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Let (f,U) be a solution of the 2d Vlasov-Poisson system for charged particles :
{ Orf +v-0,f — (6mU(tu ,T) + 6mU0(x)) “O0pf=0 (V)

—AU:p(t,iZ?):fle f(taxav) dv (P)
f = f(t,z,v) is the distribution function, defined on the phase space R? x IR? (x represents
the position and v the velocity of the particles) and U = U(t, z) is the self-consistent potential

given by the Poisson equation. U, is an external potential which depends only on |z|.

Such a simplified problem appears when one considers the free propagation of a particle
beam in IR?® and when the particles are monokinetic in the z—direction of the axis of the
beam and when one considers a distribution function averaged other the velocities in the
z—direction. The beam is assumed to be infinite in that direction, with a spatial density not
depending on z (see Appendix A for a formal derivation of the model). This model may be
used in high energy plasma physics (see [Dob]) to describe 3-dimensional electron beams with
high density. It takes the dispersion of the velocities in the orthogonal to the »z-direction
plane as well as the self-consistent nonlinear interaction into account, which seems to be
crucial for the understanding of the experiments and of the numerical simulations.

The two main motivations are indeed the following: first to understand how the support
of a beam grows when it is initially compactly supported and more generally, what is its
behaviour, how the tail (which corresponds to large velocities and is not easily computed
by particle simulation methods) of the distribution function evolves, what kind of dispersion
is obtained... and second, to give a systematic method for the study of the time-periodic

solutions that clearly appear for large times in numerical simulations.

A natural asymptotic boundary condition for such a model would be to consider only
a logarithmic growth of the potential U(t,z) as |z| — +oo, but since we are interested in the
local behavior of such a solution, we will relax this assumption and consider more general

cases in part II. In part I, we will assume that
1
Ult,z) = —5- In|z| * p(t, z)

and study the problem in a framework for which this formula makes sense.
For the same reason, we will also frequently assume throughout the paper (but in most
cases it is not essential) that the external potential — when there is one — is harmonic : there

exists some py €]0, +oo[ such that
Uo(a:):%-|a:|2 VoeR?. (H)
The paper is divided into two parts. The first one is concerned with the evolution problem
(existence, regularity or uniqueness as well as more qualitative aspects, like dispersion results,

2



growth of the support for compactly supported distribution functions or equipartition of the
energy). The main estimate is a Lyapunov functional which is used to control the energy
(and provides an existence result for non compactly supported distribution functions) and to
give an estimate for the dispersion (N = 2 appears to be the critical dimension and we have
to use logarithmic estimates). In the second part, we focus on time-periodic (and stationary)
solutions and present results in two directions: first, we give an (uncomplete) classification
of the solutions that are time-periodic (but radially symmetric if they are averaged over one
time period); then we study a special class of solutions which is the counterpart of the class
of solutions of the Vlasov-Poisson system in dimension three that satisfy the so-called Ehlers
& Rienstra ansatz.

Three sections, which are of general interest but rather technical, are rejected at the end
of the paper: Appendix A deals with a formal derivation of the two dimensional model, which
main interest is to show that the model is local, with two consequences: it is not restrictive
to take the confining potential harmonic, and there is no a priori natural boundary condition
for U. In Appendix B are stated two interpolation lemmas, with an explicit computation of

the constants. Appendix C provides explicit and detailed statements for Jeans’ theorem.

Following Perthame’s definitions (see [Pe2]), a weak solution is a solution in the sense of
the distributions such that the energy is bounded but not necessarily constant. A strong
solution (in dimension N = 2) is a solution that has moments of order 2+¢ in v and = (at least
when the external potential is harmonic) and such that the energy does not depend on ¢.
In this paper, we will make use of an intermediate notion of solutions corresponding to the
case f(Up+ |v[?) in L' with U, growing at least logarithmically at infinity (confinement case)
or such that f has a moment in z of order m € [1,2]. For such solutions, the self-consistent
potential energy is continuous w.r.t. the time (in dimension N = 2), but the kinetic energy

and the external potential energy are only bounded w.r.t. the time.

Since the number of references in this work is quite huge and concerns very different
subjects, the references will be mentioned throughout the paper.

For general results on the evolution problem, one has to mention at least the papers by
S. Ukai & T. Okabe [UO] and S. Wollman [W1,2] in dimension two, and the papers by C.
Bardos & P. Degond [BaD], P-L. Lions & B. Perthame [LP2] and K. Pfaffelmoser [Pf] in
dimension three. The dispersion relations are strongly related to the work of R. Illner & G.
Rein [IR], P-L. Lions & B. Perthame [LP3] and B. Perthame [Pe2].

What concerns the time-periodic solutions and the Jeans’ theorem is directly inspired
respectively by J. Batt, H. Berestycki, P. Degond & B. Perthame [BBDP] and by J. Batt,
W. Faltenbacher, & E. Horst [BFH].



Part I :
Qualitative behavior of the solutions

of the Cauchy problem

Introduction

The first part of this paper is devoted to various results on the initial value problem for
the two dimensional Vlasov-Poisson system in the presence (or not) of a confining potential.

In section 1, we introduce two notions of Lyapunov functionals. In section 2 (see the
complete list of references therein), an existence result is given, in a more general framework
than what had been established by S. Ukai & T. Okabe in [UO] and S. Wollman in [W1,2] .
This result essentially benefits of recent papers on the (more difficult) theory for the three
dimensional problem. The questions of the regularity and of the uniqueness are treated with
the approach developped by P.-L. Lions and B. Perthame in [LP2].

A dispersion result is given in section 3: if there is no confining potential, the solution
is vanishing for large time. This result is obtained using the same methods as R. Illner &
G. Rein in [IR] or B. Perthame in [Pe2] for the case of the dimension three. Dimension two
corresponds to a limit case for this method (use of logarithmic estimates).

The question of the growth of the support of an initially compactly supported distribution
function is studied in section 4. One has to mention that the method, which is strongly
dependant of the potential when it is applied to the computation of the size of the support
in the phase space, gives the growth in the velocity space even if there is no confining
potential, as in the paper [R] by G. Rein, but with a different method.

An equipartition of the energy result is given in section 5. The estimate obtained there
is in fact the keypoint of Part I since it allows the computations on the Lyapunov functional.
Section 5 also contains the moment estimates that are needed to compute the Lyapunov

functional as well as to define the notion of solutions.

1. A Lyapunov functional and a priori estimates

Following the same idea as in B. Perthame [Pe2] and R. Illner and G. Rein in [IR], we
first derive a Lyapunov functional for the Vlasov-Poisson system in dimension 2 with an

external potential. In the following, we shall assume that f and U are smooth, and that f is
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compactly supported, in order to perform any integration by part that is needed. We shall
see later how to handle the non smooth case.

Multiplying the Vlasov equation by |v|?, (x-v) and |z|, we can obtain respectively

%[//ﬂpxﬂp flt ) - o) dwdv] :2//11%2“1%2 flt,z,v) - (z-v) dedv (1.1)

%U/mmf(t,x,v).(x.v) dmdv] _//BZXJR? f(t,a:,v).|v|2d:cdv—/RQ(a;.VUO)p(t,I) d“]f—;v (1.2)

// ft,z,0) - (Jv]2 + U(t,z) + 2Up(x)) dedv
IR? x IR? (1'3)

= // ft=0,2,0) - (o> + Ut =0,2) + 2Us(z)) dovdv = Ey ,
IR? x IR?
using the fact that
// |v|? - VU(t,x) - 0, f(t,z,v) dzdv

IR? x IR?

=2/ dx U(t, x) div/ dv vf(t,x,v)
IR2 IR2

_ o
= -2 /132 dx U(t,x) 9 (t,x)
= / p(t,x)U(t, ) dx

= — -
=- / / f(t, 2, 0)U(t z) ded
R2x R?

and that
// (x-v)-VU(t,x) - Opf(t,x,v) dedv
IR? x IR?

= —/ dz z-VU(t, 2)p(t, x)
R? ?
=0
because of Poisson’s equation (see section 5 for the proof of this identity).

In dimension N =3 (see [Pe2] and [IR]), it is enough to compute (for some a > 0)

d 1 2 2

to get a decay estimate since the Lyapunov functional is a positive quantity. In dimension
N =2 and in the presence of an external potential Uy, the analogous computation would give

d 1 ) M?
= <m //Bzxﬂ%2 [t z,0) - (Jo —v(t+ a)]* + U(t,z) + 2Uo(z)) dxdv + o In(t + a))

=~ ] fp g e =t e+ 2 [ Ve o) e
(1.4)



which is not enough to conclude (even if = - VUy(x) < 0) since [ [ f(t,z,v)U(t,z) dzdv is not
necessarily a positive quantity. We will distinguish two cases:

- Up(z) is growing when |z| — +oc like at least In|z| (confinement case)

I'VU()
I+[z]?

x — is bounded (and, for instance, = - VU, < 0 — dispersive case. In this case, L, is

decreasing)

Case 1: (confinement case)

Proposition 1.1 : Assume that fy is a nonnegative function in L' N L*°(IR? x IR?) such that
Ey = // fo(z,v) - (v + Ut = 0,2) + Up(x)) dedv < 400
IR?x IR?

with Uy > 0, VU € W,5°(IR?) and U(t = 0, ) given by the Poisson equation. Assume also that

M
L= liminf 200 S M
|z|—+oo In |(E| 2w
with M = || fol|z1(r2xRr?)- If f is a solution in the sense of the distributions of the Vlasov-Poisson system

corresponding to the initial data fy, then :

(i) There exists a constant C' €]0,2 — 2L [ such that

// f(t,z,v) - (U(t,z) + 2Uo(x)) dedv > C - // ft,z,v)Up(x) dedv >0 .
R? x IR? R2x R2

(ii) If
m z,v)(|Jv]? + |2|™) dzdv 00
amend veso [ [ peam)oR+ ) dodo <+,
then
// Fta,0) - (UL 2) + (2 — C)Uo(w)) dadv < o ,
R2 x IR?
// f(t,z,v) - (Jv]* + CUy(x)) dedv < Ey ,
IR? x IR?
and

L,(t) = //ijjW ft, z,v)- (% + U(t,z) + 2Up(z)) dzdv + ];4_77 In(t + o)

is bounded from below for any a > 0, t > 0. Moreover, if f is a strong solution, i.e. a solution such that
Fe>0 Vt>0 // ft, 2, v)(Jo]* T + |2]*T°) dedv < +oo
IR? x IR?

then

oo [ [ ol —stes )P dsive 2o [ (oS00 lt . (1)
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Proof of Proposition 1.1 : We have to prove that the self-consistent potential energy is from

below
2
—/ pt,x)U(t, z) dx < %11124— %/ p(t,x) In |z| dx
R2 ™ ™ JR2
since
[ sttapty) o —yldedy <2 [ [ plt.z)o(t,y) W2la) dady .
IR? x IR2 ly|<|z|
Then
%/ p(t,x)In|z| dx < M p(t,x) In |x| dx + M p(t,x)In |x| dx
T JR2 T Jlz|<k T JlzI>k
M? M In ||
S—lnk—l——/ t,x)Uy(x) dx - su
for k large enough.
2
/ p(t,x)U(t, z) dx > —%(1n2 +1Ink)— LU)/ p(t, z)Up(z) dx .
R? m 7Tinf|x|2k —lr(l)|(§| R?
The proof of (ii) is contained in Remark 1.2 below (see also Lemma 5.4 in Section 5). O

Remark 1.2 :

(i) We will prove in section 5 that the condition on f holds as soon as the initial data has
moments of order m and 2 respectively in z and v. f is a strong solution if the initial
data has moments of order 2 +e.

(ii) For a solution f e L' N L>(IR? x IR?) with moments of order 2 in v and such that
- either (case a)

Uo(z) _ too,
|z|—+o00 1n|x|

- or (case b) f has a moment of order m in z,
no concentration or vanishing of the self-consistent potential energy may occur: if we

split
| otovtayas=—o [ [ ity e -yl dedy
R2 27T R2 x IR?

into three parts corresponding to |z —y| <€, e < |z —y| < e ! and |z —y| < e~ !, we just have

to control the first one and the third one:

1/2

// ‘ p(t,z)p(t,y) In|z —y| dedy < |[|p(t, )L (me2) - (¢t llL2(me) - (/ 2n(lnr)?r dT) ;
rz—y|<e 0
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and (case a), using the symmetry (z,y) — (y,z),

// p(t,x)p(t,y) In|z — y| dedy
lz—y|>e~ 1

—2 [ [ ety wle—sldsdy 2 [ [ pttaelty) tnle - o] dedy

|z—y|>e™
|y|<O|z| Olz|<|y|<|z|
< oM plta)n(al(1 4 0)do+2 [ plto)m@iade [ plt) dy
21>ty ||> 5 ly|> 4=

—0 ase— 04

for any 6 €]o, 1.

In (case b), if p(t,.) has a moment of order m > 0, using again the symmetry (z,y) — (y, ),

m 1 m
/] plt,a)plt,y) Info —y] dody < ) [ [ plt, D)p(t,y) |o — y|™ dudy
|z—y|>e! € lz—y|>e1

for e > 0 small enough, and the conclusion holds using the identity |z—y|™ < 2™ (|z|™+|y|™).
(Case a) as well as (Case b) correspond to cases where the self-consistent potential energy
is continuous w.r.t. the time.

(ili) If Up(z) = K In(1+ |z|) for some K < £, for any a > 0, we can get the following dispersion-
type estimate:

—(t M?
liminf// PN el Ule ki) i W P S Vo L
t—=too | e Xle C (t+ta)? 4m

Let us prove it: according to Proposition 1.2 (i), with L=K, C =2- 2 as ¢t — +oo,

%2 In(t + a) (14 0(1))

2w
La(t) < La/(0) —/0 S+a(//wm2 5,2, |x_(8(i“;‘;‘)| ddv+2KM>ds,
];/[—:ln(t—i-a) (2KM—ltllinJrngOf//}R2X]R2 LT,V (t(i—;)a) of dx du) In(t + o) + o(In(t + «)) .

Case 2: Assume that = — £¥8 belongs to L(IR?). Let us compute (with o >1 and ¢ > 0)

1 1
- //JR?szzf(t’I’v) ' <(t—|— @)?In(t + a) "+ (t+ )2 [z —o(t+a)?

Y (1.5)
+U(t,z) + Up(x) + o In(t + a)> dzdv |
7T
L) = —L// Flt2,0) - [(1+ ——— Yo — vt + ) dadv
dt” 7 (t+a)d ) Jpeme 21n(t + «)
2
// ft,z,v)|z)* + —— (x -VU)p(t,x) dx .
(t—l—a (In(t + a)) 1R2x1R2 t+a
(1.6)



The reason why such a quantity is decreasing if = - VUy(z) < 0 for almost all z € R? and
why one has to introduce a term [ [ f(t,z,v)|z|* dzdv is related to the notion of asymptotic
dispersion profile. This is the subject of a paper in preparation with G. Rein [DR].

The Lyapunov functional is finite for any ¢ > 0: we have indeed

1
[ otovta) as=—o [ [ et il -yl dody
R2 2T IR2 x IR2
and
// p(t,x)p(t,y) In |z —y| dedy < M*Ink,
|z—y|<k

Ink
// p(t, x)p(t,y) In |z —y| dedy < // p(t, 2)p(t, )z — y|?* dedy - =5
lz—y|>k lz—y|>k

provided k > \/e, since k — 2k is decreasing on [y/e, +oc]. Then

[ stttk - o dedy < ad [ plt.o)af do
lz—y|>k

because |z —y|> < 2(|z|> + |y|?). Thus

M? oM ,  Ink
/W plta)Ut,) do > gtk =25 [ ot olaf do- 5

and

1 M
//B2XR2 flt,z,v) - ((t+a)21n(t+a)|x|2+U(t7x)+%ln(t—’—a)) dxdv
1 2M Ink
2 [ de (<t+a>21n<t+a> ‘T'ﬁ)
2

M
+§ . (ln(t-i-a)—lnk) .

