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1. Introduction

In this paper, we shall be concerned with monodromy groups of second-order linear

differential equations on compact Riemann surfaces:

d2
da 2"' Ql(x’y) +Q2(x yu=0

P(z,y)=0

1.1)

The coefficients @,(x, ) are assumed to be rational functions and P(z, y) is assumed to be
an irreducible polynomial. There are essentially two main problems in the classical theory

of monodromy groups:

(1) This work was done at Harvard University and was supported in part by NSF Grant GP-
38886 and the U.S. Army Research Office (Durham).
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2 D. A. HEJTHAL

(A) to calculate the group, when the differential equation is given;
(B) to determine all differential equations having a specified monodromy group.

Most of our results will concern problem B for differential equations of the so-called Fuch-
sian type.

Although there was extensive work on both questions during the last half of the nine-
teenth century, the over-all state of affairs is still rather primitive (after 70 some years).
In part, this may be due to the non-Abelian nature of the problems. Certainly, the classical
theory of Abelian integrals and theta functions is much more developed.

A few historical remarks may help to put matters in perspective. First of all, work of
the nineteenth century mathematicians on monodromy groups was largely motivated by
problems having to do with uniformization and discontinuous groups. There is in fact
a very close connection between these areas. Assume, for instance, that the surface
F: P(x, y) =0 has genus g >2. We may therefore represent F in the form U/, where U is the
unit disk and G is a Fuchsian group. The problem of calculating G and the universal
covering map n: U~ F is essentially equivalent to the notorious problem of choosing cor-
rectly the values of 3g—3 accessory parameters in a certain rational function R(z, y) and
then solving the equation \

Z—x;i'—kR(x, y)u=0. (1.2)
The basic (historical) references here are: Klein [32, 33], Poincaré [47], Riemann [50, pp.
440444}, and Schottky [56, 57]. One may also want to refer to [5, pp. 282-286], [6, pp.
371-372], and [53].

The problem of the accessory parameters has turned out to be quite difficult; in fact,
it has not yet received an entirely satisfactory solution. This particular approach to uni-
formization and discontinuous groups based on differential equations was gradually
abandoned after 1900, when better methods were found.

A second, very important reason for the study of problem B stems from its close
connection to the classical Riemann problem (Hilbert problem 21; see also [50, pp. 379-390]).
The first attempts at solving the Riemann problem used the zeta-Fuchsian series of Poin-
caré [48] and were carried out in the context of differential equations. It turned out, how-
ever, that the classical Riemann problem could be solved most directly by using singular
integral equations. See, for example, Hilbert [28] and Plemelj [45]. Because of this, zeta-
Fuchsian series (and differential equations) have largely disappeared from modern treat-
ments of the subject: Réhrl [52] gives a useful survey.

There has of course been a revival of interest in various areas of classical function
theory: uniformization, Kleinian groups, theta functions, etc. It seems only natural that
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one should take another look at differential equations and their monodromy groups. This
is especially true in view of recent results [12] connecting monodromy groups with quasi-
Fuchsian and totally degenerate groups.

Such an undertaking might prove to be of interest, in view of the fact that a careful
reading of the work of Poincaré on these topics suggests that a number of his ideas can
actually be pushed much further; e.g. the method of continuity.

Schiffer and Hawley [53, p. 209] have in fact raised the possibility of using the mono-
dromy groups of certain second-order equations as a kind of moduli for compact Riemann
surfaces. This possibility necessitates looking at problem B in a context in which both: the
monodromy group and the Riemann surface are allowed to vary. One is very much tempted
to apply here a continuity method similar to that of Poincaré.

Generally speaking, the main purpose of this paper is two-fold: (a) to obtain a better
understanding of this problem of Schiffer and Hawley; and (b) to clarify certain important
aspects of section IV of Poincaré [47]. Parts (a) and (b) are very much interrelated.

Our basic method tends to be quite geometric: we shall actually “look” at fundamental
membranes in the spirit of Klein [32, 33, 34, 35} and Poincaré [47].

A brief statement of our results may be helpful at this point. We concern ourselves
mainly with locally schlicht, linearly polymorphic (L.P.) functions arising from equations
(1.1) of Fuchsian type. We shall prove that:

(1) there exist monodromy groups which look just like ordinary Fuchsian (or Schottky)
groups, but which do not correspond to a uniformization. A geometric argument based on
the Hopf-Poincaré index theorem for vector fields will be used to study these situations.
One important consequence is that the classical accessory parameter problem cannot be
solved simply by adjusting the group.

(2) the monodromy mapping p: T7Q— M from the vector bundle of quadratic differ-
entials to the monodromy space is well-behaved locally, but has some rather unfortunate
topological properties globally. For example, it is not even a covering map. As a consequ-
ence, the moduli proposed by Schiffer and Hawley can be used only locally.

(3) however, when restricted to the so-called quasi-Fuchsian part of M, the mono-
dromy mapping p is a topological covering.

(4) the monodromy space M containg monodromy groups arbitrarily close to the
identity. This tends to support the conjecture that M is actually dense in the appropriate
ambient space (N/LF below).

(56) the monodromy space 7 also contains certain rather special groups which have

2g —2 out of their 2¢g generators equal to the identity.
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(6) there seems to exist a rather general method for translating data about ramified
L.P. functions into nontrivial information about locally schlicht L.P. functions. This

method makes contact with classical algebraic geometry.

As might be expected, the developments we give raise many further questions. We
hope to treat some of these questions in subsequent publications. (A list of open problems
can be found in section 12.)

Finally, I would like to express my sincere thanks to Professors L. Ahlfors and M.
Schiffer for providing me with many helpful remarks and criticisms during the course of

this work.

2. Notation

The following is a list of various notations and abbreviations used throughout sections
3-12.

D.E. =differential equation L.F.=linear fractional

L.P.=linearly polymorphic NE =non-Euclidean

QC = quasi-conformal WLOG =without loss of generality

iff=if and only if

C=complex plane C=CU{co}

R =real line Z =the integers

U =the open unit disk [x]=greatest integer function (occasionally)
Cap (E)=the capacity of E A(F) =the area of F (occasionally)

=~ means isomorphic ~ means approximately equal

{f, 2} = the Schwarzian derivative of f(z):
f”(z))' 1(5”(7’))2
RS = N N T ol
=) ~2\re
7t (F, Q) =the fundamental group of F with base point O
GL(n, C)={M: M is an n x n matrix over C, det (M) =+0}
SL(n, C)={M: M is an n x n matrix over C, det(M)=1}
sl(n, €)={M: M is an n x » matrix over C, Tr(M)=0}
LF(2, C)=the set of all linear fractional transformations ((az + b)/(cz + d)) over €

[Ty, ..., T,]=the group generated by the L.F. transformations 7, ..., T,
(X, Y)=XYX1Y1=the commutator of X and ¥



MONODROMY GROUPS AND LINEARLY POLYMORPHIC FUNCTIONS 5

The following conventions are also useful:

(a) E>¢ means that the set ¥ is non-void;

(b) the dimensions of all loci are understood to be complex: e.g. dim (R?*") =n;

(¢) a function H(z,, ..., z,) is said to be real-analyticiff Re (H) and Im (H) can be ex-
panded (locally) as power series in Re(z,), Im(z,), 1<k<n.

3. General remarks (for arbitrary n)

Before we get into a more detailed discussion of the case n=2, a few basic remarks
valid for general nth order linear equations may be helpful. We shall use Forsyth [16,
pp. 478-525] as a reference.

The local solution space structure of the D.E.

d*u d*tu a2y
EE‘*‘%(%WW+Q2(x,?/)d_x‘m+---+Qn(%y)“—0 (3~1)

P(z,y)=0

is most naturally studied by transforming the independent variable from z into ¢, where ¢
is a local coordinate on the surface F defined by P(z, ¥)=0.

Throughout this paper, we restrict ourselves to D.E. of the Fuchsian type, that is, to
those having only regular singular points [16, pp. 78, 123]. Note here that the nature of
these singular points is determined by use of the local variable ¢.

Let U denote a column vector of n linearly independent solutions of (3.1). The local
situation is quite elementary: as ¢ circles around the regular singular point ¢ =0, U simply
transforms into M U, where M €GL(n, C).

The global situation is more interesting. Assuming that D.E. (3.1) is of Fuchsian type,
we let & denote the (finite) set of regular singular points. We then select any non-excep-
tional base point &;= (x,, ¥,) € F and form a solution vector U near &,. Now, as we move U
along any closed path y€x (F—E, &), the vector U gets transformed into M(y)U,
where M(y)€GL(n, C). It is readily checked that y—M(y) defines a homomorphism
M:7,(F — E,&y)~ GL(n, C). Theimage group {M(y)} is known as the monodromy group of (3.1).

Because the choices of &, and U are not unique, there'is a certain ambiguity in the
monodromy group. One readily checks, however, that changes in & and Y will affect
things by at most inner automorphisms.

It is sometimes rather useful to be able to assume that the monodromy group {M(y)}
is actually a subgroup of SL{(n, C). This can always be achieved by a simple change of
variable.

Namely, consider the effect of the substitution:
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v =1 eXp [jA(x, y) dx] R

where [ A(x,y)dx denotes an Abelian integral of the first or third kind on F, whose
logarithmic singularities are confined to a set E, such that E < E,. It is easily seen that the
D.E. for v is still of Fuchsian type, and that its regular singular points are all contained in
E,. 1t is also clear that the monodromy groups of the u and » equations are very simply
related. One might almost say they are equivalent.

A simple calculation shows that A(z, y) =(1/n) @,(x, y) is admissible (for an easily calcul-
ated set E;) and leads to the D.E.

n n-2
%f+ Ry(z, y)gx—n_:+ ..+ Ryfz,y)v=0. (3.2)
Since the Wronskian for the general equation (3.1) satisfies W'+, W =0, we see that the
Wronskian of (3.2) must reduce to a non-zero constant. Notice, however, that the Wronskian
determinant satisfies the equation W{N(y) W= W[V¥] det [N(y)], where N(y) denotes the
monodromy homomorphism for Y. It follows therefore that det [N(y)]=1, whence N(y)€
SL(n, C).

Finally, it is frequently useful to think of the solution vector U as being imbedded in
the projective space P,_,(C). It is then quite natural to consider the monodromy group as
being a subgroup of the general projective group PGL(n, C). In the case n=2, this just
corresponds to looking at monodromy groups of linear fractional transformations. However,
for n>3, one encounters some very interesting connections with the classical theory of
invariants. See, for example, [16, pp. 174-218], [54, pp. 180-199], and [67]. Not very much
work has been done on these higher-dimensional monodromy groups (in the context of
differential equations).

Note: It is reasonable to expect, however, that by imposing further restrictions on the
equations (3.1) one can obtain a better grip on the corresponding monodromy groups.
There are two important examples of this in the literature: (1) the generalized (nth order)
hypergeometric equation; and (2) the Picard-Fuchs equation encountered in algebraic
geometry. For a discussion of (1), we refer to [27, pp. 549-553], [35], [68], and [92]. See also
section 5. For the Picard-Fuchs equation, one may refer to [27, pp. 5563-555], [69], [70],
[73], [76], and [89].

4. Further remarks (for n =2)

We now turn to a more thorough discussion of second-order equations of Fuchsian

type:
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d? d
Ez—’;+ (@, y)d—z+ Col, y)u=0 (4.1)

Pz, y)=0

As before, we let F denote the Riemann surface P(x, y) =0, E denote the set of regular
singular points, and Y denote a solution vector (Zl) with linearly independent u,.
2

Following Klein [32, 33, 34, 35] and others, we wish to investigate the conformal
mapping properties of the multi-valued function z=u,/u,. We must therefore consider the
projective monodromy group.

Making a substitution »=wu exp [{A(x, y)dz] as above will clearly leave z invariant.
For this reason, we may assume from the start, whenever helpful, that our D.E. reads

d*u
W'FR(Z,?])’M—O

4.2)
P(x,y)=0
A simple calculation with A (x, y) =1@,(z, ) shows that
- _1 140,
R(x’ y) - Qz(-’”, ?I) 4 Ql(x7 y) 92 dx’ (4‘3)

where the derivative d@,/dx is taken with the constraint P(z, y)=0. The monodromy
group of (4.2) will be a subgroup of SL(2, C).

It is simple to check that z is both locally meromorphic and locally sehlicht away from
E. To ensure reasonable mapping properties of z near the regular singular points, we shall
assume that the multi-valued function z is locally meromorphic everywhere on F. This will
impose certain conditions on R(x, ¥), as we shall see.

Locally meromorphic or not, the multi-valued function z transforms linear fractionally
under the action of =,(F — E, &):

2=>L(y)z, L(y)ELF(2,C).
The projective monodromy group {L(y)} is defined by the homomorphism L: 7z,( F — E, &)~
LF(2, C). Notice, however, that the monodromy near the points of E will be trivial if
z is assumed to be locally meromorphic. In this case, one naturally thinks of L as being a
homomorphism 7,(F, &)—->LF(2, ).

In the following lemma, we assume that &, = (z,, ¥,) is a regular singular point and that
the local uniformizer satisfies x ~ =, =t¥op(t), ¢(0) +0, k>1.

Lemma 1. 4 necessary and sufficient condition for the mulii-valued funciion z associated
with differential equation (4.2) to be meromorphic at t =0 with multiplicity m=>1 is that
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2 _ 2 )
R(z,y)da? = [———k zm +34 > oc,,t"] de,
4 t p-o0
where o satisfies
k-1 ¢'(0)
“___Eﬁ;—aﬂaj 'when1n-—1,

Fla; o, ..., Xp_o; 9(0), @'(0), ..., 9™ (0)]=0 when m=>2.
Flu; g, ..o, Ug_g5 Vs ++es U] 18 @ certain polynomial dependent solely on k and m.

