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Twisted bilayer graphene (TBLG) subject to a sequence of commensurate external periodic potentials reveals
the formation of moiré fractals that share striking similarities with the central place theory (CPT) of economic
geography, thus uncovering a remarkable connection between twistronics and the geometry of economic
zones. The moiré fractals arise from the self-similarity of the hierarchy of Brillouin zones (BZ) so formed,
forming a nested subband structure within the bandwidth of the original moiré bands. The fractal generators
for TBLG under these external potentials are derived and we explore their impact on the hierarchy of the
BZ edges. Furthermore, we uncover parallels between the modification of the BZ hierarchy and magnetic
BZ formation in the Hofstadter butterfly, allowing us to construct an incommensurability measure for moiré
fractals as a function of the twist angle. The resulting band structure hierarchy bolsters correlation effects,
pushing more bands within the same energy window for both commensurate and incommensurate structures.

Fractals are ubiquitous, spanning from the natural fractals
of Romanesco broccoli to abstract fractals such as the Man-
delbrot set [1, 2]. These structures display an infinite nesting
pattern, with parts that vary in concentration, demonstrat-
ing self-similarity across different analytical scales. Iterated
function systems (IFSs) are a common and general way of
generating fractals. Many unusual geometries turn out to be
the attractor [3] of these IFSs, such as the Koch curve. The
procedure of generating such iterated fractals involves a gen-
erator and a starting shape that is called an initiator. The
generator is then applied to the initiator recursively, which
finally provides the associated attractor. Of particular inter-
est in this work are iterated fractals whose key features are
embedded in the quadratic equation

𝑥2 + 𝛽𝑥 −
(
𝐿𝑁 − 𝛽2

)
/3 = 0, (1)

where for a natural number 𝛽 if (1) has a discriminantD ∈ Z,
𝐿𝑁 forms a set of natural numbers generating the points of
a triangular lattice with integral coordinates [4] as shown in
FIG. 1(a). Therein the intersections of 𝑥 ∈ Z+ lines parallel to
the 𝑌 -axis, with the 𝛽 lines that are parallel to 𝑋 = 𝑌 (corre-
sponding to 𝛽 = 0) give the coordinates of the location of the
𝐿𝑁 . 𝛽 can be interpreted as the distance of the 𝛽-rays from the
𝑋 = 𝑌 -line, while 𝐿𝑁 uniquely characterize the intersection
points of the 𝑥 and 𝛽-rays.
In this work we show that for a given 𝐿𝑁 and 𝛽 combina-

tion, Eq.(1) describes an emergent fractality when commen-
surate or incommensurate moiré patterns in twisted bilayer
graphene (TBLG) [6–34] are subjected to a sequence of peri-
odic potentials as shown in FIG. 1(b), having the same moiré
periodicity of the structures on which they are applied, but
rotated (twisted) relatively by a specific angle that restores
the commensuration between the applied potential and the
subjected structure. The edges of the first Brillouin zone
(FBZ) formed in this sequential process at each iteration form
a fractal (see for example FIGS. 3, 5) whose dimensions are de-
termined by 𝐿𝑁 , which in this case is the number of unit cells
in a newly formed BZ which fits a unit cell of the preceding
BZ at each iteration. The shape of the corresponding fractal
generator is determined by 𝛽 .

We also demonstrate that the emergent fractality described
by Eq.(1) which arises from the application of the sequence of
superlattice potentials is geometrically similar to the hierar-
chy and fractality observed in the central place theory (CPT)
of economic geography used to describe the economically-
motivated agglomeration of trade zones around human set-
tlements, pioneered by Walter Christaller [35] and subse-
quently by Augustine Lösch [36]. The link between the
aforementioned geometric fractals in the context of moiré
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FIG. 1: (a) Shows the quantities 𝐿𝑁 , 𝛽 and 𝑥 over a triangular coor-
dinate system (the 𝑋 - and 𝑌 -axis are tilted at 60◦ with each other).
𝛽 identifies the line along which a given Löschian number 𝐿𝑁 exists
and the 𝑥-lines give the x-coordinates. This scheme also classifies
the different types of commensurate structures as described in the
text. (b) The real-space creation of each iteration is shown. TBLG
is created by stacking graphene layers, with the top layer being the
zeroth iteration 𝑗 = 0 and the bottom layer being the next iteration
𝑗 = 1. The subsequent iteration, i.e., 𝑗 = 2 is created by applying
a 𝑧-independent external periodic potential identically to both the
graphene layers. (c) Shows the𝐾 = 3 central place hierarchy (since a
hexagon of each layer encloses three hexagons of an adjacent layer)
where each layer corresponds to a particular order of settlement [5].
In the present work 𝐿𝑁 plays the role of 𝐾 .
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band engineering and the geometry of CPT becomes appar-
ent when a relatively large net of densely packed hexagonal
trade areas, where each hexagon is centered on a large settle-
ment, is stacked on other nets with hexagonal cells of fixed
area within a layer, but with trade areas varying from layer
to layer such that each smaller trade area represents smaller
settlements [35–41] as shown in FIG. 1(c). This draws a close
analogy with the well known Hofstadter butterfly [42, 43]
which provides a theory describing the topological origins of
the quantum Hall effect through the ground-breaking work
of TKNN [44, 45]. We exploit this analogy to construct a mea-
sure of incommensuration for such a moiré structure. In the
CPT literature 𝐿𝑁 were termed as the Löschian numbers (LN)
[46]. We shall demonstrate that the application of a sequence
of moiré potentials on TBLG, forms a CPT fractal off its hi-
erarchy of BZ edges, and substantiate these findings via the
microscopic model of TBLG and present our results.

