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In this paper, we deal with the existence and uniqueness of the solutions of two-point boundary value problem of fourth-order
ordinary differential equation: u?(t) = ftu(t),u'(t)), t € [0,1], u(0) = u'(0) = u'" (1) = u'"(1) = 0, where f: [0, 1] x R> > R
is a continuous function. The problem describes the static deformation of an elastic beam whose left end-point is fixed and right
is freed, which is called slanted cantilever beam. Under some weaker assumptions, we establish a new maximum principle by the
perturbation of positive operator and construct the monotone iterative sequence of the lower and upper solutions, and, based on

this, we obtain the existence and uniqueness results for the slanted cantilever beam.

1. Introduction

In mechanics, the two-point boundary value problems of
fourth-order ordinary differential equations are mainly used
to describe the static deformation of elastic beam under
external force, and especially a model to study travelling
waves in suspension bridges can be furnished by the fourth-
order equation of nonlinearity. Due to the different support
conditions of elastic beams, a variety of boundary value
problems are derived; see [1].

In this paper, we deal with the existence and uniqueness
results of solutions to the two-point boundary value problem
of fourth-order ordinary differential equation

u @) = f(Lu@),u' ), telo,1],

u@=u 0=u"1)=d" 1) =0,

@

where f : [0,1] x R?> — R is a continuous function. The
problem is called slanted cantilever beam which describes
the static deformation of an elastic beam whose left end-
point is fixed and right is freed. For the equation, the physical
meaning of the first-order derivative u'(t) of unknown
function is the slope, which reflects the curving degree of the
elastic beam; see [1-5].

There are many results on the cantilever beam equation;
see [4-17]. Specially, in [4, 14, 15], Agarwal et al. used the fixed
point theorems of cone mapping to research the special case
of BVP (1) that the nonlinear term f does not contain the
derivative term u//, namely,

u @) = ftu®), telo1],
)
u@=u 0=u"1)=d"Q) =0.

In these works, since there is no derivative term, the research
about the solutions is simple and feasible relatively.

In [6, 7, 10, 16, 17], for the fourth-order ordinary differ-
ential equation with the boundary value condition u(0) =
d0) = u"(1) =0, 4" = ug(u(1)), which means that
the left end of the beam is fixed and the right is attached to
a bearing device, the existence and multiplicity of solutions
have been discussed by using the variational methods and
critical point theory.

For the case of BVP (1), in [11], Yao constructed a suc-
cessively iterative sequence by using the monotone iterative
technique and applying the successively approximate method
to prove an existence theorem. Recently, in [5], by using the
fixed point index theory in cones, Li researched the existence
of positive solutions of cantilever beam equation in which
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the nonlinear term contains all order derivatives of unknown
function.

However, there are still many limitations in the study of
this problem in recent years. First of all, most conclusions
of the existences were obtained only by roughly estimating
the properties of the corresponding Green function; secondly,
most of the conditions for nonlinear term f are very harsh,
so the existence results of the solutions are not optimal.

For the solvability of elastic beam equations with other
types of boundary conditions, many results have been
obtained; see [18-24] and references therein. Specially, in
[23], Li dealt the fourth-order boundary value problem

u ()= f(Lu®.u" 1), tel,

u@=u)=u"0=u"1)=0

(3)

and obtained the existence and uniqueness of solutions
by utilizing the perturbation of positive operator and the
monotone iterative technique of upper and lower solutions.
It is well known that the monotone iterative method of lower
and upper solutions has been widely used in solving the
boundary value problem of ordinary differential equations.
However, as far as we know, no researchers studied BVP (1)
by monotone iterative method of lower and upper solutions.

Motivated by the papers mentioned above, we will use the
monotone iterative technique of lower and upper solutions
to discuss the existence and uniqueness of BVP (1). It is well
known that the theoretical basis of the monotone iterative
technique is the maximum principle. It often requires two
aspect of works for this method. One is to construct the
iterative sequence and judge its monotonicity, and the other
is to verify the convergence of the constructed sequence.
Generally, For the case of BVP (2), the nonlinear item
f = f(t,u(t)), if the linear differential operator at the left
satisfies the maximum principle, then the monotone iterative
technique is feasible; see [18-20]. However, in BVP (1), the
nonlinear term contains the derivative; the general maximum
principle cannot guarantee the monotonicity of the iterative
sequence. Therefore, in order to ensure the feasibility of
the monotone iterative technique, we should strengthen the
maximum principle.

