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Monotone Quantities and Unique Limits
for Evolving Convex Hypersurfaces

Ben Andrews

1 Introduction

The aim of this paper is to introduce a new family of monotone integral quantities asso-
ciated with certain parabolic evolution equations for hypersurfaces, and to deduce from
these some results about the limiting behaviour of the evolving hypersurfaces.

A variety of parabolic equations for hypersurfaces have been considered. One of
the earliest was the Gauss curvature flow, introduced in [Fi] as a model for the changing
shape of a stone wearing on a beach. The stone is represented by a bounded convex
region, and each point on its surface moves in the inward normal direction with speed
equal to the Gauss curvature: If the surface at time t is given by an embedding x;, then

0x

— = —Kn
ot

)

where K is the Gauss curvature, and n the outward unit normal. Firey showed that stones
which are symmetric about the origin shrink to points in finite time, and are asymptoti-
cally spherical in shape.

Other evolution equations have been considered since then, of the form

0

—X = —FII, (1)
ot

where x is an embedding into R™*!, and F depends on the curvature and normal direction

of the hypersurface. Examples include flows by mean curvature ([Hul]) with F = H, the nth

root of the Gauss curvature ([Ch1]) with F = K/ and many other homogeneous degree 1

functions of the principal curvatures ([Ch2], [An1]). Flows which expand hypersurfaces
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with F homogeneous of degree —1 have also been considered, with quite general results
([U1], [U2], [Gel, [Hu2]).

The behaviour of solutions of equations of this kind can be quite complicated,
even in the case where F depends only on the principal curvatures and not explicitly
on the normal direction. In particular, hypersurfaces evolving by small powers of their
Gauss curvature do not in general become spherical [An3], and a given equation can
have several different solutions which evolve by contracting without changing shape
[An7], [An8], [An9]. There are very few equations for which the behaviour of solutions
is well understood, other than those mentioned above with F homogeneous of degree
1 or of negative degree in the principal curvatures. A single exception is the flow with
F = K/™+2 ' which has a remarkable invariance under the special affine group. In [An5]
and [ST], it was shown that solutions become ellipsoidal in shape as they contract to
points. As a guiding principle, we expect that flows in which F is homogeneous of large
degree in the curvatures will have solutions which are asymptotically homothetic—that
is, the solution hypersurfaces can be rescaled to converge as the final time is approached,

to a limit which satisfies the identity
F=cix,n) (2)

for some ¢ > 0. This implies that the limit hypersurface evolves by shrinking without
changing shape. On the other hand, if F is homogeneous of small degree, we expect that
some isoperimetric ratio will usually become unbounded as the solution shrinks to a
point. In the case of curves in the plane, this picture has been confirmed in detail ([An6],
[An7]). In higher dimensions, results are known only for flows involving Gauss curvature
([An8], [An9)).

Theorem 1. Let 1 € C®(S") be strictly positive, and « € (1/(n + 2),1/n]. Let Q c R™!
be an open bounded convex region, and let My be the boundary of Q. Then there exists
a family of C® embeddings {x;: S™ — R"*!}g .1, unique up to composition with an
arbitrary time-independent smooth diffeomorphism of S™, such that the hypersurfaces
M; = x(S™) bound strictly convex open regions Q. for t > 0, converge to M in Hausdorff

distance as t — 0, and satisfy the evolution equation (1) with
F =dbnm)K*.

The embeddings x; converge uniformly to a point p € R**! as t — T, and the rescaled
embeddings

. (vOl(sn) )1/"“ (%~ p)
= Vol nop
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have images which converge in C* for a subsequence of times approaching T to a hyper-

surface X which satisfies (2). O

Part of the difficulty in treating the general case of equation (1) is that there is no
associated variational principle, and consequently it is difficult to find quantities which
improve under the flow. The present paper concerns a family of flows of a somewhat
special form, for which something more can be said. In particular, we prove the existence
of many improving integral quantities for these flows, and use these to simplify the
possible types of behaviour: We show that if a solution approaches a solution of (2)
modulo rescaling, even in a very weak sense or on a subsequence of times, then it must
converge smoothly to that solution. Hence a solution can have at most one limiting shape.

