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Abstract: We introduce a concept of hereditary set of multi-indices, and consider vector spaces of functions
generated by families associated to such sets of multi-indices, called hereditary function spaces. Existence
and uniquenes of representing measures for some abstract truncated moment problems are investigated in
this framework, by adapting the concept of idempotent and that of dimensional stability, and using some
techniques involving C”-algebras and commuting self-adjoint multiplication operators.
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1 Introduction

The use of finite families of multi-indices with appropriate properties to investigate the associated truncated
moment problems appears in several works, as for instance in [8, 9], and more recently in [17, 18]. In this
work, we deal with the concept of a hereditary family of multi-indices, which happens to be compatible with
our techniques, developped in some older works for ordinary truncated moment problems (see [14-16] etc.).

As usual, we denote by R, C, N, Z, Z. the sets of real numbers, complex numbers, positive integers, in-
tegers and non-negative integers, respectively. For a fixed integer n € N, the Cartesian product Z is said to
be the set of multi-indices of lenght n.

Letk = (k1,...,kn) € Z", and t = (t1, ..., tn) € R" be arbitrary. Then t* means the monomial t’{l ... t’é",
and |k| = k; +... + kn. By B(R") we denote the set of all Borel subsets of R". In the set Z7 we consider the
order relation *<* given by k < p whenever k; < p;, j=1,...,n, wherek = (k1,..., kn), p = (1, ..., Pn).

Let K be an arbitrary subset of Z}, and let P be the complex vector space spanned by the set of mono-
mials {tk : k € K}. Let I' = (y)kex be an arbitrary set of real numbers. The K-truncated moment problem
consists of finding necessary and sufficient condition in terms of I', insuring the existence of a non-negative
measure y on B(R") such that each monomial t* is p-integrable, and

Vi = /tkdy(t), k € K. 6y}

Equivalently, for the assignment t* — ~;, which induces a linear functional on Pk, say Ag, one looks for a
non-negative measure u on B(R") such that Ag(p) = [ p(t)du(t) forall p € Pg.

The moment problems with respect to a given set of multi-indices K can be stated in a more abstract
context, for functions more general that polynomials. Let us introduce such a convenient framework.

Let (Q, G) be a measurable space, that is, Q is an arbitrary (nonempty) set and & is a g-algabra of subsets
of Q. Let also F be a vector space consisting of G-measurable complex-valued functions on Q, invariant under
complex conjugation. Assume that we have a linear map A : ¥ — C. A natural question is to investigate the
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existence of a positive measure u on Q such that

A(f) = /f(w)dy(a)), fed.
0]

Thanks to an argument originating in [12], in many situations of interest we may restrict ourselves to the
case when the space ¥ is finite dimensional. The finite dimensionality of the space F leads to the possibility
to replace an existing measure u by another one consisting of a finite number of atoms, via an argument going
back to [13] (see also [1]).

An extremal condition, firstly stated for polynomial moment problem (see [5]) is still very useful in our
more general framework. Specifically, it insures the uniqueness of the representing measure when such a
measure exists (see Proposition 1). Concerning the existence of a representing measure, we present two main
results. For the first one, we use the concept of idempotent element, introduced in [15], which plays a central
role in our development. In hereditary function spaces having a finite number of generators, the existence
of representing measures is characterized by the existence of orthogonal bases consisting of idempotents,
satisfying a certain “multiplicativity condition® (see Theorem 1).

The concept of dimensional stability (discussed in [14]) goes back to the concept of flatness, introduced
in [3] in the context of spaces of polynomials. This property is used to prove another main results of this paper
(see Theorem 2).

The author is indebted to S. M. Zagorodnyuk (Kharkov) for several useful discussions on this subject.

2 Hereditary Function Spaces

2.1 Hereditary Sets of Indices

Let us first define the maps S; : Z} — Z via the formulas
Sj(kl,...,k)',...,kn)=(k1,...,kj+1,...,kn), (kl,...,kj,...,kn)EZE, (2)

forallj=1,...,n, which are, in fact, mutually commuting shifts.
The following type of sets of indices also appears in other works, sometimes under different names, as-
sociated with different techniques (see [8, 9, 18] etc.).

Definition 1. A subset K C Z is said to be hereditary if for every k € K and r € Z? such that r < k, we have
rck.

Example 1. (1) Let K = Kyy = {k € Z1 : |k| < m}, for some fixed m € N. Then K is hereditary.
Q) Let K =Kq = {k € Z} : k < d}, where d € Z is fixed. Then K is hereditary.
(3) Letky, ..., k; be fixed elements of 7. Then the set

r
Utk ez} : k< K}
j=1

is hereditary.
Lemmal. Let K; C Z! (j = 1, 2) be hereditary. Then K = K; + K, C ZY is also hereditary.