The purpose of this paper is to construct a new maximum
principle for fourth-order differential operator

Lyu=u® + Nu' + Mu, (4)
where M, N are constants satisfying

N M
—+— <1,
2 3

and establish the monotone iterative technique in the case of
the lower and upper solutions existing in BVP (1). To the best
of our knowledge, using this method to solve the problem of
the solvability of cantilever beam equation is rare. It means
that our conclusions are new and meaningful.

M,N>0 (5)

The paper is organized as follows. Section 2 provides the
preliminary results which are used in theorems stated and
proved in the article, and Section 3 presents the main results
and its proof of the article.
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2. Preliminaries

In this section, we introduce some basic concepts and
preliminary facts which are used in this paper.

Let I = [0,1], C(I), be a continuous function space
endowed the maximum norm [lu| = max,|u(t)|, C*(I) (n =
1,2,3,4) are n-order continuous differentiable function
spaces which are defined in I, and C*(I) denote a cone in the
form of all nonnegative functions in C(I). Evidently, C*(I) =
{fueC)|u) =0, tell

Let constants M, N satisfy the expression (5). In order to
study the existence of solutions of the BVP (1), we establish a
new maximum principle for the differential operator (4). To
this end, we consider the corresponding fourth-order linear
boundary value problem (LBVP)

dY O+ N )+ Mu@)=h(t), tel,

(6)
u@=d O=u"O=u"1)=0.
Assume that v(¢) = u/(¢); then we have
u(t) = Lt v(s)ds =Ty (). 7)

Evidently, | T, = 1. Therefore, the fourth-order LBVP (6)
is equivalent to the following third-order boundary value
problem:

v (6) + Nv(t) + MTyv(t) = h(t), tel,
(8)
v(0) =+ (1) =+"(1)=0.

We have known that, for any h € C(I), the third-order
linear boundary value problem

W) =ht), tel,
©)
v()=+ (1) =+"(1)=0

has a unique solution v € C*(I), which can be expressed as
1
v(t) = J. G(t,s)h(s)ds = Sh(t), (10)
0

where G(t, s) is the Green function of LBVP (9) given by the
following expressions:

ts——t3, 0<t<s<l,
Gts)=1, 2 (1)
552, 0<s<t<l.

Clearly, G(t,s) is continuous, and the following lemma is
established.

Lemma 1. G(t,s) has the following properties:

(a) G(t,s) > 0, forany 0 < t,s < 1.

(b) tG(s,s) < G(t,s) < max,;G(t,s) = G(s,s), for any
0<ts<l.

(c) G(t,s) < st, forany 0 < t,s < 1.
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Proof. From the expression of (11), it follows that (a) holds.
(b) For 0 <t < s <1, we have

G(t,s)—G(s,s)=—%(s—t)2SO,
1, 1 5
G(t,s)—tG(s,s):st—Et —Ets (12)

1 1
=—t(s—t)+ =st(l-s)>0.
2( ) 5 (1-59)

ForO0<s<t<l,

G(t,s) = %52 =G(s,5) > tG(s,s). (13)
(c) From the expression (11), for any t, s € [0, 1], G(t,s) <

st holds obviously.
This completes the proof of Lemma 1. O

From Lemma 1, we can obtain the following result which
is needed in the proof of our main results.

Lemma 2. The solution operator S : C(I) — C(I) of LBVP
(9) is the completely continuous linear operator, and its norm
satisfies |S|| < 1/6. Furthermore, if h € C*(I), then Sh(t) >
t||Sh, for every t € I.

Proof. From (10), we can easily obtain that the solution
operator S : C(I) — C(I) of LBVP (9) is a completely
continuous linear operator.

For any h € C(I), by (10) and (11), we obtain

(£ =3¢ +3t) ||

1
ISk ()] < jo G(t,s)ds- |hl =
(14)

N =

1
6

It is easy to see that [|Sh| < (1/6)[lA]|, which implies that ||S]| <
1/6 holds.