The class of flows we consider was introduced by the author in [An3], and includes
the Gauss curvature flows (with F = {K%*) and flows with F = (K/Ey)*, where Ey is the kth
elementary symmetric function of the principal curvatures. We will refer to these flows
as “mixed discriminant” flows, or MDFs for brevity. The complete description of this
class is given in Section 2. For each of these flows there is a family of associated integral
quantities, which we introduce in Section 3. In particular, any hypersurface satisfying
the identity (2) is necessarily a critical point of every one of these quantities. We show in
Section 4 that some of these quantities evolve monotonically in time for MDF solutions.

The main result, given in Section 6, is the following theorem.

Theorem 2. Let {xi}o<t<T be a solution of a mixed discriminant flow, converging to a
point in R"*! as t — T. Suppose there exist sequences t, — T, Ry — oo, and py € R**!
such that the hypersurfaces Ri (th (SM — pk) converge in Hausdorff distance as k — oo to
a compact convex C? hypersurface £ with F > 0. Then £ is C* and satisfies the identity (2)

for some choice of origin in R™*!  and there exists p € R™"! such that the hypersurfaces

- Vol(x) \'/"*
= (Gomg) 0 -7)

converge in C* to £ as t — T, where Q) is the region enclosed by the hypersurface x;(S™).
O

In particular, this improves the result of Theorem 1 for Gauss curvature flows:
Convergence for a subsequence of times to a homothetic limit is improved to convergence
in C*® as t — T. Our argument is similar to that of Simon [Sil] which applied to gradient
flows of convex functionals, and to the uniqueness problem for tangent cones of minimal
surfaces and harmonic maps. The present case is complicated by the fact that the flows
are fully nonlinear, and are not gradient flows, so some work is required to relate the

evolution equations to the gradients of appropriate functionals.
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One of the main technical difficulties which arises in the proof is that of proving
bounds on the radius of curvature. This difficulty stems from the explicit dependence of
the speed on the normal direction, which introduces terms into the evolution equation for
the radii of curvature which we can control only when the solution is close to a solution
of (2). The control of such terms should be important in the study of other anisotropic
equations, such as anisotropic mean curvature flows which are important in modelling
interfaces ([Gul], [AG1], [AG2]).

We remark that some of the integral quantities we use have been considered
before: Firey [Fi] showed that the integral th Kln(x,n) du decreases for solutions of the
Gauss curvature flow. This was extended to flows of curves in [An6, Lemma I1.16]. A
second integral quantity is the entropy, which was found by Hamilton for the curve
shortening flow in [Ha] and extended to the higher-dimensional Gauss curvature flow
(with F = K) by Chow in [Ch3]. It is given by J“Mt KInK du, and decreases for solutions of
the Gauss curvature flow. This was generalised for other MDF solutions in [An3]. Both

of these examples are included in the family of integral quantities we consider in this

paper.

2 Notation and preliminary results

In this section, we review some notation and results concerning convex regions in Eu-
clidean space, including the definitions of mixed volume and mixed discriminant. We also

define the mixed discriminant flows and discuss some of their elementary properties.

Support functions

The support function s: S™ — R of a convex region Q in R™*! is defined by

s(z) = sup(y, z) (3)
yeQ
for each z in S™. This gives the distance of each supporting hyperplane of Q from the
origin. The region Q) can be recovered from s as follows:

Q= ﬂ {y e R"™: (y,2) < s(2)}.

zeS™
For Q strictly convex and smoothly bounded, there is a natural embedding X describing
the boundary 0Q, such that the Gauss map z — n(x(z)) is the identity on S™. This is given

in terms of s by the following expression:

%(z) = s(z)z + Vsl(z) (4)
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where Vs is the gradient vector of s with respect to the standard metric g on S™. For any

f € C2(S'), we define an associated bilinear form t[f] by
v;[f] = ViVjf + fgi5, (5)

where V is the Levi-Civita connection of g. Then the principal radii of curvature of 9Q at
the point X(z) are the eigenvalues with respect to g of t[s] at z. The constant curvature of
g implies that ¢ has totally symmetric covariant derivative: Vit[fljx = Vjt[fli.