The rapid progress in the fabrication of two-dimensional
(2D) layered materials such as TBLG has stimulated interest
in the study of the effect of substrates [47–50]. These may be
considered as perturbations to TBLG via an external periodic
potential [51–53]. The application of a sequence moiré exter-
nal potentials (mEP) to TBLG (FIG. 1(a)) leads to a commen-
surate structure between the mEP at each 𝑗-th iteration and
the TBLG with all the potentials upto the ( 𝑗 − 1)-th iteration.
The Hamiltonian considered for the 𝑗-th level of iteration is

𝐻𝑗 =
ℎ̂k (𝜃/2) +

∑𝑗

𝑖=1𝑉𝑖 (r) 𝑇 (r)
𝑇 † (r) ℎ̂k (−𝜃/2) +

∑𝑗

𝑖=1𝑉𝑖 (r)
 (2)

In the diagonal, ℎ̂k (𝜃 ) = 𝑣𝐹 σ𝜃 ·
(
k̂ −K𝜃

)
is the Hamilto-

nian [54] of pristine graphene rotated by an angle 𝜃 , where
𝑣𝐹 [55] is the Fermi velocity, and K𝜃 is the wave vector of
the rotated Dirac point in the right valley. The transformed
Pauli matrices σ𝜃 = 𝑒−𝑖𝜎𝑧𝜃/2

(
𝜎𝑥 , 𝜎𝑦

)
𝑒𝑖𝜎𝑧𝜃/2 account for the

rotation. The spatially dependent interlayer hopping matrix
is 𝑇 (r) = ∑

𝑖=1,2,3𝑇𝑖 𝑒
−𝑖q𝑖 ·r , where the q-vectors are the basis

vectors of the moiré Brillouin zone (mBZ) of the TBLG. The
coefficient matrices in the interlayer coupling matrix 𝑇 (r)
are the interlayer tunneling matrices [10, 56–58]. The exter-
nal potential𝑉𝑗 (r) is periodic as𝑉 (r +𝑛1 t𝑗1 +𝑛2 t

𝑗

2) = 𝑉𝑗 (r),
where the two primitive vectors are t( 𝑗 )

𝑖
= [R(𝜃 )] a( 𝑗−1)

𝑖
for

both 𝑖 = 1, 2. Here 𝜃 = 𝜃𝑟 corresponds to the specific twist
angle between the moiré pattern and the external potential
and at which the commensurability of the resulting structure
is restored. The 2 × 2 matrix R(𝜃𝑟 ) is a two-dimensional ro-
tation matrix at these commensurate twist angles. The con-
dition for commensuration under such rotation that maps an
integer pair {𝑛1, 𝑛2} to {𝑚1,𝑚2}, both in the unit of lattice
vectors, becomes

𝑚1
𝑚2

 =


cos(𝜃𝑟 ) − 𝜖 cot(𝜙) sin(𝜃𝑟 ) −𝜖 𝑎

( 𝑗−1)
2

𝑎
( 𝑗−1)
1 sin(𝜙 )

sin(𝜃𝑟 )

𝜖
𝑎
( 𝑗−1)
1

𝑎
( 𝑗−1)
2 sin(𝜙 )

sin(𝜃𝑟 ) cos(𝜃𝑟 ) + 𝜖 cot(𝜙) sin(𝜃𝑟 )


𝑛1𝑛2 (3)

where 𝜖 = sgn
[(
a( 𝑗−1)
1 × a( 𝑗−1)

2

)
𝑧

]
, 𝑎 ( 𝑗−1)1 =

���a( 𝑗−1)
1

���
and 𝑎 ( 𝑗−1)2 =

���a( 𝑗−1)
2

��� and 𝜙 is the angle between a( 𝑗−1)
1

and a( 𝑗−1)
2 . When the basic lattice structure is hexagonal,

𝑎
( 𝑗−1)
1 = 𝑎

( 𝑗−1)
2 and 𝜙 = 𝜋/3. For integer solutions𝑚1,𝑚2, 𝑛1

and 𝑛2, the necessary and sufficient condition demands these
matrix elements to assume only rational values [11, 59], thus
leading to a set of Diophantine equations.

In the process of creating this sequence of potentials as
shown in FIG. 1, the potential 𝑉1 (r) = 0 at the first iteration,
𝑗 = 1 is such that 𝐻1 in (2) becomes the standard Hamilto-
nian of the TBLG while the potentials for 𝑗 ≥ 2 are non-zero.
For the next iteration 𝑗 = 2, the potential 𝑉2 (r) is periodic
with primitive vectors t(2)

𝑖
= [R(𝜃𝑟 )] a𝑐

𝑖 for 𝑖 = 1, 2, where
a𝑐
𝑖 are the primitive vectors of the commensurate TBLG. The

solution of Eq. (3) by mapping a lattice point (𝑛1, 𝑛2) of the
lattice spanned by the primitive vectors

{
a𝑐
1,a

𝑐
2
}
to the point

(𝑚1,𝑚2) of the lattice spanned by the primitive vectors of the
potential

{
t(2)1 , t(2)2

}
provides the primitive vectors of their

commensuration, i.e.,
{
a(2)
1 ,a(2)

2

}
. Following a similar proce-

dure, the potential𝑉𝑗 (r) at the 𝑗th-level of iteration for 𝑗 ≥ 2
is periodic with vectors t( 𝑗 )

