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Abstract: Let S = K[z1,...,Zn;¥y1,-..,Ym] be the polynomial ring in 2 sets of variables over a field K. We investigate

some classes of monomial ideals of S in order to classify ideals of the linear type.
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1. Introduction

Let R = K[x1,...,x,] be the polynomial ring over a field K. The monomial ideals of R are ideals generated by
monomials and they have been intensively studied. Some problems arise when we would study good properties of
monomial ideals and the same properties for some algebras related to them. The most important of such algebras
is the Rees algebra R(I) = @, I't" ([1], §1.5, §4.5). In this paper we investigate the ideal of presentation N of
the Rees algebra associated to monomial ideals. If N is generated by linear relations, namely R-homogeneous
elements of degree 1, then the ideal is said to be of linear type. Our aim is to study monomial ideals of linear
type.

Let I be an ideal of R generated by polynomials f1, ..., fs. Consider the presentation ¢ : R[T},...,Ts] —
R(I) = R[fit,..., fst] of the Rees algebra R(I) of I, defined by setting ©(T;) = fit, i = 1,...,s. Let N
denote the kernel of ¢ and it is R-homogeneous. I is said to be of linear type if and only if IV is generated
by R-homogeneous elements of degree 1. In other words, I is of linear type if and only if the canonical map
¥ Symp(I) — R(I), from the symmetric algebra of I to the Rees algebra of I, is an isomorphism. Several
classes of ideals of R of linear type are known. For instance, ideals generated by d-sequences and M -sequences
are of linear type [4], [12].

Set S = K[z1,...,Zn;Y1,---,Ym], the polynomial ring in 2 sets of variables over a field K. Recently
monomial ideals of S have been introduced and some properties have been studied [13], [L0]. In this paper
we consider the ideals of mixed products L = IJ, + IsJ;, where k +r = s+ ¢ and I (resp. J,) is the
monomial ideal of S generated by all square-free monomials of degree k (resp. r) in the variables z1,...,z,
(resp. Y1, ym) [10].

Moreover, we consider another class of monomial ideals of S, so-called Veronese bi-type ideals. They are
an extension of the ideals of Veronese type [11] in a polynomial ring in 2 sets of variables. The ideals of Veronese

bi-type are monomial ideals of S generated in the same degree: L, = Zk+r:q I sJrs, with k,r > 1, where
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Iy s is the Veronese-type ideal generated on degree k by the set {z‘f” R Z?zl a;; =k, 0<a;; <s, s€
{1,...,k}} and J, s is the Veronese-type ideal generated on degree r by {yl{1 e yfn’" | Z;nzl by, =7, 0<b; <
s, se{l,....r}} 5], [7].

In [6] and [8], the symmetric algebra of these classes of monomial ideals was studied. More precisely, the
authors investigated in which cases such ideals are generated by s-sequences. The notion of s-sequence has
been employed to compute the standard invariants of the symmetric algebra. In this paper we are interested in
studying the Rees algebra of these monomial ideals and we investigate in which cases they are of linear type,
generalizing the results stated in [9].

The paper is organized in the following way. The first section contains notations and terminology. In
the second section we study classes of monomial ideals generated by s-sequences of linear type. We investigate
the ideals of mixed products and the ideals of Veronese bi-type, and as results we state a classification of these

monomial ideals that are of linear type.

2. Preliminary notions
Let R be a Noetherian ring and let I = (f1,..., fs) be an ideal of R.

The Rees algebra $(I) of I is defined to be the R-graded algebra P, I'. Tt can be identified with the
R-subalgebra of R[t] generated by It, where t is an indeterminate on R. Let us consider the epimorphism of
graded R-algebras:

¢: R[Th,...,Ts) = R(I) = R[fit, ..., fst],
defined by o(T;) = fit,i=1,...,s.

The ideal N = kery of R[T},...,Ts] is R-homogeneous and we denote N; the R-homogeneous compo-
nent of degree ¢ of N. The elements of N; are called linear relations. If A = (a;5), i=1,...,r, j=1,...,s
is the relation matrix of I, then g; = Z;Zl a;i;T;, i = 1,...,r, belongs to N and R[T%,...,Ts]/J, with
J=1(g1,.-.,9r), is isomorphic to the symmetric algebra Sympg(I) of I. The generators g; of J are all linear
in the variables Tj.

The natural map ¥ : Symg(I) — R(I) is a surjective homomorphism of R-algebras. I is called of the
linear type if ¢ is an isomorphism, that is, N = J.

