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Two representations of the Laplace transforms of time autocorrelation functions, namely
the moment expansion and Mori’s continued fraction representation, are studied from the
point of view of their convergence, with the aim of obtaining new general properties of time
autocorrelation functions. First, the relation between them is established by using mathema-
tical techniques in the case of a general dynamical variable, and a direct method, useful for
applications, in the case of Hermitian variables. The mathematical structure associated to
Mori’s generalized random forces is investigated and it is shown that these random forces
can be obtained by a Schmidt orthogonalization of the sequence of initial time derivatives of
the dynamical variable considered. Then, the convergence criteria for both representations
are examined and an illustration is given with the exactly solvable case of an isotopic impu-
rity in a linear chain of coupled harmonic oscillators. Finally, the question of knowing whether
the continued fraction expansion is convergent for any Hermitian dynamical variable and any
system is discussed, with its implications for the general behaviour of time autocorrelation
functions. ‘

§ 1. Introduction

In two recent papers,”? Mori has developed a generalized Brownian motion
theory of irreversible processes and then, with the purpose of studying the
anomalous behaviour of damping constants and transport coefficients near second-
order phase transition points, he was led to derive a continued fraction expansion
for the Laplace transforms of time autocorrelation functions.

In order to explain the aims of the present work, let us first recall from
“Mori’s formalisrri, the equations which will be our starting point.

We consider a dynamical variable A (z), the invariant part of which is set
to be zero, that is,

T
lim 1 g A@)dr=0 (I-1)
T>w T i :

0

We assume furthermore that A(z) belongs to the Hilbert space of dynamical
variables, the invariant parts of which are set to be zero and for which the
inner product of the dynamical variable A with the Hermitian conjugate of the

*) Pensionnaire a la Maison Franco-Japonaise de Tokyo. Present address: Département de
Physico-Chimie, Centre d’Etudes Nucléaires de Saclay, 91 Gif-sur-Yvette, France.
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Moment and Continued Fraction Expansions 503

dynamical variable B is (A, B). For the largest part of this paper, we need
not specify the form of the inner product; in addition to the usual properties
(A, B) = (B, A)*, (A, A)>0, we shall only require for this scalar product to
have the Liouville operator I Hermitian :

(A, LB) = (LA, B). (1-2)

The starting point of Mori is to separate the time derivative A (z) =dA(2) /dt
into a functional F\[A(s), ¢=>s>> initial time ¢,] depending upon the past history
of A(z), and an additional term F,(z, t,) depending explicitly upon the other
degrees of freedom ; then, expanding the functional F; in terms of A(s) and
extracting the linear term, Mori defnes the first random force f;(¢) as the sum
of F,(¢, t;) and the non-linear terms. Now the same procedure can be applied
to fi(z) to define a second random force f£;(z), then to f;(¢) to define a third
random force f;(¢) and so on. In this way a hierarchy of random forces f;(¢)
is generated, the values of which at initial time #,=0, which we denote by f;,

obey the recurrence equations
= (11— Z LiLf, So=[A@ ]ime=A4A, (1-3)

where (P, is the projection operator onto the vector f;. These vectors f; form
an orthogonal set, :

(fi, f) =0 jFEk, (1-4)
and evolve in time according to the equations
f; @) =exp L) il fya (j=D), H) =40, (1-5)
where _
Li=0-%,_)L;, Ly=L. (1-6)

The initial time derivatives f,=[df;(z) /dt].-, satisfy the recurrence equations

=(1— Z] P)ILf; . (1-7)
Denoting by /o, the projection of f; onto the f; axis,
0= (3 S/ (S5 1), (1-8)
we have
f Z(JJ f‘l FES! (1'9)

and introducing the quantities
4= D/ (1-10)

the Laplace transform of the relaxation function E(z) = (A(®), A)/(A, A) can
be written
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<]

E(z) = g (A@), A) (A, Ay 'e"ds

1
— 1-11
Z-ZC()()+ Alz ( )
2““i0)1+ Az2
2’”‘“2.(,02“{‘.‘.

This expansion is Mori’s infinite continued fraction representation for the Laplace
transforms of time autocorrelation functions.

The knowledge of the analytic properties of the function represented by
(1-11) is important from at least two points of view. First, the knowledge of
the singularities is essential, since they determine the relaxation of A(z). If
one is going to describe the approach of A(¢) toward an equilibrium value,
these singularities are expected to be located in the half-plane Re < 0. However,
one should not think that the study of the analytic properties in the other hali-
plane Re £>>0 lacks interest: indeed, as was also shown by Mori,” the expres-
sions of the transport coefficients are proportidnal to the limiting value of F(z)
when z—0.. Therefore the knowledge of the convergence of the continued
fraction has a practical interest, not to mention the theoretical interest in itself;
indeed, as the theoretical interest is concerned, such a convergence study is in
the line of recent efforts to study the convergence of equilibrium expansions
such as the Virial expansion® or the analyticity of non-equilibrium expansions
such that the density expansion of transport coefficients.®

Thus, one of the main purposes of the present paper is to study the con-
vergence of two analytic representations of the Laplace transforms of time
autocorrelation functions, namely the continued fraction (1-11) and the well-
known moment expansion,” which is a power series expansion. Let us now
also briefly recall the features of the moment expansion.

We shall denote by s, the quantities

5= (A, D)/ (A, A) (1-12)

where f]i:[d”A () /de™],... Although the lowest time derivatives should be

1 2
written A, A, -+ in this notation, we shall however keep for them the more

usual notation A, A, ---. Now we can develop the relaxation function Z(z)
into the Taylor series around =0,

E@) =1+ ¢+ o2 S

1! 21 n! ( )

Then, ignoring for the time being the question of convergence, we can formally
deduce a series expansion for the Laplace transform of E(¢), by taking the
Laplace transform of each term of the right-hand side of (1-13). We obtain
in this way
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Moment and Continued Fraction Expansions 505

E(z) = i + ;;.—+ IR R O S (1-14)

The series (1-13) and (1-14) are called respectively the. moment expansion
of the relaxation function and the moment expansion of the Laplace transform
of the relaxation function. The reason is that the coefficients s, are related to
the moments 4, of &(w), the frequency distribution of E(z), by the equations

(A EOT 1 (. o o
e li dr" }cnoﬁ \/ 2 _S (1(1)) s <(0> do=i Hu s (l 10)
where
1o A |
E(w)= J % S H()e "'dr . (1-16)

In connection with the definition of the quantities s,, we would like to also
recall relations existing between the correlation functions of the initial values

of the time derivatives of A(¢). By simply making a repeated use of the fact
that the inner product has the Liouville operator Hermitian and by remembering

that A= (iL)*A, we obtain for any m and p

moom+2p mEp Mm+p

(A4, A)=(=D"A, A) = (~D"ssmin (1-17)

m m+2p+l ma+p mEp+l mEp+1l m+p

(A4, A )=(DrA, A)=(-1"(A ,A)
= (= D" Satms py41 - ‘ (1-18)

m m+2p

Thus we see that the correlation functions of the form (A, A ) have real

mo om-2p-+1

values ; on the contrary, correlation functions of the form (A, A ) have pure
imaginary values, since ’

m4+p MmEprl mep+l o map m+p m+pl

(A, A)Y=-(A ,A)=—(A, A ), (1-19)

unless A is an Hermitian variable, in which case they are equal to zero. These
last remarks as well as the relations (1-17) and (1-18) will be useful later.

Thus, as we said before, we shall mainly investigate the convergence of
the continued fraction (1-11) and the power series (1-14): for this reason, we
shall agree throughout this paper, for the sake of brevity, that we are referring
to (1-14), when speaking of “the moment expansion”. However, the con-
vergence of the moment expansion (1-13) will be also discussed, because beyond
the convergence problem in itself, a fundamental problem we wish to approach
is to find any general properties of time autocorrelation functions, valid if not

for any dynamical variable and any system, at least for large classes of dynamical

variables and systems.
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506 M. Dupuis

Now, for the convergence problem as well as for the general problem of
the properties of time autocorrelation functions, as it will be clear later, the
sets of quantities s, on the one hand, and w; and 4,® on the other hand, play sym-
metric roles, so that it is necessary to know the relation between the two: this
will be accomplished in §2. Whereas the continued fraction expansion was
introduced by Mori in the frame of a Brownian motion theory of time relaxa-
tion, we shall introduce it from another point of view, which consists in looking
for an analytic continuation to the possibly divergent moment expansion. Indeed
it is a common practice in Analysis to try to find an analytic continuation to a
divergent series by expanding it into a continued fraction, and we shall apply
to our physical problem well-known mathematical techniques developed to solve
this problem. However, the formalism developed in §2 will provide us with
more than the relation between the two expansions. Actually, as was already
pointed out by Mori,” the generalized Brownian motion formulation does not
depend upon the explicit form of the inner product. Thus we can suspect that
we are in presence of a rather general mathematical structure: another purpose
of §2 will be to elucidate this structure. Doing so, we shall find another way
of constructing the random forces and identify mathematically some other im-
portant physical quantities,

In §3 we shall discuss the same problem of the relation between the two
expansions for the case of Hermitian dynamical variables, The main reason
for this special discussion is that it will provide us with formulae important
for practical applications.

