ n + 1
g
(d − n). Then, by Lemma 4.3, the

generic element of Z has the form

(25) 0 → D∗ → V ⊗O → E → T → 0.

Moreover (25) splits into two sequences

(26) 0 → D∗ → V ⊗O → E ′ → 0

and

(27) 0 → E ′ → E → T → 0,

where E ′ is a vector bundle and T is a torsion sheaf.

Let
Z ′ := {(E, V ) ∈ G(α;n, d, k) : (E, V ) is generated}.

We shall prove that Z ′ is irreducible and that G(α;n, d, k) \ Z ′ is of dimension <
β(n, d, k). Since every component of G(α;n, d, k) has dimension ≥ β(n, d, k), this will
complete the proof.

If (E, V ) ∈ Z ′, then E ′ = E in (26). Dualising this sequence, we get

(28) 0 → E∗ → V ∗ ⊗O → D → 0,
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where h0(D∗) = 0 from (26) and h1(D) = 0 by Lemma 4.1(a). Moreover h0(E∗) = 0,
since otherwise there would exist a non-zero homomorphism E → O; since (E, V ) is
generated, this implies that (E, V ) has a direct summand (O, H0(O)), contradicting α-
stability. The bundles D of rank k−n and degree d for which h1(D) = h0(D∗) = 0 form
a bounded set of bundles and are therefore parametrised (not necessarily injectively)
by a variety X which is irreducible (or empty) (this follows from [1, Theorem 2], which
is essentially due to Serre, see also [15, Proposition 2.6]). Let D be the corresponding
flat family over X × C and πX : X × C → X the projection. Since H1(D) = 0 for all
D in this family, (πX)∗D is a vector bundle over X whose fibre over any point of X
corresponding to D is isomorphic to H0(D). Now consider the Grassmannian bundle
of subspaces V ∗ of dimension k of the fibres of (πX)∗D and the open subset Y of the
total space G of this bundle consisting of those V ∗ for which (D, V ∗) is generated. We
have then an exact sequence on Y × C

0 → E∗ → U → (π × idC)∗D → 0,

where U is the pullback to Y ×C of the universal subbundle on G and π : Y → X is the
projection. The pair (E ,U∗) is now a family of coherent systems on C parametrised
by the irreducible (or empty) variety Y . Since α-stability is an open condition, it
follows that Z ′ is the image of an open subset of Y by some morphism and is therefore
irreducible or empty.

Now let

Z ′′ := {(E, V ) ∈ G(α;n, d, k) : (E, V ) is generically generated}.

Then Z ′′ is an open subset of G(α;n, d, k) consisting of those (E, V ) which have the
form (25). By Lemma 4.3, G(α;n, d, k)\Z ′′ has dimension < β. It is therefore sufficient
to prove that dim(Z ′′ \Z ′) < β. In fact, if (E, V ) ∈ Z ′′ \Z ′ then, in the sequences (26)
and (27), T has length t > 0 and degE ′ = d − t. For fixed t, the extensions (26) are
classified by an open subset of a Quot-scheme Q. Tensoring (26) by D, we see from
Lemmas 4.1(a) and 4.2 that h1(D⊗E ′) = 0. It follows that the dimension of Q at the
point corresponding to (26) is

h0(D ⊗ E ′) = k(d− t) − n(k − n)(g − 1).

Taking account of the action of GL(V ) and (27), we see that the dimension of Z ′′ \Z ′

at (E, V ) is at most

k(d− t) − n(k − n)(g − 1) + nt− (k2 − 1) = β(n, d, k) − (k − n)t.

This completes the proof.

(d) For k ≤ n, it is clear from (22) and (23) that the Petri map is injective at the
generic point of G(α;n, d, k). For n < k < n + 1

g
(d − n), the same follows from (24)

and Lemmas 4.1 (b) and 4.2. Finally, for k > n + 1
g
(d − n), G(α;n, d, k) consists of

a single point and has rank n ≤ g − 1, d = 2n and k = n + 1 by Proposition 3.10;
moreover β(n, 2n, n+ 1) = 0 if and only if n = g − 1. �

Corollary 4.5. Suppose that 0 < d ≤ 2n. If GL(n, d, k) 6= ∅, then it is smooth, except
possibly when C is hyperelliptic and (n, d, k) = (n, 2n, n+ 1) with n < g − 1.
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Proof. For k ≤ n, this is proved in [5, Theorems 5.4 and 5.6]. For n < k ≤
n + 1

g
(d − n), every element of GL(n, d, k) has the form (25) by [5, Proposition 4.4].

