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ABSTRACT: Results from numerical tests of nine approximate exchange]correlation
energy functionals are reported for various systems—atoms, molecules, surfaces, and

Ž .bulk solids. The functional forms can be divided into three categories: 1 the local spin
Ž . Ž . Ž . Ž .density LSD approximation, 2 generalized gradient approximations GGAs , and 3

meta-GGAs. In addition to the spin densities and their first gradients, the input to a
meta-GGA includes other semilocal information such as Laplacians of the spin densities
or orbital kinetic energy densities. We present a way to visualize meta-GGA nonlocality
which generalizes that for GGA nonlocality, and which stresses the different meta-GGA
descriptions of iso-orbital and orbital overlap regions of space. While some of the tested
approximations were constructed semiempirically with many parameters fitted to
chemical data, others were constructed to incorporate key properties of the exact
exchange]correlation energy. The latter functionals perform well for both small and
extended systems, with the best performance achieved by a meta-GGA which recovers
the correct gradient expansion. While the semiempirical functionals can achieve high
accuracy for atoms and molecules, they are typically less accurate for surfaces and solids.
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KURTH, PERDEW, AND BLAHA

Introduction

w xensity functional theory 1]4 has become aD widely used tool for calculating the elec-
tronic structure of systems of very different physi-
cal nature, such as atoms, molecules, surfaces, and
solids. In this theory, the ground-state energy E of
a system of interacting electrons is written as a
functional of the densities n of electrons of spins

s :

w x 3 Ž . Ž .E s T n , n q d r v r n rHs ­ x

Ž . Ž .1 n r n r9
3 3 w x Ž .q d r d r 9 q E n , n , 1H H xc ­ x< <2 r y r9

Ž .where v r is the external potential of the nuclei,
Ž . Ž . Ž .n r s n r q n r is the total density of the elec-­ x

w xtrons, T n , n is the kinetic energy of a systems ­ x
of noninteracting electrons with spin densities n­

w xand n , and E n , n is the exchange]correla-x xc ­ x
tion energy. The nucleus]nucleus repulsion not

Ž .shown explicitly in Eq. 1 is also part of the total
energy E. The spin densities can be calculated via

occ
2Ž . < Ž . < Ž .n r s w r , 2Ýs is

i

where the orbitals w are self-consistent solutionsis

of the Kohn]Sham equation

2 Ž .= n r9
3 sŽ . Ž . Ž .y q v r q d r 9 q v r w rH xc isž /< <2 r y r9

Ž . Ž .s « w r . 3is is

s Ž .Here the exchange]correlation potential v r isxc
the functional derivative of the exchange]correla-
tion energy:

w xdE n , nxc ­ xs Ž . Ž .v r s . 4xc Ž .d n rs

The kinetic energy T can be expressed exactly ins
terms of the Kohn]Sham orbitals w , i.e.,is

occ 2=
U3w x Ž . Ž . Ž .T n , n s d r w r y w r . 5ÝHs ­ x is isž /2is

Therefore, the only unknown piece of the total
Ž .energy of Eq. 1 is the exchange]correlation en-

w xergy functional E n , n , which must be ap-xc ­ x
proximated in practical applications.

The early success of density functional theory
can be attributed to the fact that the simplest

Ž .approximation to E , the local spin density LSDxc
w xapproximation 2, 5 , has proved to be remarkably

accurate. It has been the workhorse of solid-state
electronic structure theory for many years. In LSD,
the exchange]correlation energy is written as

LSD w x 3 Ž . unif Ž . Ž . Ž .E n , n s d r n r e n r , n r , 6Ž .Hxc ­ x xc ­ x

unifŽ .where e n , n is the exchange]correlationxc ­ x
energy per particle of a uniform electron gas with
spin densities n and n . This quantity is known­ x
very accurately from quantum Monte Carlo calcu-

w xlations 6 .
Although LSD had been in widespread use in

solid-state physics, it took the advent of general-
Ž . w xized gradient approximations GGAs 7]13 with

their improved accuracy to make density func-
tional theory popular in quantum chemistry as
well. GGAs express the exchange]correlation en-
ergy in terms of the spin densities and their local
gradients, i.e.,

GGA w x 3 Ž . GGAE n , n s d r n r eHxc ­ x xc

Ž . Ž .= n , n , =n , =n . 7­ x ­ x

unif Ž .While e in Eq. 6 is uniquely defined, there isxc
no unique input function e GGA to define GGA andxc
many forms have been proposed.

More recently, yet another type of approxima-
tion to E has shown promise. These approxima-xc

w xtions 14]27 , which will be called meta-GGAs
Ž . w xMGGAs 26 , require additional semilocal infor-
mation such as Laplacians of the spin densities or
kinetic energy densities as input, i.e.,

MGGA w xE n , nxc ­ x

3 Ž . MGGAs d r n r eH xc

= n , n , =n , =n ,Ž ­ x ­ x

= 2 2 Ž .= n , = n , t , t , 8.­ x ­ x

where the kinetic energy density is defined by

occ1 2Ž . < Ž . < Ž .t r s =w r . 9Ýs is2 i
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DENSITY FUNCTIONAL APPROXIMATIONS

Equivalently
occ

2 1s 2Ž . < Ž . < Ž . Ž . Ž .t r s « w r y v r n r q = n r ,Ýs is is eff s s4
i

Ž .10

s Ž .where v r is the spin-dependent effective oreff
Ž .Kohn]Sham potential of Eq. 3 . t is, of course, an

ingredient of the Colle]Salvetti correlation func-
w x Ž w x w x.tional 28 but see Refs. 29 and 30 , and of the

w xSkyrme interaction in nuclear physics 31 . Early
w xmeta-GGAs 32, 33 preceded most GGAs. The

current revival of interest in meta-GGAs may be
w xdue to Salahub and collaborators 20, 22 . A sound

theoretical base for a meta-GGA is provided by the
fourth-order gradient expansion of the exchange

w xenergy 34 .
‘‘Meta’’ is used here in the sense of ‘‘beyond,’’

‘‘occurring in succession to,’’ and ‘‘more compre-
Ž .hensive: transcending.’’ Note that t r is a func-s

Ž . s Ž .tional of n r , as are the potential v r ands eff
Ž .orbital energies « in Eq. 10 .is

Here we also mention the so-called hybrid func-
w xtionals 35]42 , which mix a fraction of the exact

exchange energy:

occ1
3 3E s y d r d r 9Ý ÝH Hx 2 s i , j

=

U Ž . U Ž . Ž . Ž .w r w r9 w r9 w ris js is js Ž .11
< <r y r9

with some GGA for the remaining part of E , e.g.,xc

hyb w x Ž GGA . GGA Ž .E n , n s a E y E q E , 12xc ­ x x x xc

and have in recent years become popular mostly in
quantum chemistry.

Here we pause to define the terms ‘‘locality,’’
‘‘semilocality,’’ and ‘‘nonlocality,’’ as used in this

Ž . Ž . Ž .work. As in Eqs. 6 ] 8 or 11 , we write E as anxc
integral over r of a function of r which we shall
call an energy density. A ‘‘local functional of the

Ž .density’’ e.g., LSD is one in which the energy
density at r is determined by the electron density

Žat r. A ‘‘semilocal functional of the density’’ e.g.,
.GGA is one in which the energy density at r is

determined by the electron density in an infinitesi-
mal neighborhood of r. A ‘‘nonlocal functional of

Ž .the density’’ e.g., exact exchange is one in which
the energy density at r is determined by the elec-
tron density at finite displacements away from r.
ŽThe Kohn]Sham orbitals and their kinetic energy
density are also nonlocal functionals of the den-

.sity. Much of the computational convenience of
density functional theory arises from the semilo-
cality of approximate functionals. However, this
convenience is retained even by nonlocal function-
als of the density, such as the meta-GGAs which
employ t , so long as the energy density at r is
computed from the density and the orbitals in an
infinitesimal neighborhood of r. This ‘‘semilocal
information’’ is readily found and used in any
Kohn]Sham calculation, and such functionals are
still ‘‘semilocal functionals of the density and the
orbitals,’’ even if they are not ‘‘semilocal function-

Žals of the density.’’ Originally, GGAs were called
w x‘‘nonlocal approximations.’’ Kohn 43 has de-

scribed GGAs as ‘‘quasi-local’’; ‘‘quasi’’ and
‘‘semi’’ are synonymous. So far as we know, the
first use of ‘‘semilocal’’ in density functional the-

w xory was in Ref. 44 , while the first use of ‘‘gener-
w x .alized gradient approximation’’ was in Ref. 9 .

In this study, we will report numerical results
from LSD, four GGAs, and four meta-GGAs, for a
variety of systems of very different physical na-
ture, such as atoms, molecules, surfaces, and solids.
However, we will not report results for any hybrid

w xfunctionals. Becke’s recent functionals 37, 45
which are inextricably hybridized, have not been
included in our study. Many GGAs and meta-
GGAs have also been omitted for reason of econ-
omy. Inclusion does not signify our approval, and
omission does not signify our disapproval.