Then, in §4, we shall discuss in general the convergence rules of the
moment and continued fraction expansions and this general discussion will be
illustrated in §5 by an exactly solvable case, that of an isotopic impurity in a
linear chain of coupled harmonic oscillators. Finally, §6 will be devoted to
the question of knowing whether or not the continued fraction expansion might
be convergent for any Hermitian dynamical variable and any system, with a
discussion of the consequences of such an affirmative answer *

§ 2. Relation between the moment expansion and the continued
fraction expansion: Case of a general dynamical variable

As we have stated in the previous paragraph, the problem of relating the
moment expansion (1-14) to the continued fraction representation (1-11) simply
belongs to the general problem of expanding a series into a continued fraction
or vice-versa. Such a problem has been treated by mathematicians for a very
long time since Frobenius®"” and Stieltjes® and it is known at least since
Tchebychef” that it is related to the problem of constructing a set of polynomials

*) A preliminary report of some of the results presented in this paper was published by the
author in Prog. Theor. Phys. 35 (1966), 752.

220z 1snbny |z uo1sanb Aq 6/ 1981/20G/€/LE/e1one/did/woo dno-olwspede//:sdyy wolp papeojumoq



Moment and Continued Fraction Expansions 507

orthogonal with a given sequence of numbers, namely here the coefficients of the
series. In turn, these orthogonal polynomials appear also when trying to establish
a correspondence between a certain sequence of real numbers and a certain
Jacobi matrix. Thus the mathematical theory has many ramifications and presents
much interest by itself. As this formalism may not be so familiar to physicists,
we shall first recall some mathematical results, before applying them to the
physical problem: in doing so, we shall of course restrict ourselves to the
mathematical background indispensable for our purpose ; besides, the fact that we
start from a sequence of numbers not necessarily real brings some limitation
to the possible mathematical developments. With the necessary adaptations,
we follow closely the elegant presentation of Akhiezer,” to which we refer the
reader for proofs and further details,

We then consider an infinite sequence of numbers s,=1, sy, 53, -+, §,, --- Which

may be complex or real and for which we assume that the Hankel determinants
So S Sn

S1 Sy T St |

D,= (2-1)

i
l
|
i
Sn Sn41 Tt San l

are different from zero. To this sequence, we associate a functional & defined
in the space of polynomials by

.(f{ao + ayl -+ azlz + e inn}
= XpSo + 181 =+ oSy AR ApSp 5 (2 ¢ 2)

where a, @, -, a, are the coefficients of some arbitrary polynomial in 1 of
degree n. Now, the polynomials P,(2), where the index 7 refers to the degree
of the polynomial, orthogonal with respect to the sequence s, are defined by
the condition that '

j =0 if m=n,
=0 if m=n.

FAP,(A) PV} (2-3)
These polynomials can be constructed, the on the one hand, by simply orthog-
onalizing the sequence of functions 2*(£=0, 1, 2, ---) by the usual Schmidt process,
taking for scalar product, in view of (2-2),

W, ) =505 (2-4)

But, on the other hand, one can also show directly that they are given by the
expressions™®’

*) As the definition (2-3) does not specify the normalization of the polynomials P,(1), we
choose the proportionality factor in view of future use. Furthermore, if we agree to put D_;=1,
the determinantal expression (2-5) remains valid for n=0.
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508 M. Dupuis

s s s
5 S Spt

P =1, P,(2) = Di_; RUTTUT OO RROOS n=>1). (2-5)
Suy S sm

Indeed; the polynomials defined by (2-5) are of the form P,(2) =2"+R,-: (1),
where R,_,(2) is a polynomial of degree n—1. Therefore they satisfy (2-3)
if G{P,(D)A" =0 for m<n and F{P,(A) 1"} 0 for m=n. But this is precisely
the case for the polynomials (2-5) since :

Cseos  se _
1 S1 S cre Spr1 i ( O if 7)1«<7l N (2 '6)
G, (DI = Gl L=
{2 (D7 D, 71 ‘f D, it m=n. (2-7)
Sp—1 Sn e Son—1 } n-1
)\m lm-}-l Km»kn

A recurrence equation for the polynomials £,(2) can be easily obtained
by expanding AP,(1) in terms of the polynomials P,(1) of degree k<n-1.
Making use of (2-3), (2-5), (2-6) and (2-7), we are led to the second order
recurrence equation

yn+1 ()Q = (2\ - an) yn (JJ - bngyn—l ()‘> s 2 : 8)

where
. Dn‘l 24 ¢
by=0, b= DDy (2-10)

2
71

with the initial conditions
P =1, P =)—a. (2-11)

But another solution of the recurrence equation (2-8) is provided by the pol-
ynomials Q,(4) of degree n—1, for which the initial conditions are

Qo (2) =0, O.,(N) =1 (2-12)
and it can be shown'®™ that
Q,(z) _ s, & San—1 < 1 >
AT = W P 4 T + O ) 2.13
Pn (z) > 2'2 z?n z?n—i-l ( ) .

Let us consider now the infinite continued fraction
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Moment and Continued Fraction Expansions 509

ca— O (2-14)

byt

z'—ag_".

for which the n-th approximant with numerator N,(2) and denominator M, ()
is defined by

N, (2) _ 1
M,(z) b
Ta = : G (2-15)
B

Ry

One easily verifies that M, (2) and N,(2) obey the recurrence equation (2-8)
with initial conditions (2-11) and (2-12) respectively. Therefore we may write

N,(z) _ Q.(2) (2-16)
M,(z) P,(2)

and Eq. (2-13) shows that (2-14) is the continued fraction expansion of the
formal series associated to the sequence s, that is
Sy 512 doep S (2-17)

o> P zn+ 1

~ <

in this sense that the expansion of the #n-th approximant of (2-14) in powers
of 1/= agrees with (2-17) up to the term s, /2™

This establishes the fact that expanding a series into a continued fraction
is equivalent to constructing the set of polynomials orthogonal with respect to
the coefficients of the series, and (2-9) and (2-10) give us the expressions of
the coefficients of the continued fraction in terms of those of the series.

At this point we could already simply use (2-9) and (2-10) to solve the
problem of expressing the quantities »; and 4, in terms of the moments, but
the fact that the random forces f; and the polynomials P,(1) both form ortho-
gonal sets of vectors in their respective spaces, and the similarity between the

let us suspect a close connection between the random forces and the polynomials
P,. In order not only to bring it out, but also, more generally, to bring fully
out the connection between the mathematical formalism and Mori’s formalism,
we shall now consider the previous developments from a completely different
point of view, ,

Let us first introduce the polynomials R,(2) defined by

R = [(— 1) DD]’ o () . 2-18)

k
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510 M. Dupuis

From (2-8), (2-9) and (2-10), we find that they satisfy the recurrence equa-
tion '
— b, Yo 1 (A) +an Yo () +ibniy Yiur () =2Y, (1) . (2-19)

Now together with the initial condition (a,— 1) R, (1) +:b6:R, (1) =0, it determines
the infinite matrix

a, 1b; 0 0 O eev--
—1ib; a, b, 0 Qevvvee

0 —ib a  ibs Q- ) ' (2-20)

0 0 _ ibs  as by

Following Akhiezer," let us consider this matrix as the representation of a
certain linear operator . in a Hilbert space 4. Let us denote by x the vectors
of that Hilbert space and by (x;,, ;) the inner product of x; by the Hermitian
conjugate of z.