𝑖
= [R(𝜃𝑟 )] a( 𝑗−1)

𝑖
. At this stage

the commensurate structure of the potential 𝑉𝑗 (r) and the
structure upto the ( 𝑗 − 1)th-level is spanned by the vectors{
a( 𝑗 )
1 ,a( 𝑗 )

2

}
. To see the consequences of this stack of exter-

nal potentials a simple cosine potential with only six Fourier
components is employed as,

𝑉𝑖 (r) = 2𝑉0
[
cos

(
G(𝑖 )

1 · r
)
+ cos

(
G(𝑖 )

2 · r
)
+ cos

(
G(𝑖 )

3 · r
)]
(4)

where G(𝑖 )
3 = −G(𝑖 )

1 − G(𝑖 )
2 and G(𝑖 )

1 and G(𝑖 )
2 are the

reciprocal-lattice vectors which are defined such that t( 𝑗 )
𝑖

·
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G( 𝑗 )
𝑘

= 2𝜋𝛿𝑖𝑘 ∀ 𝑖, 𝑘 = 1, 2 and 𝑉0 is the strength of the po-
tential. It has been pointed out that the intrinsic Coulomb
interactions can be modeled using such an onsite mEP hav-
ing the same periodicity as that of the moiré pattern [60–63]
at least as a starting ansatz for a self-consistent calculation.

Eq. (3) demonstrates that each commensuration of either
TBLG or TBLG plus the mEPs is characterized by two inte-
gers (𝑞, 𝑝), where 𝑞 ≥ 𝑝 > 0 are each co-prime. Each (𝑞, 𝑝)
leads to an 𝐿𝑁 given by ( for details see appendix )

𝐿𝑁 =

���b( 𝑗−1)1 × b( 𝑗−1)2

������b( 𝑗 )1 × b( 𝑗 )2

��� = 𝑝21 + 𝑝22 + 𝑝1 𝑝2 (5)

where b( 𝑗 )
𝑖

are the reciprocal-lattice vectors that are defined
as a( 𝑗 )

𝑖
· b( 𝑗 )

𝑘
= 2𝜋𝛿𝑖𝑘 ∀ 𝑖, 𝑘 = 1, 2 and 𝑝1 = 𝑝1 (𝑝, 𝑞) and

𝑝2 = 𝑝2 (𝑝, 𝑞) which are both positive integers. For the con-
sidered a hexagonal lattice structure, the integer 𝑝2 can be
written as 𝑝1 + 𝛽 such that 𝐿𝑁 with 𝛽 = 0 lie on the 𝑋 = 𝑌

line and the numbers with 𝛽 > 0 lie on the lines that are
parallel to 𝑋 = 𝑌 as shown in FIG. 1(a). This substitution
converts Eq. (5) straightforwardly into Eq.(1). Thus each 𝐿𝑁
lies on an intersection point of the 𝑥- and 𝛽-rays as shown
in FIG. 1(a) such that the corresponding values of 𝑥 and 𝛽
of the intersection points satisfy Eq. (1). For each 𝐿𝑁 and
some 𝛽 , the cardinal number 𝑛𝑐 of an iterated function sys-
tem𝑊 = {𝑤𝑛 : 𝑛 = 1, 2, . . . , 𝑛𝑐 } (IFS) is obtained using 𝐿𝑁 and
𝛽 , where𝑤𝑛 are defined as the affine transformations. For the
present case, the BZ of SLG (one of the constituting layers in
TBLG) is the initiator𝐴0. The application of𝑊 on one side of
𝐴0 results in the corresponding fractal generator (FG). When
this FG is applied to each arm of 𝐴0, it generates the edge of
the successive BZ and the recursive process is continued to
generate a sequence of such BZs. Ideally, when this process
of applying the FG is performed up to infinity, it leads to a
limiting structure that is known as attractor (𝐴). This is how
the moiré fractal (attractor 𝐴), which is also a CPT fractal, is
generated.

The hierarchical construct that theorises economic activity
in CPT: 𝐿𝑁 , depicts successively smaller regions contained
in a given trade area at each stage of the sequence. Subse-
quent analysis [64] provided a number theory-based method
to identify conditions for arbitrary natural numbers 𝐿𝑁 , satis-
fying the properties as demanded by Eq. (1). This led to a cor-
respondence between a partition of the central place lattice
and a quadratic form (1) that allows the systematic determi-
nation of the lattice coordinates where economic zones are
located, and consequently the fractal generator that gener-
ates the entire central place hierarchy corresponding to that
number. In the subsequent discussion we shall deliberate on
the properties of such fractal generators for specific cases of
TBLG in the presence of specific mEPs.