Furthermore, for h € C*(I), from (10) and the second
inequality of Lemma 1(b), we get

[Sh(t)] < Jl G (s,s)h(s)ds,

0

tel (15)
It follows that

[Sh| < J: G(s,8)h(s)ds. (16)
From Lemma 1(b), we have

Sh(t) = JIG(t,s)h(s)ds > trG(s,s)h(s)ds
0 0 17)

> t|Sh| .
This completes the proof of Lemma 2. O

In order to establish the new maximum principle, we also
need to prove the following lemma.

Lemma 3. Let there exist constants M and N satisfying the
assumption (5); then LBVP (6) has a unique solutionu = Th €
c() for any h € C(I), and the solution operator T : C(I) —
C'(I) is completely continuous. Specifically, when h € C*(I),
then the solution u = Th satisfies u(t) > 0, uW'(t) =0, tel

Proof. According to the above analysis, if there exists the
unique solution v € C3(I) of LBVP (8), then u = Tyv € ct)
is the unique solution of LBVP (6). By the Lemma 2, LBVP
(8) is equivalent to the operator equation

(J + NS+ MST,) v (t) = Sh(t), (18)

where ] is the unit operator in C(I). By Lemma 2, it follows
that

N
INS + MST, | < N ISl + MS] - | To] < = +

SIS

(19)
N M 1 (N M ) 1
<—+—=-(-+—)<-.
4 6 2\2 3 2
Therefore, ] + NS + MST, creates bounded inverse operator.

According to the Neumann expansion, we can obtain that

00

(J+ NS+MST,)" =Y (-1)" (NS +MST,)"
n=0
(20)
=Y (-1)" (NS + MST,)" (J - NS = MST,);
n=0
its norm satisfies
|7+ Ns + MsTy) | < L 2. ()

1-[|(NS+ MST)| <

Therefore, the operator equation (18) has a uniqueness solu-
tion

v=(J + NS+ MST,)”" Sh:= Bh. (22)

Thus, LBVP (6) has the uniqueness solution u = Tyv =
TyBh = Th, where B = (J + NS + MST,)"'S, T = T,B.
Since the operator S : C(I) — C(I) is completely continuous
and (J + NS+ MSTO)_1 is a bounded linear operator, then the
operator B : C(I) — C(I) is completely continuous. Thus,
according to the boundedness of T, : C(I) — C'(I), we
can get that T : C(I) — C'(D)isa completely continuous
operator.

Now, we prove that, forany h € C*(I), the solutionu = Th
of LBVP (6) satisfies u > 0, u' > 0.

Since T, and S are the positive operators in C(I), and Sh <
[|SAl, then from the definition of operator T, we have T;Sh <
t||Sh|l, and by Lemma 2(c), it is obvious that

(NS + MST,) Sh = (NS) Sh + (MST,) Sh
< (NS(1) + MS(s)) [ISh]

_ <N jl H(t s)ds + M jl SH (L, 5) ds) ishj
0 0

N M N M
< <—t ; —t> ISkl = (- ‘ —> IShilt,
213 23



for any t € I. By Lemma 2, we can obtain

(J - NS = MST,) $h = Sh— (NS + MST,) Sh
N M
>kt = (S + 5 ) ISHlE (o

- (1 _ (5 N M)) IShI[£ >0,
2 3

foranyt € I. Since T, and S are the positive operators, we can
obtain that

Bh = (] + NS+ MST,) "' Sh

0 (25)
= ) (NS +MST,)™" (J - NS ~ MST,) Sh > 0.

n=0

Therefore, the solution of LBVP (6) satisfies u = TyBh > 0,
and u' = Bh > 0. This completes the proof of Lemma 3. [

According to the conclusion of Lemma 3, the following
maximum principle can be obtained.

Lemma 4. Let there exist constants M and N satisfying the
assumption (5), ifu € ct) satisfies

uP )+ Nu' () + Mu@) 20, tel,
u(0) >0,
u' (0) >0, (26)

u" (1) >0,

n

u (1) <0

then u(t) > 0, u'(t) > Oforanyt € I

3. Main Results

Now, we are in the position to state and prove our main
results. We will apply monotone iterative method of the lower
and upper solutions to obtain the existence and uniqueness
of solutions for cantilever beam equation (1). To this end, we
define the lower and upper solutions of BVP (1).