Proof. To begin with, we readily make the change of variable z—¢ in (4.2):

du [1-k y'#)]du dz\?

W_l— [—T—W]E;'I‘R(E) u=0, (4.4)
where y(t)=ke(t) +ip'(t). Since t=0 is a regular singular point, we can automatically
write

A o 2
R(z,y)dz* = t‘§+;+ > a,tt ds
n=0 -

Observe, however, that the functions u, =z(dx/dz)V/2, u,=(dx/dz)¥/? are solutions of (4.2).
It follows that 2 is meromorphic at ¢ =0 with multiplicity m iff the D.E. (4.4) has indicial
equation R?—kR + {(k?—m?)=0 and only non-logarithmic solutions at ¢ =0.

The problem is now reduced to that of writing down the condition for the D.E."(4.4)
with 4 =1(k%—m?) to have only non-logarithmic solutions [16, p. 106]. This condition can
be found by straightforward substitution of w =X%_¢ ¢,t®* ™ and careful study of the resulting
recurrence relation:

Cl(B+n)? — k(R +n)+ } (k2 —m?)] = ’van_l (R4 H) CuPo—RCay— 2 Cully

pto=n-2

The Taylor coefficients of y'(£)/y(t) are denoted here by yp,. The critical case is easily seen
to be R=3k—m)and n=m. & 7

Remark. We omit the trivial modifications called for when @, = co. (One simply takes
k<0 in the above.)

Suppose next that we are given a nonconstant locally meromorphic function w on F
which transforms linear fractionally under the action of &,(F, &)).

Lemma 2. Bvery such multi-valuéd function w arises from some differential equation
(4.2) of Fuchsian type.

Proof. The Schwarzian derivative {w, z} is immediately seen to be a single-valued

meromorphic function on F; the local behavior is easily studied using the identity
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{w, x}da?+ {, t}di2 = {w, t}dt2.
We shall therefore write {w, x} =2R(x, y) and consider the D.E.
d*u
d—xg"'R(x, y)u=0.
This D.E. is easily seen to be of Fuchsian type via (4.4). Direct computation proves that

the associated function z=u,/u, satisfies
{z, x} =2R(x, y).
It follows that w =Tz for some T €LF(2, C), which proves the lemma. W

Ag the proof clearly shows, there is a natural correspondence between the differential
equations {w, x}=2R(x, y) and «" + R(z, y)u=0. This is a well-known classical fact [16,
p- 495], which will be used frequently in all that follows.

A locally meromorphic function which transforms linear fractionally under 7z,(F, &)
is called linearly polymorphic.

Linearly polymorphic functions which have m =1 at every point of F, that is, which
are locally schlicht, play a very important role in modern uniformization and Teichmiiller
theory. See, for example, Bers [12]. We shall work mainly with such functions in this
paper.

The connection with uniformization can be seen quite easily. Assume, for example,
that n: U—F is the universal covering map for F. The multivalued inverse function
w=n"1(£) will then be a locally schlicht L.P. function. The associated monodromy group
will be a Fuchsian group G: F=U/§G.

Similarly, if D<€ denotes the Schottky covering surface of F, the covering map
y: D—F will give rise to a locally schlicht L.P. function w=y-%£) whose monodromy
group is a Schottky group §: F=D/S. See [2, pp. 239-243], [5, pp. 484—495], and [23].

We remark that there are natural examples of locally schlicht L.P. functions which
(apparently) have nothing to do with uniformization. One such example can be found in
[63, pp. 203-204] and also in [57, pp. 265-272]. This particular example is important be-
cause it requires only an Abelian integral of the third kind.

Let Ry(x,y) be the rational function corresponding to any one of the above three
examples. Lemmas 1 and 2 show that the most general locally schlicht L.P. function on F
can be obtained by solving the Schwarzian D.E.

{w, x} = 2[Ry(z, y) +Q(z, y)], (4.5)

where @(x, y)da? is any regular quadratic differential on F. If we let {Q, ..., @y} be a basis
for such quadratic differentials,
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N=41, g=1,
0, g=0
then we clearly obtain
N
{15} =2 Rua,9)+ 2 40 e.9] (49

The complex constants A, are precisely the accessory parameters mentioned in section 1.
The corresponding linear D.E. is

d*u y

ot [Ro<x, 9+ 2 40z, y)] u=0, (4.7)
One naturally wonders what happens to w and its monodromy group as-the parameters
Ays ..., Ay vary. A complete answer to this question has proved quite elusive. See also [24]
and [25].

Suppose, finally, that F has genus g>2. We let (U, =) be the universal covering sur-
face of ¥ and let G denote the automorphic group: F =U/§G. Let us fix £,€ U so thatn(t,) =
&,. The general theory of covering surfaces [2, pp. 3¢-39] then yields a natural isomorphism
my(F, &)= G.

It follows that, when lifted to (U, x), linearly polymorphic functions are simply mero-
morphie functions z(t) on U which satisfy a transformation law

2(Lt) = y(L)z(t), z(L)ELF(2,C),

for L€ (j. The mapping L—>x(L) is seen to be a homomorphism G-LF(2, C).

The function g{t) = {z, ¢} satisfies the equation q(1#)L'(¢)* =q(t) for L€ §. g(t) can there-
fore be thought of as a quadratic differential on F=U/@. It is easily seen that locally
schlicht L.P. functions correspond to regular quadratic differentials ¢(t).

Throughout the following sections, we shall work on either F or (U, &) as dictated by
convenience. That is: on F in section 5, and on (U, x) in sections 6-12.

5. The hypergeometric equation

In an ideal situation, one would be able to calculate the monodromy group of any
linear D.E. by some sort of explicit formula. (We recall problem A.) Unfortunately, the
actual state of affairs is far from ideal, and we can carry out the explicit computation of
monodromy groups for only a few special cases.

The most important such case is that of the classical hypergeometric equation. The
necessary formulas for calculating its monodromy group can be found in [7, pp. 93-95],
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[16, pp. 135-150], and [35, pp. 53-57]. Comparatively speaking, the simplicity of these
formulas stems from the fact that-the hypergeometric equation involves only the Riemann
sphere € and three regular singular points.

In later sections of this paper, the situation becomes much more complicated and we
will be forced to side-step problem A entirely. This will be done by working strietly with
L.P. functions and their monodromy groups, letting the associated differential equations
(such as (4.6)) fall where they may.

As a matter of principle, then, we should try to calculate at least one example fairly
explicitly (including both the group and the D.E.). To do so, we naturally use the hyper-
geometric equation.

Our basic reference for the hypergeometric equation will be the excellent book by
Klein [35].

We begin by recalling the Riemann—Papperitz equation [35, pp. 26, 116]:

dz__u+{1—al—a2+l—ﬂl—ﬂz+1—y1—yz}d_u

da? zT—a x—b x—c |dx

wag@—b)(@a—c), fifab—a)(b—c), yiyslc—a)(c—b) “ -
+{ x—a +- xz—b 4 z—¢ }(x—a)(x—b)(w—c)——o’

6.1)
where o, + o, + f; + 8, +y; +y,=1. This is the general second order equation of Fuchsian
type on C with three regular singular points a, b, c. The roots of the respective indicial
equations are oy, a,; £, fa; and y,, v,. For simplicity, we assume that none of the exponent
differences «; —ay, f; —fs, y;1 -7, is an integer. The quotient function z=1u,(x)/u,(x) is
readily seen to be locally schlicht for z=a, b, ¢ (since the Wronskian is easily calculated).
Near z=a, b, ¢, the function z(z) obviously behaves like (x —a)™~*, (x —b)P =P (x—c)* ",

To obtain the classical hypergeometric equation requires two simple normalizations.
We first apply an auxiliary L.F. mapping to assume that (a, b, ¢)=(0, °°, 1). This yields
[35, pp. 25-26]:

%_‘_{1 —a:—-052+ 1 ;)E;)’z}g?_;+ {a_‘i;iz_i_ (:1—712)2_!_!91132;(‘;1le;7172}u=0_

(5.2)

We then set u=a"(1 —x)"v to obtain the classical form of the hypergeomelric equation [35,
p. 41 k

(1 —2)v" +[c—(a+b+1)x]v —abv = 0. (6.3)

This transformation can be indicated more precisely using the Riemann P-function [35,
pp. 119-1207:
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0 o 1 ]
u=P(oa B 7 x),
a P2 s | (5.4)
0 oo 1 0 o 1
v=P(0 a+fi+y; 0 ; )=P(0 a O ; x)
= G+Bt+y Va—n l-¢c b ¢—a—-0b

The roots of the indicial equations are very clearly displayed in this way. We might also
observe that z(z) =v,(x)/vy(x).

Suppose next that F is any compact Riemann surface whose branch points are situ-
ated over 0, o, 1. The function z(x) clearly lifts to F. To ensure that z(z) is an L.P. function
on F, we must impose certain obvious conditions at the branch points (expressed in terms
of the local coordinate ¢):

2=t = ki, —oy)€EZ
w—i* = k(f,—fo) €L . (5.5)
z—1=¢ = kiy,—y,)€EZ

The conditions needed to guarantee that z is locally schlicht everywhere on F are similar:

x=tF = klog—ay) =21
z=t" = kB, —p)=x1 . (5.6)
g—1=t" = kly;~y) =1

Example. Consider the surface F: y5=x(x—1). This surface has three branch points
0, oo, 1 with the respective local coordinates z =25, x=¢-5, x—1=15. By the Riemann—Hur-
witz formula w=2n+2¢g —2, the surface F has genus g =2.

We are interested in the L.P. functions z(z) on F obtained by lifting equation (5.3).
There are two cases of exceptional interest:

(4) (Aa, A, Ay) = (2/5, 2/5, 2/5);

(B) (Aa, A, Ay) = (4/5, 1/5, 1/5).
According to [35, pp. 261-262], the monodromy group in these two cases will be finite.
This should prove interesting, since the finite groups of L.F. transformations are completely
tabulated: [15, p. 133], [31, p. 115], (35, p. 257].

We let the corresponding L.P. functions be 2z, and z,, respectively. The behavior of
z; and 2z, at the branch points 0, oo, 1 is (up to L.F. mapping):
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0 o0 1
R A L I I ] =
N A -1 A

At non-branch points, z; and z, are locally schlicht. We thus see that 2, has multiplicity 2
at each branch point, but is locally schlicht elsewhere. Similarly, 2z, has multiplicity 4 at
the branch point over =0, but is locally schlicht everywhere else.

By virtue of [35, pp. 261-262)], the monodromy groups M, and M, of z; and z, must
be subgroups of icosahedral groups M, and M. Observe here that z, and z, are being
considered on F, not on €. Furthermore, as is well-known, M, = M= alternating group
A; of order 60 [31, pp. 16-19].

We want to calculate M, and M,. To do so, let F, be the portion of F over
¢ —{0,1, =}=T. F, is then a topological covering surface of 7' and the usual properties
now apply [2, 29]. We let p: Fy— T be the obvious projection map and write p(&,) =x,. Itis
not difficult to check that pm,(F,, &)]=2N is a normal subgroup of (7T, z,) and that the
quotient group 7, (7', x,)/N is a cyclic group of order 5.

Consider, for example, the L.P. function z; on 7. There is certainly a natural homo-
morphism y: 7,(T, %)~ M, corresponding to the monodromy group of 2z, (on C). The
mapping yx is onto [35, pp. 261-262]. We must calculate M, = x(N).

First of all, we claim that the order | M, | >12. This is immediately seen by applying
% to a coset decomposition 7,(T)=>}_; Ny,.

Secondly, we claim that 7, is a normal subgroup of M,. This can be checked quite
readily, by using the fact that IV is a normal subgroup of 1,(T) and that y is onto.

Now for the trick! Since 4= M, is a simple group [31, p. 18], we conclude that M, =
M. A similar argument shows that M, =Mz We have thus proved the curious fact that
M, and M, are both icosahedral groups:

m=m,= A4,

The actual monodromy coefficients can now be calculated by labelling the sheets of

F, determining a canonical homotopy basis, and substituting into the formulas of [7, pp.

93-95]. The detailed computations are somewhat tedious and will therefore be omitted.

In addition to various trigonometric expressions, gamma factors such as

L) ')
will appear.
The L.P. functions z, and z, have points of ramification (branch points), as noted
above. To obtain an example of a locally schlicht L.P. funetion, it will suffice to take
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(Aa, AB, Ay)=(1/5, 1/5, 1/5). The monodromy group in this case will necessarily be in-
finite (gee Theorem C in section 7) and will involve gamma factors such as
I'e’
—_— .
T@HIe)
Remark 1. The idea of “lifting”” monodromy groups is a trick which we shall use

repeatedly in later sections. It appears here in its simplest form. See also [47, section
XVIJ.

Remark 2. The gamma factors cited above give some inkling into the “level of transcen-

dence” of arbitrary monodromy groups. See [37, p. 31].

6. Marked monodromy groups and the vector bundle TQ

We now turn our attention more towards problem B and, in particular, toward the
problem of Schiffer and Hawley mentioned in section 1. We shall be concerned only with
locally schlicht L.P. functions (until we reach section 11). According to Lemma 2 of section
4, it makes little difference whether we study such L.P. functions directly or do so using the
associated D.E.