Taking an orthonormal basis ¢, in 4, we can first define the operator ./
for the unit vectors e, by the equation

Le,= —iby e+ ayer+ibyit €prn . (2-21)

Since L is linear, it is also defined by (2-21) for all finite vectors of .91,
Furthermore, the definition (2-21) determines also every integer non-negative
power of the operator .[ and therefore every polynomial of the operator ./,
As the construction of ¢, from e, requires the same algebraic operations as
constructing R,(1) from R,(1) =1, we may write

er=[R:(-L) Jeo (2'22)
and to the expansion
lm:i &, ™R, (2) (2-23)

does correspond the expansion
L7 er= 3 @™o =3 s [Ry (L) ]eo (2-24)
By applying the functional & on (2-23), we then obtain
GO =5, = ]21—:\3 é Q™ 4 (2-25)
whereas from (2-24), we deduce

(I eo, I eo) 2 > (m)“k(n)*6jk . (2-26)
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Moment and Continued Fraction Expansions 511

. We now are in the position to apply the previous mathematical formalism
to our physical problem.

We wish to relate (1-11) to (1-14) in the same way as we have related
(2-14) to (2-17). Now, in (1-11) the coefficients a,=iw, are pure imaginary
quantities : indeed, using (1-7), one has

(Fnf) _GLE, ) _ (fnilfy) . GLf, £ (0 /¥ (2-27)

(i /D (i D) (f5 12 (S35 I2) (fi £

Thus it follows from (2-21) that

» | (Ley, er) =a,= —a,* = — (ew, -Ler,) . (2-28)
On the other hand, the coefficients 4,°= — b, are real and positive numbers.

Therefore one has
(»Eek, 61c'~1) :fbk: - (elc, -)Eelc—l) s }

(2-29)
(Iek, €k+1) = "‘1[776: - (6"@, (,EEE»H) . ) ‘

From (2-28), (2-29) and (2-21) we can conclude, for any vectors e; and e,
and, more generally since £ is linear, for any finite vectors z; and z,, that
we have the equalities

(Ley, er) = — (e;, -Lew) ,
| (2-30)
(oij, xk) = - (.Z‘j, e.ka) .
These equalities lead to
L=-~L" (2-31)
and Eq. (2-26) yields then
(Lreo, L) =33 31 (= 1™ 05= (= 15y (2-32)
=0 k=0

Now let us compare this last equation with (1-17) and (1-18). Remembering

that A= ({L)*A, we immediately recognize that in the relaxation function expan-
sion problem, we have

L==iL e=A ‘ (2-33)

and that generally, we can deduce the quantities appearing in Mori’s formalism
from those appearing in the orthogonal polynomials formalism just by replacing
A by il and then by operating on A with the resulting function of the operator

L.
If we perform this operation on P, (1), we obtain the random force f;:

fo=[P.GL)]A . (2-34)

Although this relation is fairly obvious from the properties of the two sets of
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512 | M. Dupuis

quantities, one can reason in the following way. On the one hand, the polynomials
P,(2) can be constructed by a Schmidt orthogonalization of the sequence of
functions 2*, k=0, 1, 2---. On the other hand, one can see from Mori’s defini-
tion of the random forces, that the random forces can be obtained by orthogo-

2

k .
nalizing the sequence of time derivatives A, k=0, 1, 2, -+ according to
7 7z [
fmho B AR 5 (2:35)
= (o )

One has just to notice that the recurrence equation leads to an expression of

f,, linear with respect to the A(/’ n), where the coefficient of the highest order
time derivative is unity. The resulting linear system can be solved to give an

expression of A linear with respect to the vectors f,(k<#n), leading to (2-35)
after the orthogonality of the vectors f, has been taken into account. Thus,

k
since one goes from the sequence 2* to the sequence A by the above mentioned
correspondence rule, the identity (2-34) is proved. By using (2-5), one can
then write for f, the expression

So S N Sn

S1 S T Sp-1

o= an—l—- (2-36)
Sp—1  Sn L St

A A A

and from (2-3) and (2-6) the static correlatlon functions of f, are seen to be
given by

,, 0 it m<n,
(fo, fo) = (S, A) = D (2-387)

(—1)" Dn: (A, A) if m=n.

From (2-9) and (2-10) follow the expressions of the coefficients im, and 4,’
in terms of the moments :

So St S, D

S1 S ot Spya S1 S ot Spa

iw, =

1 \
D,D, ( ’ ' ) ’ (2-38)
Sp—1 Sp T San—1 Sp—1 Sp T Son—1

n+1 n

A A A4
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Moment and Continued Fraction Expansions 513

. l)n; 2Doz .

A’Ilz = -
D

(2-39)
As for the recurrence equation which is satisfied by the random forces, it
is readily deduced from (2-8),

fu= <iL — (.Z('I]’[ﬁlﬂl;fﬁt—;>.1>f;hﬁdzﬂ_lf-n_z (2-40)

and can also be written

f;z: <ZL - '(fnt-]"’f';z'jl") >ﬁz— + Azn—lf"n— (2 41)
: (f;1,~1, ﬁz—l) ' ’

as it is seen from (1-7). Equation (2-40) is easily seen to coincide with Mori’s

definition (1-3), once the orthogonality of the random forces has been taken

into account. Indeed, (2-40) yields

GLfoor, £)=0 if 1<n—3 (242
(iLf;L—lp fn—?) = Ag&~1 ( f;zaz, fn-«2> = (ﬁzgl, .][;LA1> s (2' 43)

which shows that Mori’s recurrence equation reduces to (2-40).
Finally let us mention that the representation of the operator iL in the
base provided by the normalized random forces fi/( fi, /)"’ is the matrix

1w, - 4 0 0 0

- Al 7‘(1)1 A‘Z 0 0
' (2-44)
L 0 "‘Ag ng As O

as can be easily verified by computing the matrix elements with help of Eqgs.
(2-40) and (2-41).

As we have stated in the introduction, the fact that Mori’s formalism did
not depend upon the explicit form of the inner product, let us suspect that we
were in presence of a fairly general structure: this structure is now- elucidated.
The most interesting result is perhaps represented by the identity (2-34) or,
equivalently, by the fact that the random forces may be constructed by a Schmidt

orthogonalization of the set of time derivatives f’i Furthermore, from a more
practical point of view, we have obtained expressions for the coefficients of the
continued fraction expansion in terms- of the moments, The inverse problem,
that is to express the coefficients of the series in terms of those of the continued
fraction, was solved a long time ago by Stieltjes ¥ using a completely different
method. As the resulting expressions are far from being as simple as (2-38)
and (2-39), and as we shall not use them later, we shall not reproduce them
here. But we shall see in the next section that in the case of an Hermitian
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514 M. Dupuis
variable, a new direct method produces again simple relations.

§ 3. Relation between the moment expansion and the continued
fraction expansion: case of an Hermitian variable

In this section we shall treat the same problem as in §2 for the case of
Hermitian dynamical variables: by an Hermitian variable, we mean a real phase
function in the classical case or an Hermitian operator in the quantum case.

The general formalism developed in the previous section could of course
be applied to such variables, and for this reason we shall be somewhat briefer,
since some of the results relative to the Hermitian case are very close or even
similar to the general ones. However, it is instructive to consider separately
the case of Hermitian variables at least for two reasons. First, using a new
method, we shall adopt a more physical attitude and take up the problem as it
presents itself in the development of the physical theory: namely, we shall start
from Mori’s definition of the vectors f;. Secondly, this direct method has the
advantage to lead naturally to expressions valid to general order, and which
may be useful in practical calculations (Egs. (3-8)-(3-11)), as it will be de-
monstrated in §5. Let us add, from the same practical point of view, that the
class of Hermitian variables is very large and contains, in particular, all fluxes
associated with transport processes due to thermal, momentum or concentration
gradients ; however, notable exceptions exist, such as, for example, the normal
coordinates of sound waves.

If the dynamical variable A(z) is supposed to be Hermitian, then it follows
from (1-19) that every s; with odd index vanishes,

Suni1=0, n=0,1,2 -, (3-1)

whereas s; with even index, according to (1-17) take the form
sm=(—1"(A, A)/(A, A), (3-2)
n=0,1, 2, -

It is therefore convenient to introduce the positive quantities ¢, equal to the
moments /,, defined by

n n

co=1, cn= (A4, A)/ (A, A) = (—1)"s3u= than, n=1, (3-3)
so that the moment expansion (1-14) reduces to
1 c c % Cn
;.,g _z_,éﬁjL j — e (=1) ;27”,1 4o (3-4)

On the other hand, if A is Hermitian, then all the f; are also Hermitian and
(2-27) yields

0, =0, j=0,1,2, - (3-5)
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Correspondingly, the infinite continued fraction (1-11) reduces to

1
z+ 47
2+ 47 (3-6)
z+ .