Let k = k(¢) be such that

1 _2M Ik
(t+alPl(t+a) 7 k2
Ast— +00,
k(t) = \/g(t +a)ln(t+a)- (1+0(1))
and then
1 ) M
//RZXRZ flt,z,v)- <(t+a)2 ln(t—i—a)m —I—U(t,a:)—l-%ln(t—l-a)) dxdv > —C’(l—l—ln(ln(t—l—a))) (1.7)

for some constant ¢ > 0. We can summarize these properties in the

Proposition 1.3 : Assume that fy is a nonnegative function in L* N L>(IR? x IR?) such that

// fo(z,v) - (|z]* + [v|?) dzdv < +o00
R2 x IR?
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with Uy > 0, VU, € VVJ):O(IR2) Assume also that x +— fj‘g‘% is bounded. Then, if f is a solution in the

sense of the distributions of the Vlasov-Poisson system corresponding to the initial data fo,

(i) there exists some ag > 0 and a constant C' > 0 such that for any a > oy,

/~/1R2x1R2 flt,z,v) - ((t+a)21n(t+a)|x|2 +U(t,z) + %ln(t—i—a)) dxdv > —C(l +1n(1n(t—|—a)))

(1.9)
(ii) For any a > 1, if z - VUy(x) < 0 for almost all x € IR?, then
1 1
ft, 2y |z —w(t 2
0= [ foan? 0 (rapimr e+ rapte v+ (18)
Y .
+U(t,z) + Up(z) + o In(t + a)) dedv < Hya(0) VE>0,
7T
and, if f is a strong solution (i.e. has a moment of order 2 + € in x and v), then
iH (t)——i// f(t,z,v) |(1—|—;)9c—v(t—|—a)|2 dzdv
a7t a) ) Jreme 2In(t + )
2
// ft,z,v)|z)* + —— (a: -VUy)p(t,x) dz .
(t—i—a (In(t + ) R2le2 t+a
(1.6)

Proof of Proposition 1.3 : To prove (1.8), one may use a regularized problem (ie. a smooth
approximation of f, and a regularized kernel instead of Poisson’s kernel) and pass to the

limit:
t 2 .
) < al0) = { [ [ [ 1600 105 e = vt s f
! 2
T et ap(inGs + @) //,R,R f(s,z,0)fal (1.10)

Sia/ﬂp(x-VUo)p(s,x) dx} ds. Vt>0

(1.9) then holds without any further computations. We refer to section 5 for the justifications

of (1.6) and (1.8) depending on the moments one knows to exist. O
Remark 1.4 : For a strong solution corresponding to an external potential U, such that
o — ¢ is bounded but for which = - VU, changes its sign, Equation (1.6) still holds.

2. Existence, regularity and uniqueness results

Existence results of the Cauchy problem for the Vlasov-Poisson system are now well
known (see [Pf], [R], [S], [Pe2], [H], [HH]) in dimension three without external potential.
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The situation in dimension two is easier than in dimension three (see [Al], [UO], [W1,2],
[BaD]). However, since we consider here the case with an external potential and since we

assume weaker assumptions on f, than in the previous papers, let us give an existence result.

Theorem 2.1 : Assume that Uy is nonnegative and that fy is a nonnegative function in L' N L>°(IR? x IR?)
such that (z,v) — fo(z,v)-(|v]2+Up(x)+U(t = 0,2)) belongs to L' (IR? x IR?). If VU, belongs to W,>> (IR?),
then there exists a nonnegative solution f € C°(IR"; L*(IR? x IR?)) in the sense of the distributions of the

Vlasov-Poisson system with initial data fy such that

// F(t2,0) - (02 + [U (L 2)] + Us(x) + Ut = 0,2)) dadv < +o0 (2.1)
R?x IR?
provided
- either (confinement)
Uo(x) - 400
|z|+oo In |(E|
- or
VUo(x) 2
€ L®(R?),
and
gmeltg [ [ falwo) (el + o) dado < +o0.
R? x IR?
- or
X - VU()({E) 2
VR0 oo
X — 1+|$L'|2 € (]R),
and

// Folz,v) (|22 + [o]2) dodv < +0o .
R?x IR?
Note that the energy estimate holds as an inequality
// f(tvxav) ) (|U|2 + U(tv ‘T) + UQ(.’L‘)) dxdv
R?x IR?

< // folz,v) - (Jv]* + U(t = 0,2) + Up()) dzdv < +00, Vit>0 (2.2)
R? x IR?

‘//JR?><1R2 f(t,2,0) Ut x) dodv

in both cases.

< 400

These solutions are weak solutions but it is easy to prove that they are in fact strong as

soon as f, satisfies the condition

e >0 // Fola,v) (|22 + [o2+) dadv < +o00
IR? x IR?

since the momenta of order 2 + ¢ are finite for any ¢ > 0 (see lemma 5.2). In that case
(2.2) becomes an equality, while estimates like bounds on the energy are enough for weak

solutions.
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The conditions on f could be weakned using the notion of renormalized solutions (see
[DPL1-2]) while the notion of solutions in the sense of the characteristics still holds (in the

renormalized sense) as soon as VU + VU at least belongs to W' (R x IR?) (see Remark 2.2

oc

below). Since the proof of such results rely on now classical methods, let us only mention

the main ingredients.

Sketch of the proof :
1) a priori estimates : Assume first that f is a classical solution, smooth enough to justify the
integrations by parts.

a) for any C? convex funtion s defined on ]0, +o00|

%//BB s(f(t, z,v)) dedv = 0

since
()://leXjR2 %(t7xav)'sl(f(t,$,’l})) dwdv+//11%2xﬂ2v'awf(t=$=”)'3/(f(taxav)) dadv
+ // VU, z) + Uo(x)) - 0, f (t,x,0) - ' (f(t, ,0)) dado
R?x IR?
_ 9s(f) .
_//]RQX,RQ o LTv) dwd”*//ﬂ@w Va (US<f)<t7w7v)) dxdv

i / /BR Ve (WU(W + Uo(x)) S(f)(t,x,v)) dadv .

(Of course the result also holds for a non convex function s, but the result does not pass to
the limit: see below).

This proves for example that
S| ~0
dt y oy <) IILP(IR?2 X R?) —
for any p € [1, +oo[ and
I[f(t, - o mexre) < ||folloemexmzy V€ 0,+o0]. (2.3)
For p = 1, this proves the conservation of the mass:
||p(t,.)||L1(R2) = ||f(t7'7')||L1(lR2><lR2) = ||f0||L1(lR2><lR2) Vite [0,+OO[. (2.4)
b) conservation of the energy:
4 // (Jv]? + U(t, ) + 2Uo(z)) f(t,z,v) dedv =0 . (2.5)
dt R2XR2

(multiply the Vlasov equation by |v|?, integrate by parts and use the Poisson equation.)
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c¢) Lyapunov’s functional: equations (1.3) and (1.5) hold as in section 1 (see also sections 3
and 5). They are needed only in case 2.
d) an interpolation lemma (see Appendix B for more details): with the notation p(t,z) =

LRQ ft,x,v) dv,

1/2 1/2
oGt M2y < 2V - 11F s M2 ooy - 102 S NI o e

We can indeed split the integral defining p into two integrals and evaluate these integrals in

different ways

p(t,x) = /|U<Rf(;v,v) dv —|—/ f(z,v) dv,

[v[>R

/| Rf(x,v) v < 7R ||F(ts s e (o)
<

/ dv<—/ f(z,v) [v)? dv .
[v|>R

If we optimize on R = R(t,z), then we get

1/2
plt.2) < 2R 11t gy ([ S0 P o)
which easily proves the estimate. Using now (2.3) and (2.5), we get

1/2 1/2
1ot 2wy < 2V - 1 Fol 12 (o mey - 1 (6 ) WP e ey ¥t € [0, +00[ (2.6)

e) Hardy-Littlewood-Sobolev inequality : there exist a constant C > 0 depending only on
p €]1,2[ such that

VU@, | zam; aoy < C - Mlp(t; e (r2; aa) » (2.7)

3 _ 1
if 4 — 3

SAL
Q=

For any sequence of smooth solutions f™ of the Vlasov equation corresponding to the

approximating Poisson problem

VU™ = ( * P") * f" dv ,

27T|:17|

with ¢"(z) = n2¢(nz) a regularizing function and to an initial data fJ which is also a regular-
ization of fy, (1.3), (1.5) and (2.3-2.7) hold. Passing to the limit, (2.5) has to be replaced by
(2.2) while (2.3), (2.4), (2.6) and (2.7) still hold. (1.3), (1.5), (2.5) of course hold for strong

solutions.

2) compactness: A simple method to pass to the limit in the equation is to notice that as

soon as [ f"(t,.,v)y(v) dv strongly converges in L? for any L*> with compact support function

13



¥, then the limit f is a solution of the Vlasov-Poisson system in the distribution sense. This
is easily obtained using the averaging lemmas (see [GLPS]|, [G], [GG], [DPLM]) since

g{—i-v 0.f =V, [V +T0)- 1] .
and since V(U + Up) - [ f(t,.,v)¥(v) dv belongs to L! for any L> function v (take for example

p=2% and ¢=31n (2.7)).

3) the existence result for the regularized problem is easily obtained using the characteristics

and a fixed point method. 0

Remark 2.2 : The assumption f, € L>=(IR? x IR?) can also be removed and replaced by the

condition folnfy € L'(IR? x IR?) giving an existence result for renormalized solutions as in
[DPL2].

Regularity and uniqueness results are obtained in a classical way (see [A2], [UO] and [W1,2]
or [BaD] and [LP2] for results respectively in dimension two and three). The results we
present here follow the strategy of proof used by P.-L. Lions & B. Perthame [LP2], except
that in dimension N = 2, there is no need of high order moments. These results extend the
ones obtained by Ukai & Okabe [UO] and S. Wollman [W1,2] (without external potential)

to a more general class of solutions (with eventually an external potential).

Proposition 2.3 : Let fy and Uy satisfy the same assumptions as in Theorem 2.1 and assume that
t— (Xo(s,t,x,v), Vo(s,t,x,v)) are the characteristics in the external potential Uy defined by

%Xo(s,t,xm) =Vo(s,t,z,v), %Vo(s,t,x,v) = —V.Uo(Xo(s,t,z,v)) ,
Xo(t, t,z,v) =z, Vit t,z,0)=v.

(i) Regularity :
If for any T > 0, there exists an Ry > 0 such that
2

Rt
(t,z,v) = supess{ fo(y,w) : [y — Xo(0,¢,2,v)] < ——, |w—=Vo(0,%,z,v)| < Rt}

belongs to L>°((0,T) x IR%; L*(IR?)) V R > Ry 28)
_lfe Rt? '
R)™F [lsupess{ fo(y. w) : |y = Xo(0.1,2,0)] < T,

|w — VQ(O,t,CL',U)| < Rt}||L°°((O,T)><lR§;L1(R5)) =0

lim
Ri+oo(1 +e€
for some € > 0 which may depend on R (and T), then for any T > 0, there exists a solution f satisfying

the same properties as in Theorem 2.1 and such that (t,x) — p(t, z) fB2 f(t,xz,v) dv belongs to

L>((0,T) x IR2). If moreover VU, belongs to C? and
v RvT >0 5 sup{|nyvf0(y + ’Ut,’LU)| : |y - Xo(O,t,.I,’U” S Ra |’LU - V()(O,t,I,U)| S R}
(2.9)
belongs to L>=((0,T) x IR%; L' N L*(IR?)) ,

14



then for any T > 0, p belongs to L>((0,T); C*1(IR2)) and (t,z) — VU(t,z) = — 5o *a p(t,.) belongs
to
L>=((0,T); CYP(IR2)) for any 3 €]0,1[.
(ii) Uniqueness :
If fy satisfies conditions (2.8) and (2.9), then the solution of the Vlasov-Poisson system such that p belongs
to L*°((0,T) x IR?) is unique(*).

Examples : If fy € L®(IR? x IR?) has a compact support, then (2.8) is automatically satisfied.
If it is a Lipschitz function, then (2.9) also holds true. Conditions (2.8) and (2.9) are related
to the asymptotic behavior of f, as |(z,v)| — +oo0. Assume for example that f, is dominated

by a gaussian in x and v:
folz,v) <C - e 3s (WP+zl?) gy (z,v) € R? x R*.
1) Assume first that Uy = 0. A straightforward computation gives

1
/ dv <supess{f0(y—|—vt,w) Dy — x| < §Rt2, v —w| < Rt})
IR2

el / dv e~ 2 (oot +1of?)
< -
8moC (244 po
< m - e 8c R
which proves (2.8) by taking for instance

- 8cInR
- R2T2(T2+4) "

€
2) If U, is an harmonic potential (assume Uy(z) = |=|? to avoid technicalities), then
Vo (0,t,2,0)|* 4 | Xo(0,t,z,v)]* = [v]* + |z|? .
/1R2 dv <supess{f0(y,w) Dy — Xo(0, ¢, 2,0)| < %th, |lw —Vu(0,t,2,v)| < Rt})

204244
< . SGE1R L gy e 2P+l
IR2

t2(t244) po
<2noC-e " R |

and the result holds again with

8cInR
€= .
R2max(T,1)?(max(T,1)2 +4)

As in [LP2], we could relax the assumption (2.8) and replace it by the condition

1
VT >0, VR>0, (tzv)—supess{fo(y,w) : |y — Xo(0,t,2,0)] < §Rt2, |lw—Vu(0,¢,2,v)| < Rt}

belongs to  L*°((0,T) x IR%; L' (IR?)) ,

(*) Of course, the potential U is always defined up to an additive constant.
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but in this case, one would have to prove first an estimate on a momentum of order higher

than 2. This can be avoided in dimension 2 (see part 1 of the proof below) if (2.8) is satisfied.

Proof of Proposition 2.3 : For the details of the proof, one may refer to [LP2] and check that
the proof can be adapted to the dimension N =2 in the presence of a external potential. We

give here a sketch of that proof and refer to [LP2] for more the details.

1) Since p belongs to L= (IR*; L?(IR2)), (t,z) — E(t,z) + V,Up(x) = —V,U(t,z) belongs to
L>=((0,T); WL 2(IR2)) by Agmon, Douglis & Nirenberg’s theorem. Using characteristics (for

loc

the following truncated transport problem)

X(s) =V(s), V(s) =E"(s,X(s)),
X(t) =z, Vit) =,
in the sense of DiPerna and Lions [DPL1] with ER(s,z) = —VUy(z) — min(R, |VU (s, z)])- lgggj:g‘,
one proves that
[V(0) = Vo(0,t,z,v)| < Rt ,
Rt?

[X(0) = Xo(0,,,v) + Vo (0, £, 0)| < =~ ,

where t — (Xo(s,t,2,v), Vo(s,t,2,v)) are the characteristics in the external potential U, defined

by

%Xo(s,t,x,v) =W(s, t,z,v), %Vo(s,t,x,v) = —V.Up(Xo(s,t,2,v)),

Xo(t, t,z,0) =x, Vit t,z,v) =v.
The solution f# of
S+ v 0 f+ ER(t,2) - 0, =0
satisfies
2

FE(2,0) = fo(X(0), V(0)) < supess{ fo(y,w) : |y — Xo(0,t,2,v)] < RTt, lw — Vo(0, 4, 2,)| < Rt} .

As in the proof of Theorem 2.1, a direct computation shows that, for any e > 0,

1 1+ e 1+ 2 e
27T||ER(t7 ) + vU()||L°°(ﬂ?2; dx) < ||p(ta ')||L1(R2; dx) + %(27'( )2+€ ||p(t7 )||2;(R27 dx)”p(ta )||[2;<>(ﬂ{27 dx)

(split the integral [ Im—iylp(t,y) dy into two parts corresponding respectively to |z —y| > 1
and |z —y| < 1 and use Holder’s inequality with p = 3£¢ and p’ = 2 4 € for the second one).
Assumption (2.8) just asserts that ||[EF(t,.) + VUo||(m2) does not depend on R for R large

enough. Taking then f = ff proves that p belongs to L>((0,T) x IR2).

2) There exist an a > 0 (a = e~ for some C > 0) such that the characteristic curves

X(s,t,mi,v) = V(s t,zi,0:) Vi(s) = E(s, Xi(s)) ,
X(tvtaxi;vi)zxia V(tvtaxi;vi):viv i:1527
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are uniquely defined and satisfy
| X (s, t,x1,v1) — X (s,t, 22, 02)|+|V (s, t,x1,01) = V (s, b, 32,02)] < C (|w1 — 22|+ |v1 —v2|*)  Vi,s€[0,T],

whenever E + V,Uy = —VU is given by p through the Poisson equation.