We begin with the corresponding transformation map-
pings of the fractal generator corresponding to 𝑞 = 3 and
𝑝 = 1 and for 𝑞 = 2, 𝑝 = 1. A more diverse list of such fractal
generators are provided in the appendix in (Table-I) [65] and

with additional discussion. The first case corresponds to the
commensurate angle 𝜃 ∼ 21.79◦ which has been recently ex-
plored experimentally for pristine TBLG in [66]. The integers
𝑞, 𝑝 are found to be 3, 1 from (3), respectively. Consequently,
one can evaluate the number 𝐿𝑁 = 7 from (5) which lies at
the intersection of the 𝑥-ray 𝑥 = 1 and the 𝛽-ray with 𝛽 = 1
as shown in FIG. 1(a). Corresponding to these 𝐿𝑁 and 𝛽 , the
cardinal number of the IFS is obtained as 𝑛𝑐 = 3. Therefore,
the IFS is𝑊 = {𝑤1, 𝑤2, 𝑤3}, where each of the 𝑤’s are given
as

𝑤1 = R(−𝜙1)
I
𝑠
; 𝑤2 = R(𝜙2)

I
𝑠
+𝑤1; 𝑤3 = 𝑤1 +𝑤2 (6)

where 𝑠 =
√
𝐿𝑁 is the contractivity factor, defined as the ratio��b( 𝑗−1) ��/��b( 𝑗 ) ��. For 𝑝1 = 1, 𝑝2 = 2 and 𝑠 =

√
7, the two angles

are 𝜙1 = cos−1
(
2𝑝1+𝑝2

2𝑠

)
and 𝜙2 = 𝜋

3 − 𝜙1 and I is a 2 × 2
identity matrix. The fractal dimension 𝐷𝑓 of the attractor 𝐴
is obtained using 𝐿𝑁 as 𝐷𝑓 = log(𝑛𝑐 )/log(𝑠) [1]. Their action
on the initiator can be understood by first choosing one of
the sides of the initiator, while letting it be the side of the BZ
of SLG rotated clockwise with the angle 𝜃/2 ∼ 10.89◦. The
corresponding vector in reciprocal space is

u =
1
3

(
2b−𝜃/21 + b−𝜃/22

)
≡

[
𝑢𝑥
𝑢𝑦

]
(7)

where b−𝜃/21 and b−𝜃/21 are the two reciprocal lattice vectors
of the rotated graphene layers. E.g., mapping𝑤1 shortens the
length of the vector u by 𝑠 =

√
7 times and rotates the vector

clockwise by an angle cos−1
(
2/
√
7
)
, that provides the first

side of the FG, namely u1. The three successive mappings
giving the three sides of the FG can now be simply given by
u1,2,3 = 𝑤2,3u. The full process is depicted in FIG. 2(a). The
second case corresponds to the commensuration 𝜃 ∼ 32.20◦
with 𝑞 = 2 and 𝑝 = 1, for which 𝐿𝑁 = 13 and the cardinal
number of an IFS is 𝑛𝑐 = 5. Considering the side of the ini-
tiator to be identical to the vector u in Eq.(7) as shown in
FIG. 2(b), the affine transformations become

𝑤1 = R (𝜙1)
I
𝑠
; 𝑤2 = R(−𝜙2)

I
𝑠
+𝑤1

𝑤3 = 𝑤1 +𝑤2; 𝑤4 = 𝑤2 +𝑤3; 𝑤5 = R(−(𝜋
3
+ 𝜙2))

I
𝑠
+𝑤4

(8)

where 𝑝1 = 1, 𝑝2 = 3 and 𝑠 =
√
13 is the contractivity factor.

We shall now illustrate the consequences of the above con-
struction by applying them directly to the band structure of
the commensurate TBLG subjected to the hierarchical mEPs
described by the Hamiltonian (2). The FIGS. 3(a1) and (b1)
show the superimposed BZs corresponding to first three it-
erations 𝑗 = 1, 2, 3 formed by the hierarchical moiré poten-
tial applied to the two commensurate structures at 𝜃 = 𝜃𝑟 ∼
21.786◦ and 𝜃 = 𝜃𝑟 ∼ 32.204◦. The shape of the fractal gen-
erators are shown in the next column. For both the struc-
tures, the generator is applied alternatingly outside and in-
side of the edges of the corresponding initiators (shown by
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(a)

(b)

FIG. 2: The stepwise creation of the FG corresponding to (a) 𝐿𝑁 = 7
with 𝑞 = 3 and 𝑝 = 1, and (b) the number 𝐿𝑁 = 13 with 𝑞 = 2 and
𝑝 = 1.

red dashed lines in both the Figs.3(a2) and (b2)), and it shows
the emerging fractality for both the structures with fractal
dimensions 𝐷𝑓 = 1.129 and 𝐷𝑓 = 1.174. The magnitude of
the reciprocal lattice vectors (𝑖 = 1, 2) constitute the Cauchy
sequence [67], i.e.,

lim
𝑗→∞


���b±𝜃/21

���
𝑠 ( 𝑗−1)

 → 0 (9)

where the convergence rate depends on the values of 𝑞 and
𝑝 . The insets adjacent to the BZs of both the figures show the
convergence of the Cauchy sequence in reciprocal space by
the solid blue lines and consequently the divergence of the
magnitude of real-space lattice vectors by the solid red lines.

In the presence of a rotated mEP at the 𝑗-th iteration on a
commensurate TBLG at ( 𝑗 − 1)-th iteration described by the
Hamiltonian (2), the lattice translation operators (TOs) cor-
responding to the primitive vectors of the ( 𝑗 − 1)-th iteration
do not commute with the Hamiltonian. The commuting TOs
at the 𝑗-th iteration need to be redefined through Eq. 5 cor-
responding to the two primitive vectors a𝑐

1 = 𝑝1a1 + 𝑝2a2
and a𝑐

2 = −𝑝2a1 + (𝑝1 + 𝑝2) a2 with 𝑝1, 𝑝2 ∈ Z+. They satisfy
𝑇a𝑐

1
𝑇a𝑐

2
= 𝑇a𝑐

2
𝑇a𝑐

1
. This leads to large real-space supercell at

the 𝑗-th iteration and a more squeezed BZ scaled by the con-
tractivity factor defined earlier, and are depicted in FIG. 3(a1)
and (b1). This is conventionally referred to as a mini zone
(MZ) [50, 68].