The easy proof is left to the reader. This lemma shows that the family of hereditary sets contains also the sets
obtained by adding and combining those from Example 1.

Remark 1. Let K C Z! be a hereditary finite set. We define, by recurrence, the sets of indices K, = {SPk :
pl<r,keK,r=0},s0Ky =K, and S = (Sy, ..., Sn) is given by formula (2). Note that we have Ky C K; C
K, c---.Infact, Ky = {SpSkO, |p| < 7, k € K} for all r = 0. Moreover, the set Koo = U0 is also hereditary.
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2.2 Function Spaces

Let (Q, &) be a measurable space, and let also Mg (2) be the algebra of all complex-valued G-measurable
functions on Q (that is, f1(B) € & for each f € Mg(Q) and all Borel sets B € B(C)). In fact, in most of
the cases we may restrict ouselves to the case when Q is a Hausdorff space and & is the ¢-algabra of all
Borel subsets of Q and, when working with finite atomic measures, even to the case when Q is an arbitrary
(nonempty) set and & is a family of all subsets of Q.

For convenience, and following [14-16], a vector subspace F C Mg(Q) such that 1 € Fand iff € F, then
f € 7, is said to be a function space.

Fixing a function space F, let & 2 be the vector space spanned by all products of the form fg withf, g € &,
which is itself a function space. We have & C 3’(2), and F = 72 when F is an algebra.

For any vector subspace T C JF invariant under complex conjugation, the symbol RT will designate the
“real part“ of T, that is {f € T;f = f}.

Important examples of function spaces are associated with the space P" of all polynomials in n > 1 real
variables, denoted as above by t1, ..., tn, with complex coefficients. For every integer m > 0, let P}, be the
subspace of P" consisting of all polynomials p with deg(p) < m, where deg(p) is the total degree of p. Both
Pn and P" are function spaces (of continuous functions) on R". In fact, P, = fPH"(m, with K, as in Example
1(1). Similarly, Pg = T%ﬂ, with ‘.PH”gd as in Example 1(2) is also a function space.

Let F be a function space and let A : ¥ s C be a linear map with the following properties:

(1) A(f) = A(f) for all f € F;
(2) A(f1?) = 0forall f € F;
3) A(1) = 1.

Adapting some terminology from [10] to our context (see also [14-16]), a linear map A with the properties
(1)-(3) is said to be a unital square positive functional, briefly a uspf.
Every uspf A : F? s C satisfies the Cauchy-Schwarz inequality

A(f))? < A(fHA(g), f.g € F.

A simple example of a uspf is given by a probability measure u and a function space F on (Q2, &), con-
sisting of square p-integrable functions. Then the map FD 5 f] ofdp € Cisauspf, as one can easily see.

Fixing a function space & and a uspf A : F@ — C, we have a semi-inner product given by the equality

f,8)0o=A(2), f,gc 4.
Then we set
Iy = {f € T3 (f, f)o =0} = {f € F;A(f|*) = 0},

which is a vector subspace of F. Moreover, the quotient H4 := F/J5 is an inner product space, with the inner
product given by

(f,8) = A(f3), 3)

where f = f + 75 is the equivalence class of f € F modulo 7.
When the quotient H 4 is finite dimensional, it is actually a Hilbert space, which will be said to be the
Hilbert space associated to (F, A). This will be the case in most of the results of this work.

When the function space ¥ and a uspf A : F2) s C are given, we shall use the notation 5, H, f, with
the meaning from above, if not otherwise specified.
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Problem 1. The (abstract) moment problem for a given uspf A : 2 s C, where ¥ is a fixed function space
on (Q, &), means to find necessary and sufficient conditions insuring the existence of a probability measure
U, defined on &, such that F consists of square y-integrable functions and A(f) = [, fdu, f € 52, When
such a measure y exists, it is said to be a representing measure of A (with support) in Q.

In the classical moment problem on spaces of polynomials, the role of the uspf A is played by the so-called
Riesz functional (see for instance [7]).

In some special cases, a uspf A : ¥ — C may have an atomic representing measure in Q, which (in
this text) means that there exists a finite subset Q, = {w1,..., w4} C Q consisting of distinct points, and
positive numbers Ay, ..., A4, with Ay + -+ + A, = 1, such that A(f) = Z]‘il Aif(wj) for all f € 7,

When we want to specify the number of points {w1, ..., w4}, the corresponding atomic measure will be
called a d-atomic representing measure (of A in Q). Of course, in this case we can write A(f) = |, of(w)dp(w),
where yi is a probability measure defined on a g-algebra & containing Q4 and its subsets, such that u({w;}) =
Ajj=1,...,d,supported by Q. In particular, we may take as & the family of all subsets of Q.