If O is a convex region and ¢ > 0, then €Q is the convex region {ea: a € Q}. For
any two convex regions Q; and Q,, the Minkowski sum Q; + Q, is the convex region
{a+b: aeQ;,be Q). If Q) and Q, have support functions s; and s, respectively, then

€101 + €205 has support function s = ;57 + €255.

Mixed volumes and mixed discriminants

The volume Vol(Q) of a convex region Q can be calculated in terms of its support
function s:

Vol(Q) = ;J sdet (xls]) du

n+1 Jsn

where dp is the standard measure on S™, and the determinant is taken with respect to g.

Let Q;,i = 1,...,N be convex regions with support functions s;, and consider
the Minkowski sum Z'iil €:Q); for arbitrary positive €;. The support function of this sum
is a linear combination of the support functions s;, and so the volume is a degree n + 1
polynomial of the coefficients ¢;:

Vol <Z GiQi) = T‘L;—I-l Z €ig - .- einV (Qio, . »Qin) .

1<ig,..in<N
The coefficient V (Qy, . .., Qy, ) is called the mixed volume of the n+1 regions Q; , ..., Qy,,
and is given by
V(Qo,...,0Qn) = J 50Q1[s1,...,sa]dp
STL
where Q is given in terms of the bilinear forms t[s;] by

1
Q[s1,...,sn] = - Z sgn(t) sgn(o)e [31]‘;((11)) .. .’C[Sn]:((:)) , (6)

" o,1eSn

where the sum is over all pairs of permutations on n elements. The operator Q is called

the mixed discriminant of sy, ..., s, (see [Al2], and [HO, Proposition 2.1.31]).
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Proposition 3. (1) Q is symmetric: Q[fy,...,fn] = Q[f5,, ..., o, | for any permutation o;

(2) Q[fy,...,fa] > 0 for any fy,...,f, with t[f;] positive definite;

(3) If ¢[f;] is positive definite fori = 2,...,n, then Q[f] := Q[f, f,,...,f,] is a nonde-
generate second-order linear elliptic operator:

Afl = Y QY (ViVif + gi5f)

ij

where Q = Q[f,, ..., f.]is positive definite and symmetric;

(4) For any fy,...,fy, 3 ViQY = 0.

(5) If ¢[f;] >0 fori=2,...,n, then

Q[flyflnya“')fn]Q[fZ)fZ)f3)-~-afn] = Q[flafZafBa--~yfn]2- O

Property (5) amounts to a concavity property for mixed discriminants:

1/k
Qfs,...,8,Sktly---,Sn
k times
is a concave function of the components of t[s], provided ¢[s;] >0 for j=k+1,...,n.

These properties of Q allow us to deduce some important properties of the mixed

volumes, as shown in the following.

Proposition 4. For Qg, Q(, Q4,...,Q, C R™! convex and p € R™™!, V is:
(1) Symmetric: V(Qy,...,Qn) = V(Qq, ..., Qg,) for any permutation o;
(2) Translation-invariant: V(Qqy + p, Q1,...,Qn) = V(Qq, Q1, ..., Qn);
(3) Positive: V(Qy,...,Q,) > 0;
(4) Monotone: If Qy € Qg then V(Qq, Q1,...,0n) < V(Q;, Qy, ..., Q4. O

Property (1) follows from statement (4) of Proposition 3, which allows integration
by parts. Property (2) follows because t[(z, p)] = 0. Positivity follows since we can choose
the origin to make sg positive, and Q[sy,...,s,] is positive by part (2) of Proposition 3.

Monotonicity follows since sg < sy and Q[s,...,sn] > 0.

The Aleksandrov-Fenchel inequalities

The Aleksandrov-Fenchel inequalities relate the various mixed volumes which can be

formed from a collection of convex regions.