The result follows from Lemmas 4.1(b) and 4.2.

Finally, suppose that k > n + 1
g
(d − n). Then GL(n, d, k) consists of a single point

(E, V ) by Proposition 3.10 and we have an exact sequence (24) with D a line bundle.
In the non-hyperelliptic case, D = K and E is a stable bundle of positive degree, so
h1(D⊗E) = 0. In the hyperelliptic case, D = La and E ∼= L⊕a for some a ≤ g−1, where
L is the hyperelliptic line bundle. Under our hypotheses, this means that a = g − 1,
so D ⊗ E ∼= (Lg)⊕(g−1) and again h1(D ⊗ E) = 0. It follows from (24) that the Petri
map is injective at (E, V ); hence GL(g − 1, 2g − 2, g) is smooth. �

Remark 4.6. If C is hyperelliptic and (n, d, k) = (n, 2n, n + 1), n < g − 1, the Petri
map cannot be injective for dimensional reasons. In this case β(n, 2n, n + 1) < 0
and GL(n, 2n, n + 1) consists of the single point D(Ln, H0(Ln)), but we do not know
whether or not it is reduced.

Corollary 4.7. Suppose 0 < d ≤ 2n. If B(n, d, k) 6= ∅, then it is irreducible.

Proof. Suppose 0 < d ≤ 2n and B(n, d, k) 6= ∅. Then certainly G0(n, d, k) 6= ∅.
So, by Theorem 4.4, G0(n, d, k) is irreducible. Moreover, if g ≥ 3, then β(n, d, k) ≤
n2(g − 1), so [5, Conditions 11.3] are satisfied and the result follows from [5, Theorem
11.4]. If g = 2 and k > d − n, the same argument works. If g = 2 and k ≤ d − n,
Riemann-Roch implies that B(n, d, k) = M(n, d) and is therefore irreducible. �

Remark 4.8. Corollary 4.7 is an improvement on results obtained in [12] and [4].

5. Non-emptiness

We turn now to the question of non-emptiness of the moduli spaces. We begin by
defining

U(n, d, k) := {(E, V ) ∈ GL(n, d, k) : E is stable}

and
Us(n, d, k) := {(E, V ) : (E, V ) is α-stable for α > 0, α(n− k) < d}.

Note that U(n, d, k) can be defined alternatively as

U(n, d, k) := {(E, V ) : E is stable and (E, V ) is α-stable for α > 0, α(n− k) < d}

and in particular U(n, d, k) ⊂ Us(n, d, k). In the converse direction, note that, if
(E, V ) ∈ Us(n, d, k), then E is semistable. However it is not generally true that
U(n, d, k) = Us(n, d, k) and we can have Us(n, d, k) 6= ∅, U(n, d, k) = ∅. Our object in
this section is to determine when these sets are non-empty.

We begin with a lemma.

Lemma 5.1. Suppose that 0 < d ≤ 2n, k > n and B(n, d, k) 6= ∅. Then U(n, d, k) 6= ∅.

Proof. If k > n+ 1
g
(d−n), then, by [3, 12, 14], the only possibilities for E ∈ B(n, d, k)

are as follows:

• if C is not hyperelliptic, E ∼= D(K);
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• if C is hyperelliptic, E ∼= L (the hyperelliptic line bundle).

The result follows from Corollary 3.4.