The proof relies on the estimate

I(E(t, ) + V2Uo(2)) = (E(t,y) + VaUo(y))| < Cle — y[In I:v—iyl

for any =,y € IR? such that |z —y| < 1/2, which is proved exactly in the same way as in [LP2]:

since
T —z Yy—z | | 1
_ =lz—yl —
o =22 |y —z? =] - [yl
dz r—z y—2z
21| VU (t,) - w(t,y)] 2Ol [ =t - o(t,2) dz
T Jogacle =21 " Jeglonia [le =22 Jy— 2P
+ /mfz\>1 p(t,z) dz
ly—z]>1
dz
< Arellp(t)||poe(m2) + |z =y - i Oz (m2y + (O L1 (m2)
e<|z|<1 |2

= dmellp(t)]| Lo (m2) + |2 =yl - (27T| el [lp(t)l = (m2) + o)) L1 (r2) 5

and the result holds with ¢ = |z — y| - |In(|z — y|)|. Then
in(116) = Xa(o) 4 112(6) = Va(o)?) < (1Xi9) = (o) + Vi(s) — VaCo)?) e 7
which gives the result with a =e=¢7.
3) Since
Ip(t 1) — p(t, 2)] < /JR o (X (0, £, 21, 00), V(O £, 0, 01)) — Fo(X (0,1, 22, 02), V0,1, 22, v2))| do

< [ (swpl1ehal)] 5 1y = Xo(0)] < B o= Vo(O)] < B} ) do

. sup2{|X(O,t,:1:1,v1) — X(0,t,xa,v2)| + |V (0,t,21,v1) — V(0,¢, 2, v2)|} ,

e (2.10)
(for some R eventually depending on t¢) again like in [LP2|, this proves that p belongs to
L>((0,T); C%*(IR?)), which ensures that E belongs to L>((0,T);CY“*(IR?)) using Schauder’s
theorem (see [ADN], [GT]): the characteristic curves are Lipschitz continuous and (2.10)
written with o = 1 proves that p belongs to L*((0,7);C%!(IR2)) and that E belongs to
L>=((0,T); CYP(IR?)) for any 3 €]0,1].

4) the uniqueness result can be shown in the same way as in [LP2] (with the simplifica-

tion that we dont have to care about the field term coming from the initial data since we
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only have to consider the difference between two solutions - the argument is not used for
getting estimates on ”higher moments”). Assume that there exist two solutions f; and f,

corresponding to the same initial data f, and define

D(t) = sup ||f1(87 X ) - f?(su '7 ')||L2(R2><IR2; dz dv) -
0<s<t

Then

d
—D2(t) <2C(T) - sup [|Ei(s,.) — Ba(s,)||L2(m2; aw) - D(1)
dt 0<s<t

since condition (2.9) provides
Vool € L¥((0,T) x IRZ; L*(IRY)) -

Then

%D(t) < O(T)- A(t) (2.11)

where

A(t) = Ssup ||E1 (Sa ) - EQ(Sv ')||L2(IR2; dz) -
0<s<t

fi (i=1,2) can be represented by
t
filt,z,v) = fo(z — vt,v) + / Ei(t—s,x—wvs): 0yfi(t —s,x —vs,v) ds .
0

Performing an integration by parts, this gives the following expressions for p; and E; — Es,

pi(t,z) = folx — vt,v) dv + div, /t[/ (Bi(t — s,z —wvs) - fi(t — s,z —vs,v)) dv] s ds ,
R? 0 JR?

E1 (t,JJ) — EQ(t,fE) = >

Using the fact that diva(gzf57z) is the Dirac distribution,

||E1(t7 ) - EQ(tv ')||L2(IR2; dx) < ||/0 [‘/1R2 ((El - E2)f1 + E2(f1 - fz)) (t — S5, — ’US,’U) d’U] S dSHLz(]Rz; da) -

Applying the Cauchy-Schwarz inequality, we get

[ Ry

t 1/2 1/2
/ sds(/ |E|*(t — s,z — vs) dv) . ( f2(t—s,x —vs,v) dv)
0 R? R?

t 1/2
[ astiee = sl ([ 0o = vs0) o)
0 2

Applying successively this computation to (E = E; — Es, f = f1) and (E = Ea, f = f1 — f2), We
get

[[E1(t,.) — Ea(t, )||22(r2; de) < tOS<uI<> (B — E2)(t — s, )|r2(me2; an)l|follL2(m2 x B2, 4z av) +C - D(t)

s<t
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where C is a constant which only depends on the energy : this computation is summarized
in the identity
A(t) <t-A®) - |[foll2(rexr2y + C - D(1)
C
A(t) < -D(t) .
) < L=t || follz2(m2xm2) )

Combining this with (2.11), we get

d C
—D)<t- -D(t
& = T s
which proves that D(¢t) = 0 for any ¢ €]0,¢,[ with
-1
to = <||f0||L2(R2><R2)) . d

Remark 2.4 : As in [LP2], condition (2.9) is satisfied as soon as for example the L' bound

is satisfied and f, is Lipschitz continuous in = and v.

3. A dispersion result

When there is no confining potential, the solution of the Vlasov-Poisson system is van-
ishing for large time. We present here a dispersion result which is the analogous in dimension
2 of the result obtained by R. Illner & G. Rein and B. Perthame in dimension 3 (see [IR],

[Pe2]). It is essentially based on the computation of the Lyapunov functional of section 1.

Proposition 3.1 : Assume that f is a solution in the sense of the distributions of the Vlasov-Poisson system

corresponding to the initial data fo, where fy is a nonnegative function in L* N L>°(IR? x IR?) such that

// fo(x,v) - (|2|* + |[v|* + Up(z)) drdv < +00
R2 x IR?

with Uy > 0, VU, € WI’OO(IRQ), x-VUy <0 a.e. Then there exists some «g > 0 and a constant C,, > 0 (for

loc

any a > ag) such that

(i) for any t > 0,
—C, (1 + In(In(t + a)))

1 2 1 2
<t [ [ gtan (ol gl o)

M
+U(t,z) + Up(z) + 7 In(t + a)> dxdv < H,(0),
0
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(ii) for any T > 0, for a strong solution,

/OT (t+a)3(;(t+a))2 (/ /}RMRQ f(t,z,v)|z)? d:cdv) dt < Cq (1 +ln(1n(T+a))) 7 (3.2)

/OT t—i—La (/ /]R2XB2 flt, z,v)|v— H—%P dxdu) dt < C, (1 + 1n(1n(T+ a))) . (3.3)

As a straightforward consequence, we have the

Corollary 3.2 : With the same assumptions as in Proposition 3.1, there exists some «g > 0 and a constant
Co > 0 (for any a > ag) such that :
(i) For any t > 0,

//132x132 ft, 2, 0)|v)? dedv < C, <1 +In(t + o) In(In(t + a)))

and

//]mxw ft,,0)|x? dedv < Cy (1 + (t+a)?In(t + o) In(In(t + a))> , (3.4)

ﬁ//ﬂ#xﬂp ft,z,v)|z — (t + a)v|? dedv < O, - (1 +1n(ln(t+ a))) )

If f is a strong solution, then

2
// ft,z,0)U(t, z) dedo ~ —%ln(t—i—a) .
R2 % IR2 21w

If moreover Uy = 0, then
// ft,z,v)|v]?* dedv ~ In(t + ) ,
IR? x IR?

// ft,z,v)|z|? dedv ~ (t + )’ In(t + ) .
R? x IR?

(ii) for any T > 1,

b 1 T
/0 H—a//mmz f@tz,v) - |(1+ 21n(t+a))t+a —v]? dzdeC’a(l—l—ln(ln(T—l—a))) ., (3.5)

1 T
ln(ln(TJra))/o o 1Pt Nz ey di < Ca (3.6)
and
1 T 1 qu_q2
T+ ) Jo traly Vi) < Ca (37)

for any q €]2, +o0.

(iii) There exists a sequence (tp)nen with lim,_, 4 ¢, = +00 such that, for any € > 0,

lim // fltn,z,v)v— LF dxdv - (ln(tn))l_6 =0, (3.8)
R2 X IR tn

n—-—+o00 + «
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i [[p(tn, 12z - (0(t)) T =0, (3.9)
. -2 (1—¢)
i (IVU (tn, |z - (n(t)) ™ =0, (3.10)

for any ¢ €]2,400[.
(iv) if fo is compactly supported, then for any t > 0 f(t,.,.) is compactly supported too. If R(t) is the

minimal radius of the balls centered at the origin and containing the support of f(t,.,.), then

R(t) > Calt + a). (3.11)

Proof of Corollary 3.2 : In this proof we will denote all the positive constants by the same

symbol C.

(i) is obtained through a refinement of the proof of (1.3) in section 1: let & = k(t) be such
that

1 1 _2M Ink

2 (t+a2hlt+a) w k2
AS t— —|—oo’

M
k(t) = \/%(t—i-a) In(t+ ) - (14 o(1))
and then
1 5 M
//ijXBzf(t,I,v)- ((t+a)21n(t+a)|x| +U(t,z)+ %ln(t—i-a)) dxdv

> % (HQ)JH(HQ) //Bzmz F(t,z,0)|z)? da:dv—0<1+1n(ln(t+a))> :

//}R2XB2 f(t, @, v)|z]? dedv < Cq (1 + (t+ @)’ In(t + o) In(In(t + a))) ,

On the other side, because of (i) in Proposition 3.1,

/~/1R2><1R2 flt,z,v) - #|x—v(t+a)|2 dxdv < C, (1+1n(1n(t+a))> .

(t+ )?
Thus
// ft,z,v)|v]? dedv < C, <2 + In(t + o) In(In(t + a))) ;
IR? x IR?

which proves (3.4).

Proof of (ii): because of (1.5), for any T > 1,

/Ot t—i-;a//szRz Flt,z,v) - |(1+ 21n(t1+ a))t—foz —v|? dedv < C(l +1n(1n(T+a))> ) (3.5)
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Since
plta) = [ ftaw) o+ [ f(t,,0) do,
lo— (14 gpiray) va <R [v— (14 sy w5 > R
the classical method of interpolation provides

1
t+ a)

1
p(t,JJ)S7TR2||f(t,.,.)||Loo(]R2><le)+ﬁ‘/R2f(t,x,v)-|’U—(1+21n( ) |2 dv .

t+ «

Optimizing on R,

1 T
t,. 2 e - t =1 2 dxd
1Pt M2z me) < 2V F (& e (2 xm2) /Jg2xm2f(’x’”) =0t )i el

we get easily estimate (3.6).
(3.7) is then deduced from the Hardy-Littlewood-Sobolev inequality :

. 1
[IVU(t, )| Lo(m2; ao) < c(@)|lp(t, )||Le(m2; 42y With =3 for any ¢ €]2,400[,

D
| =

and the Holder inequality for p :

2 1 2(1—-1 2 1—-2
[ e [ S 1] N | P A [ e A P O P [ Y300 & S

VU (t, )||LQ(1R2 az) < (clg DT M2 |(t, )| 2 (e )
which proves (3.7).

Proof of (iii): the method is the same for (3.8), (3.9) and (3.10). Let us prove for example
(3.9). Assume that

1—e

ltlr_}n_ﬁgof [|p(t, .)||%2(,R2) ~(In(t)) * =k>0.

For T — +oo,
1 /T 1 ) k /T 1 k T
|2 oy dt > _ dt = = [(In(T +
n(In(7 + @) Jo N (In(t)) ™ - In(In(T + a)) 70 el el

giving a contradiction with (3.6).

Proof of (iv): the fact that f(t,.,.) is compactly supported if f, is compactly supported will

be proved in section 4. f is then a strong solution:

_];4_111(2}3 //1R2><1R2 flt, z,0)U(t, z) dedv = —Jf—ln(t—l—a) (1+o(t)) .
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4. Growth of the support

This part is devoted to the special case corresponding to an initial data with compact
support. The following theorem gives an upper bound for the growth of the support of
the distribution function with respect to the time. Since it remains of finite size for any
positive time, the moments in v are finite (which also means that the distribution function
is a strong solution: see [Pe2]). We assume here that U, is harmonic (see Appendix A for

the justifications of the model):

Uo(z) = %m? VoeR?.

Theorem 4.1 : Assume that f is a solution in the sense of the distributions of the Vlasov-Poisson system
corresponding to an initial data fo in L' N L>(IR? x IR*) with compact support. Then f is a strong solution
(in Perthame’s sense) and for any t > 0, f(t,.,.) has a compact support, and for any ¢ > 0, there exists a

constant C(g) > 0 such that

R(t) = diam(supp(f(t, . ))) < diam(supp(fo)) + C(s)(l + t) e (4.1)

Proof : As before the proof is established in the context of classical smooth solutions. The
result is then obtained by passing to the limit for a well choosen approximating sequence. It
is not very difficult to check that the estimates on the support may be evaluated uniformly
(for a well choosen approximating sequence).

Consider E(t,z,v) = @ + U(t,z) + Up(x):

d oU
EE(t,:v(t),v(t)) = E(t,x(t)) (4.2)

for any characterictics ¢ — (x(t),v(t)). The main idea is to evaluate the L>*-norm of 2 using

the Poisson equation (derived with respect to the time):

oU,  dp

AT =

(4.3)

An integration of the Vlasov equation with respect to v shows that (local conservation of the
mass)
| v 4008~ @.U(t2) +0,Un(x)) 0,8 =0,
R2

%—FVI- ft,z,v)vdv=0. (4.4)
ot R?

Combining (4.3) and (4.4), we get

AGH = Vo [ fta)van,
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d 1
S [ —— [ ftpvoi,
(’% 2T R2 |x—y| R2

ou 1 RO) g\ =< 2\ 7T
—(t, )||poo < —2 . d t dv|1=<
15 Moy < 5 (20 [ )T ([ anl [ stn0 v =)

1

1 /27 2=
= — | —(R(t))" . t,. d —c .
= (Zwor) [ s vl e

Using now the interpolation lemma given in Appendix B (Lemma B.2), we get

4—e€ a-c _
gK(Q,oo,l—,l)-||f(t,.,.)||ﬁm(]R2X]R2)-|// F(t,z,v) o] ¢ dado] 7 .
— € R2 % IR?

with
1—¢
2—¢€

8= L and 1-—0=
€
This finally proves that

1

ou K(2,00,4=5,1) (27 N\
15 ey = = (2 e

2 €

- (4.5)

_1 4 —

-||fo||z;<B2XB2).(/ [ s dm> |
R2 x IR?

4— — 2(1+4€
(=t -2) ==Y

15 @M < 060+ (R0)) ,

for some constant

-
a

3

O(6) = & - 1ol F< ey (sup [ [ ates) (bl + U = 0.0) + 200 (0) dm)

t>0

N
o

which only depends on the initial data.

Using the energy estimate,

2(1+€)
2—e

E(t,z(t),v(t)) < E(t,z(t),v(t))|=0 + C(e) - (R(t)) -t

and the fact that U is bounded from below on supp(p) by —2% In(2R(t)) and that Uy is harmonic,

2(1+4¢)
P

minp, 1)+ (IO + 0O ) = 5 WRE) < Be,a(0),000) < B0.20).00)) + C(0)- (RO) T -0

2
min(po, 1) - (R(t)) - % In(2R(t)) < E(t,z(t),v(t)) < )esélé)pp(f )E(O, xo,vg) + C(€) - (R(t)) t,

which essentially proves the result for any e > 55%55. O
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Remark 4.2 :

1) The precise form of the confining potential Uy is used in the proof of Theorem 4.1 only
to prove (4.6). The proof is easily extended to the case when U, satifies an other explicit
behavior like Up(z) ~ |z|* as |z| — +oo with a > 0, a # 2. Whatever U, behaves like, the

estimate holds for the velocity:
R(t) =sup{|v| : Iz € R?® s.t. (z,v) € supp(f(t,.,.)) }

also satisfies
R(t) < C(e) - (1 +t)1*e

for some constant C(e) > 0 (and for any e > 0) as soon as U, is bounded from below and
satisfies the other conditions of Theorem 2.1 (one has to add a term In(In(t + «)) in the
estimate of [ [, o f(t,2,v)v.vert® dedv which essentially does not change the result if for
instance - VU < 0 a.e. — dispersive case). Even if U, is not bounded from below, the method
may still apply but the estimate may be much worse. For example, if there exists some
direction v € S! such that VUy(tv) -v < 0 for any ¢ > 0 large enough, and lim;_, o, Up(tv) = —oo0,
the growth of the size of the support will surely be given by the linear motion in the potential
Us.