Some of the functionals we tested have been
designed to give accurate results for atoms or
atomization energies of molecules, sometimes with
the use of many fit parameters. These functionals
have rarely or never been tested in solid-state
calculations before. Other functionals we used have
been constructed less or nonempirically to satisfy
key properties of the exact exchange]correlation
functional. Key properties are those which, if satis-
fied globally for all possible electron densities,
help to constrain the approximation to realistic
energies for realistic densities. In particular, every-
thing right about LSD should be preserved beyond
LSD.

In the next section we will briefly describe each
of the approximations studied in this work. In the
third section we will present the numerical results.
In the fourth section we will give an overall dis-
cussion of the results and close with some general
thoughts on the construction of approximate func-
tionals.

In some of our numerical tests, we apply meta-
GGA energy functionals to LSD or GGA orbitals
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and densities. For total energies or energy differ-
ences, such ‘‘post-LSD’’ or ‘‘post-GGA’’ calcula-
tions are protected by the Hohenberg]Kohn varia-

w xtional principle 1 , as confirmed by many practical
w xtests in quantum chemistry 46 and solid-state

physics. Because the orbital kinetic energy density
t is not known as an explicit functional of the
electron density, the functional derivative of the

Ž .meta-GGA of Eq. 8 is not easily evaluated. Fully
self-consistent calculations for the meta-GGAs
which employ t will require construction of the
exchange]correlation potential from the orbitals

Ž .by the optimized effective potential OEP method
w x47]49 or use of the Neumann]Nobes]Handy

w xmethod 50 , and have not been attempted here.

Brief Description of the
Approximations

LOCAL SPIN DENSITY APPROXIMATION

Ž .The local spin density approximation of Eq. 6
is based on the uniform electron gas. LSD approxi-
mates the exchange]correlation energy density of
a real, spatially inhomogeneous system at each
point r in space by that of a uniform electron gas

Ž .with spin densities equal to the local n r and­
Ž .n r . The exchange]correlation energy per parti-x

unifŽ .cle of a uniform electron gas, e n , n , isxc ­ x
known from quantum Monte Carlo calculations
w x w x6 . These results have been parametrized 51]53
for convenient use in practical calculations. We use

w xthe parametrization of Perdew and Wang 53 , but
the others are not very different.

As already mentioned above, the simple LSD
has been remarkably successful in practical appli-
cations. This success outside its formal domain of

Ž .validity very slowly varying densities can be
attributed to the fact that LSD satisfies many for-
mal properties of the exact exchange]correlation
energy functional. Probably the most important of
these properties are the sum rules for the exchange
and correlation holes and the on-top hole densities
w x w x54 . The Lieb]Oxford bound 55 for E is satis-xc
fied by LSD, which also provides a surprisingly
good account of the linear response of a spin-

w xunpolarized uniform electron gas 56 .

GENERALIZED GRADIENT APPROXIMATIONS

We have tested four GGAs. All are of the form
Ž .of Eq. 7 , with different choices for the function

e GGA.xc

Perdew, Burke, and Ernzerhof

The nonempirical GGA of Perdew, Burke, and
Ž . w xErnzerhof PBE 13 is constructed to retain the

correct features of LSD while adding others. It
retains the correct uniform-gas limit, the correct
spin- and uniform-density scaling of E , the cor-x
rect upper bounds E - 0 and E F 0 and thex c

w xcorrect Lieb]Oxford lower bound 57 , and the
LSD linear response. In addition, the PBE correla-
tion energy functional reduces to the correct sec-

w xond-order gradient expansion 58]60 in the slowly
varying limit. Furthermore, under uniform scaling

w Ž . 3 Ž .xof the density n r ª l n lr the PBE correlation
w xenergy correctly 61 scales to a constant in the

limit l ª `. Although the sum rules for the ex-
change and correlation holes do not explicitly en-
ter into its derivation, the PBE functional closely

Ž .resembles that of Perdew and Wang 1991 PW91
w x12, 44 . The latter functional is an analytic fit to a

w xnumerical GGA 62 obtained by real-space cutoff
of the spurious long-range parts of the second-
order gradient expansion of the exchange]correla-
tion hole, with the cutoffs chosen to satisfy the
sum rules on the exact hole.

Less happily, the PBE exchange functional does
not reduce to the correct second-order gradient
expansion in the slowly varying limit. The GGA
form is too restricted to obtain this limit correctly
and to reproduce the realistic LSD uniform-gas
linear response simultaneously. The LSD linear
response was retained in PBE because it appeared
to be energetically more important than the correct
slowly varying limit for exchange and because this
is the ‘‘choice’’ made by LSD.

( )Revised PBE RPBE

w xRecently, Hammer, Hansen, and Norskov 63
suggested a slightly modified version of the PBE

Ž .GGA. This revised PBE RPBE functional uses the
same correlation functional as PBE, but the en-
hancement factor for exchange is chosen differ-

Ž Ž . w x.ently see Eq. 15 of Ref. 63 . RPBE preserves
many of the correct features of the original PBE

Žfunctional slowly varying limit of the correlation
energy functional, Lieb]Oxford bound, LSD linear

.response , but for intermediate values 1 Q s Q 3 of
the reduced density gradient

< <=n
Ž .s s 131r32 4r3Ž .2 3p n
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Žit does not follow the PW91 GGA which results
.from the real-space cutoff as closely as PBE does.

wIn fact, RPBE and the earlier revPBE of Refs. 64,
x65 more closely resemble Becke’s exchange func-

w xtional 10 in the range 1 Q s Q 3. Note that values
of s larger than 3 are not energetically important

w xin real systems 66 .

( )Becke, Lee, Yang, and Parr BLYP

The BLYP functional combines Becke’s ex-
w xchange functional 10 with the correlation func-

Ž . w xtional of Lee, Yang, and Parr LYP 11 . It has
been and still is very popular in quantum chem-
istry. Becke’s exchange functional correctly repro-

Žduces the LSD limit for uniform systems, but like
.PBE it does not give the correct gradient coeffi-

cient in the slowly varying limit. The Becke gradi-
ent coefficient is determined semiempirically by
fitting to exact exchange energies of six noble-gas
atoms.

The correlation functional of Lee, Yang, and
Parr is a simplification of the Colle]Salvetti corre-

w xlation functional 67 . While the latter functional
explicitly depends on the single-particle orbitals,
the functional of Lee, Yang, and Parr is written in
terms of the spin densities and their first gradients
only. It contains four semiempirical parameters, all
from the underlying Colle]Salvetti functional and
obtained by a fitting procedure involving the he-

Žlium atom. Although this functional in combina-
.tion with Becke’s exchange has been applied very

successfully in quantum chemistry, from a funda-
mental point of view it has some serious disadvan-

Ž .tages: 1 LYP does not reduce to the correct uni-
Ž .form limit, and 2 the LYP correlation energy

vanishes identically for any completely spin-
polarized system. While this vanishing correlation
energy is correct for any one-electron system, it is
otherwise incorrect.

Hamprecht, Cohen, Tozer, and Handy

Recently, Hamprecht, Cohen, Tozer, and Handy
Ž . w xHCTH 68 proposed a highly parametrized GGA
for the exchange]correlation functional. It is based

w xon a functional form proposed by Becke 45 , but
without exact exchange mixing. The HCTH func-
tional contains 18 parameters which were obtained
by fitting to a large set of experimental chemical
data, e.g., total atomic energies, molecular atom-
ization energies, and nuclear gradients for
molecules at equilibrium geometries.

Apparently this functional has been designed to
push the GGA form to its limits. However, many
of the exact limiting cases of the exact
exchange]correlation functional have not been
taken into account in its construction. The uniform
limit is not reproduced, nor are the second-order
gradient coefficients for exchange or correlation. In
addition, the experimental data set, from which
the fit parameters are obtained, is dominated by

Žchemical properties of rather small systems atoms
.and molecules .

Picturing GGA Nonlocality

The effect of nonlocality can be visualized for
the GGAs by plotting the s dependence of the
enhancement factor F over local exchange, de-xc
fined through

GGA w x 3 Ž . unif Ž . GGA Ž .E n , n s d r n r e n F r , z , s .Hxc ­ x x xc s

Ž .14

Here,

3 1r3unif 2Ž . Ž . Ž .e n s y 3p n 15x 4p

is the exchange energy per particle of the unpolar-
ized uniform electron gas,

1r33
Ž .r s 16s ž /4p n

Ž . Žis the density parameter, z s n y n r n q­ x ­
.n is the relative spin polarization, and s is thex

Ž .reduced density gradient defined in Eq. 13 . Va-
lence electrons typically have 2 Q r Q 10; the high-s
and low-density limits are r ª 0 and r ª `, re-s s
spectively. Plots of the enhancement factors for the
GGAs tested in this study have been published

w xelsewhere: for PBE in Fig. 1 of Ref. 13 , for RPBE
Ž . w xexchange in Fig. 3 a of Ref. 63 , for BLYP in Fig. 6

w x w xof Ref. 69 , and for HCTH in Fig. 1 of Ref. 68 .
Since LSD corresponds to the choice

LSDŽ . GGA Ž .F r , z , s s F r , z , 0 for a properly con-xc s xc s
structed GGA, the s dependence of F GGA displaysxc
the nonlocality of the GGA functional.