{z, 2} =2R(z, y) *u + R(z, y)u=0;

? da?
(6.1)

dz
{z,t} =2q(2), _d’t:i +q{t)u=0.

We remark that the above two Schwarzian D.E. are related quite simply via
{z, x}da®+ {=, t}di? = {z, t} di?. (6.2)

We need to investigate the situation in which both the quadratic differential and the
surface can vary. For this reason, it seems most convenient to work with marked Riemann
surfaces and Teichmiiller space T,.

We shall therefore assume a certain familiarity with modern Teichmiiller theory. A
very good survey can be found in [13].

We recall a few important facts in this connection. First of all, we had better assume
that:

the genus g 22 s fized once and for all.

Consider then any marked surface [F, { 4,, B,}]. Thus {4, Bx}%-1 is a canonical dissection
for F. The loops will have a common base point O, the appropriate intersection numbers,

and will satisfy the commutator relation
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(A1, Bi)(Az Bo) - (Ag, By) =1 (6.3)
in 7y (F, O).

Suppose next that (U, x) is a universal covering surface for F. We choose £,€U so
that 72(¢,) = O. As was already noted in section 4, there will then exist a natural isomorphism
between m,(F, O) and the antomorphic group G, where F=U/@. (This isomorphism de-
pends upon t,.) Because m,(F, 0)= G, the marking on F induces a marking on §G. There
will thus be a distinguished set of generators for §:

G={4,, .., 4, B,, ..., B,]. (6.4)
Observe too that
{4,, B))(4y, By} ... (4, By=1. (6.5)
Equations (6.4) and (6.5) display G as a marked Fuchsian group.
This representation for (G has two obvious sources of ambiguity, since neither (U, x)

nor the choice of ¢, is unique. It is simple to see that this ambiguity affects things by at
most an inner automorphism.

To avoid these ambiguities, we use the fact that one can construct a single-valued
mapping t— §, carrying 7T, into the space of marked Fuchsian groups. This is done by
properly normalizing the fixpoints of A; and B,. Note here that the fixpoints of 4, and B,
are mutually distinet, since otherwise. (4,, B,) would be parabolic. We shall write:

Ge =[41(7); ..; Ag(T); By(7), ..., By(7)]. (6.6)

This mapping can be used to prove that T, 2 R% ~®. See, for example, [8], [9, pp. 112-118],
and [63].

Suppose now that we are given a locally schlicht L.P. function on the marked Riemann

surface ¥. By representing F as U/(j,, we obtain a meromorphic function z(f) on U which

transforms according to
#(Lt) = Lz(t), LEG, LELF(2,0). (6.7)

The mapping L—L is simply the monodromy homomorphism. We define the marked mono-
dromy group M[z] via

Mz = [A4(1), ..., A(2); Ba(®), ooor Bol0)]: (6.8)

The marked monodromy group is uniquely determined by the initial element of z and by F.
(It is not taken modulo inner automorphisms.) It is also clear that

(A"l’ Bl)(J% B2) o (‘Ig’ Ea) = I: (6‘9)
and that 7M[z] can be regarded as an element of LF(2, C)*.
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Let B be the conglomeration of all marked monodromy groups #M[z] over all possible
z and F. Define:
N={(Xy, ... X;; Yy, ..., Y,)ELF(2, C)*: (X}, Y,) ... (X, ¥,) =1I};
Ny={(X.; Yp)EN: TX, =X, T, TY;=Y,T for Te€sl2,C)< T=0}
N, = {(X.; Y4)€EN,: the X, and Y, have no common fixpoint}.
The term sl(2, C) is defined in section 2 and the subscripts «, § are taken over all 1 <a<g,

1<f<g. Using Theorems A-C of section 7, we easily check that R< N,. See also [5, pp.
55-64]. It follows that

R _ N _ N _ N _LF20*

m=

The quotient spaces are taken here with respect to the equivalence relation defined by
(Xo; Y )~ (WX, WY, WY, W) for WELF(2,C),

and are assumed to carry the obvious topologies.

Gunning [19, 20] has studied some of the properties of the last three terms in (6.10).
In so doing, he has carefully analyzed the rank of the Jacobian matrix of the commutator
function (X, Y;)... (X,, Y,) along N. It turns out that: (i) the subvariety N has definite
singularities; (ii) V, is open and dense in N; (iii) the subvariety N, is a non-singular locus
of dimension 6g —3.

Discussion of the quotient spaces is somewhat more complicated.

Fact: the quotient space No/LF is not Hausdorff.
Proof. For simplicity, take g=2. We define:

Elzqu;_li;)=lzz:1;, E2:1—;;_1£=/£zz__lf;

HE= L H ) =8 B =46 s b= 5
T

I<i< oo, l<u<oo,

An elementary calculation shows that A{”—A4,, A5~ A4, in LF(2, 0). Observe, however,

that:
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H,,A(I")H',_,l:w~H”(1)=}.z—H"(l);
w—3 2—3

o 1, 0= Hal2) 2= Ha(2)

H, A H — A 4

and that lim, . H,(1)=1im, ,, H,(2) =10. Therefore, H, A\ H,'->4,, H, A" H;'—>4,
in LF(, C).

The points (4., 4y A,, 45), (4,, dg; 4,, 4,), (A", AF”; A{, AS”) are easily seen to
lie in N, (by studying the fixpoints). A similar analysis shows that (4,, 4y A4,, A,)%E
(4y, dg; A,, A;) mod LF(2, C).

The projection map P: Ny—N,/LF is continuous (by definition). We can therefore
apply P to the convergent sequences (4{™, AF™; A{®, ASM) and H,(4{", ASV; A, AS™)
-H3;' to deduce that No/LF is non-Hausdorff. See [30, pp. 67, 98]. m

Because of this fact, we have introduced the space N, above. The following properties
are rather easily checked using [30] and simple compactness arguments for L.F. maps: (a)
N, is a dense, open subset of Ny; (b) the projection P: N, N,/LF is both open and continu-
ous; (c) the quotient space N,/LF is Hausdorff; (d) N,/LF is locally compact, separable,
and metrizable. But, most importantly, by adapting methods found in [19, pp. 186-196]
and [20, pp. 50-53], one can prove that N,/LF is actually a complex analytic manifold of
dimension 6g —6 and that the projection P defines an analytic fibre bundle. Weremark that
similar methods were already used by Teichmiiller in [63, pp. 5-16].

We now return to monodromy groups. We want to define the monodromy mapping
p: TQ—~ M. Informally, the construction is as follows. Suppose that €T, is any marked
surface and that g(t)dt? is any regular quadratic differential on U/(,. The Schwarzian D.E.
{2, t} =2q(t) does not have a unique solution; the corresponding marked monodromy group
will therefore be determined only up to an inner automorphism. The monodromy mapping
p is accordingly defined by p: (7, ¢) > M[z]mod LF(2, C).

To make matters more precise, we must carefully define the space whose elements are
the (7, ¢). This is done in three steps: (I) to each T€7T,, we associate the complex vector
space Q[7] of regular quadratic differentials on U/G,: dim Q[v]=3g —3; (II) we observe that
locally the spaces @[] can be supplied with a basis {g,(t; 7)}323® which varies real-analyti-
cally with 7; and (III) we paste the local situations together to construct a real-analytic
vector bundle 7Q over T',. T'Q is simply the vector bundle of regular quadratic differentials
over T,.

To avoid getting side-tracked, we shall give additional information about steps (II)
and (III) in an appendix.

2752905 Acta mathematica 135. Imprimé le 19 Déceebre 1975
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The monodromy mapping is now defined rigorously as follows:

10>, } (6.11)
P: (v, 9)> Mzlmod LF(Z, ).

Our main goal is to understand the topological properties of the mapping p: 7Q— M and
the imbedding M < N,/LF. The motivation for this comes from [5, pp. 272-379], [47], [48],
and [53].

The vector bundle 7'Q obviously has dimension 6g —6 and one would certainly expect
M to have the same dimension. The simplest possibility is for p to be a homeomorphism.
Some remarks to this effect can, in fact, be found in Poincaré [47, section IV]. His remarks
are not very rigorous, however, and several authors have criticized them [5, pp. 310-311,
335-337], [27, p. 518]. Getting closer to the bottom of this question is our most immediate

am.

Appendix. It remains to fill in certain details in the construction of 7'Q. Assume,
to begin with, that 7', carries the usual Teichmiiller topology and that the normalized
Fuchsian groups @, are identified with points of R*~° (in an obvious way). As shown by
Bers [9, pp. 112-118] and Teichmiiller [63], the correspondence T §, is actually a komeo-
morphism. We supply T, with an obvious real-analytic structure Y% by means of this homeo-
morphism.

We shall indicate how to establish step (II) in terms of the structure 9. This can be
done in two ways, both of which involve Poincaré series £ H(T'z) T (2)2.

The first way uses a well-known completness result [10, 11, 46, 48], applicable when
H(t) is a polynomial. One simply expresses the basis {g,(f; 7,)}3%3® in terms of such Poincaré
geries and then perturbs the point 7> §j, (leaving the associated polynomials H,(t) fixed).
For 7 ~7,, this process will clearly yield the required sort of basis {g,(t; 7)}33°.

The second method uses a local form of simultaneous uniformization. Poincaré series
(with H rational) can be used to represent the points 7 ~/7, as algebraic Riemann surfaces
P(z, y; ) =0 which are uniformized by functions x =£(¢; 7), y =%(¢; 7} such that:

(a) Pz, y;7) is an irreducible polynomial in (z,y) whose coefficients depend real-
analytically on 7;

(b) the functions £(f; 7) and #(¢; 7) are meromorphic in ¢ (¢€ U) and real-analytic in 7;

(e) t—=(&(t; 7), n(t; 7)) is the normalized universal covering map for 7.

The basis {g,(t; 7)} is then obtained by working directly on the algebraic Riemann surface
P(z, y; ) =0 using (a)—(c). Further details about this method can be found in [5, pp. 268—
2701 and [23].
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Step (III) is now established by using the basic properties of vector bundles [61, 66].
Locally, of course, T@Q is just 7', x C*~%. Because T, is contractible, we actually have
TQ=T,xC*® [61, p. 53].

7. Some known results

In this brief section, we collect a number of the known results about locally schlicht

L.P. functions.

THEOREM A. (Poincaré). Suppose that z(t) and w(t) are two linearly polymorphic
functions on the same Teichmiiller point T€T,. Suppose further that M[z]=M[w]. Then,
2(t) = wl(t).

Proof. See, for example, [5, p. 310] and [53, p. 212]. One may also refer to Theorem 15
below. m

THEOREM B. (Picard). Let z(t) be a linearly polymorphic function. It is impossible,
then, for all the elements of M[z] to have a common fizpoint.

Proof. See [5, pp. 297, 305] and [44, p. 300]. W

TarorEM C. Let z(t) be a linearly polymorphic function. Then, not all of the elements of
MIz] can be elliptic. In particular, the marked monodromy group M[z] must be infinite.

Proof. We refer to [5, pp. 62, 305]. &

TarorEM D. The following statements are equivalent for a linearly polymorphic func-

tion z(t):

(i) =(0)+G;

(i) z: U—>2(U) is a topological covering map;

(iil) the action of M[z] on 2(U) is properly discontinuous.

Proof. See [18], [36], and also [5, pp. 306-310, 317-320]. m

COROLLARY. Suppose that the conditions (i)~(iii) hold. Then, M[z] can be properly
discontinuous in no domain strictly larger than 2(U).

Proof. See [36, p. 543]. W
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We end this section by remarking that a useful table of invariant differential operators
for various monodromy groups can be found in [33, p. 148] and [35, pp. 280-281]. Know-
ledge of this table can be used to motivate the proofs of Theorems B and C.

8. Statement of the main theorems

The main results in this paper involve, as promised, the monodromy mapping
p: TQ—M for locally schlicht L.P. functions.

We recall from section 6 that the vector bundle 7'Q can be supplied with a very natural
real-analytic structure, and that the space M is contained in the complex-analytic mani-
fold N,/LF:

R N LF(2, ¢y
“IFQ, chFl(Vzl, 0 IF2, 0" LI('(2, ())) ’

m (8.1)

THEOREM 1. The space M 8 aclually a subdomain of N,/LF, and the mapping
p: TQ— M is a local diffeomorphism.

A much weaker version of this theorem can be found in [5, pp. 335-337].

THEOREM 2. Suppose that z(t) and w(s) are linearly polymorphic functions (on Teich-
miiller ponts T, and ;) such that M[z]= M[w). Then, z(U) n w(U) is non-empty.

This result is most important as a tool to be used in studying the fibres of the mapping p.
It enables one, for example, to get a reasonable hold on the fundamental membranes of
z and w. This particular situation will be described more precisely in section 9. Additional
information about Theorem 2 can be found in [22, pp. 251-252].

In the next four theorems, we assume that the marked Fuchsian and Schottky groups

referred to arise from compact Riemann surfaces of genus g.

TrEOREM 3. Let z(t) be a linearly polymorphic function such that M[z] is a marked
Fuchsian group element-wise. If 2(U) +C, then 2(t) must reduce to a linear fractional trans-

formation.

TrEOREM 4. Explicit counterexamples can be constructed to show that the preceding
theorem is false without the restriction z(U) +C.

THEOREM 5. Let z(t) be a linearly polymorphic function such that M(z] is a marked
Schottky group element-wise. If 2(U) #é, then z(t) reduces to a Schottky uniformization.
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THEOREM 6. The preceding theorem is false without the restriction z(U) +C.