2) In a recent work, G. Rein [R] showed that in three dimensions, the growth (in the veloci-
ties) of the support is of order (1 +¢)%/® when Uy = 0, but the method is rather different. The
bound obtained here is probably too large (since it corresponds — roughly spoken — to the
growth given by the free motion, i.e. what one can get when U, = 0, for the velocities), but
as well as in dimension three, the question of the optimal growth is clearly open. One may
conjecture that the optimal growth is at least logarithmic.

In dimension N = 1, the method also applies:
15 e < il < il [ [ fzo)lof dodo < €0+ Rt

(R(t))*> = R(t) < C(1+t\/1+ R(t))
which gives for R(t) an estimate of order (1 + )3 as t — +oo.

One can notice that the method we apply here fails in dimension N = 3.

3) One could ask if there were other interpolation inequalities that would improve the result.
This does not seem very clear. Let us try to optimize the estimate of the L?-norm of
= [ge f(t,z,v) v dv. In the following computations, C is a bound for different constants

dependmg only on the initial data.

. . 1—u/2 . u/2
13t Mz ary < 130 <Gz, awy - 13 N g, g -
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A direct computation of ||j(t,.)|| 1 (re; 4x) giVes

3
15t Mamcaetcan < [ flamo) o dvsc-(Ru)) |

lv|<R()

Using lemma B.2, we can interpolate ||5(t,.)||p«(mz2; 4y between || f(¢,.,.)]| 1o (k2 x r2) and

F (o oL (me < m2):
- (k=2)(3p—2)

__3p—2 2(p—1)+kp
1300 My < CILAC )l T ey < € (700 ,

2(p—1)+kp

with v = 31Tk -

Putting these two estimates together, we get

, e
150, I 2 e ) < C- (R(t))

Optimizing with respect to p and k, we again get

17 (t, )2 (m2; doy < C - R(2)

4) Assume that Uy = 0. Like in [Pel], it is possible to give an higher moment estimate for f

which depends on R(t) only through a term of order 35 as n — 0,) provide is moment is
hich d d (t) only th hat f order 2 ded th t

bounded for the initial data: for any n > 0, there exists a constant C(n) such that

// ft, z,v)|v® dedv < // folz,v)v]® dedv
R?x IR? R? x IR?

3n

+C(n) - R(t)=7 -t (1 +1In(t + o) In(In(t + a)))

// ft,z,v)|v* dedv < // fo(z,v)|v|* dadv
R2xR? R2x R?
1—n

+C(n)- R(t)z=7 - (1 + In(t + o) In(In(t + a))> o

1—n
22777

but such estimates are not usefull for estimating the support because of their dependance in

t: reinjecting it in equation (4.5) does not improve the estimate on R(t).

Because of its general interest, let us indicate the idea of the proof of (4.7) and (4.8). In

the following, Cn) denotes various constant which may depend on n and on the initial data

fo. We also assume that the solution f is smooth enough to allow the integrations by parts

performed below, but the computation can easily be justified in the general setting.

Since

1 1
VU (t < — —_ t d
VUt < 5o [ = [ s o,
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like in the proof of Theorem 4.1,

1 /27
Ut . [eS] < = - Rt K d
IVU(, L (r2) < 27r( ) ||/ f(t, v U”LW(W dz) (4.9)

_C(n)~(R(t)) @, | 2=

LT=0 (R?; dz)

The Li=- norm of p(t,.) is then evaluated by the interpolation inequality (see Appendix B)

||p( )|| _(IR2 dz) < C(n) : ||f(t7 ) ')||%°°(R2><R2; dzdv) ||f( ) 7')|U|k+2||L1 R?x R?; dzdv) (410)

with a = ;- and k = 4. Putting (4.9) and (4.10) together, we get

L

V0 Mlemtowy < €O )T s, a1 NP s ey (R0)

Multiplying (formally) the Vlasov equation by |v|> and integrating by parts, we get

// f(t,z,0) o dedv < 3||VU(t,.)|| Lo (m2) - // f(t,z,v) |v|* dedv
11'%2><11'%2

which proves (4.7). (4.8) is obtained in the same way using an integration w.r.t. ¢. This

method can also easily be generalized and gives for the moment of order n the estimate

// f(t,,’E,’U)lvl’ﬂ dxdv < Cn(n) . (1 + t)n—2+n )
R2 x R?

It is also possible to give for any ¢ > 0 an estimate of the momentum
I [g2 e f(t@,0)|v["~¢ dzdv depending only on the initial data and on " (no more dependance

in R(t) using the Hardy-Littlewood-Sobolev inequality in the limit case L?(IR?).

5) The size of the support grows only because of the tail of the distribution (when U is
confining or say, at least, growing to +oco as |z| — 4oo: let us consider here the case when
Up is harmonic — for more details on confining potentials see [Do6]). For any large A >0 we

have indeed the following inequalities

/ p(t,x) de =0
|| >A

if A> R(t) (and ¢ > 0 is small enough), and for any A >0

C
d <— 2o(t,x) do < —————
et des g [ el o < o

if A < R(t), for some constant C (the proof that [.|z[*p(t,z) dz is bounded relies on the

energy estimate).

27



5. Equipartition of the energy and moments
5.1 Stationary solutions

Assume first that f is a smooth classical stationary solution of the Vlasov-Poisson system

{vaf (O (@) + Oulo(e)) - Buf = 0 ™)

AU = p(x /fxv ) dv
(P)

Multiplying by (x - v), integrating with respect to = and v and performing integrations by

parts, we easily get

//lR2XR2f(£v,v) |v[2 dwdv:/ﬂp (iﬂ'(VU—i—VUO)) o) da -

Using now the Poisson equation to compute [, (z-VU (:v)) p(z) dz, we successively get, with

the convention of summation over repeated indices,

/ (:17 . VU(I)) p(z) de = / (:17 . VU(CC)) (-=AU(z)) dx
R? IR2
B ,0U 0*U
B _/ e oz
9 , 0°U oU
—/R2 VU (z)] d:C—l—/sz 523007 Bl dx
VU2

:/]Rz|VU(:v)| d:v—i—/]R2(x-V)( o) dr
=0

provided U is smooth enough and such that |z|VU(x) tends to 0 as |z| — 4oco (this identity is

known as Rellich’s identity and is frequently used in Pohozaev’s method for elliptic problems).
In dimension two, the assumption on the decay of VU is not satisfied. One has therefore

to take asymptotic boundary terms into account. Assume that z — (1 + |z|)p(z) is bounded

in L'(R?).

x x—y

T T )Py dy
o T~ ey P

1
< lylp(y) dy
2n|z| S o =y

T 1
VU@ + 5 [ ot ] = 5

since

s
ERRERTR

z T—Yy

Ja2  Jz—yP?
Then
X
VUG) =~z [ [ ) dydo- (14 o)
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as |z| — +oo if f has a compact support. Integrating over a ball of radius R and taking the

. do () / wle®) o o)

R—+0o0 Jop(0,R) 2rlz| Jge |z —y

/RZ <x . VU(:E)) p(e) dr = lim (_ /aB - % do(z) + /aB<o,R> '“"M da(az))

(5.2)
(// flz,v dxdu)
R2x R?
This proves that

//RZXRZ f(z,v) |v|2d:cdv:/ <x VU0> I__(//szmz z,v d:cdv)

When Uy is harmonic,
M2
// f(z,v) |v)? d:cdv:2/ Uo p(z) de — — ,
R? x IR? R2 47

with M = [ [p2, g f(z,v) dedv. These results are still true even if p has a non compact

large R limit gives

support.

Proposition 5.1 : Let Uy > 0 be such that « — % belongs to L°°(IR?). Assume that f is a L' N L>(IR?)

nonnegative stationary solution of the Vlasov-Poisson system such that

// f(z,v) (|z|* + [v]?) dedv < +00
IR? x IR?

and p(x) = [p. f(x,v) dv satisfies: © — |z| - p(x) € L**¢(IR?) for some € > 0. Then
M2
// f(z,v) |vf? dedv = / (x - VUy) p(z) de — —
IR2 x IR2 1R2 47
with p(x flR2 x,v) dv and M = flR2><lR2 f(z,v) dedv.

Proof of Proposition 5.1 : It relies on Lebesgue’s theorem of dominated convergence and on

Equation (5.1) which is still true even if f has a non compact support: assume that

T
[ o) |vu) + 2 | p(y)dy\
dB(0,R) 2n|z)? J g2

</ do()/ lyle(y) d_/ / Wle®) 4
dB(0,R) 2rlz| g2 |7~y S1 R? |RV—3/|

as R — +oo. On one hand,

. €T - M% 2
/BB(O,R)<( |Z|U)2 _( 2|;|‘$‘ ) >do—(ﬂc)

<)
9B(0,R)

M =z M =z
Ut 22 do(@) [Jo- (VU — =2 )| p .
VU + o PE o(@) -[le- (VU — 5 |x|2)||L (9B(0,R))
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This can be evaluated by

[EREa !
- &~
27T| |2 L>(0B(0, R)) 2
and ( )
- (x—y
2 Ull|f o = _ d
||z - VU||L=B(0,R)) = Iju_p [ ey p(y) y}
y-(z—y
= sup M+/ (72)p(y) dy}
|z|=R r |zl
<M+ sup/ i p(y) dy}
e|=rJm2 [T — Y|
using

Y y Y
/ £l p(y)dyz/ £l p(y)dy+/ £l p(y) dy
R? |I - y| |z— y|<1 |'r - y| lr—y|>1 |I - y|
<li—I| 2

ol 5 oy WPz s + W)l 0.0 -

On the other hand,

1 1
[l (—|VU|2 !
9B(0,R) 2 2

1 M

<5 U+ ———=|d . U— .

- 2/@3(0,R> VUt o | 7@ il (V o |x|2)||L (OB0.7)
M M

< — VU + 5= | do(z) .
T JoaB(0,R) 27 |x|

Equation (5.3)has still to be proved. It relies on the

Lemma 5.2 : Let g € L*(IR?) be a nonnegative function such that

/ g()dy<—|—oo
r> 1Yl

Then

lim/ du/ MdyzO.
R—o0 g1 R2 |RV—y|

Proof of Lemma 5.2 : Since
d _
/ dv / 9(y) dy :/ 9w
g1 27 Jpe |Rv —y r2 |Rvo — vl

w) = [ 5 atlu).

it is enough to prove the lemma when g is radialy symmetric.

Vir) = /}R 9(y) dy

2 2m|rvg — y

for any 1 € S1, provided

Q|
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is a solution of
1dadv
rdr dr
dVv
= (0)=0
dr( ) ’

B 9(y)
V(0) = /JR 2yl d

——)=7,

Since

dVv 1 o
%(7‘) =2 sg(s) ds ,

there exits a limit

Thus . .
V@_V@—/ %/ 25(4) dt ds
o’ OT “+o0 (54)
1
:V(oo)—i-;/ §()d8+/ g(s) ds ,
0 r

and

[ " _ 9@ . ~

;/0 sg(s) ds| < /0 g(s) ds —/(OT) 2yl dy—0 asr—04.
Taking » = 0 gives therefore V(co) = 0. 0
Remark 5.3 :

(i) Lemma 5.2 is the analogous in dimension N = 2 of Newton’s identity. Equation (5.4) can

aw a(v) o
/]Rz g Y= /,R max(el, ) @ VR

(provided 7 is radially symmetric).

also be written as

(ii) If the stationary solution is a strong solution that can be approximated by strong (even-
tualy time dependant) solutions of the Vlasov-Poisson system with compact support,
then the result also holds without the assumption that z — |z| - p(z) € L?*<(IR?).

5.2 The evolution problem

This result may be extended to the evolution problem. On one hand, for a smooth and

sufficiently decaying at infinity solution,

%//szm ft,z,0) (- v) d;cdv_//wxw flt,z,0) vf? d:cdv+/R2 (x.(VU+VUO)) p(t,z) de =0,

(5.5)
and on the other hand (apply Cauchy-Schwarz inequality to =/ and xv/F),

(// twv(xvd:vdv) // ft,z,v) |v)* dedo - // f(t,z,v) |z* dedv ,
R2 x IR? IR? x IR? R2 x IR?
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which is bounded since the kinetic energy and the external potential energy are bounded for
any t > 0 (we assume here that Uy is harmonic). This can be proved with the same method as
in Section 1, Equation (1.3). The energy estimate gives (see Section 3 and Equations (2.3)
and (2.5))

[ swenRdsoso [ ool s [ peavies) a
R?xIR? R? R?
< // fo(z,v)(Jv]* + polz|® + U(t = 0, )) dadv .
R2 x IR?

Then, as for Equation (1.3),

M? 2M Ink
/ p(t,x)U(t, z) de > —2—1 nk— —%/ p(t,2)|z|? dz
R? ™ IR?

for some k > /e. Taking now k = k(py) > /e such that

2M Ink  po

TR 2
we get

M2
/ / (b, 0)of? dedo + 22 / p(t, @)l d < 2o + 5 In k(po)
R2x IR? R2 7T

which gives a uniform (in ¢t) bound on [ [p., g f(t 2z, 0)(|v]* + [2]?) dadv.

This proves that

f(t, z,v) (z-v) dedv— (s,2,0) |v|* dedv + (2Uy — %) p(s,x) dx | ds
//R?><R2 /(//132x132 / 4m )
_//132XJR2 Fol@,v) (@ - v) dudv

(5.6)
and then

i L] e o [ s ponrae) as= ([ [ ptao deae)

For a strong solution, i.e. a solution such that (see [Pe2])
>0 Vt>0 // it 2, 0)(Jo]* T + |2)*T°) dedv < +o0 (5.7)
IR? x IR?

Equations (5.5) and (5.6) are still true. For example, solutions corresponding to initially
compactly supported distribution functions are strong solutions (see Section 4). Property
(5.7) is in fact true if it holds for the initial data, and it is also possible to prove the following

lower order moment estimate (see [C] for a detailed study in dimension 3):

Lemma 5.4 : Let Uy € W2 °(IR?), Uy > 0. Assume that f is a weak solution of the Vlasov-Poisson system

loc

corresponding to a nonnegative initial data fo € L*(IR? x IR?).
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(i) If Uy is such that x — fklljg‘;' belongs to L>(IR?) and if for some € > 0,

[ e o 4 jafe) dado < 400,
IR? x IR?

then for any t > 0,
// ft, 2, v)(Jo]*T + |2|*T°) dedv < +oo . (5.7)
IR? x IR?

(ii) If Uy is such that x — 1v+—[|J;c’| belongs to L (IR?) and if for some m € [1,2],

// fo(z,v)(Jv]? + |z|™) dzdv < +o0 ,
IR? x IR?

then for any t > 0,

// ft, z,0)|z|™ dedv < 400
IR? x IR?
provided t — [ [ f(t,z,v)v|* dzdv is bounded.

(iii) If x — ff'g'% belongs to L™ (IR?) and if

// fo(z,v)(Jv]* + |z|*) dedv < 400 ,
R2 x IR?

then for any t > 0,
// ft,z,v)(Jv]? + |z]?) dedv < 400 .
IR? x IR?

Proof of Lemma 5.4 : Let

I(t):// ft,z, )|z dedo
R2x R?

0= [ [ o dodo,
IR? x IR?

K(t)://]R2 Sl dado.

||—O ||
— oo 2 .
Po 1 | | Lo (IR2?)

We will prove the estimates only for smooth solutions. Using truncations (like |z|?*¢ for
lz| < R, R?**¢ for |z| > R instead of |z|?*¢), it will then be easy to check that they still hold
for weak solutions. As usual, if we multiply the Vlasov equation respectively by |z|>*¢ and
|v]2Te, we get

dl
Goera [ [ el do

<(2+¢) (/ /1R2 e ft,z,v)|z|*te dxdv) o (/ /1R2 e ft,z,v)|v/*te dxdv) o (5.8)

~e+2)(10) - (7o) -
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‘fl_‘t] = (2+¢) [/ /lR?><1R2 F(t, 2, 0)|0) (VU (z) + VU (¢, )) - v) dzdv}

1+e

<(@2+e) {p0<||f||;_$gR2) + (1(t>)2—#> <J(t)> o (5.9)

+/|VU(t,:v)|- (/]sz(t,x,v)|v|l+5 dv) d:v] .
dJ

i —(2+¢) [/ /1R2x1R2 f(t,z,0)|v]* (VU (x) + VU(t, x)) - v) dmdv}

< 0+9) oo (1, + (1)) (500

Case (i)

14e

UL e ||VU<t,.>||Lm<R2>(K<t>) }

—¢ (IR?x IR?)