When 7 is finite dimensional, more generally if H is finite dimensional, and the uspf A on ¥? has an
arbitrary representing measure, then one expects that this measure may be replaced by an atomic one. Such
a property goes back to Tchakaloff (see Corollary 2 in [13]).

An extremality condition insures the uniqueness of an atomic representing measure, when such a repre-
senting measure does exist. The following result is in the spirit of [5] (see also Proposition 2 from [16]).

Proposition 1. Let F be a function space on Q, and let A : F? — C be a uspf. Assume that the associated
Hilbert space H 5 is finite dimensional. Then there exists at most one d-atomic representing measure of the uspf
A, with support in Q, having d := dim Hg atoms.

Proof. If the uspf A has a d-atomic representing measure in Q with d := dim H4 atoms, say y, with finite
support 3 C Q, it follows that the map Hs > f — fl3 € L%(3, 1) is a unitary operator. Indeed, we have
only to note that the mapf — f|3 from H5 into L%(3, ) is correctly defined, linear and injective. It is also
surjective because the dimension of s equals the dimension of L?(3, u). As we have || f I? = j3 f|?dpu for all

£, this map is actually a unitary transformation.
Now assume that there exists another d-atomic representing measure of A in Q, with support = :=
{¢1,...,&,}. As in the previous case, the map fesf |Z induces a unitary operator from 34 onto L*(Z, v).
We now extend u (resp. v) to Q by setting u(Q\3) = 0 (resp. v(Q\ =) = 0). If { € 3\ Z, for the characteristic
function y of the set {{} (defined on Q) we must have

0#/)(dy=()(,1>0=/)(dv=0,
Q Q

which is impossible, so 3 C Z. A similar argument shows that = C 3. Therefore, 3 = Z. In fact, this argument
shows that the weights of both measures at a given point in the support must be the same. O

2.3 Generators of Function Spaces

Let J be a a function space on Q. Let also K C Z} be a subset containing 0 = (0,...,0), and let 6 =
(64, ..., 6n) be an n-tuple of elements of RF.

If the family {6* : a € K} spans the space F, we say that the function space F is K-generated by 6. In
addition, if the set K is hereditary, we say that the function space ¥ is hereditary.

Obviously, when K is finite, the space J is of finite dimension, and if K = {k : |k| < 1}, the space J is
K-generated by 6 if and only if F is the span of {61, ..., O,}. Moreover, if F is K-generated by 6, then 7@ is
K,-generated by 6, where K; = K + K.
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As a matter of fact, if F is a function space on Q that is K-generated by an n-tuple 8 = (84, ..., 6x) of
elements of RF, we must have the equality, F = {p 0 8;p € Pk}, where 0 is regarded as a function from Q
into R", where Pg is the complex space of polynomials K-generated by t = (¢4, .. ., tn).

2.4 Idempotents

In the following we recall the concept of an idempotent (see [15, 16]), and present some of its properties.
We fix a function space ¥ and a uspf A : ¥ — C, having a finite dimensional associated Hilbert space
Hg, whose norm is denoted by || * ||. We denote by RH 5 the real Hilbert space given by the quotient RF/RI .

Definition 2. An element 1 € RH 5 is said to be an idempotent (associated to F) if

Idl* = (¢, 1) @)
We set ID(H ) := {t € RH; (1, 1) = ||1]|? # O}, that is, the family of all nonnull idempotents of H .
The following result is a version of Lemma 4 from [15].

Lemma?2. If {ni,...,n14} C RHg is an orthonormal basis with (n;, i) # 0,j = 1,...,d, the set
{n1,1)n1, ... (N4, 1)n4} is an orthogonal basis of H s consisting of idempotents. Moreover,

(i, na++-++ (g, g = 1,
where d = dimH 4.
As noticed in [15], in the space H 4 there are infinitely many orthogonal bases consisting of idempotents.

Corollary 1. There are functions b4, ..., b, € RF such that ||b]-|\(2, = (bj, 1)0 > 0, (bj, bx)o = Oforallj, k =

1,...,d, j# k,and every f € F can be uniquely represented as
d
f Z b]’l <f b Ob +f0’
j=1

with fo € I3 and d = dimJH .