The counterexamples alluded to in Theorems 4 and 6 show that the classical accessory
parameter problems in uniformization theory have unique solutions only ¢f the functions
involved are properly restricted. Compare [13, pp. 278-279] and [47, p. 201 (problem 2)].

We conclude thig section with some theorems which shed new light on the questions
raised at the end of seetion 6.

THEOREM 7. There exist linearly polymorphic functions z(t) and w(s) on Teichmiiller
points T, and T, such that: (i) M[z] = Mw]; (ii) 7, and T, are conformally inequivalent as un-
marked surfaces.

Consequently, the individual fibres of p are not very well behaved.
Since p fails to be 1 —1, the following two results will be of interest. The first of these
is actually somewhat surprising.

TaeorEM 8. The mapping p: TQ— M is not a topological covering map over M, since
there exist paths in the base space TN which cannot be lifted to TQ.

THEOREM 9. The mapping p: TQ— M is, however, a topological covering over the por-
tton of M which corresponds to marked quasi- Fuchsian groups of genus ¢.

Our last theorem gives important information about the size of .

THEOREM 10. Let (Ly, ..., L)) be any point of LF(2, C)F such that: (i)Ly(2) =4z,
1< || <oo; (ii) Ly, ..., L, are hyperbolic or loxodromic ; (iii) neither 0 nor oo is a fizxpoint of
any Ly, 2<k<g. There then exists a linearly polymorphic function z(t) on some Teichmiiller
point T€T, such that Mz]={L,, ..., L;; I, ..., I.

CoROLLARY. There exist monodromy groups Miz] which are situated arbitrarily close
to the identity group (I, ..., I; I, ..., I.

The corollary should be contrasted with [5, pp. 337-341].
Professor Schiffer has suggested that M should actually be dense in N,/LF. Theorem
10 and its corollary certainly support this view.

Finally, we remark that Theorems 1-10 were announced in [22].

9, Proofs of the main theorems

Before we can begin the proofs, a number of preliminary comments are necessary.
We will be dealing with locally schlicht L.P. functions z(t), where tEU/(, and Tt G, as
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in section 6. The geometric approach to such functions is based on an important equivalence,
relating L.P. functions z(t) to fundamental membranes (in the sense of Klein). Both Klein
and Poincaré used this equivalence in their work on monodromy groups. A glance through
some of their work [32, 33, 34, 35, 47] may prove enlightening here (see also [5, 27]).

There are two sides to any equivalence. We take the easy side first. Let F be a funda-
mental polygon for the marked Fuchsian §,. Therefore 8F =ai B ai B ... o¢f By @5 B7,
where the labelling corresponds to a canonical dissection {4, B.}%_1 for the marked sur-
face T€T',. The sides of F will then be identified in pairs:

Ly ap~>af, 1<k<g} 9.1)

Loy Be—=Bi, 1<k<y
It is well-known that [5, 15, 60]:
(i) the mappings indicated in (9.1) are orientation-reversing;
{ii) the sum of the vertex angles is 2x;
(i) Ge=[Ly, - Lg);
(iv) the commutator relation (6.5) translates into

;El (L, Lt =1. 9.2)

It is not difficult to express the L, in terms of the A, and B,, and vice versa.

The fundamental membrane R, of z(t) is simply the Riemannian image z(F). The mem-
brane R, is thus situated over the Riemann sphere € and may very well be multi-sheeted.
We note in particular that:

(a) R, is simply-connected and has no points of ramification;

(b) any sufficiently fine triangulation of F yields a piecewise schlicht triangulation

of R;
(c) the M[z] analogues of (i)—(iv) are valid;

(d) deformations of F induce obvious deformations of R,.

We now turn to the more difficult side of the equivalence. Let R be any simply-
connected, unramified membrane situated over C. Suppose that R can be written in the
form Af Bf Ay By ... A} B} A; B; so that the analogues of (i)-(iv) hold for appropriate
L.F. maps T, T, (Note that the orientation on [ clearly lifts to R.) We claim that §
is actually a fundamental membrane R,.

We examine the topological side of the question first. Choose any 7€ T, and form the
corresponding fundamental polygon F. We can clearly construct an orientation-preserving
local homeomorphism f: F« R which preserves the L.P. identifications along ¢F and 3 R.
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The Fuchsian group G, =[L,, ..., L,;]is freely generated by the L, modulo the commuta-
tor relation (9.2). We can therefore define a homomorphism y: G,—>[T, ..., T3] by setting:

wLy) =T; 1<j<2g. (9.3)
By means of y, we can now extend f to all of U:
fLty = x(L)[f#)] for Le€G,t€F. (9.4)

It is not difficult to check that f is unambiguously defined and that (9.4) actually holds
for all € U. To prove that f is a local homeomorphism on U, we simply piece together the
various Riemannian images f[L(F)] using the analogue of (ii). This involves only a simple
computation. It follows that the membranes 2(L) R can be welded together consistently,
which ensures that R = R, for a continuous locally schlicht L.P. function f(2).

The analytic side of the question is now easy. We simply identify the various sides of
R to obtain a topological surface F of genus g. We then supply F with a conformal strue-
ture by lifting the obvious one on ¢ up to R. The identifications along &R cause only minor
complications (since we know already that R=R,). We will thus obtain a marked compact.
Riemann surface [F, { 4;, B;}]. Let n: U~ F be the normalized universal covering map
for the marked surface F and let #: R->C be the obvious projection. It is apparent that we
can take v=F and f{t)=z(¢)=n{z(t)] in the previous two paragraphs. The function z(t)
will then be meromorphic on F,. By (9.4) and a classical theorem of Riemann, the extended
function z(t) will be meromorphic on all of U. It follows then that R = R,, as required.

‘We have thus proved an equivalence between fundamental membranes R, and properly-

identified membranes R. Recollection of (6.1) yields:
D.E.oz2(t)oR. (9.5)

The beauty of this three-way equivalence is that R is purely geometric.

There is, however, one catch: the sides of the membrane R must be identified under
appropriate L.F. maps. Getting a hold of such membranes, especially the multi-sheeted
ones, can be quite tricky. Furthermore, since R is always subject to admissible deforma-
tions (as in (d) above), a purely analytic descfiption of the situation seems out of the
question. Compare [34, p. 39].

Armed with this préliminary information, we now turn to the proofs of Theorems 1-10.

Proof (Theorem 1). We treat the topological part of the proof first. We begin by prov-
ing that p: TQ-M is continuous at any point (z,, ¢,) € T', x C¥ ~3. The local identification
TQ T, x €*~% used here is simply:

3g-3

(T, Q)‘—’ (T, kgl Cr Qk(t’ T)) H.(T, C), (96)



24 D. A. HEJHAL

in the notation of section 6. By working locally, we can choose fundamental polygons .
for the marked Fuchsian groups §G,, which vary continuously with 7 and which are all
pinned down at the same base point t,€ U. Let z(¢; 7; ¢) be the unique solution of {z, t}=
2q(¢) with normalization:

z(t; Ty ) =t —t,+ Ot —to)8. 9.7

We can clearly factor the monodromy mapping p into p =P o7, where

(T, ¢) ., Miz(t; v; )] —11—» Mz(t; 7; ¢)]mod LF (2, €). (9.8)

The continuity of p now follows from that of # and P. Note here that the smoothness of
gx(t; 7) is used in proving that # is continuous.

‘We next claim that p is locally 1 —1. In fact, suppose that p(zy, ¢,) =p(oy, d,) Where
(Tns Ca) F (0, Bp) a0A 1My s (T, €5) = i1y (0, @) = (Tgs Co)- Lot H, M2(4; 705 )1 Hy' =
Miz(s; 0,3 d,)]. By passing to a possible subsequence, we may assume that either H,~H
in LF(2, C) or else that lim, ., H,(z) =a for all 2+b. In the second case, we immediately
see that all elements of M[z(s; 74 ¢,)] must have fixpoint «. This contradicts theorem B.
The first case therefore holds and, by Theorem A, we see that H=1.

A simple normal families argument shows that there must exist some § >0 such that
the functions z(t; 7,,; ¢,) and z(s; o,; d,,) are all schlicht on any non-Euclidean disk of radius
4. The Riemannian images z(F71,; 1,; ¢.) and 2(Fo,; 0,,; d,) will therefore tend nicely to that
of 2(Fry; Ty; ¢p) a8 n— oo, The same is true for w(Fr,; 1,; ¢,), where w(t; 7, ¢,) =H,[2(t; T,; €,)].
Since Mw(t; 7,; ¢,)] = M[2(s; 0,,; 4,)], we can distort Fr, very slightly into Fv, to ensure
that w[:_Jfr,‘;r,,; ¢ 1=2[Fo,; o d,). By virtue of our preliminary comments (e.g. (9.5)),
there will now exist an obvious ronformal mapping between Fr, and Jo, which preserves
boundary identifications. By extending this map under the group action, we obtain a eon-
formal homeomorphism between t, and o, (as marked surfaces). Therefore 7,=0, and
¢, =d, (by Theorem A). This is a contradiction. Hence p is locally 1 —1.

As noted in section 6, the ambient space N,/LF is a complex-analytic manifold. By
applying the Brouwer theorem on invariance of domain [4, p. 156], the mapping p is seen
to be a local homeomorphism. The fact that M is a subdomain of N,/LF is now obvious.

It remains to show that p: 7Q—~> M is actually a local diffeomorphism. We recall that
the spaces 7'Q and N, were supplied with appropriate real and complex analytic structures,
respectively, in section 6. We also recall that P: N,—N,/LF is an analytic fibre bundle
{20]. By applying (9.6)-(9.8), we immediately deduce that p is real-analytic.

To complete the proof, it will be sufficient (by the implicit function theorem) to prove
that the local inverse function p—* is C1. In doing so, we may agsume WLOG that the local
situation reduces to that of {9.6)-(9.8).
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We form the membranes z(F.,; To; ¢o) and z(U; 7y; ¢,), and consider points [X,; Y 4]€N,
very close to M[z(¢; 14; o)1 It is geometrically obvious that one can continuously deform
the membrane 2(F,,; 7,; ¢o) within the ambient surface 2(U; 7y; ¢,) to obtain a new membrane
R, whose boundary identifications correspond to [X,; Y 5]. A simple continuity argument
shows that the analogues of (i)-(iv) are valid for R (as in the preliminary comments).

We now exploit the basic geometric equivalence (9.5). By repeating the construction
given near (9.3)—(9.5), we easily obtain a commutative diagram

3.-9 .3

z] } w (9.9)
Ry —2—
such that:
(@) z=2z({t)=2(t; 7, ¢o) and Ry=2(F,);
(b) w=w(s) is a locally schlicht L.P. function on 7 such that R=R,;
{c) both w=y(z) and s=0(t) are orientation-preserving homeomorphisms which pre-
serve boundary identifications;
(d) the corresponding marked Fuchsian groups G, . are normalized.
Under the group action, s =0(¢) clearly extends to a homeomorphism U mod §,,~ U mod §G,.
By being more careful in the construction of R, we can certainly ensure that the
mapping y =y(2; X,; ¥ z) is several times continuously differentiable in (z; X,; Y 4). Compare
[63, pp. 27-34]. The same will therefore be true for the Beltrami coefficient:

v B _ )] 76 ,
Bt X Yg) = '07(5 = m z'(t)' (9.10)
Because s =0(t) has the fixpoint normalization of condition (d), the classical theory of the
Beltrami equation ¢; =u¢; guarantees that s=0(t; X,; ¥Yz) is at least C in (5 X,; ¥ )
L, 31.

By putting this fact together with the equation w=y oz 00-1, we see that w(s; X,; Y )
corresponds to a point of 7Q having a C* dependence on [X,; Y. Since P: N,—~N,/LF is
an analytic fibre bundle and [X,; Y 5] €N, is quite arbitrary, we conclude that p~! is O

It follows that p is a real-analytic, local diffeomorphism. m

Proof (Theorem 2). A complete proof has already been given in [22). For the sake of
completeness, we briefly recall the main ideas. One simply assumes that z(U) N w(U) is
empty and constructs the function

_ Log) —2()*
O™ 070 0
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where s=g(t) is any orientation-preserving diffeomorphism taking U/ onto U/G,. We
then check that: (a) E(t)+0, oo; (b) E(t) is differentiable; (¢) E(Lt)= E(t)L'(t)? for LE G;
(d) E() is preserved under auxiliary L.F. mappings (2, w)—~(Mz, Mw). Conditions (a)—(c)
guarantee, however, that D(t) =VE_(t) induces a singularity-free vector field on either 7,
or an appropriate two-sheeted covering thereof (since D(Lt) = + D(t)L'(t)). This contradicts
the classical Hopf-Poincaré index theorem [62, p. 244]). m

Under the hypotheses of Theorem 2, we may assume WLOG that the vertices of z(F,)
and w(F,) have the same respective coordinates. This is accomplished by deforming the
polygons F; and F,. Informally expressed, the membranes z(F;) and w(JF,) can then differ

only in the way their sides are wrapped around.

Proof (Theorem 3). We may clearly apply Theorem 2 with z=z() and (WLOG) w=
w(s) =s to deduce that z(U) n U > ¢. Observe, however, that IM[z] = MM[w] has region of dis-
continuity ¢—av. By the Corollary to Theorem D, we see that z(U) must therefore coin-
cide with U. An application of Theorem D (ii) now shows that z(f) is schlicht and hence
LF. m

Proof (Theorem 4). By virtue of the geometric equivalence (9.5), we need only construct
an appropriate membrane R.