: L t? . I/CO(R2) = 77 ﬁ i? . 245 (R ) )

with

and (interpolation inequality — see Appendix B)

247
4+n

2+
||p(t")||L2+g(R2 <C ||f(77')||Loo(lR2><lR2) (/‘/R?le?f(t,x,v).'U' ndxdv> )

for some C >0 (not depending on 5 > 0, small). Hélder’s inequality gives

//32le2 ft,z,0)- o dedv < (//R,?xmc? ft,z,v)- v da:dv>9~</ /32le2 [tz v)-|v*+e d:cdv)le

with 6 = 1 — 2 €]0,¢[. Plugging these estimates into (5.8) and (5.9) and using the bounds
on K(t) obtamed in Section 1, one can prove that I(t) and J(¢) have an at most exponential
growth in ¢.

Case (ii) : The same computation holds with m = 2+¢ € [1, 2], except that we have to estimate

(5.9) using directly an interpolation inequality:

/IVU<t7w)I : (/R2(f(t,:c,v))1/’“ (Ft ) ot du) dz

1/k 1-1/k
§/|VU(t,:c)|-(p ) (/ f(t, z,v)|o|™ i 1dv> dx

< IVU Mpocme) - 1o parn ey - 1FE - "D FT] pramam (re xme)
provided 1+ %+ 1 =1. Thus (see Appendix B),

1/2 1/2
190t Mgarn gy + 11 oy Dol D FT | s e ey < O - ol 12 gy - 1 (o Dl I oo oy
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for some constant C > 0, provided

=————€]0,1]

q 1 m+1 1
_:2 d _
i and 7 1 2%

(take for instance k = 52~ +1). Since p(t,.) € L' N L*(IR?), VU € LP(IR?) for any p €2, +ool:
L+ 141 =1if and only if m < 3 (which is of course true if m € [1,2]). The conclusion then

holds as before:
dl

() =m

dl
dt( ) < m{ﬂ0<||f0|L1 R?x R?) +Im>J1 Um L oK~

Il 1/m Jl/m,

1+m

Case (iii) : m =2, e = 0. Estimate (5.9) is now replaced by the usual energy estimate:

< // fo(z,v)(Jv|> + U(t = 0,z) + 2Uy(x)) dzdv
IR? x IR?
and like in Section 1 (Remark 1.2, (ii)), we get
J(t) < C(1+I(t))
for some constant ¢ > 0 which depends only on f,. O
As a consequence, we have for strong solutions the following proposition, which general-
izes one of the properties obtained by J. Batt in [B].

Proposition 5.5 : Let Uy € Wli’coo(BQ), Uop > 0. Assume that f is a nonnegative strong solution of the

Vlasov-Poisson system. Then

%//]szmf(t,x,v) (x-v) dzdv—//]RZXRQf(t,x,v) |v? d:cdv+/]R2(x~VU0) p(t,x) de = ]Zj (5.5)

//,RQX,RQ ftav) (@-v d"’”d”—/ <//R2X]R2 5,2,V |U|2d:cdv+/ ((x~VU0)—%) p(s, ) d:c) ds
:/~/11%2><R2 fo(x,v) (z-v) dedv .

(5.6)

Remark 5.6 : Other moment estimates are easily obtained (see also [LP3], [Pe2], [C]): for

example, if Uy is harmonic, then

/;OO dt //WXW (Iac|2|v|2|3;3(gc-v)2 _ %' (VU (t, ) +VUo(x))> ft,z,v) dedv < 400 ,

which is easily proved by multiplying the Vlasov equation by (T;T) and integrating with

respect to ¢, z and v.
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Part 11 :

2d time-periodic solutions

1. Introduction : some classifications results and a model for time-periodic solutions

Since the problem for stationary solutions is easier than for time-periodic solutions, we
present first some classification results for the solutions of the stationary Vlasov-Poisson
system. We extend then the ideas developped for these solutions to the time-periodic case.
A detailed version of these result is given in Appendix C.

Section 2 of this part is devoted to the study of a subclass of these time-periodic solutions.

1.1. A classification result for stationary solutions

We first explicit the special class of solutions satisfying the weak Ehlers & Rienstra ansatz
(see [ER], [BBDP]), and then give a factorization result which proves that these solutions
are in fact the generic ones that have a radial spatial density.

It is easy to realize that any distribution function depending on z and v only through
the quantities

E(z,v) = %|’U|2 +U(z)+Up(z) and F(x,v)=zAv

(we shall say that f satisfies the weak Ehlers & Rienstra ansatz) i.e. such that
F(z,v) = h(B(z,v), F(z,v)) (weak ER)
for some function h: IR x IR — IRT, is a solution of the stationary Vlasov equation,
v 0f — (U (x) + 0uUo(x)) - B f = 0 (sV)
provided U is radially symmetric. The problem is then reduced to the Poisson equation
~AU = H(U,z) |, (P)

where H(U,z) = [,/ dsi [12ds, h(2E2 4+ U7 sylz)). Tt is then not difficult to give existence
results for such a class of solutions. An interesting point is the fact that these solutions
are the most general one can construct (up to some regularity assumptions and a technical
non-resonance criterion) that have a radial spatial density.

To be more precise, assume that (f,U) does not depend on ¢ and that U is radially

symmetric, ie. that there exists a function u: R* — IR such that
Uz) =u(lz]) VazelR?. (S1)
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The factorization result, known as Jeans’ theorem (see [BFH] and [Dol-5] for various ap-
plications to kinetic equations in plasma physics), gives the form of the generic smooth
solution.

The weak form of the result says that the averaged distribution function f defined by
f(a,v) = [,cq f(|z] - v,v) dv for all (z,v) € R? x R? satisfies (locally w.r.t  and v) the weak
Ehlers & Rienstra ansatz: for any (wo,vo) € supp(f), there exist a neighbourhood v and a

function A : R? — Rt such that

f(z,v) = h(E(z,v), F(z,v)) V(z,v)€V. (weak ER)

If moreover a non resonance condition is satisfied (see Appendix C for a precise state-

ment), and provided f is continuous, then the factorization result holds for f:
f(z,v) = Flz,0) V(x,0)eV.

A sufficient condition for these two results to be global is r — r3(% + 4%) is monotone

increasing : in this case, one may take V = IR? x R2.

1.2. Time-periodic solutions

For time-periodic solutions, we may proceed exactly in the same way. Consider now
1
E(t,z,v) = §|v|2 +U(t,z)+ Up(z) and F(x,v)=zAv.

The same kind of factorization result as for stationary solutions (under regularity and non
resonance assumptions) shows that a time-periodic solution of period T such that the average
over one period of the self-consistent potential is radially symmetric satisfies a factorization
property, which is global w.r.t. ¢+ and local in the phase space k2 x IR2. If it is global, then
the factorization result may be written as: there exists a function g : IR x IR? — IR* such that

for almost all (¢,z,v) € [0,T] x supp(f),
ft,z,v) = g(t, E(t, z,v), F(z,v)) .

A detailed version of this result is given in Appendix C. In the following, we will make one
more assumption and assume that g does not depend on t. The class of solutions we shall
consider is therefore defind by: there exist constant 7> 0 and a function ¢ : R?> — IR* such
that for almost all (t,2,v) € IR x IR? x IR?,

flt,z,v) = g(E(t,x,v), F(x,v)) and f(t+T,z,0)=f(t,z,v) . (weak ER)
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In the next section we will prove that under a technical but generic assumption, the

solution satisfies the (strong) Ehlers & Rienstra ansatz
f(t,il?,l}):g(E(t,I,U)—WF(CC,’U)) (ER)

for some function g and for w = 2¢. In that case, exactly as in the paper by J. Batt, H.
Berestycki, P. Degond & B. Perthame [BBDP] (devoted to the study of the 3d-solutions of
the gravitational Vlasov-Poisson system satisfying the Ehlers & Rienstra ansatz) the Vlasov
equation is reduced to

Ut x) —w(Az -V, U(t,x)) =0,

where the linear operator 4 is such that v-Az = xAv for any (z,v) € R?x R?: A(x1,22) = —(72,71)
in a cartesian system of coordinates.

f and U are in a solid motion of rotation around the z-axis with a constant angular
velocity w and take the following form

[v — wAzx|?

2 2
5 + Uo(z) +w<e““‘x) - %lez) and  U(t,z) 4 Up(x) — “’7|;,;|2 — w(e“’tAa:> 7

flt.z.0) = o
and the problem is reduced to the nonlinear Poisson equation for w
—Aw +2(py — w?) = G(w)

with G(w) =7 [ g(s) ds (we assume here that Uy is an harmonic potential).

We may first mention that such a formulation provides a very simple way for constructing
time-periodic solutions to the Vlasov-Poisson system: since the equation for w does not
depend on z, for any solution w, w, defined by z +— w,(z) = w(z + 7) is also a solution for any
7 € IR?, which clearly does not have the same symmetry properties as w (see Remark 3.2).
Thus the potential U and the distribution function f are time-periodic solutions which are
not radially symmetric and depend therefore explicitely of t. We will also consider the case
where the confining potential Uy is not radially symmetric, and exhibit a branch of solutions
that have a logarithmic growth, starting from the solutions that are radially symmetric up to
a translation. These solutions are time-periodic (and generically explicitely time-dependent
(i.e. non stationary) solutions. Adequate conditions on G ensure that they have a finite mass.

But this part of the paper will be mainly devoted to the class of nonisotropic solutions

with quadratic growth, ie. the solutions such that
w~ 8022 + (1 — 0)z2)  as|z| — +oo

for some 6 € [0,1], (z1,22) beeing a system of cartesian coordinates of € R?. In [BBDP], the

solutions that were considered were 3d-solutions of the gravitational Vlasov-Poisson system
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corresponding in the 2d-case to solutions such that # = 0 or 1 (1d-solutions), or such that
0 = 1 (radially symmetric solutions). We will adapt their results to the 2d-electrostatic
Vlasov-Poisson system with a confining potential (Section 3, Proposition 3.4: existence of
1d-solutions, and Proposition 3.5: existence of radially symmetric solutions), but also study
the general case: 6 € (0,1), 6 # 3.

The spatial density (t,z) — [, f(t,#,v) dv is, up to a rotation of angle wt given by

G(u(:z:) + g|x|2> = G<v(a:) +6(023 + (1 — 9)1:3)) ~ G(é(eﬁ +(1— 9)1:3)) as  |z| — +oo.

It belongs to L*(IR2) if s — G(s) is sufficiently decreasing for s — +o0o. Note that the asymptotic

behaviour of « for such solutions is
u(z) = 0(0 —1/2)(z] — 23) + o(|z]*) as |z] — 400, (1.1)

for any 6 belonging to [0,1], which corresponds to a non standard asymptotic behaviour (see
Theorem 3.3: asymptotic behaviour, necessary conditions for the existence of time-periodic
solutions and consequences).

For this study, our main mathematical reference is a paper by J. Batt, H. Berestycki,
P. Degond & B. Perthame [BBDP] (three-dimensional Vlasov-Poisson system in the gravi-
tational case). Compared to it the main results of this paper are the following:

- the class of solutions is larger (¢ € [0,1] instead of & = 0,3 or 1) and the symmetry as-
sumptions are weaker ("weak” Ehlers and Rienstra ansatz instead of "strong” Ehlers and
Rienstra ansatz) — roughly spoken, we prove that it corresponds to the class of the solutions
that are in a solid motion of rotation with a constant angular velocity and such that the
self-consistent potential has an at most quadratic growth,

- since the confinement of the particles is due to an external potential and not to the self-
consistent potential (the force between the particles is repulsive), it is possible to perturb
it and build a branch of solutions starting from the radially symmetric solutions (up to a
translation),

- the asymptotic boundary conditions are systematically explored; choosing a quadratic
growth for the self-consistent potential (like in BBDP]) is not absurd (one has to keep in
mind that the model corresponds to the study of a beam locally near its axis, as shown in
Appendix A).

The study of the stationary solutions has been neglected. Most of the results for time-
periodic solutions are easily extended to the stationary case by simply taking w = 0. One
has also to refer to J. Batt, W. Faltenbacher, & E. Horst [BFH] for this point. An attempt
of a general classification of the time periodic solutions by the mean of Jeans’ theorem is

presented in Appendix C. Ideas , which are very popular among astrophysicists (see [Dol-2]
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for a review) have been introduced from a mathemati cal point of view in [BFH], from which

some notations are taken.

2. The Ehler-Rienstra ansatz for time-dependant solutions

In the rest of the paper, we will consider the special class of solutions of the Vlasov-

Poisson system that are such that
f(t,il?,l}):g(E(t,I,U)—WF(CC,’U)) (ER)

(this ansatz will be referred as the Ehlers & Rienstra ansatz) for some w € R, and where E
and F are defined by
E(t,z,v) = %|U|2+U(t,$)+UQ(SC) , (2.1)

F(z,v)=xzAv. (2.2)

Such solutions are also called in the physical literature ”locally isotropic solutions” (see
[ER]). Before studying these solutions in details, we will notice that this class of solutions
corresponds to a a priori larger class of solutions, the class of solutions satisfying only the

weak Ehlers & Rienstra ansatz i.e. such that
f(t2,0) = h(E(t,2,v), F(z,v)) (weak ER)

provided they are explicitely time-dependant. This result will be important in view of an
attempt of classification of all the time-periodic solutions of the Vlasov-Poisson system given

in Appendix C.

Theorem 2.1 : Assume that (f,U) is a solution of the Vlasov-Poisson system satisfying the weak Ehlers
& Rienstra ansatz with h a nonnegative function of class C? defined on IR? such that {(E,F) € IR*
Sh(B,F) = 0} is a finite union of 1-d C* manifolds, and such that x — p(t,z) = Jge f(t,z,0) dv is a
nonnegative continuous function with meas ({:C € R? : p(t,x) = po})z 0 (Up is an harmonic potential
such that Uy(z) = £ |x|*, where pq is positive real constant). Assume that ,U # 0. Then there exists an
w € IR such that f is time-periodic of period %’r, f satisfies the Ehlers & Rienstra ansatz, and there exists
a C? function g such that
h(E,F) =g(E —wF) .

Moreover f and U may be written in the following form

|[v — wAx|?

f(t,x,v)—g< )

+ Up(z) + w<e‘”tAx> - %2|x|2> . (2.3)
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Ult,z) = w<e‘”tA:17> ; (2.4)
where w is a solution of the nonlinear Poisson equation
—Aw+2(po —w?) =p, (2.5)

and A is the linear operator such that v- Az = x A v for any (z,v) € IR? x IR.

Proof :

1) A simple computation shows that
ou
(9 0+ 0.~ @.U(t2) + 0,00la)) - 0, ) Blt.0) = L 1.0).

2) Let (z1,29) be cartesian coordinates of = € IR?, so that  Av = z,vs — x2v1, and denote by A

the linear operator such that Az is represented by (—z2, ;). Let us define F by :
Fz,0) =z Av=(v- Az) .
Then, with these notations
(at + 00y — (0:U(t, ) + 0, Up(2)) - 8U>F(x, v) = —(Az -V, U(t,x)) .

3) If f satisfies the weak Ehlers & Rienstra ansatz, it is therefore a solution of the Vlasov

equation if and only if

Oh

35 (E(t,x,v), F(z, v)) -0 U(t,x) — g—;; (E(t,x,v), F(z, v)) (Az -V, U(t,z)) =0. (2.6)

If w(B,F)= (%/%)(E,F) , then
QU (t,7) — w(E, F)(Az - V,U(t,z)) = 0.
Since U is a solution of the Poisson equation and does not depend on v,
(z,v) — w(E(t,z,v), F(z,v))

is locally a constant on R? x R*\Y, with ¥ = {(z,v) : 2&(E(t,z,v), F(z,v)) = 0}, and (IR* x R?)\S

is connected. Let us prove it.

4) According to the assumptions on h, one may assume either that there locally exists a C!

function E +— F(F) such that
oh

5F (E,F(E)) =0, (Case 1)
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or that there locally exists a C' function F ~ E(F) such that

oh

8_E<E(F)’F> =0, (Case 2)
on {(E,F) e R* : 2%(E,F)=0}. Let us look at the first case. According to the expressions
of E and F given by equations (2.1) and (2.2), either

z-v=0,

or one can (locally) find a function E + v(E) = (v1(E),vs(E)) (with values in R2) such that

dv1 + dvg -1
WaE T "aE T
dv1 dvg dF

g T MdE T dE -

and ¥ is therefore tangent to

d
Vect(é) x (VU + VUp)™*

provided VU + VU, # 0, or to
dv
Vect(ﬁ) x Vect(T)

if VU + VU, = 0. Here 7 is the unit tangent vector to the set {x € R? : VU(z) + VUy(x) = 0}.
It is well defined since it is a unit vector belonging to Ker(D?*(U + Uy)) if D*(U + Up) # 0, or is
defined by continuity if D?(U + Uy) = 0. If D*(U + Up) = 0 on a neighbourhood Vv, then

02U 02U
a—w%‘i-pozo and a—w%‘i-pozo OnV,

which would imply that p = py on V, in contradiction with the assumptions on p.