META-GGAS

< <Whereas GGAs use n and =n as input,s s

meta-GGAs add t or =2 n . For slowly varyings s
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densities, t and =2 n bring the same additionals s

Ž .information, since t of Eq. 9 has the gradients

w xexpansion 70

< < 23 1 =n2r3 s2 5r3Ž .t s 6p n qs s10 72 ns

1
2 4Ž . Ž .q = n q O = . 17s6

For any density, Becke has argued that t plays ans

w ximportant role in the exchange 71 and correlation
w x w x72 energies. In 1985, Jones and Gunnarson 73
stated that ‘‘modifications of the local density ap-
proximation which do not consider the nature of
the orbitals involved are unlikely to be satisfactory
in all systems.’’ Meta-GGAs that use the kinetic

Ž .energy density t of Eq. 9 are explicitly orbital-
dependent in a way that GGAs are not. However,
because the Kohn]Sham orbitals are functionals of
the density, these meta-GGAs are still density
functionals. Four meta-GGAs have been tested in
this work.

Perdew, Kurth, Zupan, and Blaha

The meta-GGA proposed by Perdew, Kurth,
Ž . w xZupan, and Blaha PKZB 26 expresses the

exchange]correlation functional not only in terms
of the spin densities and their gradients but also in
terms of the kinetic energy densities for each spin.
It correctly reproduces the uniform limit, and its
exchange part reproduces the fourth-order gradi-

w xent expansion 18, 34 for slowly varying densities.
This meta-GGA recovers the exact linear response

Ž . Ž w x.function g k as defined in Ref. 74 up to fourthx
Ž .order in kr 2k , where k is the Fermi wavevec-F F

tor. Due to the flexibility gained by the introduc-
tion of the kinetic energy densities as new vari-
ables, the combined exchange]correlation linear

Ž .response function g k of this meta-GGA is inxc
good agreement with nearly exact results for 0 F
kr2k Q 1.5. Thus the PKZB meta-GGA exchangeF
retains all the correct features of the PBE GGA
exchange, and adds a correct gradient expansion.

The PKZB correlation functional is based on the
PBE correlation functional and retains its correct
features. In addition, PKZB correlation is free of
self-interaction error, i.e., the correlation energy

w xcorrectly vanishes for any one-electron density 52 .
The self-correlation error of LSD and GGA seems
to be the principal source of error of those func-

w x Žtionals in the strongly interacting limit 75 . Note
that the self-exchange error cannot be eliminated

.within the meta-GGA form.
The PKZB functional contains two fitted param-

eters. One of these parameters is fixed by the
theoretical condition that the self-interaction cor-
rection should have no effect for extended systems

Žlike the jellium surface. The second parameter the
only unknown fourth-order gradient coefficient in

.the gradient expansion for exchange is then ob-
tained by minimizing the mean absolute error in
the atomization energies of 20 small molecules.
However, the resulting value for this parameter
Ž .or at least its order of magnitude is also sup-
ported by studies of the surface exchange energies

w xfor slowly varying densities 76 . We regard PKZB
as a controlled extrapolation away from the slowly
varying limit, like LSD and PBE GGA but with
greater sophistication.

Krieger, Chen, Iafrate, and Savin

Ž . w xKrieger, Chen, Iafrate, and Savin KCIS 25
have constructed a meta-GGA correlation func-
tional based on the idea of a uniform electron gas
with a gap in the excitation spectrum. This func-
tional also preserves many of the known proper-
ties of the exact correlation energy: It reduces to
the correct uniform limit, it is free of self-interac-
tion, and it scales to a constant under uniform
density scaling to the high-density limit. The KCIS

Ž .work reawakened one of us J.P.P. to the impor-
tance of the self-interaction correction. However,
it appears that for slowly varying densities the
self-interaction-corrected KCIS functional only re-
produces the correct gradient coefficient in the
high-density limit. Appendix A displays the KCIS
functional, which because of length limits was not

w xfully displayed in Ref. 25 .
Since KCIS do not suggest any form for the

exchange energy functional, we have tested their
functional in combination with the exchange func-
tional of PKZB. This was done, however, without
reoptimizing the parameter in the PKZB exchange.

Van Voorhis and Scuseria

The meta-GGA of Van Voorhis and Scuseria
Ž . w xVS98 23 uses as input the same variables as the
PKZB or KCIS functionals. In fact, the remarkable
accuracy of the VS98 functional for molecular at-
omization energies was one of the inspirations for
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the PKZB work. The functional form of VS98 ex-
wchange is based on a density-matrix expansion 77,

x78 , which is then modified through the introduc-
tion of fit parameters. The correlation functional is
self-interaction free, with its functional form other-
wise taken to be similar to that for exchange.

The VS98 functional satisfies some exact condi-
Ž .tions e.g., nonuniform density scaling of E whichx

even the PKZB functional does not. However, nei-
ther the exchange nor the correlation piece of the
VS98 functional is exact in the uniform or slowly

Ž .varying limit. This functional contains many 21
parameters which are obtained by fitting to chemi-
cal data. Just as in the case of the highly
parametrized HCTH functional, no information
about extended systems has been included in the
fit.

Filatov and Thiel

The meta-GGA proposed by Filatov and Thiel
Ž . w xFT98 24 does not use the kinetic energy densi-
ties but rather uses reduced Laplacians of the
densities,

=2 ns Ž .q s , 18s 2r32 5r3Ž .4 3p ns

as semilocal input information in addition to the
spin densities and the first reduced gradients. The
FT98 exchange functional correctly reproduces
LDA exchange in the uniform limit and the correct
second-order exchange coefficient in the slowly
varying limit. It even gives the correct fourth-order
coefficient for the q2 term, but not the other two
fourth-order coefficients. The exchange functional
contains four parameters obtained by fitting to 10
atomic exchange energies.

w xThe FT98 correlation functional originates 79
from a model of the correlation hole of the uniform
electron gas. The effect of the inhomogeneity is

w xthen introduced 24 via an empirical ansatz for
the effective correlation length. This ansatz con-
tains four more parameters which were obtained
by fitting to atomic correlation energies.

The construction of the FT98 functional requires
the parametrization of the uniform gas correlation

w xenergies given by the authors in Ref. 79 and not
w xthat of Perdew and Wang 53 . However, both

parametrizations are very close to each other, as
w xcan be seen from Table II of Ref. 79 .

Picturing Meta-GGA Nonlocality: Metaphysics

Due to the larger number of variables, meta-
GGAs are more difficult to visualize than GGAs.
However, meta-GGAs using the kinetic energy

Ž .density of Eq. 9 are able to distinguish between
‘‘iso-orbital’’ and ‘‘orbital overlap’’ regions of space
and can be brought into GGA form for those
regions. Iso-orbital and orbital overlap regions can
be mapped with the help of the ‘‘electron localiza-

w xtion function’’ of Ref. 80 . Here we define an
iso-orbital region as a region of space where the
spin densities are dominated by one orbital or by
several orbitals of the same shape. In this case, the
kinetic energy density for spin s is given to a
good approximation by the Weizsacker form, i.e.,¨

< Ž . < 21 =n rsWŽ . Ž . Ž .t r f t r s . 19s s Ž .8 n rs

Iso-orbital regions can be found, e.g., in density
tails of atoms, in the bond regions of singly bonded
molecules, or in lone pairs. We have plotted the
enhancement factors of the PKZB, KCIS, and VS98
functionals in iso-orbital regions for spin-
unpolarized systems and fully spin-polarized sys-
tems in Figures 1 and 2, respectively. The PKZB,
KCIS, and VS98 meta-GGAs were all constructed
to give a vanishing correlation energy for any
one-electron system. For these systems all space is
an iso-orbital region, leaving an enhancement fac-
tor which is independent of the density parameter
r . Since we use the same exchange functional fors
the PKZB and KCIS meta-GGAs, only two curves
must be shown in Figure 2.