Theorem 5 ([All], [Al2], [Fe]l). For Q,,...,Q, Cc R*! bounded and convex,

V(Qo,Q0,Qz, ..., Q) V(Q1,0Q1,Q3,..., Q) < V(Q,01,0Q5,...,0,)°. O
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Mixed discriminant flows

For convenience, we define for k € {1,...,n} and functions s, sx,1,...,s, the kth order

mixed discriminant

Qpls;sxrt, ey snl = Q| s, 00,8, Skaly-ySn | - (7)

k times

By a mixed discriminant flow we mean a flow of the form (1) where
F(x(2)) = P(2)Qyls; R]™*

for some « > 0 and k € {1,...,n}, and {: S™ — R smooth and strictly positive. Here s is
the support function of the evolving convex region, and X denotes some fixed collection
of smooth functions sy, ..., s, such that t[s;] is positive definite fori=k+1,...,n.
Particular examples of mixed discriminant flows are the Gauss curvature flows
(with k = n), and the anisotropic harmonic mean curvature flows (with k = 1). If X is taken

to consist of n — k copies of the unit ball and 1 = 1, the corresponding flow takes the

form F = Ey(rq,..., 1) 7% = K/Enk(Ky, ..., k)%, where 1q,...,m, are the principal radii of
curvature, Ky, ..., K, are the principal curvatures, and Ey is the kth elementary symmetric
function.

In considering the mixed discriminant flows, it is useful to work with the induced

evolution equation for the support function s:

%S = —PQls; R (8)
Property (3) of Proposition 3 shows that this is a fully nonlinear second order scalar
parabolic partial differential equation, and property (5) shows that the right-hand side
of equation (8) is a concave function of the second derivatives of s. A smooth solution of
equation (8) with t[s] > 0 can be used to construct a smooth, strictly convex solution of
the original equation (1), and vice versa: The embeddings given by equation (4) give such

a solution after suitable reparametrisation.

3 Integral quantities

In this section, we introduce a family of integral quantities associated with any mixed
discriminant flow, and show that any homothetic solution is a critical point of every one
of these functionals.

Fix a number « > 0, a smooth, strictly positive function 1} on S™, an integer

k € {1,...,n}, and a collection & = {sx,1,...,s,} of support functions of smooth, strictly
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convex regions (if k < n). We define the mixed volume Vi1[s; R] by

Vils;®I=V | s,...,8,8ki1,...,8n | = an sQy[s; Rl dp.
k+1 times

We denote by s the support function of the region given by rescaling to constant Vi, 1:

) ( IS™| >—
S=S| ——— .
Virals; K]

Then for any function G: R — R, we define

. 0
Z’G = an SQk[S, N]G (m) d}l

In particular, for each real number 3, we take Zg to be Z¢ where G(x) = xB:

11) B k+1
— Vi, [s: RJP- 1B J N :
Zﬁ k+1[s) ] . SQk[S) ] SQk[S;N](X dH

In the special case o« = 1, this quantity is trivial when 3 = 1, and we instead modify the

definition to give two separate integrals:

2 =exp| o | wlogasny du} View s IR,
which appears as the limit of Z}/“_“) as ¢« — 1, and

Z] = exp |Sl—“| o Plogs du} Viyls; N]_ﬁ,
which is the limit of 2%/ " as « — 1.

1/
The special case B = 1 (or 2] if « = 1) gives the entropy, considered before for

these flows in [An3], and in special cases before that in [Ha] and [Ch3]. In the case «x =1,
k =mn,{ = 1, the quantity Z; was considered by Firey in [Fi]l. The quantity Z,/, in the

case n = 1 played a role in [An6].

Proposition 6. If sisthe support function of a solution of equation (2), then s is a critical

point of the quantity Z¢ for any smooth function G. O
Proof. We consider a variation %s =1. Then define

0

_as

2 (s )ﬁ
“at\’ Viey1ls; 8]

1
V) (o) )
= - Ols;Rldp ),
(Vk+1[s;N] 1 Vilsing Jgn TSN AR
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so that [, AQ[5;R] du = 0. Then

0
sm N

ot
A e , U Ll Q[ﬁ,s,...,s;&])
— Qs NG ———— | = + ka———""""") du.
Lns SN §Qk[§;mvc<§+ O N .

In the special case where equation (2) holds, we have
v
§Qk[§; N]‘x
for some constant ¢, and so G and G’ are constants, and

0
aZG = G(C)J Qx[8; R] + k5Q[R, 5,...,5 R dp
STL

- cG’(C)J AQu[8; 8] + k3O, §, ... ., & Rl dp.
Sﬂ.