Definition 5. If a(t) € C*(I) satisfies
a0 < f(ha@),a 1), tel,
«(0) <0,
a' (0) <0, (27)

o« (1) <0,

o (1) >0,
then a(¢) is called a lower solution of BVP (1). If the inequality
of (27) is inverse, then a(t) is called an upper solution of BVP

(D).
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Theorem 6. Let f: I X R xR — R be continuous, and there
are lower and upper solutions o and [3 for BVP (1), satisfying
a < B, o < P If f satisfies the following condition:

(F1) there exist positive constants M and N satisfying (5),
such that

ftuyvy) = f (tug,vy)
> =M (uy —u;) = N (v, =),

(28)

for arbitrary t € I, u,u, €
! !
[, ], uy =1y, vy 2wy,

[« ﬁ], ViV, €

then BVP (1) has one maximal solution u and minimal solution
u between o and 3.

Proof. Let D = fu e C'(I) |la < u < B, o <u' < B},
Clearly, D is a bounded nonempty convex closed set in C* ().

For any u € D, we define an operator F : D — C(I) as
follows:

Fu)(®) = f(Lu),u' @)+ Nu' () +Mu(t). (29)

According to the continuity of f, it is easy to see that F is the
continuous bounded operator in C(I). Let T be the solution
operator of LBVP (6); then the solution of BVP (1) in D is
equivalent to the fixed point of the composition operator Q =
ToF:D — C'I). We can easily obtain that operator Q as
completely continuous by the complete continuity of T and
the boundedness of F. In the following, we will take four steps
to prove the conclusion.

Step 1. We prove that Q(D) ¢ D.

To this end, we let x = Qu for every u € D. And define
h = F(u), and then x = Th is the solution of LBVP (6). Thus,
x € CH(I) satisfy

(1) + Nx' () + Mx (t)
= f(tu@,u' () +Nu' () + Mu(t), tel, (30)

x(0)=x"0)=x"1)=x"(1)=0.

Then by the definition of the lower and upper solutions and
the assumption (F1), it is clear that

(x-a) P+ Nx-a) +M(x-a)
> f(tuu')- f(taa )+ N@wu-a)
+ M (u-a)
>-M@u-a)-N@wu-a) +Nu-a)
+ M (u-a) =0,
(B-x)"+N(B-x)'+ M(B-x)
>f(t.gB) - f(tuu)+N(B-u)
+M(B-u)

Vt e I,
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>-M(B-u)-N(B-u) +N(B-u)
+M(ﬁ—u)=0, Vt e l.
(31

By the boundary conditions, we can get that
(x—a)(0) 20,
(x-a)(0) =0,
(x-a)" (1) 20,
(x-o" (1) <0,
(B-x)(0) =0,
(x - ) (0) 20,
(x-a)" (1) >0,
(x-a)" (1) <o.
Applying Lemma (10) to x — o and f3 — x, we have
x-—a20,
(x—a) >0

B >0 =
— x>0,

(B-x) 20,

which means & < x < 8, & < x’ < B’ in I. Therefore, we can
conclude that Q(D) ¢ D.

Step 2. We show that if u;,u, € D satisfya < u; < u, <
B, o < u; < u; < ﬁ',then Qu,; < Qu,, (Quy)' < (Qu,)'
holds.

In fact, similar to the first step, let x; = Qu;, x, = Qu,,
and then by the assumption (F1), we can obtain

(x, - x1)4 + N (x, = x,) + M (x, - x,)
= f(t,uz,u;) —f(t,ul,u;) +N(u; - u;)
+M (uy —uy) (34)
> M (uy —uy) = N (uy —uy) + N (uy - uy)
+M(uy—u;) >0, Vtel
By the boundary conditions, we can get that
(x, —x,)(0) >0,
(x, - xl)' (0) =0,
(35)

(x, — xl)" (1)=0,

(x, — xl)”’ (1) <05

5
then applying Lemma (10) to x, — x,, we have
X, —x; 20,
(v, —x,) 20, (36)
Vtel,

which means that Qu, > Au,, (Quz)' > (Qul)'.