Let us now turn to the problem of expressing the coefficients 4, in terms
of the moments ¢, and vice-versa. (

We start by applying Mori’s recurrence formula (1-3) to the construction
of the vectors f; with lowest indices. Taking into account (3-1) and (3-2) and
making appropriate rearrangements, one can bring the expressions of the random
forces and their static correlation functions into the following form :

A=A, (f /(A A) =a,
fi=A+47A, (fo, f)/ (A, A) =cr—4di'cy,

Fm At U AD A, (B F) /(A A) —com (4 4Dy |

4 ..
fi= A+ U3+ 42+ 45 A+ 472424, | (3-7)
(fi, £/ (A, A) =ci— (43 + 4,2+ 45 es+ 4 4c, '

5 3 N
fi=A+ 4P+ 47+ 45+ 40 A+ (4748 + 47247+ 4,740 A
(ﬁ,, f;)/(A, A) =C5— (A12+A22+A32+A42> 6‘4“]‘ (412432+A12A42+422A42> Cs,

where the quantities 4,° are defined by (1-10).* We have given the expres-
sions (3-7) because they may be useful for practical calculations and illustrate
the general expressions which follow. Indeed a careful examination of (3-7)
suggests that these general expressions are

2n 2n—~2 2n—4 2n—2p

ﬁn:A_i_Sl(Tn—l)A +S2(2n—1)A + ‘.‘+Sp(2n—l)A + e

+ S, DA (3-8)
2n—1 m—-3 215 2n—2p—1
Sne1=A +S,VA £8PV A 4 £ 5,0 A

| FSEDA (3-9)

(Son, Son) / (A, A) = 20— 8" g1+ 85 Vg — -
+ (= 1)28,0" Vg + -+ (—1)*S,%* V¢, | (3-10)

* In order to obtain these expressions, the following two relations have been useful:

2
(for FOIA, &) =cr—cit; (o SOI(A, A mey—

1

220z 1snbny |z uo1sanb Aq 6/ 1981720G/€/LE/e1one/did/woo dnoolwspede)/:sdyy wolp papeojumoq



516 M. Dupuis

(.fz,n—-l;f;nﬂ) / (A7 A) = Cop-1"" LS'](Z”*Z)CZH——‘Z + 52(27572)(:272”3 e
()PSO Pk (— DS e, (3011

In these expressions 8™ =Y 4,* and S, denotes the sum of all possible products
p > 4 . D

Fo=l

of p different factors 4,’ chosen in the set 4,%, 4,%, ---, 4,” in such a way that
all the indices % differ from each other by more than 1. For example, the last
two expressions (3-7) show that S,® =424+ 424"+ 4,°4°. Referring to the
definition of 4, we see that these products are such that there is no cancel-
lation between autocorrelation functions appearing in the numerator and the
denominator.

In order to prove the validity of Eqgs. (3:-8) and (3-9), we simply have
to show that they satisfy the recurrence relations (1-3), or equivalently (2-40).
If one notes that the sums S,™ obey the recurrence relations

Sp ) e Lgrp(n-r-l) "i‘ 15775272)47&2 2 (3 ’ 12)

then one easily verifies that the expressions (3-8) and (3-9) satisfy the recur-
rence equation ’

ﬁz: iLf:/L~l ’\" Ai—l =2 ' (3 . 13)

But, if one makes use of (3-5), this recurrence equation is seen to be identical
to (2-40). Therefore the expressions (3-8) and (3-9) are established.

The same expressions provide us with a set of equations linear with respect
to the vectors A and can be solved to yield the vectors A in terms of the

random forces f,. The resulting expressions for even order time derivatives
are the determinants

Fu SO S0 g
f;n——Z l ‘S] =9 e 'Sn(ﬁz‘wt;)
20 :
A= f;n—é 0 1 o k()wzgz—n'z_b) (3 : 14)

obtained by considering the n+1 equations corresponding to even f;, j< 2.
The expressions for time derivatives of odd order are very similar and need
not be exhibited. From the {fact that the coefficient of £, is unity and from
the orthogonality of the vectors f,, it follows that

(o £ = (fur D) (3-15)

which proves (3-10) and. (3-11), if one takes into account (1-17). Furthermore,
we can write the expansion of (3-14) as
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e A
A=f, 3-16
MR G T e

whence (2-35) is again deduced, showing here with full detail that the
random forces can be constructed by orthogondhzmg the sequence of vectors

A(n-*O 1, 2, ---) by the usual Schmidt process.

We can say that the expressions (3-10) and (3-11) are mixed in the sense

that they give the static autocorrelation functions of the random forces in terms
of both the moments ¢, and the quantities 4,”. Therefore we must go one step
further in order to obtain the expressions of the ¢, in terms of the 4,° only and
vice-versa,

‘In order to obtain the expression% of the ¢, in terms of the 4, we simply

have to notice that ( f,, /o) / (A, A) =44, ,---4. Thus, the expressions (3-10) -

and (3-11) considered as equations linear with respect to the moments can be
solved immediately to yield

48 =S S (- 1y, 0 00
i=1
2n—1 : .
1147 1 =80 (g 0 0 0
Cop == ﬂdf 0 1 ~--(—1)”"‘3S,§{";;1> (-1 1‘5)5”3 .0 0
=1 .
4,245 0 0 ' B ol g
47 0 0 0 0 0 1
(3-17)
and
21—1 :
]'E Ai2 wSl(m“z) 52(2""2)"' (M, l)n 187%5 2) 0 v e 0 0
202

147 1 =S89 (- Driser® (Z1SEPe 0 0

Cin1 = ITA -0 L (= DSE (=i SE 00 0
474, 0 0 0 0 14

47 0 0 0 0 01

(3-18)

Reciprocally, in order to obtain the expressions of the coefficients 4,
terms of the ¢,, we first note that in view of Eq. (3-16), one has

(fo A)=0 if k<n. (3-19)
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Then let us combine the n equations (3-19) corresponding to 2=0, 2, 4, ---,
2n—2 with Eq. (3-10). We have a system of 7+ 1 equations linear with respect
to the n variables S,®* %, S,® b ... S 0D Tf we introduce the Hankel de-
terminants B, defined by

1 C1 Cy te Cp—1
C1 Co Cs te Cn
By=B,=1, B,= (n>1), (3-20)
Cn—1 Cn Cpti T Cop—2

the condition of compatibility yields
(Sfon, Jon) / (A, A) = Byi1/ By . (3-21)

In the same way, let us combine the n—1 equations (3-19) corresponding to
k=13, -+, 2n—3 with Eq. (3-11). Introducing the other Hankel determinant
C, defined by

1 Cy C3 Cpn
Cy C3 Cy Cn+1

Co=1, C,= (n=1), (3-22)
Cn Cpt1 Cpiz Cop—1

we obtain through the compatibility condition |
(ﬁn—l, f;n;l) / (A, A) - Cn/cn—l . (3 ° 23)

The combination of (3-21) and (8-23) finally leads to the relations which we
were seeking :

A2, = Buy Cor Lony = By Gy ) (3-24)

B, C,°’ B, Ca..
These relations could of course have been deduced from (2-39) by putting
equal to zero all the s; with odd index and then making suitable interchanges
of rows and columns.

We then have completely solved the problem of relating the moment
expansion to the continued fraction expansion. The method developed for the
Hermitian case may appear simple compared to the mathematical machinery
used in § 2, and one may wonder if this direct method could not be extended
to the general case: the reason is that in the general case, the non-validity of
(3-1) and (3-2) complicates the calculations and precludes the existence of
expressions as simple as (3-8)-(3-11), the obtention of which is the key of
the method.
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We shall close this section by mentioning some interesting inequalities
arising from (3:24). Indeed the expressions (3-24) show that all the determi-
nants B, are of the same sign and that all the determinants C, are also of the
same sign. Since B,=(C,=1, all these determinants must be positive. But it
is well known'™ that in this case, all Hankel determinants of the form

Cp Cp+1 Cot+q
Cpt1 Cp+2 Cp+q+i

, (3-25)
Cptqg  Cprger 77 Co+ag

where p and g are arbitrary, are positive. In particular

Cn Cpti
>0 (3-26)
Cp+l Cn+a
or
Lnda s, Cntt (3-27)

Cn+1 Cn

that is, the ratio c¢,./c, always increases with n. This remark will be important
in the next section. It should be added, however, that we can also derive the
inequality (3-27) directly by applying the Schwarz inequality to the inner product

n+2 n

(A, A):

n+4+2 7 n+1l n+l n+2 n+2 n n

A, A=A, A=A ,A)AA). (3-28)
But the remark concerning the sign of the determinants B, and C, will be
useful in the next section.