Suppose now that n < k ≤ n+ 1
g
(d−n) and that B(n, d, k) is non-empty. If (E, V ) is

a coherent system with E ∈ B(n, d, k), then (E, V ) ∈ G0(n, d, k). Hence, by Theorem
4.4(c), G0(n, d, k) is irreducible and its generic element has the form

(29) 0 → D∗ → V ⊗O → E → 0,

where h0(D∗) = 0; also h1(D) = 0 by Lemmas 4.1(a) and 4.2. As shown in the proof of
Theorem 4.4, these extensions are parametrised by an irreducible variety. By openness
of stability, the generic extension (29) has E stable as well as (E, V ) ∈ G0(n, d, k).
Furthermore D has rank k − n and its degree d satisfies

d ≥ g(k − n) + n ≥ g(k − n) +
d

2
,

so d ≥ 2g(k − n). Now any stable bundle D of this rank and degree is generated by
its sections and

h0(D) = d− (g − 1)(k − n) = d− g(k − n) − n + k ≥ k;

hence the generic extension (29) also has D stable.

Finally, let us see that (E, V ) ∈ GL(n, d, k) and hence (E, V ) ∈ U . Suppose that
(E, V ) 6∈ GL(n, d, k); then there is a proper coherent subsystem (E ′, V ′) such that
k′

n′
≥ k

n
. We can clearly suppose that (E ′, V ′) is generically generated. Since (E, V ) ∈

G0(n, d, k), we have d′

n′
< d

n
. Now let D′ := DV ′(E ′). We have (D′)∗ ⊂ D∗, but

d′

k′ − n′
<

dn′

n(k′ − n′)
≤

dn′

n′k − nn′
=

d

k − n
.

Since degD∗ = −d, deg(D′)∗ ≥ −d′, this contradicts the stability of D∗. �

We have a corresponding result for Us(n, d, k).

Complement 5.2. Suppose that 0 < d ≤ 2n, k > n and G0(n, d, k) 6= ∅. Then
Us(n, d, k) 6= ∅.

Proof. If k > n + 1
g
(d − n) and (E, V ) ∈ G0(n, d, k), then E is semistable and

Proposition 3.10 implies that (E, V ) is generated and k = n + 1. The result follows
from Lemma 3.3. If n < k ≤ n+ 1

g
(d− n), the proof of Lemma 5.1 still works. �

We are now ready to prove our main results on non-emptiness. We will state the
result separately for non-hyperelliptic and hyperelliptic curves and begin with a propo-
sition which applies in both cases.

Proposition 5.3. Suppose n ≥ 2 and 0 < d ≤ 2n. Then U(n, d, k) 6= ∅ if and only if
one of the following three conditions applies:

• 0 < d < 2n, k ≤ n+ 1
g
(d− n), (n, d, k) 6= (n, n, n);

• C is non-hyperelliptic, d = 2n and either k ≤ n + n
g

or (n, d, k) = (g − 1, 2g −

2, g);
• C is hyperelliptic, d = 2n and k ≤ n.
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Proof. For k ≤ n, this is proved in [4, Theorem 3.3(v)].

For k > n, the stated conditions are precisely those for which B(n, d, k) 6= ∅ [3, 12, 14]
and the result follows from Lemma 5.1. �

Theorem 5.4. Suppose that C is non-hyperelliptic of genus g ≥ 3, n ≥ 2 and 0 < d ≤
2n. Then U(n, d, k) 6= ∅ if and only if either

k ≤ n +
1

g
(d− n), (n, d, k) 6= (n, n, n)

or
(n, d, k) = (g − 1, 2g − 2, g).

In all other cases,

• G(α;n, d, k) = ∅ for all α > 0;
• B(n, d, k) = ∅.

Proof. The first part is just Proposition 5.3. The last part follows from Proposition
3.10. �

Theorem 5.5. Suppose that C is hyperelliptic, n ≥ 2 and 0 < d ≤ 2n. Then

(a) U(n, d, k) 6= ∅ if and only if either

0 < d < 2n, k ≤ n+
1

g
(d− n), (n, d, k) 6= (n, n, n)

or d = 2n, k ≤ n;
(b) if k > n, then

– U(n, 2n, k) = ∅;
– Us(n, 2n, k) 6= ∅ if and only if either k ≤ n+ n

g
or k = n+ 1 and 2 ≤ n ≤

g − 1.

In all other cases,

• G(α;n, d, k) = ∅ for all α > 0;
• B(n, d, k) = ∅.