In case 2, the proof is exactly the same except that one has to exchange the roles of
E(t,x,v) and F(z,v), E(F) and F(E).

¥ is therefore contained in a finite union of manifolds of dimension 2: (IR? x R?)\Y is

connected.

5) For all t € R (x,v) = w(E(t,x,v), F(x,v)) is a constant. Obviously, w does not depend either
on t: w=w(E, F) is therefore almost everywhere w.r.t. (E, F) equal to a constant, which we

still denote by w, when E, F belong to the set
X ={(E,F) : E=E(t,z,v), F=F(z,v), (t,2,v)€ RxIR*xIR*}.

On X,
oh oh
OF ~ TOE
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so that there exists a function ¢ : R — IR such that
h(E,F)=g(E —wF).

6) Equation (2.6) now reads
0U — (wAz) -V, U =0,

which is solved by
Ult,z) = w(e“’tA:r> , (2.4)

where w is a solution of the Poisson equation
—Aw+2(p0 —w?) = p, (2.5)
and replacing E and F by their values expressed in terms of w and w :
E(t,z,v) = @ + Up(x) + w<e“’“‘x> .

F(z,v) = (Az - v) .
gives for f the expression

|v — wAx|?

f(t,x,v)—g< )

+ Up(z) + w<e‘”tAx> - %2|x|2> . (2.3)

3. The nonlinear Poisson equation and time-periodic solutions

This section contains the main results of the paper. Theorem 3.3 (Asymptotic behaviour,
necessary conditions for the existence of time-periodic solutions and consequences) and The-
orem 3.7 (Existence of time-periodic anisotropic solutions with finite mass) are completely
new results. They present a priori considerations on the asymptotic behaviour of the solu-
tions, and existence results for a new class of solutions, which includes the solutions given
by J. Batt, H. Berestycki, P. Degond & B. Perthame in [BBDP]. These solutions have the
property that they are explicitely time-dependant and may have a finite L'-norm (mass),
which was not the case for the solutions given in [BBDP].

The other results of this section (Proposition 3.1: equivalence with a nonlinear Poisson
equation, Proposition 3.4: existence of radially symmetric solutions and Proposition 3.5:

existence of 1d-solutions) are more or less an adaptation of some of the results given in
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[BBDP] (for 3d-solutions of the gravitational Vlasov-Poisson system) to the 2d-solutions of

the Vlasov-Poisson system with a confining potential.

First of all, if f satisfies the Ehlers & Rienstra ansatz, we can give a complete char-
acterization of the time-dependant solutions of the Vlasov-Poisson system in terms of an

equivalent nonlinear Poisson equation.

Proposition 3.1 : (Equivalence with a nonlinear Poisson equation) Assume that g belongs to L*n\W 1 (IR),
x IR%)) x
CY(IR; W2 (IR%)) of the Vlasov-Poisson system satisfying the Ehlers & Rienstra ansatz (f, U are weak

loc

that g is nonnegative and not identically equal to 0. (f,U) is a solution in C°(IR; L*(IR>

x,loc

solutions respectively in the sense of the characteristics as defined by R. DiPerna & P.-L. Lions in [DPLI],

and in the sense of the distributions) if and only if there exists a solution w € W2 (IR?) of
—Aw +2(py — w?) = G(w) , (NLP)

with G(w) = waoo g(s) ds. The relation between (f,U) and w is given by Equations (2.3) and (2.4).
x — p(t,x) is locally Lipshitz, and U belongs to C*(IR x IR?).

Proof :
1) Assume first that (f,U) is a solution of the Vlasov-Poisson system satisfying the Ehlers &

Rienstra ansatz. According to this ansatz
g (E —wF) - (8tU —w(Ax) - VU) =0,

with
_ 2 2
(B —wP)(t2,0) = "= ) U - el

Assume that ¢t and = are fixed, such that x belongs to the support of p(¢,.), i.e. the support of
x— p(t,x) = ft,xz,v) dv .
IR2

Because of the assumptions on g,
{veR* : ¢(E—wF)(t,x,v) # 0}

has a strictly positive measure :

d
EU@’ e vty =0,

so that w(z) = U(t,e “*z) + Up(z) — “’72|x|2 does not depend on ¢ as long as = belongs to the

support of p(t,.). Since

jw|?

ot ) = /ijg<(E—wF)(t,:1:,v)> dv —7r/o+oog<s+U(t,x) + Uo(x) — T) ds
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we get

w 1s therefore a solution of
—Aw 4+ 2(po — w?) = G(w) .

Let us define w on IR?\supp(p(t,.)) by
—Aw + 2(p0 — w2) = _AU|(t,e*“’fAm) =0.

w does not depend on ¢ for any x € IR?, and the first part of the theorem holds.
The other side of the proof is obvious. 0

Remark 3.2 : Since the (NLP) equation does not depend on z, it immediately follows that

for any solution w , w, defined by
wr(r) =w(x+7) VrelR?

is still a solution for any 7 € IR2. This very simple fact allows us to exhibit explicitely time-
dependant priodic solutions as soon as w is not constant, even in the case when w is spherically
symmetric, which means that the corresponding solution (f,U) of the Vlasov-Poisson system
is rotationally symmetric and stationary (see Proposition 3.4). It is possible to consider such
solutions because the domain R? is of course translation invariant and because the boundary
conditions are specified only at infinity. In the following, we will not consider such a cause
of time-dependance (except for the study of 1-d solutions, see Proposition 3.5) since it is a

consequence of the assumption that the confining potential takes the very special form
Uo(x)z%-|:v|2 VoeR?, (H)

but we will concentrate our attention on an other cause of time-dependance, which is much
more fundamental: the anisotropy of the solutions (see Proposition 3.5 and Theorem 3.7)
which is clearly related to the asymptotic boundary conditions (see Theorem 3.3) and to the

asymptotic behaviour of Uy.

The asymptotic condition on the behaviour of the density

limsup p(t,z) =0

|| —+o0

gives a lower bound on




We will see in Proposition 3.5 (Existence of 1-d solutions) that this bound is optimal. Such
an asymptotic boundary condition is far from the usual one

| Ilim U(t,z) = Constant ,

x|—+o0

but we will see that there are no solutions satisfying such a condition.

Theorem 3.3 : (Asymptotic behaviour, necessary conditions for the existence of time-periodic solutions
and consequences)
(i) Under the same assumptions as in Proposition 3.1, there exists a nontrivial (i.e. f >0, f # 0) solution
(f,U) of the Vlasov-Poisson system satisfying the Ehlers & Rienstra ansatz such that
lim sup|, |4 o p(t; ¥) = 0 if one of the two following conditions is satisfied:

either liminf),) 4o % —g Vte R,

or w? < py and liminf |, 4o % = —g VtelR,
where § = py — w?.
(i) If liminf|, 4o Ul(aflf) > —&, then w? < po, and (t,z) — p(t,x) = [po f(t,z,v) dv belongs to

CO(IR, L' (IR?)) if and only if [, G(s) ds < +oc.

(iii) A necessary condition for the existence of a nontrivial solution (f,U) of the Vlasov-Poisson system
satisfying the Ehlers & Rienstra ansatz and such that limsup,_, ., p(t,z) = 0 is w* < po.

(iv) Assume moreover that for some e > 0, (t,z) — p(t,x) = (14 |2|°) [, f(t,x,v) dv belongs to
C(R, L*(IR?)), i.e. O+Oo G(s)(1+ s°/?) ds < +oc. Then there is no solution such that
lim| ;| 4o U(t, ) = Uy for all t € IR, for some constant Uy, € IR.

(v) If imsup|y 400 p(t,2) = 0 and Hmsup, 4o % < +00, or limsup,_ 4 % < oo, where
w and U are related by U(t,z) = w( e**4z ), then there exist § € [0,1] and a system of cartesian

coordinates such that

w(z) = U(t, e“’tAx) = 5(9:0% +(1- 9)17%) +o(jz]?) as |z| — 4o0. (1.1)

Proof :

Since G is positive decreasing and not identically equal to zero, and since
plt.) = GU(Lx) + ) with 6= po—w?,

the condition

limsup p(t,z) =0

o] —>-+00
is equivalent to
1)
w < liminf w(z) = liminf (U(t,e_“’tAx) + §|ZC|2) )

|z|—+00 |z|—+o00
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with
w=inf{w e R : G(w) =0} €] — oo, +00],

a condition that is obviously violated if

Ul(t )
lminf 202 o 0 yie R
|z|—+o00 |J?|2 2
If lim inf ;4o Ul(;[;ﬂ) = —g > 0, then w(z) = U(t, e “*z) + g|x|2 is such that

A ]~ w) = ~G(w) <0

and

)
Slel? —w)=3 <0

lim sup 5

|z|—+o00 |I|2(

implies that
) 1
()= sup (5laf? =) = ~F? it (Glef* )

is such that there exists a sequence (R,).cn satisfying

lim R, =400 and h(R,)= ngL — —00 .

n—-+0o0o
Applying the Maximum Principle, we obtain for all n € IV,

5|x|2 —w(z) <h(R,) YzeB(,R),

which is impossible :

lim inf Uft, z) _ 9

|z|—+00 |$|2 2 -
which proves (i).

Assume now that liminf|,_ e % >—2>0.

lim sup | 1|2(é| | —w) = — liminf i, z) <0

|z|—+o0 |z —+o0 |$|2

and
0 12
—A(§|x| —w)=-G(w) <0

again imply that

w(z) > g|x|2+R2 inf Ut o) VzeB(0,R), YR>0,

lz|=R |z|?

which also gives a contradiction, and proves that

> —— == w'<po,



which proves (ii).
(iii) is an immediate consequence of (i) and (ii).

(iv) is easuly deduced from the asymptotic equivalence

4] M
Ult,e “"2) =w(z) — =|z]* ~ ——In|z| with M = / p(t,x)deVte R.
2 27 R2

Assume that a system of polar coordinates (r, ) is given, and define @ by
W(r, ) = r*w(r~t cosp,r ! sing)

for all (r, ) €]0, +00[x[0,27[. @ is solution of

o L0 0w
— 4+l 4

w
aT 87‘2 8—¢2_26_G(T_2)N25 aS’I"-’O—f—.

4w — 3r

Because of the asssumption

lim sup w(:z;)
|z|—+00 |£L'|

the function a = @(0,.) : [0,27[— IR such that

= Const ,
w(r, ) ~a(p) asr — 0+

satisfies the equation

Up to a rotation

)
w(r™t cosp, r !t sing) ~ r72(ag cos(2p) + 5) asrT — 0+,

for some ao € R, and because of (i), the condition

lminf 200 5 0 e
|z|—+o0 |.’IJ|2 2
implies that
1)
ap S 5 .

Thus, there exists a constant ¢ € [0,1] such that
w(z) = 6(0x 4+ (1 — 0)a2) +o(|z*) as |z| — 400

in a well choosen system of cartesian coordinates.
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We will now study the problem of the existence for different classes of solutions charac-
terized by their symmetries and the corresponding asymptotic behaviour, and give some of
the properties of these solutions.

We begin with radially symmetric. These solutions are time-independant (except if they

are translated: see Remark 3.2), but may have a finite total mass

M:// ft,z,v) dedv .
IR? x IR?

Exactly as in the paper by J. Batt, H. Berestycki, P. Degond & B. Perthame ([BBDP]) we
will also study 1-d solutions that may be non stationary time-periodic solutions (even when
they are not translated), but are always of infinite mass (Proposition 3.5).

The last result of this section will be devoted to solutions intermediate between the
ones of Proposition 3.4 (radially symmetric solutions) and the ones of Proposition 3.5 (1-
d solutions), which appear to form (Theorem 3.7) a new class of solutions (as far as the
author knows). These solutions have the interesting property that they are time-periodic
non stationary solutions, and that they may have a finite total mass. They moreover have a

non standard asymptotic behaviour :
U(t,e " x) ~ 60 — 1/2) (22 — 22) + o(|z|*) as |z| — +o0.

in a well choosen system of cartesian coordinates.

Proposition 3.4 : (Existence of radially symmetric solutions)

Assume that G is a Lipshitz decreasing function, such that

lim Gw)=0 and lim G(w) =G> <oo.

w——+00 wW— — 00

For any § > 0,

has a unique solution r — w(r) for r €]0,+o0|. Let us define w by
w=sup{w € R : G(w) >20} if G*>25,

w=—o0 if G <26.

Three cases may occur:

(i) wo = w: then w(r) = wq for all r > 0.
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(ii) wo > w: then w is strictly increasing on |0, +oo[ and

d 0
d—z;}(r)wér and w(r)~§r2 as r — +00.

(iii) wo < W: then w is strictly decreasing on |0, oo and

dw

1 o'} 1 00 ,.2
%(r)wg(%—G )r and w(r)wz(Qé—G ) as r— +o0o.

If g=—1G’, then f belongs to C°(R, L' (IR}

loc

x IR?), U belongs to C*(IR,C?(IR?)) and
1 2 wtA
ft,z,0)=g §|v—wA:v| +w(|e ) ),

Ult,x) = w(le*al)

with w = ++/pg — 9, are solutions of the Vlasov-Poisson system satisfying the Ehlers & Rienstra ansatz
(in the sense that f is solution in the sense of the characteristics as defined by R.J. DiPerna and P.-L.

Lions). f and U are in fact stationary solutions :

Ut,2) = w(lal) ~ Uo(e) + 3 laf? = U(a)

and
Lo Lo 2
ft,2,0) = g(G " +w(ja]) —w(v- Az) + Jw7fel7) = f(z,v)
do not depend on t : f (resp. U) depend only on |z|, |v| and (v - Az) = x Av (resp. |x|). They are
rotationnally invariant: for any T € IR,

Ux) =U(e™x) VaelR?,

(U is radially symmetric)
and

f(z,v) = f(e™z,e™v) Vae R?.
f belongs to L'(IR? x IR?) if and only if G belongs to L*(IR") and wy > .

Proof :
The existence of a solution for any r € [0, +oo[ is obvious since G is bounded, and the other

properties follow from the formula

v _ %/Orr(25— G(w(s))) ds ,

which implies that 42 has the same sign as w — wg, and that

0< (20 — G(wp))= < <doér if wy>w,
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and
dw

0<(20-G®)35 <= <

T§(26—G(w0))g i wo <.

The behaviour when r — +oo then follows:
if wy > w, then lim,_ ;. w(r) = 400 and G(w(r)) — 25 ~ —24.
if wy <@, then lim, ., w(r) = —co and G(w(r)) — 25 ~ G> — 26.
if wy =w, then w(r) = wo.

The rest of the proof is a simple computation. O

Remarks :

1) for radially symmetric solutions, U has a logarithmic growth:

U<t,e_“’tA:17> =w(|z|) — g|x|2 = —%l, |z| as|z| = 400

since —VU (t, e “tr ) == #[OI‘TG(’LU(T)) dr.

This property is characteristic of the radially symmetric solutions among the class of the
solutions considered in this paper (see Theorem 3.7 and Remark 3.8).
2) Using the fact that the equation —Aw + 2§ = G(w) is obvoiusly translation invariant, i.e.
that for any solution w and for any zy € IR?, x — (w(xz+x0) is also a solution, it is therefore easy
to find solutions which are not radially symmetric and therefore explicitely time-dependent.
But the translation invariance is of course strongly related to the fact U, has been choosen

to be an harmonic potential. When this is not the case, see Remark 3.8.

We will now consider 1-d solutions in the following sense: look for a function s+ w(s),

(s € R) solution of
—wtA 0,9 o 2
Ult,e x)+§(x1—x2):w(ac1) Vo= (x1,22) € R”,

with § = py —w?. U is a solution of the Poisson equation if and only if

d*w

e + 20 = G(w(s)) . (3.1)

Note again that this solution is invariant under translations: if w is a solution, then s +— w(s+7)

is also a solution for any fixed 7 € RR.