Step 3. We demonstrate that there exist solutions between «
and f3.

We use « and f3 as the initial element for constructing
iterative sequence

(Xn = Q(xn—l’
ﬁn = Qﬁn—l’ (37)
n=12,...

According to the definition of the operator Q, Steps 1 and
2, we can easily see that

"SOCnSﬁnS"'SBISﬁO,

! ! ! ! (38)
cso s B << B <fy
which means that {«,} and {f,,} are monotone increasing and
decreasing in the order interval [«, 3], respectively; {oc:l} and
{ ﬁ;} are also monotonous in the order interval [« ﬁ'].

By the compactness of Q, we know that {«,}, {8,} <
Q(D) are the relatively compact sets in C (1), and, therefore,
they have the uniformly convergent subsequence in C'(I).
Then by (38), {«,,}, {B,}, {oc;}, {,B;} are all uniformly conver-
gent in I; therefore, {«,} and {f,} are uniformly convergent
in C'(I), which means there exist « and % € C*(I), such that
«, — u, B, — u. Since D is a convex closed set in C'(I),
it is obvious that u,ut € D. In the expression (37), we let
n — 00, and then, from the continuity of Q, we can easily
seeu = Qu, u = Qu, for any t € I. Thus, u and u are the
solutions of BVP (1) between « and f3.

Step 4. We testify that u and & are the minimal and maximal
solutions of BVP (1) between « and f3, respectively.

Let u € D be an arbitrary solution of LBVP (6); then u(t)
satisfies

(39)

By Step 2, using Q acting n times for the last expression, it can
be easily obtained that

a, <u<p,

o, <u <, (40)



Taking n — o0, we can see
(41)

It can be easily obtained that u and u are the minimum and
maximum solutions of BVP (1) between o and 3, respectively.
This completes the proof of Theorem 6.

From the above proof process, the next corollary can be
easily obtained.

Corollary 7. Let f: I xR xR — R be continuous, and there
exist lower and upper solutions o and [3 for BVP (1), satisfying
a < B, o < B If f satisfies the assumption (Fl), we use o
and B as the initial elements to construct iterative sequences
{o,} and {B,,} by linear iterative equation

uff) (t) + Nu, + Mu,

=f (t, u, ; (t) )”;71 (t)) + Nu:k1 + Mu,,_;,

(42)
tel,
u, (0)=u (0)=u (1) =u (1) =0;
then we can obtain that
nlLrgoan (H)=u ),
nan(}oﬂ" () =u()),
(43)

Jim o, (6) =’ (1),

lim B, (£) = u (1)

uniformly hold for arbitrary t € I, where u and u are the
minimal and maximal solutions of BVP (1) in the set

D={ueC1(1)|¢x§uS[3,(x'Su’S/::”}, (44)
respectively.

Theorem 6 gives the existence of the solution of BVP (1).
Now, we can further discuss the uniqueness result of the
solutions by strengthening the assumption (F1).

Theorem 8. Let f: I x R xR — R be continuous, and there
exist lower and upper solutions o and [3 for BVP (1), satisfying
a < B, o < BIf f satisfies the assumption (FI) and the
following condition:

(F2) there exist positive constants C, and C, satisfying
C;+Cy+M+N <3, (45)

such that
f (t>”2> vy) = f(t ”1»"1)

<C (uy—uy) +Cy (v, =),

(46)

! !
foreveryt € I, uj,u, € D, v;,v, € [a,5], u, >
Uy, vy 2 vy,
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then BVP (1) has a unique solution u* in D, and, for every
u, € D, the monotone iterative sequence u,, constructed by (42)
uniformly converges to the unique solution u”.

Proof. By the proof of Theorem 6, when the assumption (F1)
holds, then the BVP (1) has maximal solution # and minimal
solution u in D, and for every solution u € D, we have u <
u<u, u <u <u'. Next, we need to prove that u = 7.