We already have enough information to prove this except for showing that Us(n, 2n, k) 6=
∅ when n < k ≤ n+ n

g
. This will be done in the next section.

Remark 5.6. The case n = 1 has been explicitly excluded from these statements as
the results need modification. In this case the α-stability condition is redundant and
the triples for which 0 < d ≤ 2 for which U(1, d, k) 6= ∅ are (1, 1, 1), (1, 2, 1) and, for
C hyperelliptic, (1, 2, 2).

6. Proof of Theorem 5.5

In this section we suppose that C is hyperelliptic and L is the hyperelliptic line
bundle. We assume that n ≥ 2 and investigate by a sequence of propositions the case

(30) d = 2n, n < k ≤ n+
n

g
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Proposition 6.1. Suppose C is hyperelliptic. Then Us(n, 2n, n+ 1) 6= ∅.

Proof. Let E = L⊕n. Then E is generated and we can choose a subspace V of
H0(E) of dimension n + 1 such that (E, V ) is generated. The result follows from
Lemma 3.3. �

Remark 6.2. Proposition 6.1 applies even when n + 1 > n + n
g
, in which case it has

already been proved in Corollary 3.5.

Now suppose that k ≥ n + 2 and write k = n + r, so that (30) becomes

d = 2n, 2 ≤ r ≤
n

g
.

Proposition 6.3. Suppose C is hyperelliptic and 2 ≤ r ≤ n−2
g

. Then Us(n, 2n, n+r) 6=

∅.

Proof. We consider extensions

(31) 0 −→ (E1, V1) −→ (E, V ) −→ (E2, V2) −→ 0,

where (E1, V1) has type

(n1, d1, k1) = (n− 1, 2n− 3, n+ r − 1)

and (E2, V2) has type (1, 3, 1). Certainly (E2, V2) ∈ U(1, 3, 1). On the other hand
d1 < 2n1 and

(32) k1 = n1 + r ≤ n1 +
n− 2

g
= n1 +

1

g
(d1 − n1).

So, by Proposition 5.3, we can choose (E1, V1) ∈ U(n1, d1, k1). To show that there exist
non-trivial extensions (31), it is sufficient to prove that C21 > 0. In fact, by (4),

C21 = n1(n2 − k2)(g − 1) + (k2 − n2)d1 + d2n1 − k1k2

= 3(n− 1) − (n+ r − 1) = 2n− 2 − r ≥ 2n− 2 −
n− 2

g
> 0.(33)

Suppose now that (31) is non-trivial. If αc = n
r
, then

µαc
(E1, V1) =

2n− 3

n− 1
+
n

r
·
n + r − 1

n− 1
= 3 +

n

r
= µαc

(E2, V2).

Since µα−

c
(E1, V1) < µα−

c
(E2, V2), it follows from Proposition 2.5 that (E, V ) is α−

c -
stable.

Now consider the extension of bundles

(34) 0 −→ E1 −→ E −→ E2 −→ 0

underlying (31) and suppose first that this extension is non-trivial. If F is a subbundle
of E which contradicts semistability, then certainly F 6⊂ E1. Moreover, if F → E2 is
not surjective, then we have an extension

0 −→ F1 −→ F −→ F2 −→ 0
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with deg F2 ≤ 2 and F1 ⊂ E1, so µ(F ) < 2. It follows that, to contradict semistability
of E, we must have

0 −→ F1 −→ F −→ E2 −→ 0.

Moreover F1 6= 0 since (34) does not split. Since E1 is stable, µ(F1) < µ(E1) < 2, so

degF1 ≤ 2 rkF1 − 1, degF = degF1 + 3 ≤ 2 rkF.

So E is semistable.

To complete the proof in this case, it is sufficient by Complement 5.2 to show that
(E, V ) ∈ U0(n, 2n, n + r). If this is not the case, there exists a proper coherent
subsystem (F,W ) of type (nF , dF , kF ) of (E, V ) with dF = 2nF and kF

nF

≥ n+r
n

. But in

this case (E, V ) cannot be α-stable for any α > 0, contradicting the fact that (E, V )
is α−

c -stable.