3 Relative Multiplicativity

As done in [15, 16], we can also characterize the existence of a representing measure for unital square positive
functionals in this context. The following is a basic concept, which generalizes a corresponding one from [15],
Definition 3.

Definition 3. Let F be a hereditary function space K-generated by 0 = (64, ..., 6x) C RF, endowed with a
uspfA : F @ C. Assume that the space H+ is finite dimensional, and let B = {151, cey Bd} be an orthogonal
basis in H g consisting of idempotent elements. We say that the tuple 0 is B-multiplicative if

A(6Pbj)A(6%b;) = A(b;)A(6Pb;), (5)
wheneverp+qekK,j=1,...,d.
The next result is an extension of Theorem 2 from [15] (and of Theorem 8 from [16] as well).

Theorem 1. Let F be a hereditary function space K-generated by 6 = (01, ..., 6n) C RF, and endowed with a
uspf A : F@ — C. Assume that the space H is finite dimensional.

The uspf A has a uniquely determined representing measure on  consisting of d := dimJH 4 atoms if and
only if there exists an orthogonal basis B = {151, cees Bd} of H s, consisting of idempotent elements, such that
0 is B-multiplicative, and 8(8) € 6(Q), 6 € A, where A is the dual basis of B.
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Proof. Let B = {131, ceey Bd} be an orthogonal basis of H4 consisting of idempotent elements. Hence, every
element f € H4 has a unique representation of the form f = Zlil (Bj, 1)t (f , Bj>13j, via Corollary 1.

We consider on H5 the linear functionals 6j(f) = (Bj, )t (f, Bj>, j=1,...,d, sojAr = Zil 5,-(?)13,- for
allfC € H. In particular, 6)'(Bj) = 1 and 5,-(I3k) =O0forallj,k =1,...,d,j # k. In other words, the set
A:={61,...,64} is the dual basis of B.

Next, we define the functions f4 : A — C by f4(6) = 8(f) forall f € H4 and 6 € A. Setting H, :=
{fA;f € Hg}, we have a linear map Hg > f — fA € Hy, which is surjective by definition, and injective
because fA 0 1mp11es f = 0. In other words, the map Hg > f — fA € H, is a linear isomorphism. In
addition, fA = Zk 1 fA(S )bk 4 forall f € H4.In fact, the function bk 4 is the characteristic function of the set
{6k}, k=1,...,d.

Setting C(A) := {¢ : A — C} regarded as a finite dimensional C"-algebra, we must have H, = C(4) as
linear spaces, because both have the same dimension, which is equal to the dimension of H 4. In addition, 3,
also has a multiplicative structure, so that H, and C(A) are isomorphic as C"-algebras. Indeed, the product
of two functions from Hy, say f, = Z}il SI(f)I;jA, 8a= Zl‘il 6,-(§)5,-A, is given by

d
Faga =" 6;(H5;(@)bj,,
j=1
which coincides with the product of C(4). In particular, f,, is an element of 34, and the C”-algebra structure
of C(A) is inherited by 3.

We now assume that 6 is B-multiplicative, and that 5(@) €0(Q), § €A.

We note that the space H H g is spanned by the family {0" k € K}, by hypothesis, so the vector space Hy
is spanned by the family {Bk : k € K}, while the C"-algebra J{, is generated by the family {91 As oo 9n At
We need a more explicit relation between these families, obtained by using (6), which will be proved in the
following. Because we have

A(6Pb))A(69D)) = A(b;)?5,(6P)6;(69) =
A(b)A(6P*%b;) = A(b;)?6,(6v+9)
wheneverp+q <€ Kandj=1,...,d,via (5), we infer that
50,04, - 673,

whenever p + q € K. Hence, by recurrence, we deduce that

kA = (B, k e K. )
The hypothesis 8(0) € 6(Q), 6 € A, allows us to find a point {; € Q such that 6({j) = 6;((9) for each
j=1,...,d.
Let f € ¥ be a fixed element. As F is K-generated by 0, there exists a polynomial p, with complex coeffi-
cients of the form P(t) = 3~ i ct€such that f = p o 6. Then we have f = p 0 8, and so f, = p o 8, via (6).
Hence, we must have

8;(F) = Fa(8)) = p(Ba(8) = 0 0 O)§) = f(§), j=1,...,d.
Now, if f, g € F, because f = Z;’;l ﬁj(f)b]- +fo, f =311 6x(8)b+8o, via Corollary 1, with fo, g9 € I, we
obtain . .
Alfg) = Z 8;(F)6x(&)A(bjby) = Z 8;(F)8;(@)A(b)).
Jok=1 j=1
Next, using the computations from above, if ¢ = 3, _; f18; is an arbitrary element in F° @ with f.8€T
foralll € L, L finite, we have

d d
A@) =Y AGg) = 3 S ABREGSEG) = S AB)E). %)

leL leL j=1 j=1
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Moreover, A(b;) > 0 for all j and Z]‘il A(b;) = 1, by Lemma 2. Consequently, the uspf A has a representing
measure on . In addition, this measure is uniquely determined by Proposition 1.