Several classes of ideals of R of linear type are known. For instance, ideals generated by d-sequences are
of the linear type [4], [12].

Now, let K be a field, R = Klx1,...,2,] be the polynomial ring, and I C R be an equigenerated graded

ideal that is a graded ideal whose generators fi,..., fs are all of the same degree. Then the Rees algebra
%(I) = @jzoliti = R[f1t7 RN fst} C R[t]

is naturally bigraded with deg(z;) = (1,0) for ¢ =1,...,n and deg(f;t) = (0,1) for i =1,...,s.

Let R[Ty,...,Ts] be the polynomial ring over R in the variables T7,...,Ts. Then we define a bigrading
by setting deg(z;) = (1,0) for i =1,...,n and deg(T;) = (0,1) for j =1,...,s.

If I=(f1,...,fs) C R is a monomial ideal, for all 1 <i < j <s we set

fi

fis = GCD(f;, f;)

204



LA BARBIERA and STAGLIANO/Turk J Math

and
9i; = fi; T — [T,
and then J is generated by {gi;}1<i<j<s in R[t1,...,T5].

In this paper our aim is to investigate classes of monomial ideals for which the linear relations g;; form
a system of generators for kery (this means that J = kere and the ideals are of linear type).

In [2], Conca and De Negri introduced the monomial M -sequences and they proved that an M -sequence
is always of the linear type. An M -sequence is an s-sequence, but an ideal generated by an s-sequence need
not be of linear type [2], [3]. Now we study classes of monomial ideals generated by s-sequences of the linear
type. More precisely, we investigate the following classes of monomial ideals:

1) the ideals of mixed products;

2) the ideals of Veronese bi-type.

Let S = Klx1,...,Zn;¥1,---,Ym] be the polynomial ring over a field K in 2 sets of variables with each
deg(z;) =1, deg(y;) =1,forall i=1,...,n, j=1,...,m.

Given the nonnegative integers k,r,s,t such that k+r = s+t in [10] the authors introduced the square-free

monomial ideals of S:
L =1IyJ, + I Ji,

where Ij, (resp. J,.) is the monomial ideal of S generated by all square-free monomials of degree k (resp. r)
in the variables 1,..., 2, (resp. Y1,...,Ym)-

These ideals are called ideals of mized products. Setting Iy = Jy = S, we then consider the following cases:
1) L=1}J,.,with 1<k<n, 1<r<m
2) L=1I1J 4+ Ixp1Jroq, with 1<k <n, 2<r<m
3) L=J,+1;Jy,withr=s+t,1<s<n,1<r<m,t>1.

Example 2.1 1) S = K[z, 22,23;91,Y2] L = I2J1 = (x122y1, T123Y1, T2T3Y1, T1T2Y2, T1T3Y2, T2aT3Y2) -

2) S = Klzi,22;51,y2,y3) L = Lo+ IJ1 = (219192, T191Y3, T1Y2Y3, T2Y1Y2, T2Y1Y3, T2Y2Y3, L1T2Y1

T1T2Y2, I1$2y3) .

In [5] the ideals of Veronese bi-type of degree g are defined as the monomial ideals of S

Lq,s = Z Ik,er,57 T,k > 17
r+k=q

where [, s is the ideal of Veronese-type of degree k in the variables z1,...,z, and J, s is the ideal of Veronese-

type of degree 7 in the variables y1, ..., Ym -

Remark 2.1 In general I, ; C I, where I}, is the Veronese ideal of degree k generated by all the monomials
in the variables x1,...,z, of degree k ([12]).

One has I, s = I for any k < s. If s =1, I} ; is the square-free Veronese ideal of degree k generated
by all the square-free monomials in the variables zi,...,z, of degree k. Similar considerations hold for
Jrs CKlyr, . ym].
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Example 2.2 Let S = K[x1,x2;y1,y2] be a polynomial ring:
1) Lo =I12J12 =11 J1 = (z1y1, T1Y2, T2Y1, T2Y2) ;
2) Lyo = Izodio+ liodso + Ioodan = Isodi + IiJzo + Inda = (2320y1, 2320y, 1125Y1, 212310,

2 2 2 2 2,2 2 2,2 2,2 2,2 2 2 2
T1YTY2, T2YTY2, T1Y1Y3,> T2Y1Y3s TIYL, T1Y1Y2, T1Y3, TYT, T3l , TaY1Y2, T1T2Y7, T1T2Ys, T1Z2Y1Y2) -

3. Monomial ideals of linear type
In this section our aim is to investigate in which cases the ideals of mixed products and the ideals of Veronese
bi-type are of linear type.