It remains to prove that there exist extensions (31) such that (34) does not split.
Now, by [6, Corollaire 1.6] (see also [5, equation (7)]), we have an exact sequence

Hom(V2, H
0(E1)/V1) −→ Ext1((E2, V2), (E1, V1)) −→ Ext1(E2, E1).

It is therefore sufficient to prove that

dim Ext1((E2, V2), (E1, V1)) > dim Hom(V2, H
0(E1)/V1).

Now, by (33),
dim Ext1((E2, V2), (E1, V1)) ≥ C21 = 2n− 2 − r,

while
dim Hom(V2, H

0(E1)/V1) = h0(E1) − (n+ r − 1).

By [12, Chapitre 2, Théorème A.1], we have

h0(E1) ≤ n1 +
1

g
(d1 − n1) = n− 1 +

n− 2

g
,

so

dim Hom(V2, H
0(E1)/V1) <

n− 2

g
− r < C21 ≤ dim Ext1((E2, V2), (E1, V1)).

�

Remark 6.4. It is perhaps of interest to note that the coherent systems (E, V ) con-
structed in this proof are not themselves in Us(n, 2n, n + r). We need to use Com-
plement 5.2 to prove the proposition. Moreover the hypothesis r ≤ n−2

g
is used in an

essential way (see (32)) and the method of proof does not work without it; in fact,
without the hypothesis, there are no flips.

It remains to consider the cases r = n−1
g

and r = n
g
. In other words, we have two

cases
n = gr + 1, r ≥ 2

and
n = gr, r ≥ 2.

Proposition 6.5. Suppose C is hyperelliptic and r ≥ 2. Then Us(gr+1, 2gr+2, gr+
r + 1) 6= ∅.
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Proof. We consider extensions

(35) 0 −→ (E1, V1) −→ (E, V ) −→ (E2, V2) −→ 0,

where (E2, V2) ∼= D(Lg−1, H0(Lg−1)) and

(E1, V1) ∈ Us(g(r − 1) + 2, 2g(r − 1) + 4, g(r − 1) + r + 1),

which is non-empty by Propositions 6.1 and 6.3. By Theorem 4.4(c), we can suppose
further that (E1, V1) is generated. Note also that (E2, V2) is generated and has the
form (L⊕(g−1), V2) with dimV2 = g, and belongs to Us(g − 1, 2g − 2, g) by Corollary
3.5.

We show first that there exists a non-trivial extension (35). In fact, by (4),

C21 = n1(n2 − k2)(g − 1) + (k2 − n2)d1 + d2n1 − k1k2

= −n1(g − 1) + 2n1g − k1g

= n1 + g(n1 − k1) = g(r − 1) + 2 − g(r − 1) = 2.

From now on we suppose that (35) is non-trivial. Let (E ′, V ′) be a coherent subsys-
tem of (E, V ) of type (n′, d′, n′ + r′) which contradicts 0+-stability. Then certainly E ′

is semistable of slope 2, so d′ = 2n′, and

(36)
r′

n′
≥
r

n
=

r

gr + 1
.

From (35), we have an extension

(37) 0 −→ (E ′
1, V

′
1) −→ (E ′, V ′) −→ (E ′

2, V
′
2) −→ 0.

Since E1, E2 are semistable of slope 2, so are E ′
1 and E ′

2. For i = 1, 2, denote the type
of (E ′

i, V
′
i ) by (n′

i, 2n
′
i, n

′
i + r′i). Note that n′

1 6= 0, for otherwise (37) would contradict
(36) except when (E ′

2, V
′
2) = (E2, V2), in which case it would split the sequence (35).

Since (E1, V1) is 0+-stable, we have

(38)
r′1
n′

1

<
r1
n1

=
r − 1

g(r − 1) + 2
.

If (E ′
2, V

′
2) 6= (E2, V2), then r′2 ≤ 0; this, together with (38), contradicts (36). Hence

(37) becomes

0 −→ (E ′
1, V

′
1) −→ (E ′, V ′) −→ (E2, V2) −→ 0,

from which it follows that

n′
1 = n′ − g + 1, r′1 = r′ − 1.