To do so, let F be the 4g-sided regular N.E. polygon having center at the origin, first
vertex along the positive real axis, and vertex angle n/2g. By a classical theorem of Poin-
caré [60, p. 84], F will be the canonical polygon of some marked surface F€T,.

Let 0F=od B i 7 ... «f B @7 B;, so that (9.1) applies. We claim that the geodesics
determined by the various af are well-separated. In fact, if the o geodesics are not well-
separated, they will clearly determine a 2g-sided regular N.E. polygon J) which contains
F. Using the Gauss-Bonnet theorem [60, 62], we see that (49 —4)r = 4(F) <A(P) < (29 —2)=,
which is a contradiction.

We now take ¢, and ¢, to be the centers of the circles determined by «; and ay,and
let W, be the planar surface defined by w?=(2—¢,)(z —¢,). The Riemann surface W, is a
two-sheeted ramified covering of C.

By means of the geodesics af, ff we may now define & simply-connected subregion W
of W, as depicted in figure 1 (for g=2). Because W < W, it certainly makes sense to write
oW and to set W =A{ Bf A7 By ... A} Bf A; B; . Corresponding to (9.1), we now have

L;: A;—~ 43, L, By—~Bj.

It is clear that the membrane W is properly-identified in the sense of (9.5).
One may therefore repeat the construction given near (9.3)—(9.5) to obtain a locally
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branch line

Fig. 1. , Top sheet; — ——, bottom sheet.

schlicht L.P. function 2(t), defined on some 7€ T, such that z(F,)=W considered as mem-
branes.

Let G be the (improperly normalized) marked Fuchsian group associated with
[Ly, ..., Ly,] and marked surface F. We recall (9.2). It is obvious, by construction, that
Miz]=G. This completes the proof of Theorem 4, since the function z(t) is clearly non-
schlicht. m

Several comments are called for here. First, the remark given after the proof of Theo-
rem 2 is illustrated quite well by the membranes F and W used above. Secondly, it is very
easy to check directly that z(U) =0. And, finally, a similar example was discussed (in-
dependently) by Maskit [39, pp. 6-7]. His approach is much less geometric than ours.

Proof (Theorem 5). Assume that we are given locally schlicht L.P. functions z and w
on marked surfaces F and H such that: (a) TM[z]= M[w]; (b) w(U) =i=6; (¢)z: U-2(U)is a
Schottky uniformization. We may thus assume that the marked surface [F, {A,, By}] has
Schottky data (D,, S,, T, ..., T,):
Mzl=(Ty,...T; 1,.., I, §,=I[T,, ..., T,],
#U)=D,, F=D,s,.
The Schottky group §, has region of discontinuity D,. Since w(U) +C and ‘M[z]=Mw],
the corollary to Theorem D shows that w(U)=D,.
Let #: U~ D, be any Schottky uniformization for H. Set H=D,/S,,. Using the fact
that M[w]=M[z], we easily see that the function W =w o1 is a single-valued, locally
gchlicht L.P. function on D,,. More precisely,

W([K,s] = T.W(s), (9.11)
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where 1 <a<yg, §,=[K,, ..., K;], and s€D,. By means of Theorem D, it is not difficult to
prove that W: D,— D, is a topological covering.

Let D, be a compact fundamental region for D,/S,. Then W(]D,) is a compact sub-
region of D,. By repeated application of (9.11), it follows that W(s)—>oD, as s—~adD,,.
Hence W: D,— D, is actually an n-sheeted covering (n < o).

By an auxiliary L.F. mapping, we may clearly assume that oo €D,, cc€D,. Recall,
however, that the singular set E,=C~D, is an AD null-set [2, chapter 4]. It follows at
once that W(s) remains analytic across E,,. In other words, W(s) is simply a rational func-
tion of order n.

W (s) can therefore have at most finitely many ramification points, and these must all
liein E,. Choose any compact subset M of D,,. By examining appropriate K € §,, and using
W(Ks)=T[W(s)], it is not difficult to prove that W(s) is actually schlicht on K(M) and,
hence, on M. Thus =1 and W(s) is L.F.

As a consequence, w(t) = W[#(t)] is simply a Schottky uniformization. This completes
the proof of Theorem 5. Caution: it need not be true that F=H in T,. &

Before we begin the proof of Theorem 6, it will be convenient to formulate an analogue
of (9.5) for Schottky-type L.P. functions.

Suppose that z(t) is a locally schlicht L.P. function on7 € ', such that M[z]=[T,, ..., T'y;
I, ..., I]. Let ®: U~D, be a Schottky uniformization for the marked surface 7, and let
S:=(Ly, ..., L] be the corresponding marked Schottky group. The function Z=zo0®* is
easily seen to be a single-valued, locally schlicht L.P. function on D,:

Z[Ls1 =T, Z(s), 1<k<y. (9.12)
Let D be any fundamental polygon for §, which is bounded by 2g disjoint loops g7, f1, ...,
B+, B such that
Ly Bx ~Bi, 1<k<yg. (9.13)
The mappings indicated in (9.13) must then be orientation-reversing. The membrane Z( D)
has several important properties:

(i) Z( ) is planar and has connectivity 2¢;
(ii) Z(P) is unramified;
(iii) the sides of Z( D) are identified under orientation-reversing T',.

We write 2Z( D)=B{ U B; U ...U B; U B; in an obvious notation.

To obtain the other side of the proposed equivalence, one must now mimic the argn-
ments used near (9.3)-(9.5). We begin, of course, with a membrane R which satisfies the
analogues of (i)—(iii).
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The topological part of the argument shows that R =f( D) for some continuous locally
schlicht L.P. function f(s) on D, (where 7 is arbitrary). The [T, ..., T',] images of R can
thus be welded together consistently to yield an unramified membrane f(D,). We let #:
/(D,)»b be the obvious projection.

By identifying the sides of 2R and lifting the conformal structure of ¢ up to R, we
clearly obtain a Riemann surface F with a distinguished set of disjoint B, loops. The uni-
versal covering map for F factors into

A W) (9.14)

where 7 is the obvious Schottky covering and @ is (what we have called) a Schottky uni-
formization map. It is eagy to see that one can find a fundamental polygon Py for D;/S,
such that 7z( D) = R as a membrane. As is now apparent, Z( D) = R for the locally schlicht
L.P. functions z=nomo®, Z=79oxn.

The loops B;, on F can be deformed in many ways [23] to become part of a canonical
dissection {,Zk, B_k}Ll for F. Elementary considerations show that, by proper normaliza-
tion of @, one can always assume that M[z]=[T,, ..., Ty I, ..., I for [F, {,Zk, ﬁk}].

We have thus proved the following Schottky-analogue of (9.5):

D.E.« [2(t), Z(s)]« R, (9.15)

where the D.E. term corresponds to (6.1), and R satisfies (i)-(iii) above.

As we shall soon see, the geometric equivalence (9.15) is much easier to handle than (9.5).

Proof (Theorem 6). Because of the geometric equivalence (9.15), it will suffice to exhibit
an appropriate membrane R. To do this, we shall exploit the same trick we used in Theorem
4. Simply take any Schottky group defined by 2g circles Cf, Cf, ..., C7, C; which are iden-
tified pairwise under 7', ..., T,. To be more precise, let Cf ={|z| =3}, C7 ={|z| =1},
T,(z) =3z, and take the other C% to be small circles near z=2. The ambient surface W, in
this case will correspond to {w?=2z}. Let D denote the closed disk determined by Cj.

The membrane W = W, is then defined as follows:

g
W ={W, restricted to 1 <|z|<3}— U {Di in the top sheet}.
k=2

We write oW =B U By U ...U B} U B; and observethat the identification 7',: By — Bf can
be hooked up in two ways, since Bi and By are two-sheeted circles. In any case, the mem-
brane W can obviously be used as R. See figure 2.

Since W is multi-sheeted, the corresponding L.P. function z(t) cannot possibly be a
Schottky uniformization. Nevertheless, M[z]=[TY, ..., T,; 1, ..., I] “looks” just like a
Schottky group. m
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Fig. 2. , Top sheet; === bottom sheet.

As might be expected, it is very easy to check directly that z(U) =C.

Proof (Theorem 7). One is naturally tempted to use the example of either Theorem 4
or Theorem 6 in proving Theorem 7. For, in both cases, we can clearly find L.P. functions
z and w which are quite different, yet satisfy M[z]= M[w]. Unfortunately, it is not clear
that the associated Teichmiiller points 7, and 7,, are conformally inequivalent as unmarked
surfaces.

To overcome this difficulty, one might very well try to make small perturbations in
the monodromy group (based on Theorem 1). This, however, suggests an even simpler
proof. ‘

The proof presupposes some familiarity with the theory of Schottky uniformization,
as in [23]. To keep matters brief, we shall be slightly informal.

Let @: T,—>S, be the mapping which associates to each T€7T, the corresponding
normalized Schottky group §,=[W,, ..., W 1. The normalization means that: W,(z) =4z,
0<|4;| <1; Wy(z) has attractive fixpoint z=1. By using the fixpoints and multipliers of
the Wy, we can obviously regard S, as a subset of C**~3.

We now recall that: (a) 7', is the universal covering of the Schottky space S,; (b) if
7€ T, has no nontrivial conformal self-maps, then the points near 7, are all conformally
inequivalent as unmarked surfaces.

Choose any 7, =[F, {4, Bc}] as in (b) and apply a simple Dehn twist to get 7,=
L7, {,Zk, ék}] with 4, = 4, B,, B,=B,, A= A, By = B,for2<k<g. The marked surfacest,
and 7, have identical Schottky uniformizations: ®(z,) =®(z,) ={W, ..., W,].
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We now define Bj(z)=4z for A~1 and consider the locus M of normalized points
[4y, ..., 4,; By, 1, ..., I1ELF(2, O with A~ W,. It is easy to see that M < N,. Moreover,
since P: N;—~N,/LF is an analytic fibre bundle and the points are all normalized, the loci
M and P(M) are biholomorphicaliy equivalent. We may therefore identify these two loci.
We observe that, since 4,~ W, and A1~1, Theorem 1 guarantees that M < . There is also
an obvious stratification M = U M, with dim (M,) =3¢ —3.

Let N(7;)< T, be a small neighlborhood of 7;. By virtue of Theorem 1, we can define a
mapping y;: M;—>N(z;) as follows:

p! obvious
vy My TQ T, . (9.16)
vi[dy ooy Ay Ba, I, o, I —— 1, (4y, ..., A5 A)

The mappings ¢, and yp, will surely be differentiable.

We want to compare the mappings y, and ®. Aceording to statement (a), the mapping
® is a local homeomorphism. We maintain that ® is actually a local diffeomorphism. This
can be proved by constructing a commutative diagram (9.9) relating the fundamental poly-
gons of marked Fuchsian and Schottky groups. To prove that @1 is differentiable, one
constructs a sufficiently smooth deformation y[z; X, ..., X,;] and reasons, as before, with
{9.10). On the other hand, to establish that ® is differentiable, one must begin with a
sufficiently smooth deformation 0[t; X,, ..., X;; Y,, ..., Y, 1. In both cases, the groups are
normalized and the classical theory of the Beltrami equation applies.

It should perhaps be remarked that by considering S, as a subset of 7 and applying
Theorem 1, one can prove that ®-* (and hence ®) is real-analytic.

We are now in a position to study the differentiable mappings y;0®. For A=1, ;00
reduces to the identity. The mappings y; o® and y; will therefore be local diffeomorphisms
as A—~>1.

Suppose, however, that 7,(4,, ..., 4,; A) and 14(4,, ..., 4,; A) are always conformally
equivalent as unmarked surfaces. A standard normal families argument [using (b)] shows
that WLOG these Teichmiiller points differ only by the simple Dehn twist cited above.

Consider now the obvious L.P. function 2, associated with 7,(4y, ..., 4,; 4). It is easy
to check (using continuity) that, when looked at on 7,(4,, ..., 4, 1), the. monodromy group
of z,'is simply [4, B;, 4,, ..., 4,; By, I, ..., I]. This group certainly lies in M;. Therefore

woldy By, Ay, oo, Ay By, I, .y 1) =woldy, ., Ay By, I, ., Il =19(4,, ..., A4 4).
Since y, is a local diffeomorphism, we obtain the contradiction 4, B;=A4, by taking 4 1.
Theorem 7, with {z]=M{w]=[4,, ..., 4, By, I, ..., I, follows at once. W

Proof (Theorem 8). A proof valid for g >3 was sketched in [22]. Unfortunately, the
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Fig. 3

role of geometric equivalence (9.15) was not made very clear there. We shall therefore re-
examine the situation here in somewhat greater detail.

Suppose at first that g>3. For simplicity, one may assume that g=3. We define a
circular domain D(r) for 0<r<1 as shown in figure 3. We take C7 ={|z| =1}, Of =
{lz| =3}, Cztn={|z+2|=r}, Ci()={|z=2|=r}, Cs={|2—a|=08}, O3 ={|z—b] =4},
and set

2

2 5
Ty(2) =32, Tylr) @) =2~ 5, To(®)=b+——.