The identity (4) of Proposition 4 gives
| soris.osan= | Ao an
sn sn
after integrating by parts twice. Therefore, for a solution of equation (2) we have

%ze = (1+KG()— 1+ ock)cG’(c))J AQi[5; Rl du = 0. ]
Sn

4 Monotonicity in time

In this section, we show for any « that there is a nontrivial range of 3 for which Z evolves

monotonically in time for a solution of an MDF.
Theorem 7. For a positive solution s of equation (8), the quantity Z increases if « < 1,
and decreases if « > 1, provided that

[1,B-1UIB4,1/ad, if k> 8and 0 < a < 1 4 2=kt

[1,1/«], if k < 8or 1+ 2=vktl) — 5 <1

k
Be
1/, 1], if1§a§1+4(1+fm)
[1/ct, p_1U By, 1],if o > 1 4 20tkED)
where
5 K1 +o0) -2+ VKI+ o) —22—4k+ DI + ko)
+ = |

2(1 + ko)
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Figure 1 Small o: Graphs of f = 1/«, and of 3. for various k. The upper part of the
curve for any given k is the graph of 3, and the lower curve gives _. The allowed
values of 3 are those which lie between 1 and 1/« but not between 3_ and 3.

In the case o = 1, 2] decreases and 2 increases. The time derivative is zero only when
equation (2) is satisfied (possibly after translation if = 1, or in the case of 2] for « = 1).

O

Proof. From equation (8) and the definition of §, we have

+ka
0 [S™] Itk _ ) .
ot T Vi [s: 8] - PR — R .
ats <Vk+1[s;N]> ( PQ[S; R + 5| Lnlbgk[& ] dH)

It is convenient to define a new time variable t by

t |Sn| 1+ko/1+k
T= _ du,
Jo <Vk+1[su; Nl)

so that

) )
N T ij POENT® dy.
ot |STL| sn

In the following calculation, we denote by p the quantity 1 /5Qy[s; R]*, and use the abbre-
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0.6
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Figure 2 Large o: The allowed values of 3 are again those which are between 1/x
and 1 but not between 3_ and f,. 3+ are graphed for various values of k. For any k
and «, there are always allowed values of 3 close to 1 and to 1/c.

viations Qi = Qi[5; V] and Qi [f] = QIf, s, ..., §;R] for any function f:

0 1
Loy = (1= B (241 — — 2.2
526 ( [3)( B+~ J5n % ﬁ)

1
— k(1 — «p) <J' $pPQ[3p] dp — @ZBZJ :
Sn

Consider the second bracket in more detail: By property (3) of Proposition 3, we have

J $pPQ[Bpl dp = J spPQY (ViV;(8p) + gi58p) dup
sn sn

= J EpBQ“ (t[S]ijp + 2VisVip + 5V, V; p) du
S'ﬂ.

= Z14p — BJ 5209V pV;pP du

s‘ﬂ.
_ 4 <23 14p 148
s g, O ()

where we used the identity (4) from Proposition 3 to integrate by parts.
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Lemma 8. For any f € C®(S"),

1 z
J §2QYUVifV;f dp > J 50, f2dp — — (J 50, f du) .
sn sn [S™ \Jsn

with equality if and only if f = ¢ 4+ 1/5(z, p) for some constant c and some p € R™!, O
Proof. The Aleksandrov-Fenchel inequalities give
VIQ, Q;5RIVIQ, Q;R] < VIQ, Q', R]?

for any convex regions Q and Q'. Furthermore, equality holds if and only if Q and Q' are
scaled translates of each other ([Sc, Theorem 6.6.8]), since X consists of support functions
of smooth, strictly convex regions.