A simple calculation shows that equations (36) and (38) can be written as

(39) n′
1 ≤ r′1g + 1 +

r′

r

and

(40) n′
1 > r′1g +

2r′1
r − 1

.
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Since r′ < r, (39) implies that n′
1 < r′1g + 2. By equation (40), this is only possible

when

(41) n′
1 = r′1g + 1, r′1 <

r − 1

2
.

Note that (E ′
1, V

′
1) is a coherent subsystem of (E1, V1). We must have V ′

1 = V1 ∩
H0(E ′

1), otherwise we could replace V ′
1 by a subspace of H0(E ′

1) of greater dimension,
which would contradict (40). Thus we have an extension

(42) 0 −→ (E ′
1, V

′
1) −→ (E1, V1) −→ (F,W ) −→ 0.

We now count parameters to show that the (E1, V1) occurring in an extension (42) are
not generic.

We begin with two lemmas.

Lemma 6.6. (E ′
1, V

′
1) is generically generated and 0+-stable.

Proof. If r′1 = 0, then, by (41), (E ′
1, V

′
1) has type (1, 2, 1) and the result is immediate.

So suppose r′1 ≥ 1.

If (E ′
1, V

′
1) is not generically generated, it possesses a coherent subsystem (E ′′

1 , V
′
1)

with rkE ′′
1 ≤ n′

1 − 1 = r′1g. By α-stability of (E1, V1) for large α, this implies

r′1g + 1 + r′1
r′1g

≤
g(r − 1) + r + 1

g(r − 1) + 2
,

which is evidently false. On the other hand, if (E ′
1, V

′
1) is not 0+-stable, there exists a

proper coherent subsystem (E ′′
1 , V

′′
1 ) of type (n′′

1, 2n
′′
1, n

′′
1 + r′′1) such that

r′′1
n′′

1

≥
r′1
n′

1

=
r′1

r′1g + 1
,

i. e.

(43) n′′
1 ≤ r′′1

(

g +
1

r′1

)

.

By α-stability of (E1, V1), we have also

r′′1
n′′

1

<
r − 1

g(r − 1) + 2
,

i. e.

(44) n′′
1 > r′′1

(

g +
2

r − 1

)

.

Now n′′
1 < n′

1, so

r′′1

(

g +
2

r − 1

)

< n′
1 − 1 = r′1g.

Hence r′′1 < r′1 and (43) and (44) give a contradiction. �

Lemma 6.7. Hom(D(K,H0(K)), (F,W )) = 0.
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Proof. Suppose that φ : D(K,H0(K)) → (F,W ) is a non-zero homomorphism.
Since D(K,H0(K)) is α-stable for α > 0, and F is semistable of slope 2, the image of
φ is a coherent subsystem (F ′,W ′) of type (nF ′, 2nF ′, nF ′ + rF ′) of (F,W ) with

(45) nF ′ ≤ g − 1, rF ′ ≥ 1.

The pullback of (F ′,W ′) to (E1, V1) in (42) has type

(nF ′ + n′
1, 2(nF ′ + n′

1), nF ′ + rF ′ + n′
1 + r′1).

Now α-stability of (E1, V1) gives

rF ′ + r′1
nF ′ + n′

1

≤
r − 1

g(r − 1) + 2
,

i. e.

nF ′ + n′
1 ≥ (rF ′ + r′1)

(

g +
2

r − 1

)

.

Since n′
1 = r′1g + 1 by (41), this is equivalent to

nF ′ + 1 ≥ rF ′

(

g +
2

r − 1

)

+
2r′1
r − 1

.

This contradicts (45). �

For our parameter count, we now establish three claims.

Claim 6.8. For fixed (E ′
1, V

′
1), (F,W ), the non-trivial extensions (42) for which (E1, V1)

is generated and α-stable for some α depend on at most

C
(42)
21 − dim Aut(F,W )

parameters, where C
(42)
21 denotes the value of C21 for the extensions (42).

Proof. By (3), we have

dim Ext1((F,W ), (E ′
1, V

′
1)) = C

(42)
21 + dim H

0
21 + dim H

2
21,

where

H
0
21 = Hom((F,W ), (E ′

1, V
′
1)), dim H

2
21 = Ext2((F,W ), (E ′

1, V
′
1)).