The region D(r) obviously defines a Schottky group [T, T'y(r), Ts]. Using (9.15) and Theo-
rem 1, we will clearly obtain a family of L.P. functions z, such that: (a) M[z,]=[Ty, Ts(r),
Ty I, I, I; (b) 2, is a Schottky uniformization; (c) the corresponding points of 7@ vary
continuously with r,

Let 7(r) be the point of 7', which corresponds to z,. We maintain that 7(r)->oT, as
r—1. If not, we could then find 7, 4 1 such that z(r,)—~7,in 7,. Recall, however, the univer-
sal covering map ®: 7T,~S, used in Theorem 7 (proof). Surely lim, o ®[z(r,)]=P[7,].
But, modulo a well-behaved normalization, ®[z(r,)]=[T, Ts(r,), Ts). It follows therefore
that [T, T4(1), T,] must be a well-defined Schottky group. This is a contradiction, since
the commutator (7, T's(1)) is parabolic.

We now construct an analogous circular subregion D(r) on the planar surface W
w®=(z —a)(z —b)3. The boundary components B;, BY, B; (r), B3 (r) aresituated over Cy, O,
C; (r), C3 (), respectively, and are placed in separate sheets. The components By and By
are situated over C5 and Cy, and revolve around the branch points z=a, z=0 in an obvious
way. See figure 4.

As in [22], we identify the various components of 9D(r) under Ty, Ty(r), T's. Since the
ambient surface W, is planar, the subregion D(r) can clearly be used as a membrane R



MONODROMY GROUPS AND LINEARLY POLYMORPHIC FUNCTIONS 33

B;:(r) ‘Bf Bz {r)
5 . Db

B

Fig. 4

in (9.15). By means of Theorem 1 and (9.15), we will thus generate a family of L.P. fune-
tions w, such that: (a) Mw,]=[T, Ts(r), Ty; I, I, I; (b) w, is not a Schottky uniformiza-
tion; (c) the corresponding points of 7'Q vary continuously with 7.

Observe, however, that the membrane D(r) and the construction of w, both remain
perfectly well-defined for r slightly larger than 1. The path in 7 corresponding to [7',,
Tyr), Tg; I, I, I]for 1 —3<r<1+4§ can therefore be used to prove Theorem 8 when g=3,
as is seen by comparing the properties of z, and w,. The case g=>4 is handled by adding
more circles,

To handle the case g=2, one uses the circles O, Cf, Cz (r), Ci(r) to define D(r). The
region D(r) is then taken on the Riemann surface w®=z very much like before, except that
By and By must be bent as shown in figure 5.

Proof (Theorem 9). We begin by considering those €7, and q(f; v) €Q[r] such that
{z, t} =2¢(t; ) defines a quasi-Fuchsian uniformization. In this context, see [12, pp. 575
581, 588], [13, pp. 277-279, 294]. The corresponding subset B of T'Q will have fibres B(t)
which are identifiable with 7',. Since the fibres of B(z) are contractible, so is B [61, pp. 53,
90]. The quasi-Fuchsian part of 7 is naturally defined to be the domain M,=p[B).

By a simple extension of the proof to Theorem 3, one may check that p: B— M, is
a homeomorphism. There is only one small complication. If [z] = M[w] for quasi-Fuchsian
uniformizations z and w, then we must now show that the fundamental membranes R, and
R, can actually be taken identical. In view of the remarks following Theorem 2 (proof),
this is not difficult. See also [23, sections 4 and 5].

We want to show that p is a topological covering over M,. Since p: TQ— M is a loca

homeomorphism, it will suffice to prove the path-lifting property. We therefore let y =
3 —752905 Acta mathematica 135. Imprimé le 19 Décembre 1975
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Fig. 6.

, Top sheet; — ——, bottom sheet.

{M(&): 0<E<1, &7} be any continuous path in M, WLOG p-(y) < B is well-inside a
coordinate patch for TQ: p—[M(£)]=[%(&), c(£)]€T, x €8,

T, can be thought of as the set of deformations [F, f] of a fixed reference surface
[Fo, { A, B}, where f: Fy— F. See [13]. We shall therefore write (&) =[F¢, f:]. The map f;
lifts to @s: U—U. Because f; is determined only up toisotopy and M (£)is continuous, WLOG
@e(t) is continuous on U X [0, 1]. The corresponding normalized Fuchsian group will then
be G:=[4,.s ..., By¢] with fundamental polygon F:=g(F).

We now consider the Schwarzian D.E.

3p-38

{z.8}=2 Z (&) qilt; T(E)]1.

This D.E. obviously defines a normalized quasi-Fuchsian function z=z,(¢) such that
z=t-+O(%). As usual then [12, pp. 588-589]: (i) z(t) extends to a QC self-mapping of G
(ii) ze04s =4 102, 2:0By =B, soz:; (iii) Mze]=[Are, -..r ﬁg'f] is continuous in &
and projects onto M(£); (iv) 2g(t) is continuous on € x [0,1]. See also [13, section 2.5].

Define y;=@;op'. This function satisfies y; Goyi ' =§; and is continuous on U x
[0,1]. By reflection, y; extends to a QC self-map of C. By adjusting the f; and using the
Beltrami equation, we easily see that y(t) is continuous on ¢ x [0,1].

Suppose now that M[w]=[4..,, ..., E,_o]. We must try to lift the path p through w.
Certainly, by the above-mentioned extension of Theorem 3, one may assume WLOG that
w(U) =C. We let w=1w(s) correspond to [@, k] €T, with normalized Fuchsian data [G, F,
4, B,]. By Theorem 2, we may assume that the vertices of w(JF) and z(F,) have identical
coordinates.
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The mapping  ®;=z¢y:2 " is a QC self-mapping of ¢ taking z,(U) onto z(U). The @,
are certainly continuous in & and will satisfy

(D§°Ak.o =Zk.§°q)5’ ®;o0 Ek.o = Bk.EO(DE-

The trick is to study the Riemannian images ® w(F) for 0<&<1. The case £=0is
obvious, since ®,= 1. Observe, however, that ®:w is a non-analytic locally schlicht L.P.
function:

Opwo A, =4, ;0 Dew, Opwo B,= By g0 Dpw.
Therefore ®;w(F) defines a fundamental membrane for some locally schlicht L.P. funec-
tion having monodromy group [4; ¢, ..., 1~i‘g,5]. We recall (9.5) here. By using Theorem 1
and the continuity in &, we immediately obtain the required lifting of y. This completes the
proof. W

Proof (Theorem 10). It will be convenient to break up this proof into a series of steps.
The proof is essentially a “packing’ problem with L.F. identifications.

(I) Let L be any loxodromic or hyperbolic L.F. map such that L(0) =0, L(oo) =00,
One can then find two Jordan regions R, and R, such that: (i) R, < c— {0, oo}; (ii) Ry = -
{0, oo}; (iii) L[int R,]=ext R,. We do not assert that R, and R, are disjoint.

Proof. Let a, b be the attractive, repulsive fixpoints of L: @, b=:0, oo. Consider the cyc-
lic group L] acting on D=C- {a, b}. The action is properly discontinuous [15, pp. 52-54,
146-147]. As usual, F = D|[L] is a compact Riemann surface of genus 1 and the projection
st: D~ F is simply the Schottky covering map.

We can therefore choose two disjoint Jordan curves C; and C, whose exterior is a
fundamental region for D/[L]. WLOG b€int C;, a€int C,. The curves C, and C, can of
course be subjected to small deformations.

There are three cases to consider: (i) 0 € int C; (i) 0 € int Oy; (iii) 0€ (exp C}) N (ext C).
The analysis for (iii) is obvious.

Consider case (i). We can continuously deform C, into a Jordan curve C; with 0 € ext C;
by means of an isotopy on D which avoids L-1(0) and L—(cc). Applying L, we obtain
an isotopy of O, into C; on D which avoids 0 and oo, Therefore, 0€ ext C;. Obviously,
then, R, =int O, R,=int C; will work.

Case (ii) is handled similarly via L. m

(IT) Let w>0. We claim that there exist arbitrarily large integers N such that the
fractional part of Nw/2rx is either O or else very close to 1.

Proof. When w2 is rational, the result is trivial. For irrational w/2z, one simply

uses the classical uniform distribution theorem of H. Weyl. B
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(I1I) We now recall the notation used in stating Theorem 10. We shall write 1, = Re'®,
where R=|4,|>1 and 2Mn <w <(2M +2)x. M is understood to be a large integer, de-
pendent only on g, which will be specified later. We shall also choose 7 near to 1 so that
O0<R-i<y<l.

We must now construct the following two sequences mod N, where N is any large

integer.

n Cn d,
1

0 = nRBYW 1
7 (nRY

1 LoR) nR
]
1

2 = (nR)? (nR)?
”
1 R

N-1 ,—7(171’?»’)”‘1 (mR)"* ¢ns1=Rd,
1 n<l
- N

N 7 (nE) 1 nR>1

In an obvious way, {c,}-o determines a polygonal function y =c(x) on 0 <z <N.
Consider now any «: N <a <N +4. We define ¢(x) on [0,«] via

c{z), 0<z<N,
= Loy N<z<a,
1
and then extend ¢(z) to all x by periodicity. Clearly y = c¢(x) is a polygonal function; it is
also easily seen that c(x) > R.
We next define

d(x) =(;(ij—1).

Obviously d(x) is polygonal, has period «, and satisfies d(z)>1.

(IV) We claim that ¢(x) >d(2) for all «.

Proof. WLOG 0<zx<a. Moreover, since ¢(z) and d(x) are piecewise-linear, we need
only check the vertices: =0, 1,2, ..., N—1, « —1, N, «. The computations called for are all
quite easy. B
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(V) From now on, we restrict our attention to very large N which satisfy

Now 1
—2;—-K—6,K€Z,0<6<F).

For these NV, we put a =2xK/w. (Recall w in step I11.) It is simple to check that

1 1
<o— —_—

(VI) Let us temporarily fix any such N and consider the compact Riemann surface F,
defined by w®=2. The branch line is taken to be the positive real axis and the sheets are
labelled cyclically: 1, 2, ..., K. F is seen to be planar.

We then lift the following two curves to F:

z=c(x)e"”, z=d(x)e*, 0<z<a.
Both lifts are started in sheet 1. Since 1<d(x) <¢(z), we clearly trace out an annulus F,
on Fy (wax=2nK by construction).

This annulus F, has some very important properties. In particular, consider the lifts
for 0 <w<}. We easily check that:

2—11—] (R < e(z) < ;} (nR)Y, 1<d@)<nR, 0<z<1/2.

Thus d(x) is relatively small, while ¢(x) is enormous (N large).
The part of the annulus F; which corresponds to 0<x <1/2 subtends an angle Jw:
Mr <iow <(M+1)n.
The number M can now be chosen: we shall set
M =100g.
The portion of F, due to 0 <z <} thus lies in at least the sheets 1, 2, ..., 50g. And, of course,
F, is very wide here.

(VII) We must now apply step I to the L.F. maps L, ..., L, separately. We thus ob-
tain Jordan regions R, Rj, ..., Ry, Rj. Let h>0 satisfy

{|z|<h}s ﬁ [(ext RB}) N (ext Ry)).
k=2

Of course, % is determined solely by the initial data and is independent of N.

It is now necessary to shrink F, by a certain factor C'<1 chosen so that On R< h; we
obtain the annulus F,=CF,.

Since N is very large and Cd(x) <Cy R <h on 0<x<}, we can now make the following
deletions from F,:
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R; from sheets 1 and 2;
R; from sheets 3 and 4;

R, from sheets 2g—3 and 29 —2;
Ry from sheets 2g—1 and 2g.

In this way we obtain a planar surface Fy < F of connectivity 2g:
oF,=Br UBT U ..UB; UBy.

The shores f; and 8; for k> 2 are clearly identified under L,.
The shores of 0F, are identified under L,(z) =4,z as follows:

d(z)e'®* > c(x + 1) D,

This correspondence holds for all . There is obviously a similar correspondence for 0 F;=

BrUpy.

(VIII) Taken with these identifications, F, clearly defines an admissible membrane
R in the geometric equivalence (9.15). There will thus exist an L.P. function z on some
T€T, so that

mel1=IL,, ... L; I, .., I].

This completes the proof. m ®

Theorem 10 is clearly a first step in determining the exact size of . Its proof was re-
duced, in essence, to a packing problem by virtue of (9.15): we merely had to construct an
appropriate membrane R. The construction given above was relatively transparent, be-
cause one needed to pack only the Bf components and, then, only in a more-or-less in-
dependent fashion (recall steps I, VII).

In the general case, however, M[z]=[X,, ..., X,; ¥, ..., ¥,] and one is forced to use
(9.5). The problem is thereby reduced to constructing an appropriate simply-connected
membrane R. The construction of R in this case is much less obvious than before. There

are two major difficulties:

(a) the components At and Bf will, in general, be interlocked nontrivially. For this
reason, they must be packed into R simultaneously.

{(b) the Af and Bi can wiggle very severely. This makes it difficult to choose the
correct ambient surface W, in advance.

It is precisely these geometric difficulties which stand in the way of proving, for
example, that M is dense in N,/LF.
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10. Some further results

In this section, we take up several results which are closely related to those given in
sections 7-9.

THEOREM 11. On any marked surface T€ T, there exist locally schlicht L.P. functions
2(t) whose monodromy group M[z] contains infinitesimal elements.

Proof. Observe that, in the notation of (4.6) and (6.8), Trz(ﬁl) is an entire function of
the accessory parameters A, ..., A3,_s. This function is surely non-constant, as is seen by
using the Fuchsian and Schottky uniformizations. We can therefore apply the classical

Picard theorem (for entire functions) to ensure that f?l is frequently an elliptic element of
infinite order. This suffices to prove the theorem. See also [5, p. 319 (top)], [36, p. 545].