While the kinetic energy density can be accu-
rately represented by the Weizsacker form in iso-¨
orbital regions, there is no precise way to represent
t in terms of n and =n alone for orbital over-s s s

lap regions of space, e.g., intershell regions in
atoms, regions of multiple-bond congestion in mol-
ecules, or interstitial and surface regions in metals.
However, to have some visualization for these
regions as well, we have brought the meta-GGAs
into GGA form by plotting the enhancement fac-
tors for

< < 23 1 =n2r3 s2 5r3Ž . Ž .t s 6p n q . 20s s10 8 ns

This choice was made because it gives the correct
limit for uniform densities and simultaneously sat-
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( )FIGURE 1. Enhancement factors F of Eq. 14 forxc
several meta-GGAs at zero spin polarization z = 0, in
iso-orbital regions where the kinetic energy density t is

( )given by the Weizsacker form of Eq. 19 . s is the¨
( )reduced density gradient of Eq. 13 , and r is thes

( )density parameter of Eq. 16 . The r = 0 curve is thes
exchange-only enhancement factor.

isfies the exact condition

W Ž .t G t . 21s s

Ž .Equation 21 is proved in Appendix B. The corre-
sponding enhancement factors for the meta-GGAs

Ž .with t given by Eq. 20 are shown for zeros

and full-spin polarization in Figures 3 and 4,
respectively.

FIGURE 2. Same as Figure 1, but for full spin
polarization z = 1. Since in this case the correlation
energy vanishes identically for the PKZB, KCIS, and
VS98 functionals, the enhancement factors become
independent of r .s

w xFigures 1]4 show that, as for the PBE GGA 74 ,
the exchange energy of the PKZB meta-GGA turns
on, and its correlation energy turns off relative to
exchange, as the inhomogeneity parameter s or the
spin polarization z increases, or as the density
parameter r decreases. Comparison of Figure 3s
with Figure 1 is instructive. The PKZB, KCIS, and

ŽVS98 meta-GGAs all agree that exchange the r ss
.0 curve strengthens and correlation weakens as

Ž .we pass from an orbital overlap region Fig. 3 to
Ž .an iso-orbital region Fig. 1 . This is reasonable:

When an electron is in a single electron-pair bond,
its exchange hole is localized to that bond, and the
parallel-spin component of its correlation energy is
suppressed. There is some qualitative agreement
between the PKZB and KCIS curves, both of which
are constructed from theoretical considerations, but
these two functionals are rather different from the
semiempirical VS98. The VS98 enhancement fac-
tors for r ) 0 even dip below that for r s 0 ats s
large s, showing that the VS98 correlation energy
density can be positive.

The PKZB enhancement factors in Figures 3 and
4 display a negative second derivative with re-
spect to s at s s 0. The small-s behavior of the
PKZB panels of Figures 3 and 4 is that predicted
by the first-principles second-order gradient ex-
pansion. This behavior is most evident at r s `,s
but should be visible at any r if plotted on as

Žsufficiently fine scale. Note that, in a gradient
expansion of EPKZB, t does not contribute to thexc

0 2 .= and = terms.
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( )FIGURE 3. Enhancement factors of Eq. 14 for several
meta-GGAs at zero spin polarization in orbital overlap
regions. The r = 0 curve is the exchange-onlys
enhancement factor.

To a GGA, ‘‘a gradient is a gradient is a gradi-
Ž w x.ent’’ in the words of Kohn see also Ref. 81 , but,

to a meta-GGA, a density and its gradient in an
iso-orbital region are not the same as in an orbital
overlap region.

Although not designed to do so, meta-GGAs
might help to solve a problem pointed out in Ref.
w x82 : An insulating crystal can support a weak
macroscopic electric field over a large interior vol-
ume. Within this volume, there is a periodic elec-

FIGURE 4. Same as Figure 3, but for full spin
polarization.

tron density which does not uniquely determine
the exchange hole around an electron, since the
same periodic density can be constructed from
Kohn]Sham potentials with or without a macro-
scopic Kohn]Sham electric field. The orbitals,
however, must sense the macroscopic field; other-
wise the exchange hole would not sense it. Al-

Ž .though t of Eq. 9 is found semilocally in a
ŽKohn]Sham calculation via differentiation of the

.orbitals , it is a fully nonlocal functional of the
density, as are the orbitals.
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Numerical Results

UNIFORM ELECTRON GAS

The uniform electron gas plays a special role for
Ž .semilocal functionals GGAs, meta-GGAs : It is the

only system for which these functionals can be
Žexact. More generally, GGAs and meta-GGAs can

.be essentially exact for any slowly varying density.
As pointed out in the previous section, the BLYP,
HCTH, and VS98 functionals do not reduce to the
correct uniform limit for constant spin densities. In
Figure 5 we show the exchange]correlation energy
per particle obtained with these functionals as a

Ž .function of the density parameter r of Eq. 16 ,s
and compare them to the essentially exact LSD
result obtained from the Perdew-W ang

w xparametrization 53 . The results obtained with the
w xparametrization of Filatov and Thiel 79 are indis-

tinguishable from the Perdew]Wang results on
the scale of Figure 5.

The middle panel of Figure 5 shows the errors
Ž .for the unpolarized case z s 0 , while the lower

panel shows the corresponding errors for the fully
Ž .spin-polarized case z s 1 . The BLYP functional

gives the largest deviations from the exact results.
This is particularly true for the fully spin-polarized
case, where the BLYP correlation energy vanishes.
Deviations from the exact results are not negligi-
ble. For example, at r s 2 one obtains the follow-s
ing relative errors in e for the unpolarized case:xc
BLYP: 6.5%, HCTH: 0.7%, VS98: 3.4%, and for the
fully polarized case: BLYP: 7.7%, HCTH: 2.7%,
VS98: 0.2%. Interestingly, the HCTH and VS98
fitting to chemical data does provide some infor-
mation about the physically different uniform elec-
tron gas.

ATOMS

We have performed self-consistent calculations
for several spherically symmetric atoms, using a
numerical code for the solution of the Kohn]Sham
equation. In Tables I and II we show atomic ex-
change and correlation energies obtained from the
different approximations. The functionals were
evaluated with orbitals and densities obtained
self-consistently from the exact-exchange-only op-

Ž . w xtimized effective potential OEP method 47]49 ,
Ž .which could be but was not modified to find

self-consistent meta-GGA orbitals.

FIGURE 5. Exchange]correlation energy per particle
( ) ( )of the unpolarized z = 0 and fully polarized z = 1

uniform electron gas. The upper panel shows the
essentially exact results from the parametrization of

[ ]Perdew and Wang 53 of the quantum Monte Carlo
[ ]results 6 . The middle and lower panels show the errors

for the BLYP, HCTH, and VS98 functionals for the
unpolarized and fully polarized case, respectively.

The magnitudes of atomic exchange energies
are underestimated by 5]15% in LSD. Not surpris-
ingly, all the GGAs and meta-GGAs reduce this
error significantly. Among the GGAs, RPBE and

ŽBLYP give the smallest errors consistently less
. Žthan 1% , while PBE errors tend to be small less
.than 1% for the heavier atoms and typically be-

tween 1 and 2% for the lighter atoms. HCTH
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TABLE I
( ) aExchange energies yE in hartree for some spherically symmetric atoms.x

exac t LSD PBE RPBE BLYP HCTH PK ZB VS98 F T9 8E E E E E E E E Ex x x x x x x x x

H 0.3125 0.2680 0.3059 0.3112 0.3098 0.3055 0.3081 0.3148 0.3120
He 1.0258 0.8840 1.0136 1.0313 1.0255 1.0063 1.0202 1.0399 1.0302
Li 1.7807 1.5379 1.7572 1.7876 1.7753 1.7454 1.7682 1.7893 1.7852
Be 2.6658 2.3124 2.6358 2.6801 2.6578 2.6114 2.6482 2.6579 2.6707
N 6.6044 5.9008 6.5521 6.6252 6.5961 6.5145 6.5255 6.5968 6.6045
Ne 12.1050 11.0335 12.0667 12.1593 12.1378 12.0114 11.9514 12.1404 12.1260
Na 14.0131 12.7859 13.9506 14.0528 14.0304 13.9009 13.8115 14.0374 14.0177
Mg 15.9884 14.6117 15.9147 16.0260 16.0005 15.8596 15.7448 15.9967 15.9862
P 22.6341 20.7931 22.5028 22.6369 22.6221 22.5016 22.2475 22.6365 22.6089
Ar 30.1747 27.8632 29.9961 30.1494 30.1535 30.0751 29.6437 30.1918 30.1429
Kr 93.8330 88.6245 93.4257 93.6645 93.8721 95.1802 92.2949 94.8248 93.8407
Xe 179.0635 170.5660 178.2450 178.5649 179.0427 183.2130 176.2574 181.6907 179.0636

( )mare in % 9.8 0.8 0.3 0.2 1.4 1.3 0.5 0.1

a [ ] exac tAll functionals were evaluated with self-consistent exchange-only OEP orbitals and densities 47 . Exact values, E , werex
( )obtained by evaluating Eq. 11 with these orbitals. The ‘‘mare’’ is the mean absolute value of the relative error.

errors are typically in the 1]2% range. For the
meta-GGAs, we have typical errors of 1]2% for
PKZB and less than 1% for VS98 and FT98. That
the FT98 functional gives a very accurate atomic
exchange energy is not surprising, since many of
the atoms of Table I were used to obtain the fit
parameters of this functional.