Fix f € C*(S™), and let Q have support function S. For ¢ sufficiently large, t[(f 4 ¢)s]
is positive definite, and so (f + ¢)S is the support function of some convex region Q)'. The

Aleksandrov-Fenchel inequality then reads

2
on S + QLI + o] duj 50, dyt — <J §(f+c)deu>
sn sn S

n

:(&J §deu+20J §Qkfdu+J §ka[§f]du)J 50, du
sn sn sn sn

2 2
—c? (J $Qyx du) — ZCJ SQy duj SQfdu — (J SQf dp)
STI n ST[ STL
2
= |S“|J §FQu[sfl dp — (J §Q,f du)
sn sn
2
= |S"| (J 50, f2 du—J §2QU Vi fV;f du) —~ (J §Quf du> ,
sn sn Nl

where we used the identity [, $Q du = |S"| and integration by parts. ]

We write the evolution equation for Z as follows:

o, 1-8
aZ[s =p-1) (k(l - “B)m + 1) Zp41 2
2621 4Pk(l — ap) %
+(1— B +k(1 — ap)) IE“II - ﬁ(1+ﬁ)§ﬁ ‘F;nl"/z
ABKIL = &B) (1 26iig,p 5 w0 5 dyu — 12
T+ B2 (LSQ VIR AT e g Fap )

Lemma 8 with f = p'*P/2 shows that the quantity in the last bracket is nonnegative.

If B > 0, then the Hoélder inequality shows that |[S"|Zg4; is larger than both ZzZ; and

Z,(zB 1)/ Therefore, the entire time derivative has a sign, provided that the coefficient of
Zp+1 has the same sign as 1 — «f3. The coefficient of Zg; is equal to
B —-1)

(1 +ka)p?+ (2 — k(1 + a)p +k+1),

(B + 1)2
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which has the same sign as 3 — 1 unless - < 3 < B+. So outside this range, the time

derivative has a sign provided that 1 — «f3 and § — 1 have the same sign. ]

The quantities Zg depend on the choice of origin (unless 3 = 1). By choosing the

origin at each time, we obtain the following corollary.

Corollary 9. If s is a smooth solution of (8) with t[s] > 0, with Q, the convex region
with support function s, then for 3 as in Theorem 7, inf,,cq, Zglst — (p, z)] increases for
o < 1, and sup,c, Zplst — (p,2z)] decreases for o > 1. If « = 1, then sup,.q, 27 [st — (p,2)]

decreases. O

5 Regularity estimates

The main result of this section (Proposition 11) is that a solution which is close in Haus-
dorff distance to a homothetic solution X is subsequently smooth, strictly convex, and
close to X in any C* norm. For this we need to assume that the homothetic solution itself
is nondegenerate, in the sense that it is a C2 hypersurface, and that it has speed F strictly
positive. This result implies immediately that if there is a subsequence of times on which
a solution converges in Hausdorff distance to a homothetic solution (after rescaling and
possibly translation), then there is a subsequence of times for which the rescaled solu-
tions converge in C*™ to X (Proposition 17).

The most difficult step in the proof of Proposition 11 is the proof of a C''! bound
for the solution s. Our proof works only in the case where the solutions are close to the
homothetic solution, for reasons which are entirely due to the explicit anisotropy in the
operator Qy—there is no such difficulty in isotropic cases, or in the cases k = 1 or k = n.
Once this bound is established, the evolution equation remains uniformly parabolic,
and further regularity follows from the results of Krylov and Safonov [KS] and Schauder

estimates.

Proposition 10. Suppose I is a C? convex hypersurface with support function o satis-
fying equation (2), where F is of the form (7). If F > 0, then X is C* and strictly convex.
O

Proof. For convenience here and henceforward, we first arrange (by rescaling time by
a constant and adjusting 1\ accordingly) that ¢ = 1 in equation (2). The assumption
that X is C? implies that the principal curvatures are bounded, and hence the principal
radii of curvature are bounded below: t[c] > Cyg. Since X consists of support functions
of smooth, strictly convex regions, there exist positive constants C; and C, such that

Cigij < tlsmlj < Cagi; for m = k + 1,...,n. Hence by Property (2) of Proposition 3 we
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have C} *Exlo] < Qilo;R] < C) *Eylol, where By = Qilo;1,...,1] is the kth elementary

symmetric function of the eigenvalues of t[c]. If the eigenvalues of t[c] are rq, ..., T, then
kl(n —k)! _
F_k = T Z Tip - .. Tik > Hrmaxrl(nié