Now H0
21 = 0 since otherwise (42) would give a contradiction to the α-stability of

(E1, V1). On the other hand, by (7) and Serre duality,

H
2
21

∼= H1(E ′
1 ⊗N∗

2 ),

where N2 is defined by an exact sequence

0 −→ N2 −→W ⊗O −→ F −→ 0.

(Note that (F,W ) is generated since (E1, V1) is.) By Lemmas 6.7 and 4.1(a), we have
h1(N∗

2 ) = 0. By Lemma 6.6, we have an exact sequence

0 −→ N1 −→ V ′
1 ⊗O −→ E ′

1 −→ T1 −→ 0,

where T1 is a torsion sheaf. Hence h1(E ′
1 ⊗ N∗

2 ) = 0. Finally, since we are assuming
(E1, V1) is α-stable for some α, the action of Aut(F,W ) on the extensions (42) is free.
The result follows. �
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Claim 6.9. (E ′
1, V

′
1) depends on at most

β(n′
1, 2n

′
1, k

′
1)

parameters.

Proof. Since (E ′
1, V

′
1) is 0+-stable by Lemma 6.6, it is sufficient to show that the

Petri map is injective. This follows from Lemmas 4.1(b) and 4.2 and (41). �

Claim 6.10. (F,W ) depends on at most

β(n1 − n′
1, 2n1 − 2n′

1, k1 − k′1) + dim Aut(F,W ) − 1

parameters.

Proof. By (8), it is sufficient to show that

dim Ext1((F,W ), (F,W )) ≤ β(n1 − n′
1, 2n1 − 2n′

1, k1 − k′1) + dim Aut(F,W ) − 1.

This is equivalent to proving that the Petri map of (F,W ) is injective, which follows
from Lemmas 6.7 and 4.1(b). �

Completion of proof of Proposition 6.5. By the above claims and (6), the (E1, V1)
for which (E ′

1, V
′
1) exists satisfying (39) and (40) depend on at most

β(n1, 2n1, k1) − C
(42)
12

parameters. If C
(42)
12 > 0, it follows that the general (E1, V1) contains no (E ′

1, V
′
1)

with these properties. Hence (E, V ) contains no subsystem (E ′, V ′) contradicting 0+-
stability. The result then follows from Complement 5.2.

It remains to calculate C
(42)
12 . In fact, by (5),

C
(42)
12 = (n1 − n′

1)(n
′
1 − k′1)(g − 1) + 2(n1 − n′

1)(k
′
1 − n′

1) + 2n′
1(n1 − n′

1) − k′1(k1 − k′1)

= (n1 − n′
1)[(n

′
1 − k′1)(g − 1) + 2k′1] − k′1(k1 − k′1)

= (g(r − 1 − r′1) + 1)(−r′1)(g − 1) + k′1(2n1 − 2n′
1 − k1 + k′1)

= −(r − 1 − r′1)(g − 1)r′1g − r′1(g − 1) + (r′1(g + 1) + 1)((g − 1)(r − 1 − r′1) + 1)

= (r − 1 − r′1)(g − 1)(r′1 + 1) + 2r′1 + 1 > 0.

�

Proposition 6.11. Suppose C is hyperelliptic and r ≥ 2. Then Us(gr, 2gr, gr+r) 6= ∅.

Proof. The proof is similar to that of Proposition 6.5; we outline below the necessary
changes.

We consider sequences (35), where (E2, V2) ∼= D(K,H0(K)) as before, and now

(E1, V1) ∈ Us(g(r − 1) + 1, 2g(r− 1) + 2, g(r− 1) + r).

This space is non-empty by Propositions 6.1 and 6.5. We have

C21 = n1 + g(n1 − k1) = 1,
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so non-trivial extensions (35) exist. After modifying (36) and (38), we proceed to (39)
and (40), which become

n′
1 ≤ r′1g + 1, n′

1 > r′1g +
r′1

r − 1
.

So again n′
1 = r′1g + 1, where now r′1 < r − 1.