Proposition 3.5 : (Existence of 1-d solutions)

Assume that G is a Lipshitz decreasing function, such that

lim Gw)=0 and lim Gw)=G* <.

w——+00 wW— — 00
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Let us define W by
w=sup{w € R : G(w) >20} if G*>25,
w=—-oc0 if G*<26.
For any 6 > 0, Equation

dPw

Y +26 = G(w(s))

dw
) ds

has a unique solution for (w(0)
one of the two following properties :
(i) There exists so € IR such that 22 (sg) = 0. If wy = w(so), then 3 cases may occur

o i -
wo Eélﬁw(s) if wy>w

w(s)=wy VYse€R if wo=w

_ £ -
Wo rsxgz)%(w(s) if wy<w

w Is convex in Case 1.a and concave in case 1.c.

(ii) There exists so € IR such that w(so) = W and either

%EO and w(s)=w VseR
or
dw dw dw o
—(8)#0 VseR and (—(s)— —(s0))  (w(s) —w) >0 Vs+#so

ds ds ds

In Case 2.b, w is convex on {s € R : w(s) > W} and concave on {s € IR : w(s) < W}.

Case (ii) occurs only if G > 2§ or if

G* =25 and G(w) =26

(3.1)

(0)) € IR? given. For any § > 0, any solution of Equation (3.1) satisfies

(Case 1.a)

(Case 1.b)

(Case 1.c)

(Case 2.a)

(Case 2.b)

(Case 3)

for some w € IR. In both cases (and when w # w for case 3), lims_, 4o w(s) € {£oo}, and as s — £oo,

if w— 400, then w(s)~ ds?,

N%@a—ewp?

and if w— —oco, then w(s)
In case 3, the same result occurs as s — +00, but as s — —o0, § — %(5) is constant.

If g=—21G’, then f and U respectively defined by

1
fltsz.0) = o 3lo = wAaf + w(era))

and

Ult, ) = w(le*z])
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belong to C°(IR, L, .(IR* x IR?*) and C'(IR,C?*(IR?)), with w = =£+/py — 9, are solutions of the Vlasov-
Poisson system satisfying the Ehlers & Rienstra ansatz (in the sense that f is solution in the sense of the
characteristics as defined by R.J. DiPerna and P.-L. Lions).
This solution is explicitely time-dependant, even if w is a constant function (Cases 1.b / Case 2.a), and
x dw 27

time-periodic of period T' = T in Case (i), when w is even (i.e. when $2(0) = 0) and of period T' = < in

the other cases. f # 0 never belongs to L'(IR? x IR?).

Remark 3.6 : The same results hold in Case (i) even if the condition G* < +oc is not satisfied.

When G = +o0, it is not very difficult to extend some of the results of Proposition 3.4.

Proof of Proposition 3.5 : The formula

%(s) = Z—Z}(So) +25(s — s0) — /05 G(w(o)) do ¥ (s,50) € IR?

and concavity or convexity properties are enough to prove directly the results on w. The

rest of the proof is a simple computation again. 0

Let us notice that the solutions corresponding to Case (i) of Proposition 3.5 are "radially
symmetric” 1-d solutions, i.e. even, up to a translation such that so = 0. We will now exhibit
a third class of solutions, that will be intermediate between 1-d solutions and 2-d radially
symmetric solutions, so that they will be time-periodic (with period Z) and have a finite
total mass. Before giving the result, let us introduce some notations (that have already been
used in the introduction): assume that (z;,2,) are cartesian coordinates of z € R?. Let us

choose 0 € [0,1] and consider a solution v of
—Av = G<v(:c) + Qe) Vo= (z1,12) € R*, (3.1)
with
Qo(w) = 8(02% + (1 - 0)a3) .

Then v defined by

u(w) + glaf? = u(a) + 2% + 23) = (x) + Qola)

is also a solution of
A = Glu(a) + Sfef)

since
—AQy(z) =—0(20+2(1—-0)) =—-25.

It immediately follows that
u(z) =v(z) + 3(29 - 1)(:0% - x%) Vo= (x1,x2) € R?.

53



We can notice that if § = 0 or § = 1 these solutions correspond to the 1d-solutions, and that

if 9 =1/2=1-6, then they correspond to radially symmetric 2d-solutions.

Theorem 3.7 : (Existence of time-periodic anisotropic solutions with finite mass)

Assume that G is a continuous decreasing function, such that lim,,—, 4o, G(w) = 0. Let us define W by
w=sup{w € R : Glw) >26} if G°>20 and wW=-oc0 if G™® <2,

and assume that G belongs to LY(IR") for some q € [1,2[ and is such that f;roo G(s)Ilns ds < +o0. For any
d > 0, any C? solution of
—Av =G(v+ Q) (3.1)

such that inf ¢ g2 <v(a:) + Qg(x)) > w and liminf |, % = 0 is also a solution of

T(U+Q9) :U+Q9 ’
where Qo(z) = Qo((z1,22)) = §(02% + (1 — 0)z3) for all x = (x1,x2) € IR?, the operator T : LS (IR?) —
Lo (IR?) being defined by

Tw(z) = —% - In(|lz — y|)G(w(y)) dy + Qo(x) + wo — I(w) V€ IR?,

with I(w) = inf, ¢ 2 (—% ng In(|z — y))G(w(y)) dy + Qo(z) — qg(x)), ming ¢ r2 (w(x) — qg(ac)) = wg, and

2~ )00 =

qo(z) = (26 — G(wo)) (023 + (1 — 0)23) Va = (z1,22) € R*.

DN | =
N —

Then for any wo > w, for any 6 €)0, 1], there exists a solution v such that

z€IR?

inf (v(:c) + Qo(z) — qg(:zr)> = wp .

Let us define g by g = —+G’ and assume that it belongs to Li, (IR). f defined by

loc

1 1
Flts.0) = 3lo = wAaf + w4l + Una) = 3u?lal))

and

Ult, ) = w(le*z])

respectively belong to C°(IR, Li, (IR? x IR?) and C'(IR, C?(IR?)), with w = 4+/pg — 8, and are solutions of
the Vlasov-Poisson system satisfying the Ehlers & Rienstra ansatz (in the sense that f is solution in the
sense of the characteristics as defined by R.J. DiPerna and P.-L. Lions).

This solution is explicitely time-dependant provided 6 % and time-periodic of period T = %’T (or

T = Z). Under the above conditions, f belongs to C°(IR; L*(IR* x IR?®)) if and only if G, 4co| belongs to
LY (o, +00).
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Proof :

The first part of the proposition is obvious. The last part does not present any difficulty:
the time-dependance property of f is easily derived from the fact that the asymptotic form
of w =v+Qp (as || — +oo) is clearly not invariant under rotations. The solution is by
construction 22 periodic. In fact the proof below also works on the subset of the functions
which are symmetric with respect to the origin, and proves that (f,U) can be choosen Z
time-periodic. We therefore only have to prove the existence of a solution. We will do it in

four steps.

1%t step : more definitions and immediate consequences :

Let us consider the space

X ={w e C°(R* R) : limsup T(ﬁ) < 400},
jal—+oo [
with the norm
w(z)
||w||X = || 1+ |.’IJ|2 ||L°°(1R2) )
and the subset
Kypoc={we X : w(x)~Qo(xr) as |z|]— +oo,

gciemﬂf%2 (w(x) - qg(:v)> =wy, w(r)<C+Qe(zx) Ve lR?}.

The operators Ty, T : X — X defined by

Tou)(w) = ~5= [ e = y)Glw) dy-+ Qo).

and

(Tw)(z) = (Tow)(x) + wo — I(w) Ve R?,
with I(w) = inf, e e <(T0w)(x) - qe(a:)>, are continous on K, ¢, which is a convex closed subset
of x.
(Tw)(z) ~ Qo(z) as |z| — +oo, because [, In(lx — y[)G(w(y)) dy = o(|z[?) as |z| — 400 : I(w) is
therefore well defined and

nf, (o))~ afe) ) = o

z€IR?

2nd step : estimates :

First of all, for any w € K,, ¢, since G is decreasing and wy < wo + go(y) < w(y),

k) =~ [ WGl + g dy
<o [ e -y)Glu) dy
|lz—y|>1
<57 [ e~ )Gl dy
< gn [ e =Gt dy < S
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which gives for 5= In|z| « G(w(z)) the estimate

kwo) < ~5 [ nlle = g6l dy < S50
Moreover
rw) = inf (<50 [ e = yDG@) dy + Qulo) -~ (o))
> int (<5 [ e = Gt dy ) 2 Kwn).
and
Tw— Qs < wo — I(w) — % /]R2 In(|z — y|)G(w(y)) dy < wo — k(wo) + G(Z)O) = C(wyp)

For any C > C(wy), Ku,c is non-empty and stable under the action of 7. In the following,
we shall consider K = K, c(u,) and get a fixed point result on T(K) c K using Schauder’s

theorem.

374 step : a compactness result :

According to its definition, K is bounded for the norm || -||x. For the moment, let us
forget the problem of the non-compactness of IR? and try to apply Ascoli’s lemma. We have
to prove that T(K) is uniformly equicontinous. As in [Drl] or in [BoD], it is a consequence

of the inequality

1 G 1 G
IVTw|| Lo 2y < 5= Glwo + W) —/ Glwo +as(y)) dy
27 lz—y|<1 |I - y| 2m lx—y|>1 |'r - y|
<O 4o [ Gral),
T J|z—y|>1 |$ - y|
—+o0
[|VTw|| oo (m2) < G(wo) + ¢ G(wo + s) ds

0
(with ¢ = 2(6 — G(wp)) - min(0, (1 — 9))) if ¢ =1, and
cl/a +o0 1/q
IVl ey < Gl + 5= ([ 1600 + )1 ds)
with © + 2 =1if ¢ €]1,2[.
Applying Ascoli’s lemma, T(K) would be relatively compact if the functions of K had

been defined on a compact set.

4th step : conclusion :

Since the set K is a set of functions defined on IR?, one has to be careful. Let R be a
strictly positive real number.
1) The operator T#: C°(B(0, R)) — C°(IR?; R) defined by

(TFw)(z) = (TORw)(:c) +wy — I%(w) Ve B(0,R),
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(B = 5z [ lle ~y)GO) dy + Qu(a) Yz € BO.R),

with I(w) = inf e p(o,r) ((Tow)(x) - qg(I)), is continous on the set K# defined by
K" ={wponr : weK},
and applying Ascoli’s lemma, one proves that its restriction 7% defined by
THw = (Tw)|B(O,R)

is such that T®(K%) is precompact : Schauder’s theorem then implies that T# has a fixed-

point on K% in the following sense: there exists a function w? of K such that
(TEwh)(x) = wf(z) Ve B(O,R).
2) We just have to compute the difference between w# and Tw':
0" = Tw®||x < [[w® = Tw®||L=(B(0,r) + [[(W)Be0,r) = (T0)eo,m)]x -

But on one side

InR
R R
c - T c - —
1™ 5e0,r) = (Tw)iBeo,myl1x = O3 +R2)
uniformly in w® € K® as R — +o0, because
In |z|
R R
(w™)1Be0,r) (x) = (Tw™) | pe(o,r) () = O(w)
uniformly in w? € K as |z| — +oc0, and on the other side
[ = Tw®| L (B0, r)) = [|[TFw=Tw"|| (B0, r))
1
<5m sw [ (e - y)iGlwo + aw) dy
T 2eB(0,R) J|y|>R
1
<o |In(ly| + R)|G(wo + go(y)) dy — 0
27 Jiyi>r

as R — +oo. Because of the uniform estimate on |[VT'w|[y =gz for all w € K, up to the

extraction of a subsequence (R,),en such that

lim R, =400,

n—-+o0o
there exists a function w € K such that

wh - w inX asn— +oo,

and using Lebesgue’s theorem of dominated convergence,

Twf» - Tw inX asn— +oo.
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Passing then to the limit, w is such that
[lw—Tw||x =0,

which gives the result. O

Remark 3.8 :

1) The solutions of Theorem 3.7 may have a finite total energy
1 // (|v|* + U(t, z) + 2Uo(z)) f (t, , v) dzdv
2 ) Jr2xme

provided s+ g(s) is sufficiently decreasing as s — +oo. 2)

Last part of the proof shows that T(K) is precompact. An alternative method would be to
apply directly Schauder’s fixed-point theorem to T and K.

3) The question of the uniqueness seems to be more technical than difficult. For example,
assuming that ¢ is decreasing and such that

1 2
s sz [ (o) [l =yl g(uo + o) dy < 27

the operator T is then contracting on the set K. Of course, this only proves the uniqueness
of the solution of the fixed point equation since the asymptotic boudary condition is not
sufficient to determine the location of the minimum. It is for example clear that the solution

of the following fixed point equation

T(U+Q9)ZU+Q95 hmsup%_ov
|| =400

where Qq(z) = Qo(x + o) for some z, € IR? provides a solution to
- _ 0
-Av=G(v+ 5§|:17| )

with o(z) = v(z + z9) and v solution to —Av = G(v + Q) whivh gives a solution to —Au =
G(u+ $|z|?) satisfying the asymptotic boundary condition provided u(z) + §[z[? = 9(z) + Qq(x).
4) Using a developpement of w(x) for |z| — +oco, and the techniques developped in [GNN]
and adapted in [BoD], it is probably not very difficult to prove that up to a translation,
the solution w with the anisotropic asymptotic boundary condition is, up to a translation,
symmetric with respect to the origin and therefore periodic of period Z.

5) Instead of go(z) = 4 (26 — G(wo)) (023 + (1 — 0)z3), we may prove the theorem with

go(x) = qj(z) = e(01 + (1 - 0)a3) ,
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for any e €0, G(wo)[, wo >w. This allows to give an existence result of a solution w such that
Wo > inf e g2 w(z) > w. There exists indeed a solution we for which wg—e = inf ¢ 2 <w(a:)+q§ (w)) ,

for any ¢ > 0 small enough. But the passage to the limit ¢ — 0+ is not clear since

1
kS (wo) = — = In |z — y|G(wo + q5(y)) dy
™ lz—y|>1

is obviously not bounded from below. For the same reason, we cannot apply directly
Lebesgue’s theorem of dominated convergence.
Note that the meaning of w, in Theorem 3.7 is the same as in Propositions 3.4 and 3.5

if € € [1(G(wo) + 26), G(wo)[. The proof is easy. If we denote by w*
w=w—gqj,

then —Aw® = G(w)—25+2¢: —Aw® > 0 if G(wp)—25+2¢ > 0 (this implies indeed G(w(z))—25+2¢ >0
for any = € IR?). Thus, if e € [§— €@ §[, then wy = inf,e g2 w(2) = inf,c g2 w(z) for any solution
w in the sense of Proposition 3.4 or 3.5.

6) The method also applies when the confining otential is not radially symmetric (but has

an asymptotic quadratic growth). For instance, we may consider the case where
__Poy 2
Uo(x) = 7|:c| + Avo(x)

where 1} is a continuous compactly supported radially symmetric perturbation. When the
solution (obtained by the fixed pont method) is unique, this allows to prove the existence of
a branch of solutions (parametrized by X - this can be seen as an implicit function therorem)
and gives an existence result when U, is not an harmonic potential.

It is worth to notice that this provides a branch of solutions starting from the radial
solutions (plus a translation) which may have finite mass, a logarithmic growth, and are

generically time-periodic non stationary solutions.

5. Conclusion and some open questions

First, let us summarize the results obtained in part II.

The Jeans’ Theorem given in Proposition C.2 proves that generically any time-periodic
solution such that its average is radially symmetric in fact satisfies the weak Ehlers & Rienstra
ansatz, provided it does not explicitely depends on time.

But according to Theorem 2.1, any solution satisfying the weak Ehlers & Rienstra ansatz

is time-periodic and obeys to the usual (strong) Ehlers & Rienstra ansatz. The dependance
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in time is obtained through a rotation with a constant angular velocity. Solving the Vlasov-
Poisson system is completely equivalent to solving a nonlinear Poisson equation (Proposition

3.1), whose nonlinearity can be choosen in an arbitrary way.

Whatever the nonlinearity is, if the spatial density belongs to L', the angular velocity is
bounded by a quantity depending on the confining potential. The asymptotic behaviour of
the potential at infinity is such that the level curves are (asymptotically) ellipses, provided
the potential is at most quadratic at infinity, which is a reasonable assumption (Theorem

3.3). It is also proved that the potential cannot be constant at infinity.