1<i)<.<ig=n
where Tmax = max;<i<n Ti and Tpin = Ming<i<, 1i. Therefore
nEy - nQxlo; Nl - n(sup )/
_ —_ —_ — —_ — - . )
kel T kCPRCETT T kCTRCE T (inf )/

min

Tmax S

so t[o] is bounded, and X is strictly convex. By the identity (2), o satisfies the uniformly

elliptic equation
1/ka
Qiloy 8]/* = (%) )

in which Q,l(/ “isa monotone, concave function of the second derivatives of 0. By Theorem
5.5 of [K], [Ev], or Theorem 17.14 of [GT], we derive C?>* bounds for ¢. Bounds on higher

derivatives follow from Schauder estimates (e.g., [GT, Theorem 6.2]). ]

Proposition 11. Let £ be a C? convex hypersurface with F > 0, satisfying equation (2)
and having support function o¢. Then for any to € (0,1/(1 + ka)), ¢ > 0, and k > 1, there
exist & > 0 such that whenever s: S™ x [0, T) — R is a solution of (8) (maximally extended

in time) with |s(z,0) — o(z)| < 6 for all z € S™, then T > to,

s(z, 1) — (1 — (1 + ko)t) 5 0(2)| < ¢

for all z € S™ and all t € [0, to], and

1
sp — (I = (L +kedtg)) 7= 0| <e. O

ck

Proof. The Hausdorff distance between the two solutions remains small.

Lemma 12. If (1 — §)o(z) < s(z,0) < (1 4 4)o(z) for all z, and equation (8) holds, then
((1 = &) — (1 4 kaot) ™% o < (., 1) < ((1 + 8 — (1 + ke)t) 7= o

forallze S"and 0 <t < 1+%{(1 — p)itke O

Proof. By the maximum principle for equation (8), the solution s remains between the

solutions obtained by evolving (1 + §)o. ]

From this we also deduce bounds on the gradient of the support function.
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Lemma 13. There exists a constant C depending only on X such that any convex hyper-

surface M with support function s satisfying (1 — )0 < s < (1 + 8)o necessarily satisfies
ID(s — o) < CV/5. i

Proof. This result is purely geometric, and does not depend on the evolution equation.
By Proposition 10 there exist C3 and C4 such that Cglg < t[o] < C3g and CZI <0 < Cqy.
By hypothesis, the point X(z) on M with normal z lies between the hypersurface (1 + 5)X
and the hyperplane (y, z) = (1 — §)o(z). Equation (4) gives x(z) = s(z)z + Dsl(z), so it suffices
to bound the width of this region in directions perpendicular to z. The radii of curvature
of £ are bounded by Cg, so the region is contained inside a spherical cap of height 250(z)
and radius C3, which has width bounded by min{2C3,4./C5C4?}. [ |

Next we control the speed F above and below.

Lemma 14. There exist constants 6o > 0 and Cs such that if & < 8y and s satisfies
equation (8) with (1 — 8)o(z) < s(z,0) < (1 + d)o(z), then

F(z,V/8) — o(z)| < C58/4. O

Proof. We use Lemma 12, together with the following (Theorem 5.6 from [An4]):

d F
R

dt (14 o)t 20 ©)

Equivalently, the quantity Ft*1+% is nondecreasing pointwise.
The result of Lemma 12 on the time interval I = [«/5, Vo(1+ 61/4)] gives

L Flz, t)dt = s (z, JS) —s (z, Va1 + 51/4)) < (53/4 + ca) ol2).

By the estimate (9), we also have

—o/14a
Fiz,t) > F(z,V/3) <L> > F(z, v/5)(1 — C5'/4),
NG

and so

L Flz, t)dt > F(z,v/8)(1 — C5"/4)5%%,
Therefore we have

F(z, /) — o(z) < C8Y/4.

The estimate on F from below follows by applying the same method on the time interval

[V5(1 — 51/4), V3l n
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Lemma 15. For any to € (0,1/1 + k), there are &; > 0 and Cs such that if 5 < §; and s

satisfies (8) with (1 — 6)o(z) < s(z,0) < (1 + d)o(z), then for all z € S™,

tlslij(z, to) < Cegij.