§ 4. Convergence criteria of the moment
and continued fraction expansions

In this section we shall confine ourselves to Hermitian dynamical variables.
The reason for this is that in this case, the infinite continued fraction (1-11)
takes the form

z+ 4

- (4-1)

and thus 2 'J(2) is a Stieltjes-type continued fraction with respect to the variable

2’=u; now the analytic properties of Stieltjes continued fractions are much
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simpler to study than that of general continued fractions with complex coef-
ficients.

In view of (4-1) it will be convenient to introduce the infinite continued
fraction '

1,
7w+ Alir
1 ”}— /_/’22

7+

J()=z""J(2) =

4-2)

In the same way, to the moment expansion (1-14), which we denote by
S(2), corresponds the series expansion
Sw)=z""'S(z) =1_a + C; — (=1 S (4-3)
. o

v U u et
We have introduced the symbols J and S, to insist on the fact that both expan-
sions are representations of H(z) in the complex plane, with restricted domains
of validity : as we pointed out earlier, the continued fraction may possibly play
the role of an analytic continuation for the moment expansion. As a matter of
fact, we note that J(2) and S(z) have the symmetry J(z)=—J(—2), S(z) =
—S8(—=z), whereas H(z) # —F(—=z). The reason is easy to understand both
mathematically and physically. Let us first take the physical point of view and
choose for inner product Kubo's canonical product

5

(A, B) =" g (M A B (4-4)

0

O

where §= (K7T") ", T being the absolute temperature and % Boltzmann’s constant,
and the brackets denote the canonical average. We have, in the quantum case,

[ea)

(A(z), A) = g dr exp(—20) 32 3 exp (i (By— B/ 1/h) Aw Al exp(— BE)

0

: 1

L
7

A Al exp (—BEY)

v Zﬁl.(El—Ey>/h ’ ( )

where E; is an eigenvalue of the Hamiltonian and A, a matrix element of A

in the Hamiltonian base. Thus F(z) has poles located on the imaginary axis,
and when the system becomes infinitely large, these poles will form a singular
line limited by branch points located either at finite distance or at infinity.

On the other hand, from the mathematical point of view, it is well known
that all the poles of the approximants of the Stieltjes continued fraction .J ()
are located on the negative part of the real axis of the #-plane. To these poles
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correspond singularities on the imaginary axis of the z-plane. Therefore, all

criteria ensuring convergence of J(u) out of the negative part of the real axis,
will ensure that J(z) represents E(z) only for z such that Re2>0, and in
order to continue into the half-plane Re 2< 0 the definition of the function to
which J(z) converges, one will have to introduce a Riemann surface and find
the physically meaningful Riemann sheet.® :

Keeping these remarks in mind, let us turn to the convergence criteria of
J(u) and S(x). As we have emphasized it in § 2, the sets of quantities ¢, on
the one hand and 4, on the other hand, play equivalent roles, so that it is
‘necessary to have criteria expressed in terms of either set for both expansions.
Indeed, there may be physical situations in which the moments have simple
expressions, whereas the quantities 4,° are of a very complicated form or even
" are impossible to obtain to general order. Actually, in view of the results

obtained in § 3, it is that situation which one would normally expect. Once’

A(z) is given, the moments are, in principle, directly accessible by repeated

time derivation and scalar product formation, whereas the evaluation of the

quantities 4, requires more calculations. However, the inverse situation, where

the 4,” have simple expressions, whereas the moments are given by complicated

formulae, may also occur, as will be shown in § 5. ,
We first consider S(z) and S(z). We have seen at the end of §4 that

the ratio ¢,.i/c, increases with the index n. Therefore two cases may happen :
a) The ratio ¢,,/c, has an upper limit /:

lim cpi/ca=1. (4-6)

n->c0

Thus S(x) is convergent for |u
E(z) for |z|>V1, with Re 2>0.

b) The ratio ¢,.:/c, increases without limit : thus S(«) and S(z) are always
divergent, except at infinity. They are asymptotic series.

If we now wish to have criteria in terms of the coefficients 4,°, we can
use a result due to Stieltjes.* This result states that case a happens if the
quantities 4,’ have an upper limit:

lim 4,°=4° 4-7)

and that in such a case, one has the inequality
<44 (4-8)
On the contrary, if the quantities 4,* have no upper limit, then case b happens.
Furthermore, analogous results hold for the largest root of the polynomial

P,(z), which we shall denote by =z, In case a, one has |z,|< 1/ and in case
b, z,goes to infinity with z.

%) The author is indebted to Professor H. Mori for this last remark and for pointing out to
him Eq. (4:5).

>, divergent for |u| =/ and S(z) represents -
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Next, let us consider J(x) and J(z). We introduce the numbers %, defined
by the recurrence law

1

k;[: 1 5 knkn+l: 2‘2 (4'9)
leading to
48 48 Ay, 1 40 48 A,
By, =22 S SR T s Rapyr= T o , ( =1, (4-10)
T ke, T a0
so that the infinite continued fraction J(z) takes the form
1
T& =T
1 - [
k2z + 1» nmm em—— (4 . 11)
kgz + . R

Then we can apply a theorem due to Stieltjes,'® which says that if the series
3ok, is divergent, J(u) is uniformly convergent over every finite closed domain
of the complex u-plane, the distance of which from the negative half of the real
axis is positive ; furthermore, the value of J(z) is an holomorphic function of
« for all « not on the negative part of the real axis. It follows then that under
the same condition, and for every z such that Re >0, J(2) represents the
relaxation function H(z), holomorphic in that domain.

If we wish, on the other hand to have a criterion in terms of the moments
¢y, we may use a theorem derived by Carleman in the theory of quasi-analytic
functions.”™ This theorem states that if the determinants B, and C, are positive,
and if the series Y .c,”"" is divergent, then the Stieltjes moment problem is
determinate. But it is well known that the Stieltjes moment problem is de-
terminate if and only if the positive term series Y.k, is divergent. Therefore
we may conclude that if the series > .c,”"* is divergent, then J(u) converges
to an holomorphic function of « for all « not on the negative part of the real
axis ; the same conclusion as above follows for J(z). We should like to remark
at this point that although the moment problem has necessarily a solution in
the time autocorrelation function case—indeed the coefficients ¢, are not any
numbers, but moments, and it was shown at the end of § 3 that the determinants
B, and C, are positive as required—nothing proves a priori that this solution
is unique. '

It should be kept in mind that the two criteria given are of course not
unique for deciding about the convergence of J(x) or J(z), but they have
seemed to us most appropriate for our purpose. Before discussing their impli-
cations, we shall first show on an example which can be exactly solved, how
the general mathematical theory of the last three sections can be practically
applied.
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§5. An example: the momentum autocorrelation function of an
isotopic impurity in a linear chain of coupled harmonic oscillators

As an illustration of the previous mathematical developments, we shall study
the momentum autocorrelation function of an isotopic impurity in a linear chain
of coupled harmonic oscillators.

We consider a linear chain of atoms of mass M oscillating harmonically
around sites labelled — N, — (N-—-1), -, —2 —1 1, 2, ---, N—1, N, with an
isotopic atom of mass M’ =M(1+ Q) located at the center site 0. The atoms
are coupled by springs of force constant K and the atoms at both ends of the
chain are connected by springs to fixed walls.