For the heavier atoms, the PKZB exchange en-
ergy is less accurate than that of PBE, because the
smaller second-order gradient term of PKZB can-
not cancel as much of the LSD self-interaction
error in the inert core. In an atom, a region of small

w Ž .xfirst reduced density gradient s Eq. 13 is not a

region of slowly varying density, because higher-
order reduced gradients are large there.

Typical relative errors for atomic correlation en-
ergies are much larger than for atomic exchange
energies. LSD overestimates correlation energies
by as much as 300%. These errors are reduced to
10% or less by PBE and less than 5% for BLYP,
except for Li where BLYP is off by 17%. HCTH
overestimates atomic correlation energies by up to
80% for He. This error is somewhat smaller for
heavier atoms, but still amounts to 30% for Ar.
Among the meta-GGAs, KCIS shows the best per-
formance, with errors consistently lower than 10%.

TABLE II
( ) aCorrelation energies yE in hartree for some spherically symmetric atoms.c

exac t LSD PBE BLYP HCTH PK ZB KCIS VS98 F T98E E E E E E E E Ec c c c c c c c c

H 0.0000 0.0222 0.0060 0.0000 0.0132 0.0000 0.0000 0.0000 0.0000
He 0.0420 0.1125 0.0420 0.0438 0.0753 0.0473 0.0408 0.0399 0.0464
Li 0.0455 0.1508 0.0514 0.0534 0.0961 0.0544 0.0498 0.0626 0.0555
Be 0.0950 0.2240 0.0856 0.0945 0.1505 0.0936 0.0861 0.1251 0.0916
N 0.1858 0.4268 0.1799 0.1919 0.2772 0.1841 0.1805 0.2342 0.1912
Ne 0.3929 0.7428 0.3513 0.3835 0.5046 0.3635 0.3667 0.4344 0.3661
Na 0.3988 0.8010 0.3715 0.4083 0.5370 0.3821 0.3905 0.4671 0.3909
Mg 0.4424 0.8874 0.4110 0.4594 0.6080 0.4252 0.4364 0.5384 0.4411
P 0.5446 1.1127 0.5265 0.5664 0.7457 0.5377 0.5551 0.6897 0.5513
Ar 0.7314 1.4242 0.7067 0.7508 0.9533 0.7229 0.7457 0.9117 0.7277
Kr 3.2693 1.7672 1.7486 2.0788 1.7849 1.8875 1.9554 1.8037
Xe 5.1773 2.9184 2.7440 3.1789 2.9364 3.1269 3.0873 2.9468

( )mare in % 128.3 6.4 4.5 51.8 5.8 4.3 22.3 5.5

a [ ]All functionals were evaluated with self-consistent exchange-only OEP orbitals and densities 47 . Exact correlation energies are
[ ]taken from Ref. 25 . The ‘‘mare’’ excludes H, Kr, and Xe.
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PKZB and FT98 typically also give errors of less
than 10%, except for the He and Li atoms. Again,
the accuracy of the FT98 correlation functional for
atomic systems is not surprising, since atomic cor-
relation energies were used to obtain the fit pa-
rameters. VS98 correlation energies are less accu-
rate, with typical errors ranging from 15 to as
much as 30%.

MOLECULES

Molecular atomization energies are probably the
quantities of greatest interest to quantum chemists.
In Tables III and IV, we report atomization ener-
gies for 20 small molecules. To construct these

w xtables, we used experimental bond lengths 13
and orbitals constructed from the PBE GGA
exchange]correlation potential.

Exchange-only atomization energies are re-
ported in Table III. The approximate values were
found by zeroing out the correlation energy func-
tionals, and the exact values were obtained using

Ž . w xEq. 11 . As expected from the analysis of Ref. 83 ,
all the density functionals show a serious tendency
to overbind at the exchange-only level, especially
for the multiply bonded molecules like N and O .2 2
LSD is by far the worst performer, and the PKZB

Žmeta-GGA is the best although its mean absolute
.error of 24 kcalrmol is still unacceptable .

Much more satisfactory results are found in
Table IV, which includes correlation. It is a well-
known fact that LSD-xc overbinds molecules, with
a large mean absolute error of 32 kcalrmol for our

Žset of molecules. In previous LSD calculations for
w xmolecules 26 , we inadvertently used the

w xparametrization of Vosko, Wilk, and Nusair 51
w xinstead of the one of Perdew and Wang 53 , but

.this has little effect on the results. GGAs and
meta-GGAs greatly reduce this overbinding. The
PBE functional performs well for the singly bonded
molecules like CH or NH , but still overbinds4 3
multiply bonded molecules such as N or O .2 2
RPBE typically further reduces PBE atomization

Ženergies, which is sometimes good as for, e.g., N2

TABLE III
( ) aExchange-only atomization energies in kcal ///// mol of 20 small molecules.

exact LSD PBE RPBE BLYP HCTH PKZB VS98 FT98Molecule DE DE DE DE DE DE DE DE DE

H 84.0 81.5 84.8 85.8 85.4 88.3 85.8 87.2 88.02
LiH 33.9 33.6 36.9 36.8 36.2 32.9 34.6 34.6 33.4
CH 327.2 369.9 336.0 326.9 331.2 350.7 319.0 333.8 332.14
NH 199.5 255.0 227.4 218.9 222.6 230.2 209.5 209.9 220.53
OH 67.3 96.2 84.5 80.9 82.7 85.3 76.9 79.3 80.9
H O 154.6 212.9 183.9 176.4 180.5 192.9 169.7 184.5 177.42
HF 96.1 136.1 117.1 112.6 115.4 125.4 109.3 125.0 113.5
Li 3.5 6.5 6.4 6.7 3.9 2.4 5.2 y2.4 1.72
LiF 86.8 129.7 116.5 110.8 113.6 110.9 103.5 115.5 107.5
Be y11.0 9.4 3.1 1.2 1.6 1.9 y1.3 y2.1 0.02
C H 290.6 382.7 333.0 318.5 325.5 342.5 307.4 325.4 319.72 2
C H 423.9 517.7 456.5 439.6 447.4 474.0 426.8 445.8 446.92 4
HCN 194.5 294.0 256.1 243.5 249.1 252.7 232.8 232.5 243.3
CO 169.2 261.9 224.0 213.1 218.7 227.6 207.0 218.4 212.9
N 110.2 211.4 184.1 173.6 177.6 169.8 164.1 145.8 173.22
NO 45.6 156.9 122.8 112.5 117.0 118.7 105.1 98.3 113.7
O 24.9 147.5 104.4 94.1 99.3 113.9 89.1 100.0 97.12
F y43.3 64.0 32.5 24.7 28.8 34.1 21.7 25.0 31.32
P 31.8 98.4 73.1 66.1 70.1 69.4 66.2 50.6 72.02
Cl 15.5 68.2 39.8 33.7 37.0 48.6 34.0 36.0 38.22
mae 61.7 35.9 28.6 31.9 38.6 23.9 27.5 30.2

( .mare in % — 109.9 69.1 58.9 60.0 71.0 51.6 60.3 60.8

aAll functionals were evaluated on PBE-xc orbitals and densities at experimental geometries, but the correlation energy contribu-
[ ]tions were zeroed out. The calculations were performed with a modified version of the CADPAC program 111 . The Gaussian basis

sets are of triple-zeta quality, with p and d polarization functions for hydrogen, and d and f polarization functions for first- and
( )second-row atoms. The ‘‘mae’’ is the mean absolute error over all 20 molecules. 1 hartree = 627.5 kcal / mol . The ‘‘mare’’

excludes Be .2
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TABLE IV
( ) aAtomization energies in kcal ///// mol of 20 small molecules, including correlation as well as exchange.