To draw the parallel with the problem of the Hofstadter
butterfly that considers the Bloch electrons in a transverse
magnetic field, we note that the magnetic translation opera-
tors (MTOs) do not commute with each other in general giv-
ing 𝑇a1𝑇a2 ≠ 𝑇a2𝑇a1 , where a1 and a2 are the two direct lat-
tice primitive vectors of the underlying lattice. To preserve
the commutativity, an enlarged magnetic unit cell is consid-
ered such that theMTOs corresponding to newBravais lattice
vectors commute, 𝑇a′

1
𝑇a′

2
= 𝑇a′

2
𝑇a′

1
. There, the dimension-

less quantity Φ/Φ0 = |a1 × a2 |/𝑙2𝐵 where Φ is the magnetic
flux per plaquette, Φ0 = ℏ/𝑒 , namely, and 𝑙𝐵 is the magnetic
length, define themeasure of the incommensurability in pres-
ence of a magnetic field which breaks time reversal (TR) sym-
metry [42, 69, 70]. It is therefore natural to ask, can one define
a measure of incommensurability for the case of a commen-
surate TBLG in a rotated mEP under consideration, where
there is no explicit TR symmetry breaking? Accordingly, we

define a dimensionless measure of incommensuration, as

Δ𝐴(𝜃 )
𝐴

( 𝑗−1)
FBZ

=

(
1 −

⌊𝐴 ( 𝑗−1)
FBZ /𝐴 ( 𝑗 )

FBZ⌋
𝐴

( 𝑗−1)
FBZ /𝐴 ( 𝑗 )

FBZ

)
(10)

where𝐴 ( 𝑗 )
FBZ =

���b( 𝑗 )1 × b( 𝑗 )2

��� is the area of the first BZ at the 𝑗th-
iteration, and ⌊. . . ⌋ denotes the greatest integer function.
To appreciate the relation (10), we note that the recipro-

cal lattice vectors of the moiré Brillouin zone (MBZ) can be
obtained using the definition of moiré pattern [10, 71, 72]
independent of whether the angle is commensurate or not,
and is given by the shift between the Dirac points ΔK =

K𝜃/2 −K−𝜃/2, whereK±𝜃/2 are the wave-vectors of the ro-
tated Dirac points in tBLG. This may or may not coincide
with the lattice vectors that result from the solution of the
Diophantine equation (3) for the commensurate angles that
give the side length of the hexagonal BZ as (ℓ) =

��� 2b𝑐1+b𝑐23

���
(see FIG. 3(a1) and (b1)). For the cases 𝑝 = 1 and 𝑞 odd in-
tegers, these two definitions coincide. For the correspond-
ing commensurate angles the ratio𝐴 ( 𝑗−1)

FBZ /𝐴 ( 𝑗 )
FBZ is a Löschian

number 𝑁 ∈ Z+ and therefore Δ𝐴 is identically zero. These
corresponds to the blue colored points in FIG. 4. For a generic

(𝑞, 𝑝), 𝚫K =

{ 2𝑝
3𝛾

(
2b( 𝑗 )1 + b( 𝑗 )2

)
if gcd(𝑝, 3) = 1

2𝑝
3𝛾 b

( 𝑗 )
2 if gcd(𝑝, 3) = 3

where

𝛾 = gcd (3𝑞 − 𝑝, 3𝑞 + 𝑝) [73]. Accordingly the zeros of
Δ𝐴/𝐴 ( 𝑗−1)

𝐹𝐵𝑍
for other commensurate angles make an upward

shift by different amounts in FIG. 4. The minima of the V-
shaped regions indicates the minimum Δ𝐴 in proximity to
the different commensurate angles where the ratio becomes
rational.
For 𝑞 = 2𝑛 + 1 for 𝑛 = 1, 2, 3, . . . and 𝑝 = 1, the shift ΔK

is always equal to ℓ as shown in FIG. 3(a1) and the moiré lat-
tice vectors coincide with the commensurate cell. Similarly,
if 𝑞 = 2𝑛 for 𝑛 = 1, 2, 3, . . . with 𝑝 = 1, the shift |Δ𝐾 | = 2ℓ
as shown in FIG. 3(a1) such that the ratio 𝐴 ( 𝑗 )

FBZ/𝐴
( 𝑗−1)
FBZ takes

a value (4𝜒 (𝑞) + 1) /4 and therefore the zero of Δ𝐴/𝐴 ( 𝑗−1)
𝐹𝐵𝑍

shifts to 1/(4𝜒 (𝑞) + 1), where 𝜒 (𝑞) is some positive integer
that depends upon the value of 𝑞. It is plotted against the an-
gle 𝜃 which is a twist angle or the angle between the tBLG
and mEP as shown in FIG. 3(b1).
FIGS. 3(a3) and (b3) show the band structure and corre-

sponding DOS. Precisely 𝐿𝑁 number of electronics bands,
given by Eq. 5, thrust into the energy bandgap of 7.2 eV for
𝜃𝑟 = 21.786◦ and 5.2 eV for 𝜃𝑟 = 32.204◦ between the two
lowest bands in the absence of mEP at the Γ-point. Whereas
the additional bands at the 𝐾 and 𝐾 ′ points confine them-
selves in the energy range in a even narrower band-gap than
the one at Γ-point and the two lowest bands above and below
the Fermi energy meet at the Dirac point. In case of incom-
mensuratemagic angle TBLG (MATBLG) [7, 10, 74, 75] where
the occurrence of flat bands facilitate a variety of correlated
phases [20, 21, 76–83], the FG is applied alternatingly out-
side and inside of the edges of the corresponding initiators
which are the mBZ of MATBLG as shown by the red dashed
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(a1) (a2) (a3)