Conversely, assume that there exists a finite family {{3, ..., {4} C Q, consisting of distinct points, such
that

d
A@) =Y 49, v e T2,
j=1
where A; > 0 for all j, Z]‘-il Aj=1,and d = dim Hg.
Set3 = {{1,...,{4}, and let C(3) = {h : 3 — C}, regarded as a C"-algebra. As we must have J5 =
{f € F;f|3 = 0}, there exists amap p : Hg — C(3) given by f — f|3, which is correctly defined, linear,
and injective. In fact, this map is also surjective, because dim Hs = dimC(3). We denote by y; € C(3) the
characteristic function of the set {{}}, and by Bk € RH 4 the element with p(Bk) =Xk, k=1,...,d. Then
the set B := {131, ceey 5d} is a family of orthogonal idempotents in H 5, which is actually a basis. Moreover,
bj({;) = 1and by({j) = Oforallj,k=1,...,d, j # k.
Setting 6,~(f) =f(), feTF,j=1,...,d,and A := {61, ..., 64}, we infer that A is the dual basis of B,
and we have .
8;(6%) = 6"() = (01(8)" -+ Ba(G)™) = 6;(6"),

whenever k € Kandj = 1,...,d, showing that 6 is B-multiplicative. In addition, the obvious equality
6]-(@) =60({;), j=1,...,d, concludes the proof of Theorem 1. O

Corollary 2. Let F be a function space on Q, spanned by the n-tuple 0. A uspf A : F@ s C has a uniquely
determined representing measure on Q consisting of d := dimH g atoms if either

(1) there exists an orthogonal basis B of H consisting of idempotent elements such that 8(0) € 6(Q), 6 € A,
where A is the dual basis of B, or

(2) 6(Q) =R".

Proof. Because ¥ is spanned by 0, the property (5) is automatically fulfilled. To get the assertion (1) from
the statement we need the inclusion 6(9) € 0(Q), 6 ¢ A, where A is the dual basis of B, in order to apply
the previous theorem, while to get (2), such an inclusion is always true, for an arbitrary orthogonal basis
consisting of idempotents. O

4 Dimensional Stability and Consequences

In this section we intend to extend and recapture, in the present context, some results regarding the dimen-
sional stability, developed in [14]. We also recall that the concept of dimensional stability in function spaces
of polynomials, as approached in [14], is equivalent to that of flatness, due to Curto and Fialkow (see [3, 4]).

Remark 2. Let F be a function space, and let A : 52 s Chea uspf. We assume that the quotient space
Hg = F/I5 is finite dimensional, so it is a Hilbert space. Let also § be a function subspace of F, so A| 9(2) isa
uspf. If Jg and Hg are defined by replacing F by G, we have an isometry

Hg>8+Ig+— g+J5 € Hy. €))

In particular, Hg is also a Hilbert space, and dim g < dim .

We say that the uspf A is dimensionally stable at § if dim Hg = dim H 5. In this case, the isometry (8)
is surjective, that is, (8) is a unitary transformation. This is equivalent to the fact that for every f € F there
exists a g € Gsuch that f - g € J5. Note that if f € RF, we can choose g € RS such that f — g € RI 5, because
j(,r = Rjg + l'iRjSt.

The next result is in the spirit of Lemma 5 from [16].
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Lemma 3. Let F be a function space, let A : 2 s C be a uspf, and let 6 = {01,...,0n} bein RF. Let also G
be a function subspace of F such that ;G C F forallj =1, ..., n, and that A is dimensionally stable at G. Then
(Z}Ll 0;35) NF C I5. In particular, 6;3g C I5 forallj=1,...,n.