The proofs of Lemmas 6.6 and 6.7 are the same as before, replacing g(r− 1) + 2 by
g(r + 1) + 1 with consequential changes which don’t affect the argument. The only

remaining thing to be checked is that C
(42)
12 > 0. In fact

C
(42)
12 = (n1 − n′

1)[(n
′
1 − k′1)(g − 1) + 2k′1] − k′1(k1 − k′1)

= g(r − 1 − r′1)(−r
′
1)(g − 1) + k′1(2n1 − 2n′

1 − k1 + k′1)

= −(r − 1 − r′1)(g − 1)r′1g + (r′1(g + 1) + 1)(g − 1)(r − 1 − r′1)

= (r − 1 − r′1)(g − 1)(r′1 + 1) > 0.

�

Proof of Theorem 5.5. (a) is just Proposition 5.3. (b) follows from Propositions 6.1,
6.3, 6.5 and 6.11 in the case k ≤ n + n

g
and from Corollary 3.5 if k > n + n

g
. The last

part follows from Proposition 3.10. �

7. An example with d > 2n

We have seen that, when d < 2n and k > n and α-stable coherent systems exist for
some α (i. e. when (9) holds), then there exist coherent systems (E, V ) such that E
is stable and (E, V ) is α-stable for all α > 0. The same applies when d = 2n if C is
not hyperelliptic. If C is hyperelliptic of genus g ≥ 3 and a ≥ 2, the coherent systems
(L⊕a,W ) of type (a, 2a, a+ 1) are α-stable for all α by Corollary 3.5, but L⊕a is only
semistable. Moreover, when d ≤ 2n, there is no case in which there exist semistable
bundles but α-stable coherent systems do not exist for large α. The object of this
section is to construct such examples, necessarily with d > 2n.

Lemma 7.1. Suppose (E, V ) is a coherent system of type (n, d, k) with

(46) n +
1

g
(d− n) < k <

ng

g − 1
.

Then (E, V ) is not α-semistable for large α.

Proof. Suppose (46) is satisfied. By Corollary 3.8, there exists a non-zero homomor-
phism

D(K,H0(K)) −→ (E, V ).

By Corollaries 3.4 and 3.5, D(K,H0(K)) is α-stable for all α > 0. Moreover

µα(D(K,H0(K))) = 2 + α
g

g − 1
>
d

n
+ α

k

n

for sufficiently large α by (46). This contradicts the α-semistability of (E, V ) for large
α. �
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Proposition 7.2. Suppose that C is not hyperelliptic and 3 ≤ r ≤ g − 1. Then there
exists a coherent system (E, V ) of type

(47) (rg − r + 1, 2rg − 2r + 3, rg + 1)

with E stable. Moreover (46) is satisfied.

Proof. It is clear that (46) follows from (47) and the assumption r ≥ 3.

Consider the extensions

(48) 0 −→ D(K)⊕r ⊕O(p1, p2) −→ E −→ Oq −→ 0,

where p1, p2, q ∈ C. We take V to be the image of H0(D(K)⊕r ⊕O(p1, p2)) in H0(E).
The fact that (E, V ) is of type (47) is clear. Since D(K) and O(p1, p2) are both stable
of slope 2, E fails to be stable only if it admits either D(K) or O(p1, p2) as a quotient.
Equivalently E fails to be stable only if some factor of D(K) or O(p1, p2) splits off
(48). Now the extensions (48) are classified by elements

e = (e1, . . . , er, er+1) ∈ Ext1(Oq, D(K)⊕r ⊕O(p1, p2))

= Ext1(Oq, D(K))⊕r ⊕ Ext1(Oq,O(p1, p2)).

Since D(K) and O(p1, p2) are stable and non-isomorphic, it follows that E is stable if
e1, . . . , er are linearly independent and er+1 6= 0. Since

dim Ext1(Ox, D(K)) = g − 1,

it is possible to choose such e1, . . . er, er+1 whenever r ≤ g − 1. This completes the
proof. �
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moduli spaces of coherent systems on algebraic curves, Internat. J. Math. 18 (2007), 411–453.
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