(b1) (b2) (b3)

Brillouin zone (BZ) Edge of the BZ 

FIG. 3: (a1), (b1) show the Brillouin zone (BZ) corresponding to three successive iterations 𝑗 = 1, 2, 3, with
{
b𝑐1, b

𝑐
2
}
being the reciprocal-

lattice primitive vectors corresponding to the 𝑗 = 1 iteration. (a2), (b2) show the fractal structures emerging at the edges of the BZ. In each
figure, the dashed red hexagon is the initiator which is the BZ of the SLG rotated clockwise by an angle 𝜃/2. The outer boundary of the
fractal structures is shown by the solid blue lines and is created by attaching the generators (shown inside the figure) to the initiator towards
the outer and inner region alternatingly. The insets between (a1),(a2) and (b1),(b2) show the magnitude of reciprocal lattice vectors and
real-space lattice vectors for 𝑞 = 3, 𝑝 = 1 and 𝑞 = 2, 𝑝 = 1, respectively. (a3) and (b3) show the band structures and corresponding density
of states (DOS). The shift between the Dirac points for 𝑞 = 3 and 𝑝 = 1 is the same as the side length of the hexagon while the shift Δ𝐾 is
twice the side length of the hexagon for 𝑞 = 2 and 𝑝 = 1.

o

FIG. 4: It shows the incommensuration measure Δ𝐴/𝐴( 𝑗−1)
FBZ as a

function of the angle 𝜃 . The blue rectangles that lie across the zero
line indicates the commensurate angles or the angles closest to the
commensurate angles for 𝑞 which is an odd number and 𝑝 = 1. The
area of the first BZ in case of incommensurate angles is obtained
using the definition of the moiré vectors[72]. The inset confirms
that the apparent multivaluedness of the lowest values of the V-like
regions at a given value of 𝜃 between the two black dashed lines is
actually absent and a separation of at least ∼ 0.002◦ exists.

lines in the FIGs. 5(a) and (b). Both these figures also show
the superimposed BZs corresponding to the first three iter-
ations 𝑗 = 1, 2, 3 formed by the hierarchical mEP applied to
the incommensurate TBLG at the first magic-angle 𝜃 ∼ 1.05◦.
FIG. 5(a) corresponds to 𝜃𝑟 ∼ 13.17◦ and 𝐷𝑓 = 1.093, whereas
FIG. 5(b) corresponds to 𝜃𝑟 ∼ 21.79◦ and 𝐷𝑓 = 1.129. The
change in 𝐷𝑓 and the corresponding Löschian number 𝐿𝑁
changes the number of bands that are pushed towards the
Fermi level at the Γ-point within a bandgap of ∼ 13.76 meV
for incommensurate MATLBG to preserve the emerging frac-
tality in away similar to the case of commensurate structures.
Because of the increase of the number of bands to 2𝑁 within
the same bandwidth of MATBLG, the 2(𝑁 − 1) inner bands
will now have a significantly reduced curvature as compared
to the original flat bands. It can be verified from Fig.(.8) in
the appendix that the renormalised Fermi velocity in tBLG
in the presence of a hierarchical MEP remains same as in the
TBLG even though the Fermi level gets shifted.

In the above calculations we have ignored the lattice re-
laxation effect in the different region of the graphene bilayer.
The non-uniformity in the local AA- and AB/BA-rich regions
in TBLG leads to a different perpendicular distance between
the constituting layers and therefore the interlayer hopping
amplitudes𝑤0 in local AA/BB-rich regions and𝑤1 in AB/BA-
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rich regions differ. Here we show that the inclusion of cor-
rugation effects in the Hamiltonian (2) does not change the
emergent fractality that is linked to the band structures. Us-
ing 𝑤0 = 79.7 meV and 𝑤1 = 97.5 meV [24, 26, 71, 84], the
band structures at the first magic angle ∼ 1.05◦ with two an-
gles 𝜃𝑟 ∼ 21.79◦ and 𝜃𝑟 ∼ 13.17◦ are shown in the FIG. (6).
The recursive stacking of nets in the CPT framework

generates an increasing number of smaller settlements in
a given area. Similarly, the recursive moiré potential in a
TBLG results in a growing number of electronic bands within
a specific energy range, effectively enhancing the correla-
tion effect. Both phenomena can be quantified by the same
Löschian numbers 𝐿𝑁 . A measure on the effect of this band
engineering and emergent fractality due to themEP on corre-
lation can be understood in terms of the Hubbard parameter
ratio 𝑈

𝑊
. It is known that when the Fermi level lies within

the flat band, 𝑈
𝑊

≫ 1. At a given iteration under an mEP,
𝑈 → 𝑈

𝑠
, where 𝑈 = 𝑒2𝜃/4𝜋𝜅𝜖0𝑎 for the case without any

mEP [21], and 𝑠 is the contractivity factor coming from the
FG. Here 𝑒 is the electron charge and 𝜅 = 4. However now
for the closest flat band near the Fermi level, the bandwidth
𝑊 is reduced by a factor which is significantly larger than
𝑠 . For example, in FIG. 5(a) the bandwidth is reduced from
∼ 6meV to ∼ 0.23meV, thereby increasing the ratio 𝑈

𝑊
∼ 9

times as compared to the MATBLG case. The effective mass
𝑚∗ which scales as

√
𝑛/𝑣𝐹 at the Fermi level increases as the

superlattice density 𝑛 scales up by the Löschian 𝐿𝑁 . For the
same reason the density of states (DOS) goes up.