Proof. Letf = Z;’:l 0,fj € Fwithf; € Iy forallj=1,...,n,andlet g € G. Then

n n
AR < 1A, < > (A(f)* (A(6;8/)M? = o.
j=1 j=1
by the Cauchy-Schwarz inequality.
Next, let h € Ghesuchthatf - h € J+, which exists because of the dimensional stability of A at §. Then

A(f1?) = A(fh) + A(F(F - ) = 0

by the previous computation and the Cauchy-Schwarz inequality. Therefore f € J5.
The last assertion is obvious. O

Remark 3. We keep the notation and assumptions of Lemma 3. First of all, let J : 3{g — 34 be the unitary
transformation given by (8). Then we define some operators M; : Hg — Hy by the equalities M;(g + Jg) =
0;g+Jgforallj=1,...,mand g € G, which are correctly defined, via Lemma 3. Next, we may consider on
the Hilbert space H the linear operators T; = M;/ “lforallj=1,...,n. Note that, fixing f € ¥ and choosing
g € Gsuchthat f - g € J5, we have T;(f + J5) = 6;g + J5 for all j.

As noticed in Remark 2, if f € RF we can choose g € RS such that f — g € RJ5. Therefore, T;(RH5) C
RHg forallj=1,...,n.

Proposition 2. The linear maps T;, j = 1,...,n, are self-adjoint operators, and T = (Tq,...,Tn)is a com-
muting tuple on H .

Proof. Let fi € F and gy € G be such that f;, — g, € J5 (k =1, 2). Then
(T; (f1 +Im), f> + Im) = {f1 + Im, 6;82 + Im) = (f1, 6;82)0
=(0;81, f2)0 = (T;(f1 + Im), f2 + Im),

via Lemma 3 and Remark 3. Hence T4, ..., Tn are self-adjoint.
We prove now that Ty, ..., Tn mutually commute. It suffices to show that M;J 1m =M k]‘lM ;forallj, k =
1,...,n. To show this, fix a function f € G. Thus M,-(f +7Jg) = 0;f + J3. We can choose g; € G such that
0;f - g; € J5. Therefore, ]‘1(9jf +J5) = gj +Jg, and My(gj +Jg) = Oygj + 5.

Similarly, My (f+Jg) = 6;f+J5, and we can choose g € Gsuchthat 6;f-gy € J5,50 Mj(gy+Jg) = 6,81 +T.
To complete the proof, it suffices to show that 6;g; - 0,8, € J5. Indeed, note that 6;0,f - 0,8, € 0,75 and
0,0;f - 0xg; € 0, J5. Consequently,

Gkgl- - ngk S (ijy + Gljff) NF cC Iy,
via Lemma 3. Consequently, T1, ..., Tn mutually commute. O

Remark 4. Let G be a hereditary function space K-generated by 6 = (64, ...,60n) C RG, where K C Z7 is
finite. We set F = Z;’;O 0;5, where 0 = 1. It is clear that J is a hereditary function space K.-generated by 6,
with K, = {Wik : k € K, j = 0,1,...,n}, where Wy, is the identity and, forj = 1, ..., n, W; are the maps
defined by relation (2).

Next, let A : 7@ 5 Chea uspf, and assume that A is dimensionally stable at §. We want to show that
T*(1 +95) = 0%+ 94 forall k € K.

Ifk € K, so ¥ ¢ G, because of Remark 3 it follows that T]-(l +Jg) = 0; + J, whence, inductively,
(1 +794) = 6% + 4.

Ifk € K., we may assume, with no loss of generality, that k = W;p for some p € Kandj € {1, ..., n}.
Then, using the previous assertion and Remark 3, we deduce that

T*(1 +J5) = T;TP(1 +J5) = T;(6P + I5) = 6% + I
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In particular, if P is a polynomial of the form P(t) = Zkeﬂ& cktk, we must have P(T) = Zke]& Cx TX. In
addition, if f € Hs is an arbitrary element, because ¥ is K.-generated, and so there exists a polynomial
Py € Py, such that f = P;(6), we must have f = Pe(T)(1 +J5).

Note also that, if P € P" is arbitrary, there exists a polynomial Qp € Py such that P(T) = Qp(T), because
P(T) belongs to the C"-algebra generated by the n-tuple T.

The following assertion is now obtained as an application of Theorem 1. See also Theorem 2.11 and Corollary
2.13 from [14] (proved in a different way), as well as Corollary 7.11 from [3] or Theorem 9 from [16].

Theorem 2. Let G be a hereditary function space K-generated by 6 = (04, ...,60r) C RS, where K C Z} is
finite. Let also F = Z;LO 0;S (6p = 1), and let A : 7@, Chea uspf such that A is dimensionally stable at S.
Then we have:

(1) there exists an orthogonal basis B = {131, cees i)d} of H s consisting of idempotent elements such that
0 =(04,...,06n)is B-multiplicative;

(2) the uspf A has a d-atomic representing measure with support in Q, where d := dimXH s, if and only if
6(@) € 6(Q), 6 € A, where A is the dual basis of B;

(3) if the uspf A has an atomic representing measure with support in Q, this atomic measure is uniquely
determined.