expt LSD PBE RPBE BLYP HCTH PKZB KCIS VS98 FT98Molecule DE DE DE DE DE DE DE DE DE DE

H 109.5 113.2 104.6 105.5 109.4 109.6 114.5 108.7 106.3 112.52
LiH 57.8 61.0 53.5 53.4 58.1 56.9 58.4 53.9 54.5 55.2
CH 419.3 462.3 419.8 410.6 416.6 417.7 421.1 411.5 421.4 419.94
NH 297.4 337.3 301.7 293.2 301.4 295.2 298.8 292.9 296.4 295.53
OH 106.4 124.1 109.8 106.3 109.6 106.8 107.8 106.0 107.6 105.0
H O 232.2 266.5 234.2 226.6 232.5 231.8 230.1 227.3 231.5 226.12
HF 140.8 162.2 142.0 137.5 141.0 143.6 138.7 138.0 141.9 137.8
Li 24.4 23.9 19.9 20.2 20.5 21.3 22.5 20.5 22.7 15.02
LiF 138.9 156.1 138.6 132.9 140.1 136.9 128.0 128.5 136.6 130.4
Be 3.0 12.8 9.8 7.9 6.1 5.6 4.5 5.8 9.4 6.32
C H 405.4 460.3 414.9 400.4 405.3 405.1 401.2 397.0 408.1 402.72 2
C H 562.6 632.6 571.5 554.5 560.7 561.5 561.5 552.0 565.3 563.52 4
HCN 311.9 361.0 326.1 313.6 320.3 312.8 311.8 309.6 312.4 312.5
CO 259.3 299.1 268.8 257.9 261.8 260.6 256.0 255.9 258.8 254.7
N 228.5 267.4 243.2 232.7 239.8 226.7 229.2 228.9 223.2 229.72
NO 152.9 198.7 171.9 161.6 166.0 158.3 158.5 158.5 152.2 158.7
O 120.5 175.0 143.7 133.3 135.3 135.7 131.4 132.0 128.1 132.22
F 38.5 78.2 53.4 45.6 49.4 46.7 43.2 43.9 39.7 46.52
P 117.3 143.8 121.1 114.1 121.0 111.2 117.8 117.5 114.6 122.42
Cl 58.0 83.0 65.1 58.9 57.2 57.9 59.4 59.6 54.6 60.12
mae — 31.7 7.9 4.9 4.3 2.8 3.1 4.6 2.5 4.1

( .mare in % — 21.7 7.4 4.5 4.5 3.4 3.0 4.0 2.2 5.5

aAll functionals were evaluated on PBE-xc orbitals and densities at experimental geometries. Zero-point vibration has been removed
[ ]from experimental energies 13 . See caption of Table III.

. Ž .or HCN and sometimes bad as for CH or H O .4 2
BLYP and HCTH also perform well for the singly
bonded molecules and not quite so well for the
multiply bonded ones. The mean absolute error for
the 20 atomization energies is reduced to 8
kcalrmol for PBE, 5 kcalrmol for RPBE, 4
kcalrmol for BLYP, and 3 kcalrmol for HCTH.

ŽAtomization energies including those of most of
.the molecules in our list have been used to fit the

18 parameters in the HCTH functional, and so one
has to expect a good performance for this quantity.
Despite the large number of fit parameters, the
HCTH atomization energies are only slightly bet-
ter than those of functionals with far fewer fitting
parameters.

The meta-GGAs in general perform well for
atomization energies and typically do not exhibit
any preferential overbinding for singly or multiply
bonded molecules. The mean absolute errors range
from less than 3 kcalrmol for VS98 to less than 5
kcalrmol for KCIS. The KCIS functional might
have performed better if the parameter in its ex-

Ž .change part i.e., the PKZB exchange had been
reoptimized to minimize the mean absolute error

for the atomization energies. Just as for the GGAs,
the improvement that can be achieved by using a

Ž .large number of fit parameters as in VS98 is also
limited: PKZB, which contains only one parameter
fitted to chemical data, performs almost as well as
VS98, which contains 21.

It is interesting to note that all the functionals
tested in this work show larger errors for the
atomization energy of O . Gunnarsson and Jones2
w x84 have argued that the interaction of the occu-

Ž .pied antibonding and highly noded 1p orbitalg
with the lower energy shell is not described cor-
rectly in LSD. This argument probably also holds
for the GGAs and meta-GGAs.

JELLIUM SURFACES

Metal surface energies are like and yet unlike
molecular atomization energies. When a bond is
broken in a molecule or solid, new surface area is
created around the divorced atoms, at some cost in
energy. But the Kohn]Sham orbital energies are
continuous and the electron correlations are very
long-ranged only at the metal surface. Local and
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semilocal functionals can be expected to work bet-
ter when the orbital energies are continuous, but
worse when correlations are long-ranged.

The first self-consistent calculations for the jel-
lium surface were reported by Lang and Kohn
w x85 , who used the LSD approximation for ex-
change and correlation. However, since the exact
solution for the jellium surface is not known, the
magnitude of the surface exchange and correlation
energy continues to be a matter of debate. The
problem has been studied with various methods

w xsuch as wave-vector analysis 86 , the Fermi hy-
w xpernetted chain approximation 87 , and diffusion

w xMonte Carlo 88 . Recently, Pitarke and Eguiluz
w x89 calculated the surface exchange and correla-
tion energies within the random-phase approxima-

Ž .tion RPA . With their study, exact surface ex-
change energies became available. Based on the
results of Pitarke and Eguiluz, Kurth and Perdew
w x90 estimated the surface exchange-correlation en-
ergy, s , beyond RPA by including a GGAxc
‘‘short-range’’ correction to RPA. This estimate
turns out to be close to the total surface exchange-
correlation energy in LSD, although the individual
LSD exchange and correlation pieces are seriously
in error.

For the present study, we have calculated the
surface exchange and correlation energies from the
approximate exchange]correlation functionals of
the second section. The results are shown in Tables
V and VI, respectively. Surface exchange energies
are overestimated by LSD, the error ranging from
16% at r s 2 to almost 100% at r s 6. This errors s

is reduced by the PBE, RPBE, and BLYP GGAs,
with PBE performing best among these approxi-

mations. RPBE and BLYP give essentially the same
results for s . The fourth GGA we tested, HCTH,x
gives surface exchange energies which are even
more in error than LSD over most of the range of
r values. Among the meta-GGAs, PKZB and FT98s
underestimate s while VS98 typically overesti-x

mates it. While FT98 is consistently worse than the
PBE GGA, PKZB is consistently better. The fact
that FT98 even gives a negative surface exchange
energy for r s 6 is probably attributable to as

wrong fourth-order gradient coefficient in the
slowly varying limit. Overall, VS98 gives the best

Ž .approximation of s for low densities r G 4 ,x s

while PKZB yields the best results for higher den-
Ž .sities r - 4 .s

The results for the surface correlation energies
Ž .Table VI vary strongly over the different approxi-
mations to the correlation functional. Although
exact results are not available, we believe that the
results of the first column, which were obtained by
combining a refined GGA short-range correlation

w xcorrection 91 with the RPA results of Pitarke and
w xEguiluz 89 , give an accurate estimate for s . Thec

ŽPBE GGA and the PKZB meta-GGA which was
constructed to leave the PBE surface correlation

.energies essentially unchanged give the results
closest to this estimate. KCIS surface correlation
energies are somewhat higher than those from
PBE, but still in a similar range. LSD surface corre-
lation energies are too low, but VS98 and HCTH
results are even lower. The latter functional
Ž .HCTH even gives negative surface correlation
energies. BLYP also shows little improvement over
LSD results. Finally, FT98 seriously overestimates
surface correlation energies.

TABLE V
( 2) aSurface exchange energies in erg ///// cm for jellium using self-consistent LSD-xc orbitals and densities.

exact LSD PBE RPBE BLYP HCTH PKZB VS98 FT98r s s s s s s s s ss x x x x x x x x x

2.00 2624 3037 2438 2380 2380 3338 2578 2859 2428
2.07 2296 2674 2127 2073 2073 2933 2252 2501 2114
2.30 1521 1809 1395 1353 1354 1970 1484 1657 1375
2.66 854 1051 770 740 742 1131 825 929 745
3.00 526 669 468 445 447 715 505 574 441
3.28 364 477 318 300 301 503 346 396 291
4.00 157 222 128 117 118 226 142 167 103
5.00 57 92 40 34 34 89 47 59 19
6.00 22 43 12 7 8 39 15 21 y7

( )mare in % 36.7 16.7 23.4 22.7 40.9 8.6 7.6 34.1

a [ ] ( 2 6 2)Exact surface exchange energies were provided by Pitarke and Eguiluz 89, 112 . 1 hartree / bohr = 1.557 = 10 erg / cm
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TABLE VI
( 2) aSurface correlation energies in erg ///// cm for jellium using self-consistent LSD-xc orbitals and densities.

LSD PBE BLYP HCTH PKZB KCIS VS98 FT98‘‘exact’’r s s s s s s s s ss c c c c c c c c c

2.00 789 317 827 388 y114 824 939 204 1127
2.07 719 287 754 350 y106 750 857 186 1034
2.30 539 210 567 254 y84 564 649 138 795
2.66 360 137 382 161 y61 380 441 90 554
3.00 255 95 275 109 y47 274 320 62 410
3.28 199 72 215 80 y38 214 252 47 329
4.00 111 39 124 40 y24 124 148 24 200
5.00 56 19 67 17 y14 66 81 10 115
6.00 33 10 40 8 y10 40 49 4 73

( )mare in % 63.3 9.9 59.6 119.6 9.4 28.9 77.6 69.0

a [ ]‘‘Exact’’ results are from 91 .