Such a model has been studied extensively by many authors from various
points of view, either with respect to irreversibility by Hemmer,® Rubin®
Takeno and Hori,”™ Turner,”” or with respect to the theory of Brownian motion
by Ullersma.® '

If u, is the displacement of the j-th atom, it is convenient to introduce the
coordinates z;/= /M u;(j#0), 2’=+/M’ u, and to define the momenta by
P/ =vMu;(j7#0), p’=+VM’ u, so that p/=2z/, p’=2'. Then, if one in-

troduces the normal coordinates

e ST s x/ 2 M CN=s< 1
UGN N1 N+1 77 i
3 2 T <<
I A LY .1
Zs ]Z;lxj N/ N+l sin Ni1l S 1<s<N 5-1)
=z,
ps= -is 5 p= z ,
the Hamiltonian takes the form
2 2.2 2 2 2
He P ©0Z <.12s ,+ wx) Yoo S Az, 5.9
| SRR R L W 0 2 Az (5-2)
where
w02 ZK , Az — K ,
M’ M
0= 44* sin® -~ s , { .
2(N+1) (5-3)
2 2
A,;ZI - 1 6032 <l_ (’Os> = A_ sin® TS .
N+1 44 N+1 N+1

With the Hamiltonian brought into the form (5-2), the system can be considered
as consisting of an isotopic atom coupled with 2N harmonic oscillators which
are not coupled between each other. Under this form, the system was called
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model S and also studied by Toda and Kogure. From the Hamiltonian (5-2),
we deduce the canonical equations of motion

’P.s: _wszxs""a)OAsx ‘ (54)
| _ (s= =N, -, =1, 1, -N),
p=—wlx—w, > Az, . (5-5)

What we shall essentially investigate concerning this dynamical system are
the moment and continued fraction expansions of the Laplace transform of the
classical autocorrelation function of the impurity momentum. This Laplace
transform has for expression

%ﬁp’f ) oty |

The coefficients of the moment expansion and of the continued fraction expan-
sion are given by

H(z) = (5-6)

0

o= (5, 1)/ (D, D) | 5-7)
Ak2: (f;c, ﬁ)/(ﬁcfl, ]F/cfl) ’

5-8)
0, =0,

where 2;: (d*p () /dt*),, [ is the k-th random force acting on p and the inner
product is the classical canonical average. As p(#) is Hermitian, all the coef-
ficients , vanish.

We shall start by calculating the random forces f;. It has been recently
pointed out by Sakurai®™ that 4,’=w0", 4,°= 4’ = 4,>= 4* and, then, if one assumes
that 4,’=4? for any n>1, that the continued fraction expansion of (5-6) can
be summed exactly, In the following we shall establish the expressions of
the random forces to general order and show that indeed, in the limit N-»>oco
4,)= 4" for any n>1.

In order to do so, we make use of the relations (3 8) and (8-9), to write
down the expressions of the random forces of lowest order. The relations (3-8)
and (3-9) appear to be here very practical, the sums S, being easy to calcu-
late. The resulting expressions which involve sums of the form 34w, are

fi= =o'z —ao 3 Aty (fi, ) =w/8,

fi=— o A, (fo, ) =0’ 2L A/,

fim 0o, (0F =S4z, (fi ) =0 [L4%0) — (L4D'1/8, (5-9)
| ﬁAjco;‘ (%,

fim 00324, <w: ~. 'Si}i: ) Pe, (fi, f0) =0’ [Z/“w T }/ B,

s
where 3= (ET) ", T being the absolute temperature and % Boltzmann’s constant.
The expressions of the random forces and their autocorrelation functions for
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higher orders become rather complicated, but in the limit N—oo, they simplify
greatly because the sums > 4,0, take the simple limiting value

. 1 2n+2 i
1 32 ‘2n T e e < > 2”*‘2 . . 10

zg;zx/iw“ n+2 \n+1 4 (5-10)
If we go over to this limit and then carefully inspect the resulting lowest order
expressions—we went up to f; in our case—we are led to write for the general
expressions in the same limit N—>oo :

ﬁ = — 0)02.7,‘ — Wy Z Agxs,
s

f;n—l‘—‘ (_ 1) na)o 2 As {ws2n“2“" (2711—' 3> ‘(OSMM‘LAZ e
_}_A (__ 1) » <27l -—pz — P> 6032""2"“742” e (__ 1)7;4427;—«2:! Zs, (n>1) ,
G52 (5-11D)
) ﬁ?z: (__ l) "o Z As [a)s%@—-?_'_‘ < 711_ >a)SZ7L—4A2 + e
+ (=D~ <27l ——Pl —P> O oy (1) <71 :lf 1> Amq] P (n=1),
Ar=of,  A=L (n>1). |
with, for the sums S, the general expressions
S, = (Z:f) 0l 4P + <n;P> 4 (N—>o00). (5-12)

The proof of validity of the expressions (5-11) offers no difficulty : one just
has to verify that they satisfy the recurrence equation (3-13), which is easily
done. ‘

Having calculated the random forces to general order, let us now turn to

the moments. These also can be calculated to general order.

In the limit N—oo, this calculation can be done in two ways. A first way
is to apply the formulae (3-17) and (3-18), since one knows the general ex-
pressions of the sums S, given by (5-12). This yields the following deter-
minantal expressions for the even moments :

0’4" —[wd+ Cn—2)4"] - (¥ 1) "w,4™? 0 0

w4 1 o (=D [m—Dol+474* 0 0 0
w40 0 - (—1)n [(” - 1.).2.(”,7 2) o)+ (n—1) 42} Y G

Con = ( . 1) n~1w02d27z~4 e 0 0
wozAz O O 1 - w02
0y 0 0 0 0 1

(5-13)
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and analogous expressions for the odd moments. The second way is to proceed
directly, using repeatedly (5-4) and (5-5). After adequate rearrangements, one
obtains

n
(=D)"p=A.p+w 25 A:B,7ps,
’ (5-14)

2n—1

(_ 1) nP = Anx + Wo Z Aan(s>xs 5

where A, and B, obey the recurrence relations

Ay=1, A=,

A, =0 (A, + A, Z AS+ -+ A, Z Al - Ay 2 Ao, L (5.15)
(n=2)

B®=0, B®=1,

B, =, (B, + BY, Z AP+ -+ B, Z Ao 4 B® 2 A0,"°) (5-16) |

+ o, (n=2)
Since from (5-14) one has
it follows from (5-15) that "
6002 (,002 Z Asz w02 Z As2w32 .. a)Og Z A82w82n~4
-1 Wy W’ 2147 0 2 Al
Cp™= (P>7£> — 0 —1 (,002 - w02 2 /13260327578 . (5 . 18)
’ (p) P) s
O O 0 tee (,L)()2

We note that the expression (5-18) is valid for both finite and infinite values
of N. If N—oco the determinant (5-18) becomes

('002 a)OZAz 2(,0()2A4 . l, <27l —2 > w0242n72
n\n—1
— 1 w02 U)02A2 . 1 ) < 271 - 4 > w0242”"4
n—1\n—-2
o . (5-19)
1 2n—6
O - 1 w : R < >(1) 2A2n~6
0 n—2\n—38 0
0 0 0 a)02
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The fact that the determinants (5-13) and (5-19) have equal values is not easy
to demonstrate generally, but can be easily verified for low values of #.

Now that we are in possession of both sets of quantities 4,* and ¢,, we can
investigate the convergence of the expansions of E(z). We find ourselves in
the case where the coefficients 4,° are extremely simple, whereas the moment
expressions are heavier to handle. Therefore we use the criteria given in terms
of the quantities 4,%.

Since lim 4,’=4°, we conclude that there exists a fixed quantity / such that

N> co

n n

lim (22 (5-20)
T (p, P)
and, using (3-27) and (4-8), we have
o= <AL (5-21)
Co Cp—1

Therefore the moment expansion does represent E(z) for |z|>+1, Rez>0, but
is a divergent series for |z| = +/L
For the convergence of the continued fraction, it follows from
1 wy
k:zp :&505 s k2p+l = “j’z" G- 22)
that the series >k, is divergent, that is, the continued fraction expansion con-
»

verges to E(2) for every z such that Re 2>>0. To compute the function which
it converges to, we use the well-known result'

1

S T _2 S e 1~1 du (5-23)
I+ A+5= T (142 —4tu u 1-+4zu
1+,,,z,
1+ .
to obtain

= — _Q+l 5.24
B et vartas ©20
7oy (Ja@), ) L s >1 5-25
‘—-’n(z) (fn,f,‘n) 2A2 (\/Z 444 Z), (Tl_____ ); ( )

where we have taken for the radical the positive determination : as pointed out
in §4, we find indeed branch points on the imaginary axis.

So far, we have not made explicit mention of the fact that the isotopic
impurity had to be heavy in order to exhibit a Brownian motion. Let us then
consider the limiting case where Q—o00, 4->0c0 in such a way that™
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24 o’

lim-- 25 . =lim -~ =const . | (5-26)
oo 1+Q g2 4

As shown by (5-21), the lower bound of / goes to infinity like 4, whereas the
upper bound goes also to infinity, but much faster, like 4*:® rthat is the moment
expansion becomes asymptotic. However, as shown by (5-22), the series >, %,
remains divergent and the continued fraction expansion remains convergent.
Thus we have clearly demonstrated on this particular example, how the con-
tinued fraction representation can play the role of an analytic continuation
Jor the moment expansion.