Proof. (1) First of all, note that H = {p(T)1;p € Pk}, via Remark 4.

Next, we want to apply Theorem 1 to show that there exists an orthogonal basis B = {by, ..., bs} of H
consisting of idempotent elements, such that 6 is B-multiplicative.

We first consider the commuting n-tuple T = (T4q,..., Tn), consisting of self-adjoint operators, acting
in H4, given by Proposition 2. The spectral theorem for n-tuples of commuting self-adjoint operators (see
for instance [2]) implies the existence of commuting self-adjoint projections E; = E({& (i)}), j=1,...,d,such
that h(T) = Z]‘il h(¢ E j for every function h : o(T) — C, where o(T) := {& @ .., '3 (d)} is the joint spectrum
of T, which coincides with the support of E. Moreover, if the function h is real-valued, the operator h(T) is
self-adjoint. In addition, because the space RH is invariant under Tq, ..., Tx (see Remark 3), it must be also
invariant under h(T), whenever h is real-valued. In particular, RH 4 is invariant under E nj=1,...,d.

We now construct an orthogonal family {131, cees Bd} of H 4 consisting of idempotents. Because Z]‘il E;
is the identity on H g4, setting Ej = E,-i € RH#,j =1,...,d, we obtain a decomposition i-= Zlil B,-. As
E; # 0, we must have E;§ = § # O forsome § = go 6 + Jn = q(T)(1 + Jn), with g € P , via Remark 4.
Assuming b; = 0, we would obtain E;§ = § = q(T)b; = 0, which is not possible. Therefore, b; # 0 for all
j=1,...,d. Note also that (B,-, i) = (Bj, Bj> > 0, so Bi is an idempotent for allj = 1, ..., d. In other words,
{Bl yeees Bd} is an orthogonal family in H 4 consisting of idempotent elements.

To show that B = {Bl, e, Bd} is a basis of H 4 it suffices to show that dim(H4) = d. For, we consider the
sub-C"-algebra Gy generated by T in the C™-algebra of all linear (automatically bounded) operators acting in
Hs. Therefore, we must have € = {p(T); p € P"}. In fact, choosing an element p(T) with p € P", we may
replace p by a polynomial g € P , such that p(T) = q(T), by Remark 4. Consequently, Cr = {p(T); p € P }.

As mentioned above, the spectral theorem allows us to write

d
p(D) =Y pGEM)E;, p € Pk, .
j=1

In particular, {Ey, ..., E;}, which is clearly a linearly independent family of operators, is actually an alge-
braic basis of (the linear space) €7. Note also that

d
p(Mi=3"pNb;, p € P
j=1

Therefore, using the equality 5 = {p(T)1; p € P%} mentioned above, we deduce that dim(%(5) = dim(Cy) =
d. In particular, B = {El, vy Ed} is an orthogonal basis of 3, consisting of idempotents. In addition, con-
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sidering the measure v(*) = (E(*)1, 1) on o(T), and putting 4; = (E;1, 1) = (Bj, 1), we have

/ P dv(e) / t9dv(t) = A2(EDPEDya =
0! (&0

A / PHdy(6) = A;(6P*, by}

{&0}
whenever p+q € Ki,and j = 1,..., d. In other words, 6 is B-multiplicative, which concludes the assertion
(1) from the statement.
To obtain the assertion (2) from the statement, we recall that the dual basis A := {61,...,84} of B is

given by 6j(f) = (i)j, i)‘l(f, B,-), j=1,...,d.In particular,

800 = L HE T, 1) = / tedv() = &9 j k=1,...,d.
{£0}

Theorem 1 shows that the uspf A of H 5 has a representing measure on Q consisting of d := dimH 5 atoms if
and only if 8(0) € 6(Q), 8 € A, which concludes the proof of (2).

(3) An explicit form of the integral representation whose existence is given in (2) is obtained as for equa-
tion (7). Specifically, choosing {; € Q such that & 0 = 6;({), j=1,...,d, we deduce the equality

d
A@) =D 49, ¢ € 52,

j=1

providing a (d-atomic) representing measure for A.

Let p be this representing measure, with support 3 := {{1, ..., {4} and weights A; = y(.f(j)), j=1,...,d.
Assume that A has another atomic representing measure in , say v, with support 2 := {01,...,0¢} C Q.
Then necessarily, g > d = dim(H4), and the map Hg > f — f|Z € L*(&, v) is an isometry.