Special solutions have then been constructed (Proposition 3.4: radially symmetric solu-
tions, and Proposition 3.5: 1d-solutions) using the ideas of [BBDP|. The most general class
of solutions compatible with the natural asymptotic boundary conditions is studied in The-
orem 3.7: these solutions are nonisotropic solutions and therefore naturally time-periodic;
they may have a finite mass and are explicitely time-dependant, which was not the case for

the radially symmetric solutions.

In view of simplifying the computations, the confining potential was supposed to be
harmonic. This very special form allows to introduce an other method for giving time-
dependant solutions: one can indeed use the invariance by translation of the equation for
w (from which the potential is deduced) to get nonsymmetric solutions that will therefore
be explicitely time-dependant, but this is a very special property of the harmonic potential.
However this allows to build a branch of non trivial solutions by perturbing the harmonic
potential. On the other side, the nonisotropic solutions given in Theorem 3.7 are independant

of the local form of the confining potential provided its asymptotic behaviour is quadratic.

A complete study of general confining potentials has still to be done. The question of
the uniqueness of the solutions (up to a translation, and up to the addition of a constant
to the potential) and of their stability would be of the greatest interest. This last question
may not be out of reach in view of the characterization that has been given for the time-
periodic solutions, but probably implies first the removal of the technical assumptions used
in this paper, and a new approach for the time-dependant Vlasov-Poisson system. It is also
probably possible to prove symmetry results, as mentioned in Remark 3.8 (this is related to

the questions on the uniqueness).

As a concluding remark, let us note that the Ehlers & Rienstra ansatz and the nonlinear
Poisson equation have been (from a mathematical point of view) used in many mathematical
papers for the study of the 3d Vlasov-Poisson gravitational system and that the results given

in the paper may easily be adapted to this case.
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Appendix A : Formal derivation of a simple 2d model for monokinetic charged particle beams

Consider a solution F* of the Vlasov-Poisson equation in IR?

X-X

m FA(t,X/,V/) dX/dV/ . 8VF)\ - O 5

OFA +V - OxF» — 0, UM x) aFML—//
IR3 x IR3

with the notations X = (z,2) € R?> x R and V = (v,w) € IR? x IR, and assume that F* obeys to

the scaling
FMNt, X, V)= X272 GA< (;\x A\z); (;\v;)\o‘_Q(w—wo))>

with o €]0,2[ and wy € R. We look for the limit A — +oco, which corresponds to a beam
with a symmetry under translations in the z—direction, monokinetic with a velocity wy
in that direction. The limit, if it exists, has then an infinite mass since ||[F*||p1(gsxms) =

MIGM| L (mrsxmsy- G is solution of

atGMrv-a G* + 2t - 9,G* — 0,U (M) - 9,G

Mz —=z
// ( ( ) ey '8’UG>\
(R2 x R) x (IR2 X IR) (/\2|£C /|2 (z— z) )

(z—2')?

d !
T = (z—2')2 3/2 )\2 aa G)\> Gk(t,XI,VI) dl’lTZ d’l}/dwl =0
(Wl — a'? + 5-)

Assume now that each term in this equation remains bounded, that there exists a potential
U, such that
0, Up(A\x) = AMT 0, UMx) VaelR?,

and consider
1 +A

g(t,x,v,w) = ,\Erfoo o | G’\(t; (z,2); (v;w)) dz .

It is not very difficult to check that — provided it is well defined — g is then solution of

x—1

1
10) - Oy — — t, 2’ v w') dw') - 9,9 =0
tg+v g+2W/A2xﬂ2|x_$ll2(/ﬂ{g(7x,v,w) U}) g )

since

oo Mz — ') x—a
I N
<)\2|x—x’|2+%>

Here w represents the asymptotic dispersion (of order =) of the velocities around wy of
the original distribution function, which justifies the word ”"monokinetic”. w is a conserved

quantity of the microscopic dynamics and the averaged density function

flt,x,v) = /le(t,x,v,w) dw
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is a solution of the 2d Vlasov-Poisson system

—AU = pltr) = | flta,v) dv
R2

{@f—i—v Onf — (DU (t,2) + 0uUp(x)) - Ouf =0
It makes sense to ask that f belongs to L>(IR*; L' (IR? x IR?)), which means that one looks for
beams with a finite mass per unit length along the axis, but the behavior in = modelizes the
local distribution function and there is therefore no a priori natural boundary condition for
U. For the same reason, it is also assumed that the exact form of Uy is not important and

that one can take an harmonic potential for modelizing it near its bottom.
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Appendix B : two interpolation lemmas

In the two following lemmas, the relations between the norms and the exponents are
easily recovered using scalings in 2 and v. The first lemma can be found for instance in
[LP1-2]. The second one is a generalization of the first lemma to moments higher than one.
These lemmas are related to the estimates used by Perthame [Pe2] or Illner & Rein [IR] for
the question of the dispersion in dimension three (see concluding remark). Detailed proofs

are given here, including the explicit form of the constants which appear in the inequalities.

Lemma B.1: Let f be a nonnegative function belonging to LP(IRYN x IRY) for some p €]1, +oc] such that

x f(z,v) |v|* dv
RN x RN

belongs to L™ (IRYN) for some (r, k) € [1,+00[x]0, +occ[. Then the function

x— p(x) = f(z,v) dv
RN
belongs to LY(IRY) with
_ . Np—1)+kp
7= N(p—1)+kr

and satisfies
loll sy < OOV R) - IS s - | /}R o) fol® ol

with
kp Np-1)
= " gnd l—a=——P_D
@ Np-1)+kp an @ Np-1)+kp’

and

W (L) v
B p— P o p— P
C(?’L,p, k) = <|SN 1|> ’ < L + ) :

(pP—1)(N(p—2)+kp) & kp
N = p(NG-1)+kp) (_P) N(p—1)+kp
p—1

When r varies between 1 and +o00, q varies between 1 + % and p + w.

Proof : Assume to simplify that p < +o00. Let p be defined by
plx) = f(z,v)dv YaxeRN.
RN
We can split the integral defining p into two integrals and evaluate these integrals in different
ways

p(w) = /UKRf(w,v) dot [ flao)do,

lv|=R

L anvr o) 7 1/p
/IU<Rf(:E,v) dv < (N'S |R ) (/RN |f (z,v)] dv) ,
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/IUZRf( ) dv < —/ f(z,v) |v|* dv .

If we optimize on R, then we get

S CESyER ot
p<x>sc<N,p,k>-(/ If(x,v)l”dv) (/ f(x,v)lvl’“dv) ,
RN RN

with .
__k(p=1) kp m __k___
Clnpiy = (157-1) T () 4 e
P R) = G-D(NGp—2)+kp) - *p .
N~ p(NG-DFkp) (_Pl)zwpflww
=
The L9-norm of p is now bounded by
_Np-1q 1/q

N(p—1)+kp 1)+kp N(p—D+kp
pllLa(mry < C(N,p, k [/ / (z,v)|P dv> (/ f(x,v) vk dv) da:] ,
RN JRN

and using Holder’s inequality, we obtain

o q1/as
N(p—1)+kp
||p||Lq<RN>sc<N,p,k>-[ / (/ |f<x,v>|pdv> d:c} -
RN RN

_Np—Dagt_

N(p—1)+kp 1/aqt
{(/ f(z,v) |v|* dv) d:v] ,
with
1 1
— =1
If we assume that
kqs _
Np—1)+kp
Np-1)gt _
Np-1)+kp ~
then
1 k
gs  Np—1)+kp
and
1 Np-1) 1
qgt Np—-1)+kp r
with
_ N1 +kp
1= Np—1)+kr’

which proves the lemma:

N TR E L\ e
||p||Lq(RN) < C(N,p,k) [/ / |f (2, 0)|P dvdm] . [(/ f(z,v) |v] dv) dCL':|
RN JRN RN

for p < +00. The same proof holds for p = +occ.

1
r
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Lemma B.2: Let f be a nonnegative function belonging to LP(IRYN x IRY) for some p €]1, +oc] such that

x f(z,v) |v|* dv
RN x RN

belongs to L"(IRY) for some (r,k) € [1,+00[x]0, +oo[. Let m € [0, k] and assume that

m<p_1 : (N(r—l)—i—kr)
p—r

if r < p. Then the function
x / f(z,v)|o|™ dv
RN

belongs to L*(IRY) with

and satisfies

[ £ ol dolle oy < KOV kom) 11 vy N[ ) ol doll e,
RN RN

with
(k—m)p

_\wmmp Nlp—1) +mp
Np-1)+kp

A= Np-1)+kp’

and 1—-p3=

and

(k—m)(p—1) kp \ Tl —k (k=m)/k
N_1 N(p—T1)+kp (E) P P N Np—D+kp
K(napvkam): |S | ’ + '

(p—1)(N(p—2)+kp) k ____kp
P(N(p—1)TFp) (_P )N(plekP
p—1

Proof : As in lemma B.1 we assume to simplify that p < +cc.

1%t step : We prove that

I sl

| gt o= [ (o)™ (a0l do
RN RN
Applying Holder’s inequality, we first get

/RN Fla,v) [o]™ dv < (/}RN Faw) dU) <k—m>/k. </RN . dv)m/k |

With the notation p(z) = [~ f(z,v) do,

II/ Fl@v) [o]™ dvl| . g g/ p(z)w=m)/k. (/ f(z,v) |v]* dv> dz .
RN RN RN
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Applying again Holder’s inequality, we get

m (k—m)/k m/k
[ Fws) o dollny < Wl -1 [ Feo) o doll e,
RN

with
_ (k—m)ur
1= kr —um '
1_ml, k-m N(p—1) +kp 1
u ko k Np—-1)+mp-r)+kr r’
2md step - Applying now Lemma B.1, we get
(k—m)/k k—m)/k m,_NEe-1)
llp ||Lq(lRN < C(N,p, k)k=m)/ ||f||f£pR5$§",;N ||/ f(z,v) |v|* dUHU RJJVV)@ e

which gives

N(p—1)+mp

[ ) o dollm, < OOV I e 1 [ o) ol o

Remark : Of course, it is possible to use the method of Lemma B.1 to establish directly the

result of Lemma B.2 (but it is more complicated and it does not improve the constants).

The interpolation method can also be used for any moment in |z —wvt| (as in [Pe2], [IR] for

|z —vt|?). The integration with respect to v of f on {|z —vt| < R} instead of the integration of

f on {|v| < R} provides an explicit dependance in ¢ for the optimal R, which gives a decay for

the interpolated quantity. The result is (formally) easily recovered by the change of variables

v (z—ot)).
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Appendix C : Jeans’ theorem for stationary and time-periodic solutions

Consider first the case of the stationary Vlasov-Poisson system,
V-0 f — (0,U(x) + 0,Up(2)) - Opf =0 (sV)

AU = pla) = /B Jwv) do, (P)

and assume that (f,U) does not depend on ¢ and that U (and Uy) is radially symmetric, i.e.

that there exists a function «: Rt — R such that

Uz) =u(jz|) Ve R?. (S1)

Proposition C.1 : Jeans’ theorem for stationary solutions

(Weak Formulation) Any C*NL" stationary solution (f,U) of (VP) satisfying (S1) is such that (f,U) defined
by f(z,v) = Joesi f(|x] - v,v) dv for all (z,v) € IR* x IR* is also a solution of (VP), f satisfies locally the
weak Ehlers & Rienstra ansatz: for any (zo,vo) € IR? x IR%, there exists a neighbourhood V of (xo,vo) and

a function h : IR> — IR such that
f(z,v) = h(E(z,v),F(z,v)) V(z,v) €V, (weak ER)

o0 o0 82 52
and, if V = IR? x IR?, with H defined as in section IL1.1 by H(U,z) = [ ds1 [*27 dsy h(252 4+ U, slz),
then
1d, du

“rar

) = H(u(r),r) .

(Strong Formulation) Assume moreover that the following non-resonance condition is satisfied

meas{(z,v) € supp(f) : %@(E(:z:,v),F(:c,v)) €@} =0 (NR)

with

)

7‘2(E7F) F d
O(E, F) = 2/ = 4
nEE) " OE — 2u(r) - 2uo(r) - 5

where [r1(E, F),ro(E, F)] is the maximal interval such that
Vre[r(E F),r(E,F)], 2E—2u(r)—2uy(r)— f—; <0.
Then for (xg,vo) € supp(f) a.e., the support of the trajectory of (x(t))s;c g+ defined by

ZTZ =—V.(U(x) +Uo(z)), x(0)=z0 and %(0) = v

is dense (ergodicity property) in the annulus C(ry,r2) with r; = r;(E(x0,v9), F(x0,v0)), ¢ = 1,2. As a
consequence,

f(z,v) = f(z,v) YV (z,0) €V,
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for a neighbourhood V in IR* x IR? of the orbit t — ((z(t), L (t)).

(Global result) If r — r3(4% + %) is monotone increasing, then the above factorization result is global:
f(z,v) = h(E(z,v), F(z,v)) ¥ (z,v) €V =IR*x R?, (weak ER)
and f satisfies the global (V = IR? x IR?) weak Ehlers & Rienstra ansatz.

We have to notice that (f,U) is a solution of the stationary Vlasov-Poisson system (with the
same spatial density) as soon as (f,U) is a solution such that U is radially symmetric.

For the proof of this proposition and for more realistic conditions on U than the (NR)
condition, one has to refer to [Dol,2]. The weak formulation of Jeans’ theorem was given in
[BFH] (for the special class of distribution functions such that f = 7 in the three-dimensional
Vlasov-Poisson case — in that case, the result is automatically global). The difficult part
of this theory is to check whether there are resonances or not. A classical result (see for
example [Arn|) says that if bounded orbits exist and are all closed, then U + Uy is either
keplerian or harmonic, which gives an explicit condition for resonances to appear. We can

for example state the following result (see [Dol-2| for a proof) :

Proposition : Non Resonance Condition Assume that U is radially symmetric (i.e. satisfies condition
(S1)), that u is at least of class C* on |0, +oo[ and that (E, F) — O(E, F) is analytic. If Uy(z) = 22|z|*> and
meas{z € supp(f) : V([ f(z,v)dv=0}=0,

IR2

then the non resonance condition (NR) is satisfied.
We now state an equivalent (in the strong formulation) result for time-periodic solutions .

Proposition C.2 : Jeans’ theorem for time-periodic solutions
Assume now that (f,U) is a C*(IR; L' (IR? x IR?)) x C'(IR x IR?) time-periodic explicitely time-dependant
solution of (VP) of period T satisfying the following symmetry assumption
U T
Vre supp(f(t,.,.)), =+ / U(t,z) dt is radially symmetric. (S52)
te[0,T] 0
With the same notations as in Proposition C.1, if U satisfies the following ergodicity property,
dz . . - -
z(t +nT), sgn(E(t +nT)) is dense in C'(71(t), 72(t)) x {£1},
neclN

with 7; = r;(t, E(xo,v0), F(xo,v0)), i = 1,2, then for almost all (t,x,v) € [0,T] x supp(f) f satisfies the
factorization identity :

ft,z,v) =g(t, E(t,z,v), F(x,v)) .
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The factorization identity is not exactly the same as in the weak Ehlers & Rienstra
ansatz. In part II, the study has been restricted to the subclass of ¢ which do not depend

on t.

Remark : The method applies in the same way when one assumes that
Uo(z) ~ po - (Bpx? 4+ (1 — 6p)z2) as |z| — +oo,

for some 6, €]0,1[ (but one has then to make some essentially technical modifications on the
assumptions on g: see [BFH], [Dol] for similar problems in dimension 3). It also applies
to the more realistic but also more technical case corresponding to the situation when 6,
depends on ¢ (and is time-periodic of period T = 22). The set of time-periodic solutions we
have found can be extended to the case when the angular velocity is equal to zero (infinite
period) and provides a new class of stationary solutions which seems not to be known up to
now. These solutions are such that the asymptotic behaviour (for large |z|) of the potential
is not isotropic. Among the distribution functions satisfying the Ehlers & Rienstra ansatz,
and if we forget about the explicit dependance in t for the factorized distribution function
g, the set of stationary solutions (i.e. the set of time-dependant solutions of zero angular
velocity) is much wider than the set of time-periodic solutions with strictly positive period,
even in the limit when w goes to zero. It is not very difficult indeed to prove the existence of
stationary solutions for large classes of » that do not satisfy the (strong) Ehlers & Rienstra

ansatz, in the same way as it has been done in [BFH] or [BBDP] (see also references inside).
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