In summary, by considering twisted bilayer graphene sub-
ject to a sequence of external potentials, which have the same
periodicity of the underlying moiré pattern obtained at an
arbitrary angle of twist, but rotated at a given angle, we in-
troduced the notion of moiré fractals and provide a mathe-
matical framework for studying their properties. We under-
lined how this emergent fractality in the 𝑠𝑝2 carbons found
parallels with the CPT of the agglomeration model of trade
zones. By comparing the restructuring of the moiré unit cell
of the moiré BZ due to this emergent fractality with the for-
mation of magnetic BZ in the well-known Hofstadter butter-
fly problem, we define a measure of incommensurability in
such moiré fractals and demonstrate how they vary as the
system goes from an incommensurate to a commensurate
structure. Our analysis links the modification of correlation
effect with the fractal dimension, implying the possible appli-
cations of the moiré fractal. Even though most of our results
were obtained using the BM model, we showed that the ba-
sic properties of suchmoiré fractals remain robust evenwhen
corrugation effects are included.

A possible route to experimentally imaging moiré fractals
is by measuring the differential tunnelling conductance of
TBLG subject to the sequence of external potentials at var-
ious bias voltages, which may then be compared to the aver-
age tunnelling conductance measured on the bare TBLG as
was done by Collins et. al. in Ref. [85] for Cu (111) dec-
orated with CO molecules who thus created a Penrose till-

(b)

(a)

FIG. 5: The band structures at angles 𝜃𝑟 ∼ 21.79◦ in (a) and 𝜃𝑟 ∼
13.17◦ in (b) along the high-symmetry path 𝐾 ′ − 𝑀 − Γ − 𝐾 . The
twist angle between the layers is the first magic angle 𝜃 = 1.05◦.
The interlayer parameters are chosen as 𝑤0 = 𝑤1 = 110 meV and
the strength of the potential 𝑉0 = 1.2 meV. (left to right) The 3D-
band structure is shown where the orange bands are those in the
absence of the mEP, while the blue bands include the presence of
the mEP. The adjacent figures show the density of states (DOS), the
emerged fractal structure in the reciprocal space and lastly, the 2D
projection of the bands. Changing the 𝜃𝑟 from (b) to (a) changes the
fractal dimension (𝐷𝑓 ) , pushing a higher number of bands towards
the Fermi level.

FIG. 6: Inclusion of the corrugation effects by changing the inter-
layer hopping amplitudes 𝑤0 = 79.7 meV and 𝑤1 = 97.5 meV does
not change the proposed emergence of fractality. The same 2𝐿𝑁
bands are quenched within the bandgap of ∼ 13 meV.
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TABLE I: Each commensuration is characterized uniquely by a pair
of coprime-integers (𝑞, 𝑝). The Löschian number 𝐿𝑁 and the FG are
obtained by identifying the number of sides 𝑛𝑐 in the generator. The
fractal dimension (𝐷𝑓 ) corresponding to the various 𝑞, 𝑝 are calcu-
lated using 𝐿𝑁 and 𝑛𝑐 [65]. The outer boundary of the mini-zones
superposed over the FBZ of SLG is generated by attaching the frac-
tal generator on a hexagonal initiator.

𝜃 𝑞 𝑝 𝐿𝑁 𝛽 𝑛𝑐 Generator 𝐷𝑓

21.79◦ 3 1 7 1 3 1.129

32.20◦ 2 1 13 2 5 1.093

13.17◦ 5 1 19 1 5 1.093

38.21◦ 5 3 7 1 3 1.129

17.90◦ 11 3 31 4 9 1.280
.
.
.

ing [85], and therefore a quasicrystal [85]. In a recent work,
quantum twisting microscopy (QTM) was introduced to scan
various other van der Waals (vdW) structures [66]. Indeed
QTM may be used to image moiré fractals by providing gat-
ing to the vdW device at the rotating platform in QTM, giv-
ing rise to a rotated mEP [86, 87]. Other higher-order frac-
tals can similarly be probed by generalising this technique.
Future research will aim to investigate the potential inter-
relation between the symmetry properties of the moiré frac-
tals and their implications for strong-correlation physics [88].
Additionally, it will explore the extension of the concept of
moiré fractals to external potentials which lack a common
moiré periodicity [89, 90], while still exhibiting fractal energy
spectrum gaps due to incommensuration. It may also explore
any nontrivial topological properties embedded in the mea-
sure of incommensuration introduced in this work, as well as
the generic thermodynamic and transport properties of such
moiré fractals.

The work of SG is supported by the Project
MTR/2021/000513 funded by SERB, DST, Govt. of In-
dia. The work of DA is supported by a UGC (Govt. of India)
fellowship.