Before closing this section, we would like to investigate briefly the analytic

behaviour of Z(z) in the half-plane Re 2<{0, especially with respect to Mori’s
long-time approximation. We shall mainly do it in the frame of the limiting
case (5-26), for which w,’/4* is an infinitesimally small quantity.

First of all we see that if we continue the function (5-24) into the half
plane Re #<0 on the Riemann sheet corresponding to the plus sign determina-
tion for the radical in the denominator, F(z) has a pole exactly given by

‘ 2 2\ —1/2 0,2 Dl 1
zo:—-%(l—jg) :—(j—— 2(A°S+O<~ ————— > . (5-27)

‘Now, to introduce Mori’s n-th long time approximation means that writing F(z) as

~ 1
H(g) = e 5-28
(=) er 4 ( )
2+
4y

2+ 5,(2)

where F,(z) is defined by Eq. (5-25), we neglect the = dependence of E,(z)
and take

E,(2)~=E,(0) . '/ (5-29)
For the present model, we deduce from (5-25) :
E(0)=5,0)=-=EF,0)="=47". (5-30)
Thus the first approximation yields '
l N
E(l) = - . S 5'31
(Z) =+ U)oz/.d ( )

to which corresponds a pole at

#) Actually it can be seen from the expression (5-19) that

] 1 Cn
lim m— o =
Q-0 we2/4=const -0 44 Cp-1
4w
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2P = — U)oz/d N (5 . 32)
The second approximation yields
BE= o (6-33)
with poles at / |
2 4 2
oo o(1) e gy o(L). g
4 i\ 4 N 4 4

Finally the third approximation is

2 2 ’
()= . 2 tzdtd 5-35
) 2+ A+ 2 (0 + 4°) + w4 ( )

with poles at .

2= d o1 s R e 2o (L], |

2, 24 34 4
(5-36)
2
2 ® = D0 O<—12> .
4 4
We see that in all the first three approximations, we obtain one pole near the
origin and close to the exact pole and other poles very far away : this result
confirms perfectly Mori’s general predictions.” Namely, introducing the sequence

of constants defined by

, .

EO) =, =4l (=1 (5-37)
Z 2,

we should expect, if 2,>2,.1, -+, 4, A, 7 poles located near the origin. In the

present case, we have |

/.{o:a)()?/A’ Zl:zxzzu-‘::ln:-nzd . (5.38)

and we find in the limiting case (5-26), for which 4,>4,, only one pole located
near the origin. As for the other poles far away from the origin appearing
in the second and third order approximations, they do not correspond to any
singularity of E(z): the possible existence of such meaningless poles was also
suggested by Mori.” - ' :

§ 6. On the general convergence properties of the representations
of time autocorrelation functions

The example treated in the previous section has shown us that the moment
expansion could have a finite radius of convergence or could be an asymptotic
series, whereas in both cases the continued fraction expansion was representing
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the relaxation function in the entire right half-plane.

A first question which arises is the following: In case of convergence,
which expansion does converge faster ? ’

We shall restrict ourselves to the case of Hermitian variables. Thus we
can use inequalities established by Stieltjes in the case of a real variable x.
Applying them to our problem, we obtain

Co C1 _ S NZn(x> N2n+1(x) Co & Con
,,,,, — e e < < < / - P -
X xs 4n 1 Mgn (x) ( ) M2n+1 (x) x .fLAn_Ll

6-1)

where M,(x) and N,(x) are the denominator and numerator of the n-th
approximant of the continued fraction, as defined by (2-15). It is always
advantageous to use the continued fraction to approximate F(x), because the
successive approximants give closer values than the successive sums of the
series. We may note that, even if the moment expansion is divergent, one can
use it to obtain approximations of Z(z): sums of an even number of terms will
~give us lower values, whereas sums with an odd number of terms will give us
higher values. The same holds for the approximants of the continued fraction,

A second question that one can ask is the following: is it possible that
for any dynamical variable and all systems usually encountered in Statistical Me-
chanics, the continued fraction expansion would be convergent for any z such
that Re 2>07? If the answer is yes, then, beyond the convergence problem, we
shall have obtained a new general property of time autocorrelation functions,
this property being best expressed through the condition imposed upon the
moments, In this way we shall have attained in one point the ultimate goal of
our convergence study, namely to discover new elements of information on the
general behaviour of time autocorrelation functions.

For this second question, we shall restrict ourselves again to the case of
Hermitian variables. Before trying to answer the question, let us first discuss
some implications and consequences of an affirmative answer.

An affirmative answer implies that the series > .c,”*" be divergent for any
Hermitian dynamical variable attached to any statistical mechanical system. It
is well known™ in the theory of Probability that the quantity ¢, increases
with #: this is readily proved by using Hélder’s inequality. Thus, for the series
D nca ™ to be divergent, the quantity ¢,"”* must not increase too rapidly. This
amounts to say that &(») must not be too spread out, or equivalently that F(z)
cannot decrease too steeply near the initial time.

Now it is not easy to deduce from this divergence condition quantitative
informations on the general behaviour of E(z) or £(w). The reason simply is
that all the known criteria of convergence or divergence yield sufficient conditions
but not necessary conditions.

It is £(w) which seems most suitable for some quantitative statements : this
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is to be expected since it is the distribution function determining the moments
cn. Indeed, as it is customary to do when studying the rate of growth of a
function, let us take the exponential functions exp(—alw|*) (a>>0) for reference
functions ; then it is known® that the series ) ¢,/ is divergent if and only
if «=1. If the distribution is more widely spread out («<(1l), then one can
add to £(w) a multiple of a function such that exp(—|w|¥?) cos|w|"? all the
moments of which are zero, so that the total moments are still the same: the
moment problem thus is not determinate any more, the series » ¢, "** no more
divergent and the continued fraction no more convergent.

There is a case where the previous statements can be verified and quanti-
tatively discussed. It is the case of a Gaussian relaxatsion for which both F ()
and € (w) are Gaussian, If v

E(@) =exp(—4F/2) , (6-2)
then one finds that
cn=(1.3.5--2n—1) 4™ (6-3)

and the series >, V™ diverges. Thus the continued fraction expansion con-
verges, whereas the moment expansion is asymptotic, since c,.i/c,= @2n+1) 4%
Moreover, the coefficients 4,’ have simple expressions

4, =nd’=nd’ (6-4)

which illustrate the result of Stieltjes, according to which ¢,;;/c, has no upper
limit if 4, increases without bound with z. '

Another point we would like to mention is the connection between the
convergence of the moment expansion of the relaxation function itself and the
convergence of the continued fraction expansion of its Laplace transform. Indeed,
if the series (1-13) is analytic near the origin, then the continued fraction
expansion is convergent for = such that Re 2>>0. The proof is simple. If the
series (1-13) is analytic near the origin, then™ it is sufficient and necessary
that there exist two numbers M and ¢ such that for any =

leu < MO™ (27)! . ~ (6:5)

-1/ is divergent

This inequality has for consequence that the series } ,c,
and therefore the continued fraction converges for z such that Re 2>>0.

These remarks on the implications of the convergence of the continued
fraction expansion being made, let us come to the question of the proof.

In order to study the convergence of the series 3 ., """, we have chosen

Sfor inner product Kubo’s canonical product, as defined by (4-4) and tried to

find upper bounds for the moments ¢, in the case of an Hermitian quantum .

dynamical variable A(t). Indeed, it may be very difficult to calculate a quantity
but much easier to find an upper bound for it. The details of the demonstra-
tions are given in the Appendix and in the following we shall only state and
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discuss the results obtained.
The expression of (A, A) can be brought into the form

I
(4, A) = ; (Ao idyan-

0O

hm [<AH2H ]A> <2711— 1 ) <HAH27L~2A> 4o

«

+ (_1>p <27l 1 > <H1;AH27L-»1—pA>_‘<H‘211—1AA>] . (66)
The crudest way of -ﬁnding an uppe\r‘ bound for this expression is to replace
every term by the largest with a positive sign. This leads to the exact ine-
quality

’ ! b2 ’ '

e () ~ (6:7)

-
where M is a dimensionless constant, independent of .

To go further, we must calculate the n-dependence of {(H*~*), Assuming

the system large enough so that we can treat the energy Spectrum as continuous,
we have '
CH 7 = gF“‘ e B0 (B dE 6-8)
0

where p(£) is the number of eigenstates with energy between E and E-+dE.
For an exact estimation of the right-hand side of the inequality (6-7), it be-
comes at this point necessary to specify the system in order to know p(E).