According to the proof of Lemma (9), the operator B :
C(I) — C(I) defined by (22) is a positive linear operator, and
its norm satisfies

1Bl < || (7 + NS+ MST,) || - 18Il < 2 % é = % (47)

Since T = T B, for any h € C(I), we have (Th)' = Bh.

Assuming that {«,}, {,} are the monotone iterative
sequences constructed in Theorem 6, by the assumptions (F1)
and (F2) and the positivity of operator B, we can see

Br == (QBmr) = (Qeruy) = [T (F(Bo))]
= [T (F (o)) = B(E (Bms)) = B(F (@)
=B (F (ﬂn—l) -F ((xn—l)) =B [f (t’ ﬁn—l’ﬁ;—l)

- f (t’ (xn—l’“;—l) +M (/311—1 - (xn—l)

(48)
+ N (Bt~ )] < B[(Cy+ M) By —0t,1)
+(C,+N) (B, —,_,)] = (C, + M) BT, (B,
—ay ) +(C,+N)B(B,_, —«a_,)
= ((C, + M) BT, + (C, + N)B) (B,_, —al,_,).
which implies that
18, = e < ((Cy+ M) [Ty +(C, + N)) 1B
) LR (49)
< (C +Cy + M+ N)|B| - B, - oy -
Therefore, we can get
Br= ] < (Cr+Cy+ M4 N)IBI- By - ey
<(C, +C,+ M+ N)*|B|?
(50)
B -] <
<(C+Cy+ M+ N)"IBI"- | By - oo
By (47) and the assumption (F2), we have
ol (S ] o

(n — 00).
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Thus, we have
18, = aull = |70 (81 = )] < IZo] - [ B, - o, o)

(n — 00).

— 0

Therefore, by the conclusions of Corollary 7, we can obtain
u= Jima, = Jimf, =7 2

Consequently, u* = u = U is the unique solution of BVP (1).

Now, we need to testify that the monotone iterative
sequence u,, constructed by (42) uniformly converges to the
unique solution u*.

Assuming u, € D, then the monotone iterative sequence
u,, used u, as the initial element constructed by (42) satisfying
u, = Au,_;, n = 1,2,.... According to Step 2 of the proof
process of Theorem 6, it is easy to see that

<u, < B, (54)

n=0,1,2,....

Taking n — oo, it follows that 4, — u* in C'(I). Therefore,
the conclusion is established. O

Finally, we give a numerical example to illustrate our
theoretical results.

Example 1. Consider the following nonlinear problem:
u® (t) = %sint-u(t) + %cost cul () + %et,
tefo,1], (53

u©0)=u 0 =u"1)=u"(1)=0.
Clearly, a(t) = 0 is a lower solution of problem (55).
Letting f(t) = €', we can obtain that

1 . 1 ’ 1,
—sint - b (t) + — cost - t)+ —e
JsintB(0)+ cost- (1) +

S\/zsin<t+z>et+letg \/—§+l etSet (56)
4 2 3 2

=Y (1)

it is means that 3(t) = €' is a upper solution of problem (55).

On the other hand, for arbitrary t € [0, 1], when u,,u, €
[0,€'], vy, v, € [0,¢'], and u, > uy, v, = v}, we can easily
obtain

1 1
<§ sint - u, () + gcosl‘-v2 (t)>

- (% sint -u, () + %cost - (t))
(57)
= % sint (u, (t) —uy () + % cost (v, (t) — v, (1))

> —

(12 ) -1, () = 5 (0 -7, ),

W | =

7
which implies that
1 1
f(t,u(t),u’ (t)) = gsint-u(t) + gcost-u' ()
(58)
L,
+ —e
2
satisfies the condition (F1) for M = N = 1/3. Then, by

Theorem 6, problem (55) has at least one maximal solution
% and minimal solution u between 0 and e'.
Furthermore, it is obvious that

% sint (uy (£) —uy () + % cost (v, (t) — v, (1))
1 1 (59)
< 5 (”2 () —uy (t)) + 5 (Vz ) —-n (f)) >

which implies that f(t, u(t), ' (t)) satisfies the condition (F2)
forC, = C, = M = N = 1/3. Then, by Theorem 8,
the problem (55) has a unique solution u* which satisfies
O<u*<eé, 0< W) <é.
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