Explicit examples can easily be constructed along the lines of figure 2 in Theorem 6.
The ecircles C; and O3 are taken to be isometric circles corresponding to an elliptic element
T, and are placed in opposite sheets [15, p. 27]. W

Suppose next that z(f) and w(t) are locally schlicht L.P. functions (on the same 7€ T,)
such that Mz]=[4,, ..., 4y By, ..., B;] and Mw]=[C,, ..., Cy; By, ..., B;]. We want to
investigate the relation between z and w. The global situation is definitely not immediate;
e.g. consider (B, ..., B,)=(I, ..., I), 2(t) =Schottky uniformization, and w(f) =the function
developed for Theorem 6.

Observe, however, that the monodromy space () (which corresponds to L.P. func-
tions on 7) is a 3g —3 dimensional submanifold of 7. Suppose, for a moment, that (B, ..., B,)
were normalized to exelude the trivial case w=7T2, TELF(2, C). Such (B, ..., By)
depend upon 3¢9 —3 parameters. By counting the constants, one would therefore expect
that locally we could assert that z(t) =w(t). The corresponding assertion for unnormalized
B, would be that w="T=z.

The following result may therefore be of some interest.

THEOREM 12. Let the situation of the previous discussion apply. If z(t) is the classical
Schotiky untformization map with M[z]=[4,, ..., Ay I, ..., I, and if w(t) vs sufficiently
close to z(t) in TQ, then w(t)=T[z(t)] for some T ELF(2, C).

Proof. Let {z, t}=q(t) and {w, t} =r(t), so that g(t)~r(t). Let z(t; k) be the solution of
{z, t} =(1 —h)q(t) +hr(t), 0<h<1, normalized via z=t+O(¢%). The fundamental membrane
2(F; h) varies continuously. Since ¢(f)~r(f), we immediately deduce that the Rieman-
nian paths 2(8%; 1) are actually Jordan curves situated very close to z(f5; 0). Here 0F =
of B e Bt ... g Bi oy By, as in (9.1). Elementary use of the argument principle will now
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show that the Riemannian image z (F; 1) is actually schlicht and that it is, in fact, a funda-
mental region for a Schottky group. By using the group action and elementary uniqueness
properties for Schottky uniformization, we conclude that z(f; 0)=z(t; 1), whence
w(t)="T[()]. m

- The third result to be considered concerns the behavior of locally schlicht L.P. func-
tions with respect to a regular (or normal) topological covering £: F'— F with sheet number
n [2, 29]. The universal covering map n: U~ F now factors into #=£ o, where ¢: U~ F.
The corresponding automorphic groups §r and Gz will satisfy Gz < G (normal subgroup)
with [G: Gz]=n. The Euler characteristics will satisfy y(F) =ny(F) so that

g=1l+n{g—1), g=2.

In an obvious way, then, any L.P. function z(t) on (U, =, Gz) becomes an L.P. function on
(U, ¢, G#). Because of complications in the topology, that is, in the actual canonical dis-
sections, there seems to be no simple formula relating M;[z] and M3z[2].

Let us now fix the L.P. function z=2(t) and introduce the usual monodromy homo-
morphism L~ L taking G—~LF(2, C). If y is any closed path on F, then the (U, ) lifts
y of y are all equivalent mod . To be precise, let some choice of y start at ¢, and terminate
at Nt,. We can then legitimately define

M(y) = N mod Mlz].

The mod Mz[z] refers to inner automorphisms. The quantity M(y) is clearly invariant under
continuous deformation (free homotopy) of y.

We claim that by choosing z, F, F appropriately, one can construct some very inter-
esting monodromy groups.

For example, assume that g=3 and start off with the situation depicted in figure 6.

5@

a stack of four
circles [z~a| =4

Fig. 6
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As in section 9, one can then construct F and z so that

m[Z] = [Th Tz, Ts; I: I; I]’

Tyw)= R, B> 15 Tyfw)=Tyw)=at >,

T3=Ti=1
In what follows, we must distinguish between a canonical dissection {4, By}%-1 and
a canonical homology basis {ay, B;}%-1. In a dissection, the various cuts all pass through
the same base point 0. In a homology basis, however, the pairs of conjugate cuts are well-
separated from each other. Of course, by adding simple paths ¢, from O to «; N f; we can
deform {e, B;}5-1 into a canonical dissection { A4, B.}%-1-

Consider the character y on 7,(¥, O) defined by
Z(Al) = +1, Z(Az) = _1: X(A:%) = —1’

1(By) = +1, x(By)=+1, x(Bs)=+1.

By the usual theory of covering surfaces [2, 29], ¥ determines a two-sheeted covering F
of F having genus §=35. The following three figures illustrate the situation.

In figure 7, {0y, Bi}i-1 is a canonical homology basis. Figure 8 shows the 2-sheeted
covering . And, in figure 9, we readily check that {&, fi}%-1 is & canonical homology
basis for F. (The &,, f, are non-dividing cycles with the correct intersection numbers.)
Recall {2, p. 71] and {60, p. 123].

We want to calculate Mz[z]. To do so, we shall deform {&, f}%-1 into a canonical
dissection { 4, B.}5-1 using the paths ¢; mentioned above. Then, using a minor abbrevia-
tion,

Msle] = [ Ay, s As; Bis s Bsl-

Since the curves &, ,4:,, and §,, é,c are freely homotopic, we obtain

MIE(A)]= MIE@)], MIE(B)] = MIEB.)]-

Fig. 7 Fig. 8. 6, and 6, are the branch lines.
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, Top sheet; ————, bottom sheet. The “back side” is
not shown.

Fig. 9. 0, and 0, are the branch lines.

By inspection of figures 7-9, we deduce that
M[E@)] = M[ AL M[E(@)] = M[A,);
M[E(3,)] = M{AZ); M[£()] = M AL
M(&(35)] = M[AsA3'];
M(E(B)) = M[B,); M[£(Bs)] = M[B,];
M[£(By)] = M[Bsl; M[E(B,)] = M[Bs];
M[£(B5)] = MI(As, By)).

These computations are all made by noting the appropriate free homotopies.
Using the definition of z, we now obtain:

M§@)] =Ty Mif@)l =Ty
M@y = T3 =1, M[£@)]=T5=1 mod M[e];
M{E@3)] = Ty T5" = I;
MEBII=1; MIEB) = 1;
MIEB) =1, MIEB)]=1 mod Mlz);

M{EBs)] =1
It follows at once that

Melz) =Wy, Wy, LI, LI, 1,1, 1, I,

where W, =T,= Wy mod Mg[z].

In order to state the corresponding theorem, we let E, be the set of all T€ T, which
support locally schlicht L.P. functions z having M[z] of the form [W,, W,, I, ..., I], that
is, with 29 —2 I entries.
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TarerEM 13. The exceptional set E, has measure zero in T, provided that g=>3. In
general, however, E, is non-emply.

Proof. We have just seen that F; is non-empty. A similar (though easier) construction
works for E;. One expects, of course, that all E,, >3, are nonvoid.

To prove that K, has measure zero in T, we simply lift the locus [W,, Wy, I, ..., I]
mod LF up to TQ by using the local diffeomorphism p: TQ-> 1 countably many times.
The corresponding locus in 7'Q is therefore a countable union of local pieces, each having
complex dimension <3. Since 3 <3¢ —3, an application of the obvious projection 79— T,
shows that E, has measure zero. I

Remark. Needless to say, M[z]=[W,, I, ..., I]is impossible by Theorem B.

The last result we want to discuss here concerns the Nevanlinna characteristic func-
tion 7T'(r) of a locally schlicht L.P. function z(¢). This sort of Nevanlinna theory can be
found, for example, in [64, chapter 11] in the context of Fuchsian groups. We recall that

T(r)= 71; f’ %i) dz,

where A(x) is the spherical area of the Riemannian image 2{|t| <ux}.

TEEOREM 14. Let the previous notation apply. There are then exactly two possibilities:
(a) if 2(U) +C, then T(r) is bounded;
(b) if 2(U)=C, then the order of growth of T(r) is precisely In 1/(1 —7).

Proof. To handle case (a), we use Theorem D. The action of M[z] on z(U) is thus
properly discontinuous. Using theorems like B and C, we readily check that the comple-
ment E of 2(U) contains at least three points. See also [5, pp. 305-307], [36, p. 542]. The
Kleinian group M([z] is therefore non-elementary, so a well-known result of P. J. Myrberg
[40] guarantees that Cap (£)>0. The classical Nevanlinna—Frostman theorem [41, p. 272]
then shows that 7'(r) is bounded.

In case (b), we proceed as follows. Let F be the customary fundamental polygon for
the automorphic group. Set: P, (r)=the number of polygons L() contained entirely with-
in {|t| <r}; Py(r)="the number of polygons L(F) which have nonvoid intersection with
{|¢] <r}. Since F is compact, elementary considerations show that

< Pir) < Py(r)<

r—1.

Cy
1-#

A similar estimate elearly holds when ¥ is replaced by a finite union D=L,(F) U ... UL4(F).
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Using the upper bound on Py(r), and the fact that z(¢) is a locally schlicht L.P. function,
we easily see that T'(r) <c¢gIn 1/(1 —r). To get a lower bound on 7'(r), simply choose D so
that 2(D) =@ (This is easily seen to be possible.) The lower bound on Py(r) can then be
used to show that T'(r)>¢,In1/(1—7). m

Corresponding results for the second main theorem (in Nevanlinna theory) would be of
definite interest [41, p. 272], [64, p. 554].

11. Linearly polymorphic functions with ramifieation

In this next to the last section, we would like to indicate very briefly how one can obtain
information about locally schlicht L.P. functions by studying, instead, L.P. functions with
points of ramification (critical points).

The results we obtain are all based on a certain geomeiric method whose main ideas
seem sufficiently rigorous to be presented here. The method itself has not yet been fully
developed, so that a more detailed exposition must (unfortunately) be postponed. As will
be seen, the method is quite widely applicable and fits in very naturally among the tech-
niques of section 9.

The first step is to develop two results, Theorems 15 and 16, which will serve as
substitutes for Theorems A and 2, respectively.

We let €T, be any marked compact Riemann surface of genus g>2 and let (U, x)
be its universal covering. Recall that an L.P. function is, by definition, simply a mero-
morphic function z(t) on (U, ) which transforms linear fractionally z(Lt) =Iz(t) under the
automorphic group . The marked monodromy group M[z] can then be defined in the
usual way. We observe that the Riemannian image z(F) will be a simply-connected mem-
brane, except that there may be points of ramification. We shall let 6[z] =the total rami-
fication of the membrane z(F).

One naturally tries to extend the previous developments to the present general case
(ramified or not). For example, let R, be the conglomeration of all marked monodromy
groups M[z] with 6[z]=k. Similarly, let R,(r) arise from those z on a fixed surface T€7T,.
It would be of great interest to completely describe B, and R,(t). (One should also recall
here Lemma 1 of section 4.)

We remark that the spaces R, for 0 <k<2g—2 are definitely proper subsets of N,
since Theorem B still applies. This fact can be seen by a simple adaptation of [5, pp. 297—
300]: if Mlw] contains only linear maps az+b, then the divisor of the (local) differential dw
must have degree 2g —2.
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We should also note that by taking n—oco in U¥}_y By(t), one is led to the classical
Riemann problem cited in the introduction (section 1).

After these preliminary remarks, we can now state the analogues of Theorems A and 2.

THEOREM 15. Let 2=2(t) and w=w(t) be L.P. functions on the same surface v€T,.
Assume that M[z]= M[w] and 0[z] +0[w] <4g —4. Then 2(t) = w(t).

THEOREM 16. Let 2=2(t), w=w(s) be two L.P. functions on the respective surfaces t;, T,
in T, Assume that M[z]= M[w] end 6[z] +0[w]+=4g —4. Then 2(U) n w(U) is non-empty.

Proof (Theorem 15). Suppose that 2(¢) & w(f). As in the proof of Theorem 2, define

[w(t) —2(t))*

E@t)= 'w'(t)z'(t) »

leU.

We easily check that E(Lt)=E(t)L'(t)? for L€ G and that E(t) is left unchanged under an
auxiliary L.F. mapping (z, w)—(Mz, Mw). To study the local behavior of E(t), it will
suffice to examine two cases: (a) 2(t) =t™ + O(t™ ), w(t) =ct™ + O@E™); (b) 2() =i" + O@™ ),
w(t)=1+ct"+0(t™1). Here ¢+0 and n>m>1. Case (a) gives E(t)~c,t2™2-"-" with
=0, while case (b) gives E(t)~c,t*™ " The quadratic differential E(t)~1di? must there-
fore have

0[] + Ow] ~ > [2m + 8] = 4g — 4. (11.1)
(@
This yields a contradiction. B

Proof (Theorem 16). This proof will be based on that of Theorem 2. We introduce the
usual orientation-preserving diffeomorphisms 7=f(£), s=¢(t) to connect 7, and 7,, and
assume that the ramification points of z(f) and w[¢(t)] are contained in the set {¢,, ..., fy}

mod @, (N even). Introduce points s;, &, %, and multiplicities m;, », in the obvious way:
N N
O] = 3 (my=1), 6] = X (m~1)
i= =

Using the diffeomorphism f, we now form 2-sheeted ramified coverings of v, and 7,
with branch points &, ..., &y and #,, ..., 5. These coverings are constructed so as to have
branch lines &, Eary Nor_q9ax Tor 1 <E<N/2. In this way, we obtain marked surfaces 7,
and 7, connected by the obvious homeomorphism f. The main point here is that the L.P.

functions z and w lift to 7, and 7, in an obvious fashion. The resulting L.P. functions z and
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# are then locally schlicht except at the branch points, where their respective multiplici-
ties are 2m,, 2n,.