For simplicity let us first consider the case of a perfect gas of N particles
of mass m in a volume V and let us assume that we are in conditions such
that we can take for p (%) the quasi-classical value .

3N V¥ [ 2mm >3‘V/2 E31
E)= °% 6-9
0(E) 2 N! < R I'(BN/2+1) ©6-9)
If keeping N fixed, we let n become very large, then we find that
v Ry (S’h 1 . (6-10)

4 2n—1"

Therefore for a classical perfect gas of a finite number of particles, the series
D e ™ is divergent. The same conclusion holds for a finite system of weakly
interacting harmonic oscillators of frequency v, for which™

1\Y 1 '
o(E :N<—-~» e BN 6-11

(£ hv> I'(N+1) ( )
More generally, for systems usually encountered in Statistical Mechanics, it has
been suggested’™ or assumed®® that the increase of p(X£) with energy can be
represented by a function of the form

220z 1snbny Lz uo 1senb Aq ¥6/1981/206/€/L¢/810ne/did/woo dno-olwepeoe//:sdiy woly pepeojumoq



Moment and Continued Fraction Expansions 533

o(E) =CEY, (6-12)

where N’ is a fixed number of the order of the number of degrees of freedom
and C a constant. Now, for such an energy dependence of p(E), the series
D e is divergent. Thus, if the assumption (6-12) -is correct, the convergence
of the continued fraction expansion in the right half-plane would hold for any
Hermitian dynamical variable attached to a wusual statistical mechanical system
of finite size. ‘

We can still state our result in the following way: For any Hermitian
dynamical variable attached to a system of perhaps very large but finite size
which obeys (6-12), the continued fraction expansion of the Laplace transform
of the relaxation function is convergent for any = such that Re z>0.

In the limiting case where N—>oo, V—oo V/N=-const, the inequality (6-7)
leads to the trivial result ¢,”**==0. The reason is that the expression (6-6)
has been treated in a too simple way. Indeed this expression can be rewritten as

(A /{):zZn[<AH2"‘“1A~—-AAHZ”“1> (# VcHAm A AHAEM

R

w02 (P A A AR AR
+(=pm (2o A A - AH AR

(6-13)

Looking for the largest of the differences appearing in the right-hand side, we
obtain the' inequality
C',L§ 1 < >2n <z42>1/2 <H’m[A Hzn -1 m]2>1/2 (6‘14)
2% (A, A)

where m<2n may be zero or not. Now the upper limit found for ¢, depends
upon the average of a quantity which does not increase to infinity when the
system becomes infinitely large, because it contains the commutator of A with
H™ ' or H™ '™ and is not simply F ‘"2

If the expression (6-6) has then be treated in a more adequate way, we
are now facing a much more difficult problem in trying to evaluate the 7n-
dependence of the upper bound (6-14). This problem is being presently in-
vestigated. Although we cannot yet offer a rigorous justification, we think it
likely that under the assumption (6-12), the continued fraction expansion remains
convergent, if not for any Hermitian dynamical variable, at least for very general
classes of Hermitian variables, even if the size of the system becomes infinitely
large.
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Appendix

The problem is to find an upper bound for the moment ¢,= (A, A)/(A4, A),
where the inner product is Kubo’s canonical product (4-4).
Using repeatedly Heisenberg’s equation of motion, we have

Ghy"A=[[[[A, H], H], H]-]=

A~ (T VHAR + (% \HPAH™ — o 4 H7A (A1)
Let us then define the function
. A(l) :exHA e~kH (A.2>

the 2n-th derivative of which has for expression

A (@ = H M Ao <217’l >H27141€XHAH67M

+ < 22731 > H" QM AH e + -+ STAH ™M (A-3)

. 2n .
As expected, ()" A=A (0), since A(it/%) is the formal solution of Heisen-
berg’s equation. Using (A-1) and (A-3), we may write

(ih)gnﬁ N AR T
e S (A eMASAN

0

B (A, A) = (Y (A. A) =

B

% [ caom@y anar- --;— [<A<2"—1> (8) Aty — <A (0) Aﬂ . A

Introducing the partition function Z=Tre ?# Eq. (A-4) can be written:

87 (A, A) = | Tr @z ae-an — (11

) Tr (1 AHe~#A")

o —Tr (AH”“%“’”A*)]

2n—1

L) T (e AR AY

— | Tr ey —

4o —Tr (e‘BHAHZ“*lA*)] (A-5)

or, since the trace of a product is invariant under cyclic permutation of the factors,
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n n

BZH™(A, A) =Tr [H" (AeP"Al+ Ale "7 A) ]

— (P ) I (A FTHAT Ate PP A))

—Tr[Ae FEH™ A"+ Ale P"H*™A] . (A-6)
From now on, we restrict ourselves to Hermitian variables; thus (A-6) reduces
to .

% BZﬁ‘zn (AL, An) =Tr (ZL]2n~1Ae»_,5HA)

_ <2n1‘1>Tr<H2n—2Ae~ﬂHHA) +o=Tr(Ae™H™4) . (AD)

Furthermore, we shall assume that the energy of the system is defined in such
a way that all the eigenvalues of the Hamiltonian are positive. It follows that
all the terms of the right- hand side of (A-7) are positive. Hence, if we want

to find an upper bound for (A A) we must find which is the largest term.
Defining x, by

—Tr (Hﬁ"‘l”“’AH”e"sHA) , (A-8)
we first show that the sequence of quantities z, is convex, that is,
Ty = Tyo1Tp i ' (A-9)

In order to prove it, we make use of a well-known inequality in the theory of
linear operators® and write

[Tr (H2q+1AH2p+1 —ﬂHA)]? [’I‘r (}{qAHp+l —BH/2 —/QII/ZHQ)AHQ+1)]2
=Tr(H'AH?* e ""H*" " AH?) Tr (H*""'AH" e *"H* AH"*") , (A-10)
whence, by choosing p and ¢ such that p+qg=2n—1,
- Tr(H"AH™"¢ "7A) - Tr(H™AH» e #1A)
Tr(F% AH ¢ A — Ts (H”“AHzpé“ﬁHA)

Tr(H’ - *AHe~ ’QHA)
> = T A-11
~ Tr (Hm L "“BHA) Zo ( )

which establishes (A:.9). This inequality means that x, cannot go through a
maximum ; it may decrease steadily as p increases, or increase steadily or go
through a minimum.

If the sequence z, decreases steadily, the largest term is x, and we may
write

2n -1

1 BZI(A, A< <1+ > (2” D)) T B aera (A-12)

or
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B (A, A) S2CHY A A Ae ANV (A-13)

If the sequence x, increases steadily, or goes through a minimum, then one
can always choose n large enough so that z, is the largest term. Thus one

has

7 7 211
1 87" (A, A)<< S <2” 1>>T AH™ e84 4 (A-14)
p=1 P
or
thn (/]L ji) §22n<H4n_2>1/2<A4>1/2 ) (A 15)
In both cases (A-13) and (A-15), we thﬁs find that
M 2 m—aN1/2 .
n< B< ) CHV2 (A-16)

where M is a dimensionless constant, independent of 7.
However, coming ‘back to the expression (A-7), we note that we can write

it
3 BZI (A, A) = Tr (™' Ae 1A — AH™ ‘¢ 1 A)
— (PTG ARe A - HAH e P A)
e,
+ (=1 <Zf i >T (H"AH" e *"A—~ H" "AH"e *"A) . (A-17)
If the sequence is steadily increasing ér ‘decreasing, one may write
5 87 (A, A)\<1+ni< p 1>>|Tr(H?n-lAe-ﬁHA—AHWWHA)|,
(A-18)
Oor
(4, A= ; Zﬁ [CALH™, AT, (A-19)

whereas if the sequence is going through a minimum value equal to z,, one
may find » large enough so that _
n 7n n—1 . ‘
% Bth (A, A) S (1 + Z <272; 1 ))TI‘ (AH2n—1e~,8HA_H2n71»-mAHme~,8HA>
p=1 7
(A-20)
or

7 l 22 n—1

(4, M= S CALA I m]Hm> (A-21)
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In both cases (A-19) and (A-21), we find that

where

D
2)
3)
4)
5)

6)
7)
8
-9
10)

11)
12)
13)
14)

15)
16)

17
18)
19)
20)
21)
22)
23)
24)

25)
26)

27)
28)

1 2 2n <A2>1/2 L
S el AL CHM™T A H P 2 A.22
‘*25<h><,1>< [4, 15, (A-22)

m<2n may be zero or not.
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