At first we consider the ideal Ij in Klz1,...,z,] (vesp. J, in Klyi,...,ynm]), that is, the square-free

Veronese ideal of degree k (resp. r).

Theorem 3.1 Let I, C R=K[xy,...,2,], n>1. Iy is of linear type if and only if k=n—1.

Proof = Let I = (xj, -+ x4, |1 <1 <--- <ip <n)and fi,..., fy beits generators. We assume that I}, is of
linear type, i.e. N = (g;; = fi;T; — f;iTi|1 <i < j < g). This means that all the relations among the generators
of Ij, are linear relations (in the variables T;). Supposing that the condition fi; = fo; = ... = foo1,; = Tnejt1,
for all j = 2,...,n, is not verified, then it is possible to compute not-linear relations among the generators
of I, of the type T;T; — T)T, for some ¢,j,l,s € {1,...,q}. It contradicts the assumption. Hence, one has
fij = foj = ... = fao1j = Tp—j41 for all j = 2,...,n. It follows that the minimal set of generators of
I, that satisfies this condition is: f1 = z1x9 - Tp_1, fo = T1T2 -+ Tn_9%n, f3 = T1T2 Tp_3Tn_1Tn, -- -,
fno1=m123 - Tp_ 1Ty, fn=a0x3 - 2,. Then k=n—1.

< Let In-1 = (f1,---, fn), where f1 =21 Zp_1, fo = T1 - Tp_o®p, f3=T1 Tp_3Tn-1Tn, «-.,
fn—1 =T123-- Ty, fr =22 - Typ_12,. We prove that the linear relations g;; = fi;1; — f;1; form a Grobner
basis of N with respect to a monomial order < on the polynomial ring R[T},...,T,]. Denote by F the ideal
(fi;T; 1 <1 < j <n). To show that the linear relations g;; form a Grébner basis of N we suppose that
the claim is false. Since the binomial relations are known to be a Grobner basis of IV, there exists a binomial
20T — 2PTP  where 20 = 2% - g0 g0 = b gbe T =TT TP = TP .. TP and the initial
monomial of z¢T% — zT? is not in F. More precisely, we assume that 7%, 7” have no common factors and
that both z2T® and z°T? are not in F.

Let ¢ be the smallest index such that T; appearsin 7% or in T?. Since z2°T* — 2T € N , then f; divides
gbap(zﬁ), where ¢(T}) = fit. If f;|zb, then let T; be any of the variables of T?. One has fii T [T |gbzﬁ for
i < j. This is a contradiction by assumption (because z07” ¢ F).

Hence, f; 1 zb. Let i, < ... =z, _, be a total term order on the variables of f;, and let f; =
Xiy X4, _, . Let i be the minimum of the indices i1,...,4,—1 such that z;, does not divide 2P, Then
Tiyy-. o Ti,_, divide 2. Since z;, divides zPp(T?) (because fi|lzPo(T?)), then there exists j such that T}
appears in T? and z;,|f;. By the structure of the generators fi,..., f, of I,y if @y, |f; and x;,|f; with j
such that T} is in IB, then fi;|z;, with ¢ € {i1,...,ig—1} (in fact, if a variable of the monomial f;; is in the
monomial f; with h # ¢, then such a variable belongs to any other generator f; for all [ > h and [ # j).

Hence, fi;|z® and, as a consequence, fijTj@bIB, that is, a contradiction (because 2bTP ¢ F). It follows

that N =(g;;: 1 <i<j<n)=J,and hence I,,_; is of linear type. O
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Remark 3.1 k =n —1 < I is generated by an s-sequence [3]. Hence, I is generated by an s-sequence if

an only if it is of linear type (by Theorem 3.1).

The following result states a classification of the ideal of mixed products L = I J,. + IsJ; of linear type.
In the sequel we will suppose L = (f1, fo,...,fy) C S = K[z1,...,Tn;Y1,---,Ym], Where f1 < fo <--- < f,
with respect to the monomial order <., on the variables x1,...,Zn;91,...,¥m and 1 < 2 < -+ < X, <
Y1 =Yy2 < < Ym.

Theorem 3.2 Let S = K[x1,...,Zn;Y1,---sYm], n,m > 1. The following conditions hold:

1) L = IJ, is of linear type if and only if k=n—1 and r =m or k=1 and r =m (resp. k=n and

r=m-—1orr=1)
2) L=1IxJ + Ix11Jr—1 is of linear type if and only if k=n—1 and r =m.