We readily check that: (i) the genus of 7, is G=2¢—1+1N [41, p. 324]; (ii) 0[z]=
20[z]+ N, 6[@%]=20[w]+N; (iil) 0[z]+0[@]+4G—4. A moment’s thought shows that
Miz1=mw), z(U) n &(U)=2z(U) n w(U). Hence, WLOG, we may assume from the very
start that m, +n,=0 (mod 2).

Suppose that 2(U) N w(U) were empty. We then form E(t) as in the proof of Theorem 2
and must clearly study the behavior of E(t) at the (possible) critical points ¢, ..., {y. We
quickly see that E(t) behaves like (¢ —¢,)1~™[(¢) — b(£,)]1—™. Since s =¢(t) is an orientation-
preserving diffeomorphism and m,+#%,=0 (mod 2), it is easily checked that D(t) =VE(5
is well-defined for ¢ #¢, mod ;.

Therefore, as in Theorem 2, D(Lt) = x(L) D(t)L’(t) for a unique homomorphism y with
2{Ly=+11, and so D(¢) defines a vector field with singularities on the appropriate unrami-
fied 2-sheeted covering 7,(y) of 7;. An application of the Hopf-Poincaré index theorem
forces us to conclude that 0[2] +0[w] =4g —4. This is a contradiction. B

Remark 1. Equation (11.1) clearly shows that Theorem 15 can be improved somewhat.
Nevertheless, the example w(t) =z(t) +C, where C +0 and z(t) is an Abelian integral of the
first kind, should be noted.

Remark 2. Theorem 15 and a previous remark (about az+b) show that R, < N, for
0<k<2g—2. See also [5, pp. 55-64].

Remark 3. For further information about B,(r) and Theorem 15, one may wish to
refer to [38]. Cf. also [87].

Remark 4. The remark following the proof of Theorem 2 is applicable to Theorem 16

as well.

We can now turn to the second stage of the investigation. As we have seen in section 8,
the space R, contains groups arbitrarily close to the identity group [Z, ..., I]. Motivated by
[5, pp. 337-341], we ask whether there can exist spaces Ry (r) with the same property.
There are of course similar questions for any of the excluded cases given in section 7.

Using the spaces R,(t) and Theorem 15, we are able to provide evidence in support of
the following conjectures:

(A) Ry(z) is bounded away from any given translation group {Uj, ..., V,] for every
T€T,;

(A;) Ry(7) is bounded away from [, ..., I] for every T €T,

A translation group [U,, ..., Uy Vy, ..., V,]=[U; V] is simply one in which the Uy, ¥, are
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all translations. As will be seen, our evidence for (A;) is much more convincing than that
for (A).

The method we use.to get these results is probably of greater interest than the conjec-
tures themselves. Its underlying idea is quite simple. Suppose that w is an L.P. function on
7,€ T, with k simple branch points, 3¢ <k <4g—4. Choose any group [U; VI€N close to
M[w]. We can then deform the fundamental membrane w(F) slightly to obtain a membrane
D having [U; V] identifications. (We recall here (9.1)-(9.5).) The membrane D will clearly
have k simple branch points, but will not in general correspond to 7€ T,. However, by a
slight perturbation of exactly 3¢ — 3 of the branch points, one can presumably obtain a
[U; V] membrane which does correspond to 7; see, for example, [17] and [49]. The fixed
branch points serve to rule out auxiliary L.F. mappings. An application of Theorem 15
now shows that [U; V]¢ By(t).

Due to limitations of space, we shall proceed somewhat informally. We begin with
case (A;). A general point €7, can be represented as a marked surface F=F(a,, ..., a,)
over the sphere € so that: (a) F has sheet number n=[(g+3)/2]; (b) the branch points
@y, ..., @y, of F are all simple and have distinet projections; (¢)(dy, ..., @y,) €C”, {@y—_g, Gy, F) =

(0, 1, 2). This can be seen intuitively using the Riemann—Hurwitz formula w =2n +2¢g —2:

w— 3g, g even
39+1, godd

See also [14], [26, p. 532], [59, p. 380].

For normalized points (b, ..., b,) ~(ay, ..., @,), we may define the marked surfaces
F(b,, ..., b,) in an obvious way. The surfaces F(b) can all be given the same canonical
dissection. We let f,: F(b)—>é be the obvious projection. Now, it is very plausible that the
mapping

@: (b, ..., b)) > F(by, ..., 0,) > T,

is locally biholomorphic provided that: (i) b,_;=a,_;, 0<j<2, g even; (ii) by—y=ap_;,
0<4<3, g odd. We shall therefore assume (i) and (ii) to exclude auxiliary L.F. mappings.
Note that we are using here the fact that 7', is a complex analytic manifold [8, 13].

Consider points [U; V]€N near [I; I] and points b~a. We form the simply-connected
membrane associated with the L.P. function f, and the fixed canonical dissection of F(b).
This membrane has [I; I] identifications and branch points b;, ..., b,. We readily distort
the membrane near its boundary to obtain a new membrane with the same branch points
for [U; V1. Let the corresponding Teichmiiller point be T'(b; U; V). Define

c(b; U; V) =0 T(; U; V)].
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The mapping c(b; U; V) is essentially a mapping €*~2— €32 for each (U; V). Also observe
that ¢(b; I; I)=b.

We would certainly expect that ¢(b; U; V) is complex-analytic in b and continuous
(say) in (U; V). The b-partials of ¢(b; U; V) near a can be calculated using the Cauchy
integral formula. For that reason, we then have

3|6 ="} < |le(d; U; V) —c(d”; U; V|| <2[]p’ ||
locally. From this, we immediately deduce the local solvability of ¢(b; U; V)=a for all
[U; V] close enough to [I; I].

Theorem 15 will now show that [U; V]¢ By(zr) provided that w<4g—4. This will
certainly be the case for g=>6.

This is our evidence for the truth of (A;) when g>6. Of course, if (A;) holds for g >6,
then it also holds for 2<¢<5, as can be seen by passing to an appropriate N-sheeted
covering of 7.

We now turn to conjecture (A). Fix t€ 7T, and consider the Abelian integral

u=coteyuy+ ... teu,+dy Y+ +d, Yy, dy-d, 0. (11.2)

The u, and Y are normalized Abelian integrals of the first and second kinds [42, pp. 392
398]. In the general case, one would expect that » has m simple poles and 2m +2g—2
simple, non-overlapping branch points. The monodromy group of « is a translation group
[Ug; Vol

The fundamental membrane u(F) will have branch points @, ..., Gy 0,5 Consider
[U; VJEN near [Ug; V,] and points b~a. By distorting u(éF) slightly and pushing a to b,
we obtain a new membrane D(b; U; V). We obviously want to normalize things so that the
mapping

DO: B)=>Db; Uy; Vo) > T,
is locally biholomorphie.

To do so, we may assume that [Uy; V,]+[I; I] since the case (A;) has already been
studied. It follows that T[U,; V,]T-1=[Uy ¥,] with TELF(2, C) iff T is a translation.
For this reason, one may expect that @ will be locally biholomorphic provided that
29 +2m—22>3g—2 and b,=a, for j>3g9—2. (We need only rule out auxiliary translations
this time.) We therefore assume that m > g.

The argument now proceeds as before. Let T'(b; U; V) be the Teichmiiller point corre-
sponding to D(b; U; V) and define

c(b; U; V)y=0-T(; U; V)).

We may expect that ¢(b; U; V) is complex-analytic in b and continuous in [U; V]. As in
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case (A;), it follows that the equation ¢(b; U; V)=a is solvable whenever [U; V] is close
enough to [Uy V). Theorem 15 implies that [U; V]¢R,(r) provided that 2m+2g—-2<
4g9—4,ie. for m<g—1.
It remains to determine which translation groups [U,; V,] can be realized in this way
under the restriction
igsm<g-l.
In the notation of [42, pp. 360, 366, 397] the Abelian integral « has periods:
U 2)=z+c¢y
g . m 11.3
Vk(z) =z+ 121 C; le - 275@'}21 d, q)k(fj) ( )
Suppose that 7€T, is general. We can then take v=F(ay, ..., %,) as in case (A;) and
let f: F(a)—»f} be the usual function. Therefore

f=cot+d, Yy(t)+... +d, Y, (t),

with n=[(9+3)/2], d;---d,=+0, and {&; ..., &,} distinet mod G. Since f is single-valued,
the period relations yield
d;0.(5)=0,1<a<yg.
i-1
We shall consider points (z; %) €C** near {d; &) such that (z,;%,)=(d,; &,) for g even,
and (x,_y, Z,; Pn) = (4,1, dy; &) for g odd. In each case, the number of free variables is g.
The corresponding local analytic mapping

Q: (25 9) > (2, Po(1) + ... +25 D(7))2-1

is of interest. Suppose, for example, that Q(x;n)=(0). The function f, =¢y+a, ¥, (!) + ... +
%, Y, (t) will then yield an n-sheeted representation of 7 which approximates that of f.
Since 7 is general and f;~f, we conclude that f,=Tf for T€LF(2, €) [26, p. 552], {59,
p- 380]. By the (x; ) normalization, we deduce that 7'(oo) = co, and then that 7' is simply a
translation. Hence (x; 1) =(d; &).

According to a general theorem of Osgood [42, p. 139], one should now expect that
Q maps onto a complete neighborhood of (0). Incidentally, it is an elementary exer-
cise to check that the Jacobian of { does not vanish identically [42, p. 417]. The system
2, Q) + o T2, Q) =y, (1<ax<g) will therefore be solvable with x,---z,+0 and
n~E for any y€C?. Using (11.3) and the fact that det () %0, we now see that
ey + ... +egu, ey Yy () + ... +2, Y, () can have an-arbitrary set of periods [Ug; V,l.

For non-exceptional groups [U,; V], the corresponding function X ¢ u, + 2 z; ¥, will
certainly have n simple poles and 2n +2g —2 simple, non-overlapping branch points.
4 —752905 Acta mathematica 135. Imprimé le 19 Décembre 1975
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The previous development will then apply with m =n, provided that

[g+3

1
3 T]<9‘1’

<
39
that is, for g=>6.
This completes our evidence in support of conjecture (A) for g >6. The cage 2<g<5
is again handled by means of an appropriate N-sheeted covering of 7.

Remark. The techniques used above can obviously be generalized quite a bit. The
general method is, however, amply illustrated by means of the two cases (A), (A;) that we
have considered.

12. Concluding remarks

We shall close with a partial list of open problems and directions for further research.

(1) As mentioned in sections 1 and 6, our main goal has been to obtain a better under-
standing of the mapping p: 7Q~ M and of the subdomain M < N,/LF. Most of our success
has been with the former. In this regard, we naturally ask for a better description of the
obstructions to the path-lifting property for p. It seems likely that such obstructions reflect
algebraic degeneracies in the monodromy groups. For example, in our proof of Theorem 8,
there was a cusp (so-to-speak).

(2) Thus far we have obtained very little insight into the nature of the spaces M <
N,/LF<N/LF and RS N, < N. As mentioned after Theorem 10, Professor Schiffer has sug-
gested that M and R may well be dense. If that be the case, it would be very interesting
to describe their complements. See also the remarks following Theorem 10 (proof).

(3) Further study of the submanifolds M(z) and R(r), associated with L.P. functions
on & fixed surface v € T, would definitely be useful. Ideally one should be able to say what
M(z) and R(z) actually look like. There are already certain indications in section 11. We
ask, for example, whether the submanifolds M(z)< N,/LF, R(t)= N, are closed. And:
whether the mapping Q[t]—>(4, ..., 4,) mod LF is locally 1 —1. We recall here (6.8), (6.11),
and Theorem 12.

(4) It seems clear that the methods of section 11 can be carried much further. Questions
for M, R, M(z), R(z) have obvious analogues for M,, R,, M.(t), Ri(r). We might point
out that by “‘attaching” surfaces like w"=2""1(z—1) to the fundamental membranes, one
can prove that B, < B, ,, for m>1.

(6) What does R,(t) look like? A geometric argument (asin section 11) oran analytic one
(based on Lemma 1) seems to show that dim R,(r) = min [3¢g +k, 69 —3]. There are obvious
connections here with the classical Riemann problem (i. e.when E,(z)=N).



MONODROMY GROUPS AND LINEARLY POLYMORPHIC FUNCTIONS 51

(6) To what extent can Nevanlinna theory be used to describe the mapping properties
of L.P. functions? Recall Theorem 14. See also [21].

(7) As is apparent, we have made no real attempt to develop an existence theory for
monodromy groups in this paper. Deeper investigation of this area is definitely called for.
See, for example, [47], [48], [51], [565], and [65].

(8) The study of problem A in section 1 along the lines of a variational theory quickly
leads one to some fascinating connections with Eichler cohomology, Eichler integrals, and
Prym differentials. These relations certainly deserve closer investigation. See [19], [20],
[24], [25].

(9) Further study of finite monodromy groups may be interesting. Some references for
this are [16, pp. 174-218], [27, pp. 524-529].

(10) Monodromy groups in higher dimensions (i.e. for higher-order D.E.) would cer-
tainly appear to deserve further study. See [16, pp. 191-218], [27], [47], [54, pp. 180-199],
and [81]. One should also recall the general remarks of section 3.

(11) Finally, for some number-theoretic problems related to zeta-Fuchsian series and
monodromy groups, we may refer to [43], [58], and [65].
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