Table VII shows the combined surface
exchange]correlation energy s . Because of thexc
long-range nature of exchange and correlation at
the surface, the errors of semilocal functionals for
exchange and for correlation are expected to show
considerable cancellation in s . With the excep-xc
tion of BLYP, all functionals that we tested in
this study show this error cancellation, which is
especially remarkable for LSD: LSD surface
exchange]correlation energies are within 2% of
the estimated exact values, while s LSD is in errorx
by 15]100% and s LSD by 60]330%. Of all thec
functionals tested, only PKZB performs better than
LSD here. All other functionals perform worse for
s , with BLYP giving results particularly off thexc
mark. Note also that the RPBE, which improves
upon PBE for molecular atomization energies,
worsens the surface energies. Because s is aboutxc
three times bigger than the total surface energy s
for typical metals, it must, of course, be calculated
accurately.

The PKZB meta-GGA surface exchange]correla-
tion energies for jellium preceded but are sup-
ported by two independent estimates of the exact

Ž .s : 1 a short-range correction to exact exchangexc
w x Ž .and RPA correlation 91 and 2 a long-range

w xcorrection to GGA exchange]correlation 91 .
Ž .While we have chosen 1 as our ‘‘exact’’ standard

here, an alternative ‘‘exact’’ standard would be the
w xdiffusion Monte Carlo values of Ref. 88 , which

are 5% higher at r s 2 and 46% higher at r s 4.s s
Of the nine density functionals tested here, only
KCIS and FT98 are closer than PKZB to this alter-
native ‘‘exact’’ standard, and none is close at r s 4.s

Functionals that predict the right s need to bexc
right or nearly right in the slowly varying limit.

The extraordinary accuracy of the PKZB functional
for s seems to reflect its use of the correctxc
gradient coefficients for exchange and correlation.
Using the right second-order gradient coefficient
for the exchange energy introduces some error into

Ž .the exchange energies of atoms Table I but does
no harm to the atomization energies of molecules
Ž .Table IV , and leads to highly accurate surface

Ž .energies Table VII .

SOLIDS

Bulk solids, especially simple metals, have
rather slowly varying valence electron densities for
which the LSD and GGA descriptions are almost
equivalent, at least for those exchange-correlation
functionals that properly recover the uniform-gas

w xlimit 74, 92, 93 . As a result, LSD is still very
Žpopular in solid-state physics. For the valence]

valence exchange energy, without correlation, GGA
w x .is considerably better than LSD 93, 94 .

Nevertheless, the accurate calculation of lattice
constants and bulk moduli remains a challenge to

w xall semilocal functionals 95]97 , for reasons we
shall discuss. The lattice constants or equilibrium
unit cell volumes V are found by minimizing the0
total energy E per cell as a function of the cell
volume:

­ E
Ž .s 0. 22

­ V V0

More generally,

­ E
Ž .P s y 23

­ V V
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TABLE VII
( 2)Surface exchange]correlation energies in erg ///// cm for jellium using self-consistent LSD-xc orbitals

aand densities.

LSD PBE RPBE BLYP HCTH PKZB KCIS VS98 FT98‘‘exact’’r s s s s s s s s s ss xc xc xc xc xc xc xc xc xc xc

2.00 3413 3354 3265 3207 2768 3224 3402 3517 3063 3555
2.07 3015 2961 2881 2827 2423 2827 3002 3109 2687 3148
2.30 2060 2019 1962 1920 1608 1886 2048 2133 1795 2170
2.66 1214 1188 1152 1122 903 1070 1205 1266 1019 1299
3.00 781 764 743 720 556 668 779 825 636 851
3.28 563 549 533 515 381 465 560 598 443 620
4.00 268 261 252 241 158 202 266 290 191 303
5.00 113 111 107 101 51 75 113 128 69 134
6.00 54 53 52 47 16 29 55 64 25 66

( )mare in % 2.1 4.9 8.5 34.8 18.7 0.6 7.3 23.5 10.4

a [ ]‘‘Exact’’ results are from 91 .

is the pressure at volume V. The bulk modulus of
elastic stiffness is

­ P
Ž .B s yV . 240 ­ V V0

We have calculated the zero-temperature V and0
B in a standard way, by fitting the calculated0
Ž . ŽE V typically 6]8 points in the range 0.90 Q

.VrV Q 1.05 to the analytic Murnaghan equation0
w xof state 98 and then differentiating this equation.
Ž . Ž .By Eq. 22 , E V is flat near V , so any small0

volume-dependent error in the approximate en-

ergy can shift the equilibrium volume away from
experiment. For LSD, GGA, and related function-
als, this error seems to come not from the
valence]valence but from the core]valence inter-

w xaction 92 . This interaction occurs in a narrow
intershell region in which the density switches
rapidly from one exponential decay to another.

Our calculated equilibrium volumes V and0

bulk moduli B are presented in Tables VIII and0

IX, respectively. The LSD and PBE-GGA calcula-
tions are self-consistent within the scalar-relativis-

Ž .tic linearized augmented plane-wave LAPW
w xmethod 99 . The other GGAs and meta-GGAs

TABLE VIII
( 3)Equilibrium unit cell volumes V in bohr for bulk solids, using self-consistent LSD-xc orbitals and densities for0

aLSD, and self-consistent PBE-GGA-xc orbitals and densities for the other functionals.

expt LSD PBE RPBE BLYP HCTH PKZB KCIS VS98 FT98Solid V V V V V V V V V V0 0 0 0 0 0 0 0 0 0

Na 255.4 224.4 249.8 267.8 250.1 275.6 272.0 271.0 229.1 194.0
NaCl 302.7 276.1 313.1 338.3 324.3 353.6 296.6 312.5 240.0 321.0
Al 112.1 106.6 111.2 113.3 116.5 108.4 109.3 108.0 101.8 106.0
Si 270.0 266.2 276.3 282.1 285.6 278.3 274.5 280.4 270.6 268.1
Ge 305.9 301.4 322.1 331.0 343.1 328.9 314.6 319.9 318.1 325.4
GaAs 304.3 298.3 320.5 330.2 340.1 329.0 314.0 319.4 315.8 323.0
Cu 78.7 73.5 80.6 83.5 85.7 82.5 78.5 79.9 82.7 78.7
W 106.5 104.0 108.9 110.2 112.7 106.1 107.1 108.1 108.9 106.9
Fe 79.5 70.5 76.7 79.1 80.3 — 75.9 77.0 — 75.5
Pd 99.3 95.5 103.2 106.1 110.1 104.3 100.9 102.9 110.0 106.9
Pt 101.3 99.7 105.7 107.5 112.4 104.4 103.0 104.4 110.2 106.8
Au 112.8 111.9 121.1 124.6 131.0 123.5 117.8 120.6 129.2 120.8
mare } 4.8 3.6 6.0 8.0 6.3 2.6 3.8 8.1 6.2

( .in %
a [ ] [ ] ( ) [ ]The calculations were done with the WIEN code 99 . The experimental values are from Refs. 92 for most of the solids , 113
( ) [ ] ( )for Pd , and 95 for Pt and Au . For Fe, the HCTH and VS98 energies oscillate near the minimum.
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TABLE IX
( ) aEquilibrium bulk moduli B in GPa for bulk solids.0

exp t LSD PBE RPBE BLYP HCTH PK ZB KCIS VS98 F T9 8Solid B B B B B B B B B B0 0 0 0 0 0 0 0 0 0

Na 6.9 9.2 7.6 6.6 7.1 6.1 7.0 7.0 12.5 15.1
NaCl 24.5 32.2 23.4 19.9 22.1 17.0 28.1 27.1 98.0 23.0
Al 77.3 84.0 77.3 75.6 58.6 86.8 90.5 97.8 106.0 61.6
Si 98.8 97.0 89.0 85.5 79.2 86.0 93.6 89.7 104. 97.8
Ge 76.8 71.2 59.9 56.1 48.0 54.1 64.6 61.2 64.3 58.1
GaAs 74.8 74.3 60.7 55.5 49.8 53.5 65.1 61.1 68.3 57.0
Cu 138 191 139 124 113 114 154 144 118 198
W 310 335 298 293 272 312 311 313 299 317
Fe 172 259 198 164 161 — 198 184 — 213
Pd 181 226 174 154 140 142 181 165 130 317
Pt 283 312 247 229 200 227 267 253 210 272
Au 172 195 142 122 101 111 153 137 108 155
mare } 19.1 9.9 14.6 21.5 20.0 9.3 11.5 50.7 29.4

( .in %
aSee footnote for Table VIII.

have been evaluated on the PBE-GGA densities
and orbitals. Note that B was evaluated at the0
theoretical volume V , which can be the main0
source of error in the theoretical bulk modulus.
Generally, the more V is overestimated in com-0
parison to experiment, the more B is underesti-0
mated.