3) L=J.+ I;J; is of linear type if and only if r=m, s=n, t=1 and m=n+1.

Proof = Let L be an ideal of mixed products. Let G(L) be the set of generators of L; then |G(L)| > 1.
Let fi,...,f; be the generators of L. We assume L is of linear type, i.e.

N = (g5 = fi;T5 — [Tl <i<j < q).
This means that all the relations among the generators of L are linear in the variables T;.
1) Let L =1IxJ,. C K[z1,...,Zn;Y1,---,Ym]; then G(L) is

{sy -2y, Y 1 <in<...<ip<n1<j <...<j <m}

If supposing that none of these conditions,

i fij=on—jp forall j=2,...,n,i=1,...,n—1,

. fij =,
are verified, then it is possible to compute not-linear relations among the generators of L of the type
T;T; — T;Ts for some 4,j,l,s € {1,...,¢}. It contradicts the assumption. Hence, one has f;; = zn_;41

forall j=2,...,n,i=1,...,n—1or f;; =x;. It follows that the minimal set of generators of L that

satisfies these conditions is:

L fi=x1T2. . . Tn 1Y, fo = X1 ... Tn_oTnl, f3 = T1... Tn_3Tpn_1TnY, -y fno1 = T1X3...T0Y, fn =
ToX3...TnYy, where y =yy...y,. Then k=n—1 and r =m;
or

ii. f1 =z1y, fo=w2y,..., fn =2xny, where y=1y;...y,.. Then k=1 and r =m.

In a similar way we prove the thesis if k=n and r=m —1 or r = 1.
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2) Let L=1IxJ, + Iiy1Jr—1 C K[z1,. .., Zn; Y1, -, Ym); then G(L) is
{Zay T Yjy Vg Tiy - T Yy Y |1 < <L <diggr <om,

1< <...<jr <m}.

If supposing that the conditions
fij:ym—j-‘rla i:]-w"am*]-v j:25"'am

and
fij = Togm—jt+1, t=1,...,n+m—-1, j=m+1,..., m+n.

are not verified, then it is possible to compute not-linear relations among the generators of L of the
type T;1; — T;Ts for some 4,j,1,s € {1,...,q}. It contradicts the assumption. The minimal set of
generators of L that satisfies these conditions is: f1 = 1 Tp¥Y1 - Ym—1, f2 = T1 " TpY1 - Ym—2Ym ,
f3 = @1 Tl Ym—3Ym—1Yms -+ 5 fm-1 = T1 o TuY1Y3 Yms S = T TRY2 Ymy fm1 =

1 Tp—1Y1 - Ym, fm+2 =1 Tn2Ta¥Y1 Yms fma3 = T1 Tu3Tu_1TnY1" " Ym, -« -» fm+n—1 =

13 TnpYl - Ym, fm—i—n =T2 - TpY1 " Ym- It follows L = InJm—l + In—ljm-
3) Let L=J,+I;J;: C K[z1,...,Zn;Y1,-..,Ym]. Then
G(L) ={yj,  Yjor iy - T Yy 5,1 S i << <,

1<ii<...<ip<m,1<j <...<j, <m}

If supposing that the conditions
fl]:y“ Zzlavm_l j:Z—Fl,,m,

fi7m+1=.’L‘1...J}n, i:l,...,m,
are not verified, then it is possible to compute not-linear relations among the generators of L of the
type T;T; — T}T, for some 4,j,l,s € {1,...,¢q}. It contradicts the assumption. Hence, the minimal
set of generators of L that satisfies these conditions is: f1 = x1x2 - Tpy1, fo = T1T2  Try2, f3 =

T1X2 - TnY3y ooy fn =T1 TpYm, fme1 =Y1- Ym. Then L= J, +1,J;.

< Let L = (f1, f2,..., fy). We prove that the linear relations g;; = f;;T; — f;;T; form a Grébner basis of
N with respect to a monomial order < on the polynomial ring S[T%,...,T,]. Denote F = (f;;T; : 1 <i<j <
gq). To show that g;; form a Grdbner basis of N, we suppose that the claim is false. Since the binomial relations

are known to be a Grébner basis of N, there exists a binomial aT® — bT”, where a = iyt xlmyt e ylm

b= x?l -~-xf{1yf1 coeydm T = TP T 78 = Tfl ~-~Tqﬁ“7 and the initial monomial of aT® — b is not
in F'. More precisely, we assume that 7%, T” have no common factors and that both aT* and bT” are not in
F.