Let B; be the linear operator on L?(Z,v) given by Bjh = Qjhforallj=1,...,nand h € L%(Z,v). Then
B = (By,...,Bp) is an n-tuple of commuting self-adjoint operators. With T = (T4, ..., Tn) as before, fixing
f € My with f € F, and choosing g € Gwith h := f —g € I, 50 T]-f = /j\g, (f -9z = 0, and (;9)|2 =
(6;f)|2 = B;j(f|2). In other words, identifying the Hilbert space J{5 with the (Hilbert) subspace {f|Z;f € F},
we see that B; is an extension of the operator T; forallj = 1, ..., n. In particular, the spectral measure E of T
is the restriction of the spectral measure Ep of B to H .

We now consider the elements Eg({0;})(1|), which must belong to H, because H 5 is invariant un-
der Ep. Therefore, setting &; = Eg({0;})(1]2) = E({Uj})i, j=1,...,8, as in the previous part of the proof,
{€1,...,Cg} is an orthogonal family of nonnull idempotent elements of (4. Consequently, we must have
g = d, and so dim(L?(Z, v)) = d. We may now apply Proposition 1, to get the assertion (3). O

Remark 5. Fixing a K-generated space Gbyafamily0 = (04, ..., 0n) C RG, we have a sequence of hereditary
function spaces {J; : r = 0} given by

n
Fr = 29}‘3’}71 Bp=1,7r=21),
j=0

where F5 = G.

The next result is an extension of Theorem 2.6 from [14] (see also Theorem 10 from [16], and their predecessors,
namely Theorem 7.8 and Corollary 7.9 from [3]).

Theorem 3. Let G be a hereditary function space K-generated by 0 = (01, ...,0n) C RGin Q, where K C Z1}
is finite. Let also F, = Z;LO 0;F,1(60 = 1, r = 1), where Fo = G. We fix a uspf A : F? s C, supposed to be
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dimensionally stable at S, where F = F;. Also set F to be the space U,»Fr. Then F is a function space with
F9 = F.., and the uspf /A can be uniquely extended to a uspf Aes : Foo — C, having a d-atomic measure in Q,
where d = dim(Hg).

Proof. Using the arguments from the proof of Theorem 2, we have

d
A@) = D 4, ¢ € 7.

j=1

Next, it is easily seen that each F; (r > 0) is a function space, K-generated by 6, where K, = {Sik:k ¢
Kiq}(rz1,j=1,...,n),withKy = Kand K; = K,.
A direct extension of this formula allows us to define

d
Aes) = > " AP(5), P € Feo,

j=1

which is a uspf on Fe.. We want to show that A« is uniquely determined.

Let AL, AZ, be two uspf Feo, both of them extending A. Forr > 1,let Fr = {po 6;p ¢ Pk} I ={f ¢
Fr; A'(If1?) = 0}, 3/ = {f € Fr; A"(|f|?) = 0}. Clearly, I3 ¢ Iy N7} forall r > 1.

We shall show by induction with respect to r that for every element f € F, there is an element f; € G,
such that f - f; € J, N J/. The assertion is obvious for r = 1, via the stability at G.

Assume the property true for an r = 1, and let us prove it for r + 1. It suffices to prove it for an element of
the form f = 6P, with p € K;,1. In this case there exists a number j € {1,...,n} and a multi-index k € K,
such that 6P = ,6%. By the induction hypothesis, we can find a function fi € § such that 6% - fi € J, N 77
Therefore, 6P - 0;fy € J;,1 N J/,1, by the Cauchy-Schwarz inequality. Further, 6;f;, € ¥ and so we can find a
function fj,k € G such that 8;fy - fj,k € J1, via the stability at §. Consequently,

6P - fp = 0P — Oifx + 0ific — fix € Tre1 NP1 + 91 = Tpia N Toa,

where fp = fj k-
Finally, noting that for every r = 1 there exists an s = r such that ?ﬁz) C Fs, and so for every f € 3"52) we
can find an element fs € G such that f - fs € 75 N 77, we deduce that

A'(f) = A(f - fs) = A" (f),
showing the uniqueness of the extensions A’, A” of the uspf A. O

Remark 6. From the proof of the previous theorem, we deduce that H;, := F/J,(r > 1) are unitarily equivalent
Hilbert spaces. This assertion is true even for r = oo.

The author is indebted to the referee for correctig several misprints. The referee also noted that a precursor
of our Problem 1 is what M. S. Livshic called a ”generalized moment problem®, in the framework of the real
line. For some details, one can see N. I. Akhiezer’s book ”The classical moment problem*®, Oliver & Boyd, 1965
(especially the pages 153-154).
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