Derivation of Eq. (5) from Eq. (3)

For a general 2D-Bravais lattice case, the direct lattice
primitive vectors of the constituting layers a1 and a2 are not
necessarily orthogonal, that is, a1 ·a2 = 𝑎1 𝑎2 cos(𝜙) ≠ 0 and
also |a1 | ≠ |a2 |. Therefore, the general square matrix that
maps an integer pair {𝑛1, 𝑛2} to {𝑚1,𝑚2} is given by Eq. (3) in
the main text. For the present hexagonal case , |𝑎1 | = |𝑎2 | and
𝜙 = 60◦, the necessary and sufficient condition for the integer
solutions𝑚1,𝑚2, 𝑛1 and 𝑛2 demands these matrix elements to
assume only rational values [59]. The commensurate angle

𝜃𝑟 comes out to be

𝜃𝑟 = cos−1
[
3𝑞2 − 𝑝2
3𝑞2 + 𝑝2

]
(11)

where 𝑞 ≥ 𝑝 > 0. As 𝑝/𝑞 → 0 gives 𝜃𝑟 → 0◦. The
commensurate structures are distinguished on the basis of
𝛿 = gcd(𝑝, 3) and the direct lattice primitive vectors are[

a𝑐
1

a𝑐
2

]
=

[
𝑝1 𝑝2
−𝑝2 𝑝1 + 𝑝2

] [
a1
a2

]
(12)

where 𝑝1 = (3𝑞 − 𝑝) /𝛾 and 𝑝2 = 2𝑝/𝛾 for 𝛿 = 3 and 𝑝1 =

(𝑞 − 𝑝) /𝛾 and 𝑝2 = (𝑞 − 𝑝) /𝛾 for 𝛿 = 1 and the quantity 𝛾 =

gcd [3𝑞 + 𝑝, 3𝑞 − 𝑝]. For both the cases 𝛿 = 1 and 𝛿 = 3, the
two elements in first row 𝑝1 and 𝑝2 are positive integers Z+.
Corresponding to direct space primitive vectors a𝑐

1 and a𝑐
2,

the reciprocal space primitive vectors b𝑐1 and b𝑐2 are defined
such that a𝑐

𝑖 ·b𝑐𝑗 = 2𝜋𝛿𝑖 𝑗 ∀ 𝑖, 𝑗 = 1, 2.. Then, the number 𝐿𝑁 of
the BZ hexagons of commensurate cell enclosed within the
BZ of SLG formed by {b1, b2} are given by Eq. (5), namely

𝐿𝑁 =
| (b1 × b2) · ẑ |��b𝑐1 × b𝑐2 · ẑ

�� = 𝑝21 + 𝑝22 + 𝑝1 𝑝2 (13)

The metric space of coefficients 𝑝1, 𝑝2 with the Euclidean dis-
tance (Z2, Euclidean) shows the fractality in the arrangement
of the coefficients 𝑝1, 𝑝2 in this space as shown in FIG. (.7). An
irregular hexagon is formed for higher magnitudes of 𝑝1, 𝑝2
along with the smaller hexagons for lower magnitudes. This
self-similar small irregular hexagons leads to the fractality
in the metric space (Z2, Euclidean). We calculate the corre-
sponding fractal dimension using the formula

𝐷 = lim
𝑘→∞

log(𝑛𝑘 )
log

(
2𝑘

) (14)

where 𝑛𝑘 is number of smaller polygons that completely fit
inside the bigger polygon at the 𝑘 th-iteration. There are 3𝑘
small irregular hexagons that fit inside the bigger irregular
hexagon at the 𝑘 th-iteration and therefore the fractal dimen-
sion 𝐷 is then given by

𝐷 =
ln(3)
ln(2) = 1.585

Apart from the cases representative cases discussed in the
main text the table (I) also contains few other interesting
cases. The other FGs for these cases such as for q=5 and p=3
leads to the same value 𝑁 = 7 and 𝛽 = 1 as for 𝑞 = 3 and
𝑝 = 1 but the shift between the Dirac points in commensu-
rate tBLG is ΔK = b𝑐2. However, the FG remains same as
for 𝑞 = 3 and 𝑝 = 1. Infact, the mappings for the FGs corre-
sponding to the other values of 𝑞 being an odd number with
𝑝 = 1 remains same with an increasing number of sides (𝑛𝑐 ).
Therefore, the class of commensurate structures with 𝑞 being
an odd number and 𝑝 = 1 associate with the FGs having the
same shape but different number of sides. If one draws a line
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FIG. .7: It shows 𝑝1 vs 𝑝2 for two maximum values of 𝑞. Clearly, the
points arrange themselves in hexagons and each point is associated
with Löschian number.

FIG. .8: The renormalized Fermi velocity 𝑣∗
𝐹
/𝑣𝐹 as a function of 𝛼2

and hence the twist angle 𝜃 . The lines are just a guide to the eye.

that is perpendicular to the red dashed line in FIG. 2(a) that
bisects the FG, it exactly cut it into two pieces with one be-
comes the other with a rotation of 𝜋 in the plane containing
the FG. In case of 𝑞 = 11 and 𝑝 = 3, the shift ΔK = b𝑐2 is
same as for 𝑞 = 5 and 𝑝 = 3 but the FG is asymmetric about
the perpendicular bisector. The corresponding FG is shown
in the FIG. (.9). It shows 𝑗 = 1, 2-level iterations in (a) and
𝑗 = 3 in (b) Similarly, for 𝑞 = 4 and 𝑝 = 1, the shift in Dirac
points ΔK = 2

(
2b𝑐1 + b𝑐1

)
/3 is very different from the previ-

ous cases but the FG has similar shape as for 𝑞 = 2 and 𝑝 = 1
where the shift between Dirac points is same.
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