Let 7 be the smallest index such that T; appears in T< or in T7 . Since aT —bT? € N , then f; divides
bcp(Iﬂ), where o(T;) = fit. If f;|b, then let T; be any of the variables of T”. One has fijTj|fiTj|bI*3 for

i < j. This is a contradiction by assumption (because bT” ¢ F).
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Hence, f; t b. Replace the set of variables {z1,...,z,} with {z1,...,2,} and {y1,...,ym} with
{#n41,-+++2Zn+m} and let z3 < ... < z,41;,m be a total term order on the variables of f;. Let k be the

minimum of the indices such that z;, does not divide b. Then z;,,...,2;, , divide b. Since z;, divides bga(zﬁ)

(because f;|bp(T?)), then there exists j such that T} appears in T” and z;, |f;.

One has the following cases:

HWIf L=1,_1J, or L =1,J,,, then, using the new variables z;, f1 = 2122 2Zn—12n+1" " Zntm, f2 =
2129 Zn—2ZnZntl " Zndm, J3 = 2122 Zn_3Zn—1ZnZndl " Zndms - > Jn-1 = 2123 ZnZntl’ " Zntm,
fn = 2223 ZnZnt1 - Zntm are the generatorsof L = I,,_1J,, and f1 = 21241 Zntm, f2 = 222041 Zntm

.y fn = ZnZng1- Zntm are the generators of L = I1J,,. By the structure of the generators of L if z;, |f;

and z;,.|f; with j such that Tj is in 77 then fijlzi, with 4 € {i1,...,ix—1} (in fact, if a variable of the
monomial f;; is in the monomial fj, with h # ¢, then such a variable belongs to any other generator f; for all
> h and | # j). Hence, f;;|b and, as a consequence, fijTj|bIﬁ, that is, a contradiction (because b1” ¢ F).
It follows that N = (g;; : 1 <i < j <n)=J, and hence L is of the linear type.

In a similar way, the thesis follows if k =n and r=m —1 or r=1.

Q) L =1, 1Jm+1nJm-1, the generators of L are: f1 =21 2n2Znt1 " Zntm—1, f2o = 21" ZnZnt1 "

Zn4+m—22n+m f3 = 21" Znfn+12n+2 " En+m—32fn+m—12n+m, -+ fmfl = 21" Znfn+1”2n+3 """ Zn+m> fm -
21" Znin42 " Zndm .fm+1 = 21" Zn—1%n+1" """ Znt+m, fm—i—2 = 21" Zn—-2Znin+4+1 """ Zntm fm—i—3 = 21"
Zn—3Zn—12nZntl" " Zndms -+ 5 Jmin—1 = Z123°°* ZnZnt1° " Zntm> Smin = 227 ZnZny1°" Znim. By the

structure of the generators of L if 2, |f; and z;,|f; with j such that T; is in 77, then fi;|z;, with i; €
{i1,...,ik—1} (in fact, if a variable of the monomial f;; is in the monomial f;, with h # ¢, then such a variable
belongs to any other generator f; for all [ > h and [ # j). Hence, f;;|b and, as a consequence, fijTj|bIﬁ , that
is, a contradiction (because bT” ¢ F). Tt follows that N = (g;j : 1 <i < j <n+m)=J, and hence L is of
linear type.

3)If L =J,+I,J; with m =n+1, then the generators of L are f1 = z1- - 2n2n+1, fo = 21" ZnZnt2,
fa=21"2ZnZnas, «-oy fn = 21" ZnZntm, fmtl = Znt1Znt2 - Znim - By the structure of the generators of
L if 2z, |f; and 2, |f; with j such that T} is in T7, then fi;|z;, with i, € {1,...,ix_1} (in fact, if a variable
of the monomial f;; is in the monomial f; with h # ¢, then such a variable belongs to any other generator
fi for all I > h and [ # j). Hence, fi;|b and, as a consequence, fijTj|bIﬁ , that is, a contradiction (because
bI? ¢ F). Tt follows that N = (g;j : 1 <i<j <m+1)=J, and hence L is of linear type. O

Remark 3.2 L is generated by an s-sequence if and only if it is of linear type [3].

The following result classifies the Veronese bi-type ideals of linear type.

Theorem 3.3 Let S = K[z1,...,Zn;Y1,---,Ym] be the polynomial ring over a field K. L, is of linear type
if and only if g =s(n+m) —1.