While LSD tends to underestimate the equilib-
rium volume V , GGA tends to overestimate it,0
with the least overestimation provided by PBE and
the most by BLYP. Among the meta-GGAs, PKZB
and KCIS are the best performers, although they
clearly leave room for improvement. Recovery of
the correct uniform-gas limit seems to be a neces-
sary condition for the accurate calculation of V0

w xand B 100 . Because the errors in V are believed0 0
w xto come from the core]valence interaction 92 ,

they can in principle be removed by constructing
an electron]ion pseudopotential beyond the level

w xof semilocal approximations 101]103 .
Somewhat contrarily to popular belief, the PBE-

GGA and PKZB meta-GGA results for V and B0 0
improve upon those of LSD, and turn out to be the
second-best and best functionals tested for this
purpose. However, the improvements are statisti-
cal and not uniform. Some of the semiempirical
functionals fail badly for solids.

Discussion and Conclusions

In this work, we have presented results from
extensive numerical tests of nine approximate

exchange]correlation functionals. These approxi-
Ž .mations other than LSD were all of the GGA or

meta-GGA form, but their constructions followed
very different philosophies. Some of the function-
als were constructed to preserve key properties of
the exact exchange]correlation functional. Others

Žfollowed a more empirical path and used a some-
.times large number of parameters obtained by

fitting the numerical results to experimental data,
typically for either atomic or molecular systems.

Not surprisingly, with the latter approach one
can obtain a functional which performs well for
atomic and molecular systems. However, the im-
provement that can be achieved in this way ap-
pears to be limited and does not scale linearly with
the number of fit parameters. For example, the
HCTH and VS98 functionals are both highly
parametrized with 18 and 21 fit parameters, re-
spectively. Although HCTH and VS98 give the
smallest mean absolute errors for the atomization
energies of our set of molecules, the PKZB func-
tional, which was constructed by preserving many
exact properties and contains only one parameter
fitted to chemical data, performs almost as well for

Žmolecular atomization energies. Tests of PKZB for
the extended G2 data set have recently been per-

w x .formed 104 .
It is a challenge for all functionals to perform

well both for small systems such as atoms and
molecules and for extended systems such as sur-
faces and solids. In our study, we find that this
challenge is best met by those functionals designed

Žto incorporate key exact properties such as PBE
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among the GGAs and PKZB among the meta-
.GGAs . Even the popular BLYP GGA, which gives

very good results for atoms and molecules, per-
forms rather poorly for surface correlation ener-
gies. Surface correlation energies are apparently
hard to get right. All the functionals obtained by

Žfitting to atomic and molecular data BLYP, HCTH,
.VS98, and FT98 are seriously in error for surfaces

and for bulk solids, often much more so than LSD.
We favor a conservative philosophy to approxi-

mate the universal exchange]correlation func-
tional: Retain all exact conditions that are already
satisfied, and add additional ones which have been
neglected in previous approximations. This ap-

Žproach should lead to improved or at least not
.worsened performance for a wide variety of sys-

tems, and at the same time provide some physical
insight into the reasons for this improvement. For
example, the improved performance of PKZB over
PBE could be attributed to the incorporation of

Ž .two additional exact properties: 1 no self-correla-
Ž .tion error for one-electron systems and 2 correct

fourth-order gradient expansion for the exchange
functional.

On the other hand, adding more empirical pa-
rameters to an approximate functional without
providing new physical arguments to support its
form may lead to a somewhat higher accuracy for
a particular class of systems but will most likely
not help to improve functional performance for
physically different systems.

As is well known, GGAs greatly improve upon
the LSD description of atoms and molecules, al-
though their second-order gradient coefficient for
exchange is usually about twice as big as the

w xfirst-principles gradient coefficient 34 . It is not so
well-known that these GGAs typically worsen the
LSD description of the metal surface energy. How-

Ž .ever, a meta-GGA PKZB with the correct gradi-
ent expansion is able to bring good improvement
over LSD in both cases, probably because of its
ability to discriminate between iso-orbital and or-
bital overlap regions. Apart from one unknown
fourth-order gradient coefficient fitted to molecu-
lar atomization energies, this meta-GGA is an
entirely theoretical construct. Further tests and
theoretical extensions are under consideration. It
remains to be seen if the PKZB meta-GGA can
match the good PBE GGA performance for the
description of pressure-driven phase transitions in

w x w xsolids 105 , hydrogen bonds 106 , and van der
w xWaals bonds 107, 108 .

In the tests we have made here, the PKZB
meta-GGA has rather consistently improved upon
the PBE GGA. We believe that this is a conse-

wquence of the more general meta-GGA form Eq.
Ž . Ž .x8 instead of Eq. 7 . Attempts to revise the PBE

w Ž .xthat stay within the GGA form Eq. 7 tend to
improve some properties while worsening others.
For example, improved GGA atomization energies

w xof molecules 63, 64 lead to worsened surface
energies and lattice constants, while improved

w xlattice constants 109 worsen the atomization
energies.

We recommend that the results of density func-
tional calculations be reported at all three levels:
LSD, PBE GGA, and PKZB meta-GGA.

Appendix A: KCIS Correlation Energy
Functional

In this appendix, we give formulas for the KCIS
w xcorrelation energy functional 25 . It can be written

in the following self-interaction-free way:

KCIS 3 Ž . GGAGAP Ž .E s d r n r e n , n , =nHc c ­ x½
W Ž .t rs GGAGAPŽ . Ž . Ž .y n r e n , 0, =n , A1Ý s c s s 5Ž .t rss

W Ž .where t is given in Eq. 19 . The functions

e GGAGAP has the spin-polarization dependencec

GGAGAP Ž .e n , n , gc ­ x

GAP, unp Ž .s e r , g , Gc s

GAP, polŽ . Ž .q f z e r , g , Gc s

GAP, unp Ž . Ž .ye r , g , G , A2c s

with

4r3 4r3Ž . Ž .1 q z q 1 y z y 2
Ž . Ž .f z s . A31r3Ž .2 2 y 1

Ž . < <The gap G in Eq. A2 is related to g s =n by

g 2

Ž .G s . A428n

The functions e GAP, unp and e GAP, pol are only de-c c
fined for the unpolarized or fully spin-polarized
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situation, respectively. They read

GGA, unp Ž . Ž .e r , g q c r Gc s 1 sGAP, unp Ž .e r , g , G sc s 2Ž . Ž .1 q c r G q c r G2 s 3 s

Ž .A5

and

GAP, pol Ž .e r , g , Gc s

GGA, pol Ž . Ž .e r , g q 0.7c r Gc s 1 s Ž .s . A62Ž . Ž .1 q 1.5c r G q 2.59c r G2 s 3 s

Ž . w xThe c r are parametrized functions 110 ob-i s
tained from a model of a uniform electron gas
with a gap G in the excitation spectrum. In Eqs.
Ž . Ž . GGA, unpŽ .A5 and A6 , the functions e r , g andc s

GGA, polŽ .e r , g are given byc s

GGA, unp Ž .e r , gc s

unif Ž .e r , z s 0c s Ž .s A72 unifŽ < Ž . <.1 q b ln 1 q t r e r , z s 0c s

and

GGA, pol Ž .e r , gc s

unif Ž .e r , z s 1c s Ž .s , A8y1r3 2 unifŽ < Ž . <.1 q b ln 1 q 2 t r e r , z s 1c s

respectively. Here, e unif is the usual correlationc
energy per particle of a uniform electron gas with-
out gap, and b s 0.066725 is the second-order
gradient coefficient for correlation in the high-
density limit. Finally

1r34r3p 2 g
7r2 Ž .t s r g s A9sž /3 3 2k ns

is another reduced density gradient, where k ss
Ž .1r2 Ž 2 .1r34k rp and k s 3p n .F F

Ž . Ž .KCIS have developed Eqs. A5 and A6 for
r Q 10. We have found a peculiarity of their ex-s
pressions for r 4 10, which is also evident ins
Figure 4:

GAP, pol Ž 2 .lim lim e r , g , g r8nc s
r ª`sª0 s

GAP, pol Ž 2 . Ž ./ lim lim e r , g , g r8n , A10c s
r ª` sª0s

Ž .with s defined by Eq. 13 .

Appendix B: Lower Bound on the
Kinetic Energy Density

Here we briefly prove the lower bound of Eq.
Ž .21 on the kinetic energy density. We start with
the Weizsacker kinetic energy density¨

< < 2=nsWt ss 8ns

22occ occ1 1
< < < <s 2w =w F w =wÝ Ýis is is isž /8n 2ns si i

Ž .B1

where we assume real single-particle orbitals. Us-
ing the Cauchy]Schwarz inequality,

2
2 2U < < < < Ž .a b F a b , B2Ý Ý Ýi i i iž / ž /

i i i

Ž .we obtain from Eq. B1

occ occ1 2 2W < < < < Ž .t F w =w s t , B3Ý Ýs is js sž / ž /2ns i j

Ž .which completes the proof of Eq. 21 .
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