Proof = Let L, s = (f1, f2,..., ft) where f1 < fo <--- < f; with respect to the monomial order <., on the
variables of S. We assume that L, , is of linear type, i.e. N = (g;; = fi;T; — f;:T3|1 <14 < j <t). This means
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that all the relations among the generators of L, s are linear relations (in the variables T;). Supposing that the
conditions fij = foj = ... = fin—1j = Ym—js1 for 5=2,....m, fo; = frng15 = -+ = fatm—1,j = Tntm—j+1,
for j = m+1,...,m + n, are not verified, then it is possible to compute not-linear relations among the
generators of L of the type T;T; — T;T for some 4,j,l,s € {1,...,t}. It contradicts the assumption. Hence,
one has fi; = foj = ... = fn—1j = Ym—jg1 for 7 = 2,...0m, foj = fomt1 = - = fagm—15 =
Tntm—j+1 for j =m+1,...,m+n. It follows that the minimal set of generators of L that satisfies these

143 L _ S8 s s S ,,5,,8 s s—1 _ S8 s s S ,,5,,8 s—1 s _
conditions is: f1 = Z{x5 - Th_ 0Ty 1 TRYTYS  Yp1Ym o J2 = TITS - Th 0T 4 TRYTYS  Yp 1Y [3 =

S .8 s s S ,,8,,8 s—1 s s _ 8,51 s s 8 ,,8,,8 s s _
TITS - Ty 0%y A TRYTYS  Ym—aYm—1Yms o> Jnam—1 = TITG o Tp oTn 1 TRYTYs Yo 1Ymo Sntm =

s—1 S

& S
'Il ‘/1:2“'1:

n—2Tn 1T Y1Y3 " Ym—1Yim -

Then g =s(n+m)—1.

< Let ¢ = s(n+m) — 1. We prove that the linear relations g¢;; = f;;7; — f;;T; form a Grébner basis
of N with respect to a monomial order < on the polynomial ring S[T4,...,T,4m]. Denote F = (f;;T; :
1 <i<j<mn+m). To show that g;; form a Grobner basis of N, we suppose that the claim is false.
Since the binomial relations are known to be a Grobner basis of N, there exists a binomial aT® — b1’ , where
a=aPalnyft eyl b= abt gyt yde e e T T --~Tfijn’", and the initial
monomial of aI'® — T is not in F. More precisely, we assume that 7% T® have no common factors and that
both aT® and bT? are not in F.

Let 7 be the smallest index such that T; appears in T or in I’B . Since aT® — bIB € N, then f; divides
bp(T?), where @(T;) = fit. If fi|b, then let T; be any of the variables of T7. One has fi;Tj|f:T;|bT" for
i < j. This is a contradiction by assumption (because bT"” ¢ F).

Hence, f; t b. Replace the set of variables {z1,...,z,} with {z1,...,2,} and {y1,...,ym} with
{#n4+1,-+++2n+m} and let 21 < ... < zyi1;,m be a total term order on the variables of f;. Let i be the
minimum of the indices such that zjk" does not divide b, a;, € {s,s—1}. Since zlak’“ divides bp(T"”) (because
fi|b<p(IB)), then there exists j such that T, appears in T8 and Zig|fj-

By the structure of the generators fi,..., fntm of Lg s if 2, |f; and z;,|f; with j such that T} is in IB,
then f,;j|z?f1 . zlakf;l ) Qiyyeo s @iy €45,5— 1} (in fact, if a variable of f;; is in degree D in the monomial
fn, with h # 4, j, then such variable in degree D belongs to any other generators f; for all I > h and [ # j).

Hence, f;;|b and, as a consequence, fijTj|bIB , that is, a contradiction (because br? ¢ F). Tt follows
that N =(g;; : 1 <i<j<n+m)=J,and hence Ly, is of linear type. O

Remark 3.3 ¢ = s(n+m) —1 & L, is generated by an s-sequence [6]. Hence, L, is generated by an
s-sequence if and only if it is of linear type.
Example 3.1 R = K[z1,22;y1,Y2].
Li1s = (eia3yiys, a1adyiys, o1adyiys, o1aduivs) = (fi, f2, f3, fa)
¢ 1 R[T1, Ty, T3, Ty] — R[f1t, fat, f3t, fat]
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T, = fit, i=1,....4
Kerp =N = (2215 — 21Ty, ynTo — 1Ty, yoTh — x1Ty) = J.

Ly, 3 is of linear type.
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