Proof. By Lemmas 12-14 and scaling, we can assume

‘s(z, ) — (1 — (1 + kagt) /" cr(z)’ < C3;

‘Ds(z, t—(1—(1+ koc)t)l/(Hk“) DO'(Z)) < CV§;

[Flz,t) = (1= (1 + kegt) ™/ o) < c514,

on the time interval [v/3, tol. The evolution equation for t[s] is as follows:

0
at[S]ij = t[—Fly;

— OC'lJ)QIZ(l_HX)ViVij —all + ‘X)'le]:(z-HX)Vikaij
(10)

+ aVipQ, YV O + avipQ MY VIO — O e[l

The second derivatives of Q, can be expanded as follows:

n
ViV;Q = Vi | kQP4 &\./._,_g;& Vityq + Z QP91 s, ..., s R\ {sq} | Vlsalpq
k—1 times a=k+1 k times

=kQ | s s R ViVi + Vivi
IR 2

k—1 times

t[S]pq

n
. ViV + V;V,
+ Z Opa &4;52?‘\{%} %

a=k+1 k times

t[sa]pq

+ k(k — 1)Qramn $. 28N Vitlslnn Vjtlslyq

k—2 times

n
+k Z gramn s s R\{sq) | Vitlslyq Vjtlsalmn

a=k+1 k—1 times
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n
+k Z gramn s,...,5;N\{sq} | Vjtlslpq Vitlsalmn

a=k+1 k—1 times
Y s SN(Sa, 56} | Vitlselpe Vitlsolme. an
k+1§;1i7b§ﬂ k times

In order to produce an elliptic operator as the leading term in the evolution

equation, we note the following identity for the first term above:

(Vi + VoWylelshy = (% Vielslas + Yy Vyelsls + Vo Vitlshy + Vo Vylsly
1
= E(Vivpt[S]qj + V;Vptlslqi + ViVgtlsl,; + V;Vqrlsli)
+ %(gpqt[s]ij — giqtlslip + gpjtlslgi — gijrlslyq
+ gpqtlslj — gjqrlslip + gpitlslq; — gijtlslyg
+ gpqtlsly — giptlsliq + gajtlshi — gistlslq

+ gpqtlsly — giptlslq + gqitlsly; — gijrlslyg)

= (ViVj + V;Vi)elsloq + gpqtlsliy — gijtlslyq. (12)

The second and last terms in (11) we estimate from above: There exists some constant C
such that

Vitlsalpq Vitlsplmn + Vitlsalpq Vitlsplmn < Cgijtlsalpqtisplmn
and

1

E(Vivj + Vjvi)tlsa]pq =< Cgijt[Sa]pq

fora,b=%k+1,...,n.
We bound the third term in equation (11) using the concavity property of the

mixed discriminants: By item (5) of Proposition 3, we have for each i,

2

QOPaM™ | s 5N | Vitlslyg Vitlslun < | QP $.0 8N | Vitlshg | (13)
k—2 times k—1 times

The last term here will be controlled in terms of gradients of Qy:

n
kQP M»N Vitlslyg = ViQk — Z QPd |5, ..., 58\ [sq} | Vitlsalpg (14)

k—1 times a=k+1 k times
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where we have

qu S,---58; R\{Sa} Vit[sa]pq = CQk

k times

Combining estimates (10-14), we obtain the following inequality:

atij

—(1+00) ¢ —(14a) . -
T kopQ HHUQPIV, Vot — koapQ YO | s, s IR | 4 CO gy

k—1 times

+ koapQ, 1 Z gramn | s s R\{sa) | Vitlsalpq Vitlslnn

k+1<ab<n k—1 tim
atb L times

+ koapQ, 1+ Z gramn s R\ {sq) | Vitlsalpq Vitlslmn.

k+1<ab<n k—1 times
a#b -

The last two terms in this expression are yet to be controlled. These are the most
troublesome terms in the entire estimate, and it is only in controlling these that we
require the oscillation of s/o to be small. As will be shown below, these terms can be

controlled using the leading elliptic term, at the expense of terms of the form

Qf s, LiN [ vy
k—1 times
These are in turn controlled using good terms in the evolution equation for s, as long as
the oscillation of s/o is sufficiently small (note that in the case k = n, these terms do not

arise). The evolution equation for s can be written as follows:

0 _
s = VA"
= koapQ; ' T*QPIV, Vs — (1 + ko) pQ *
~|—kcxs¢Q{1_°‘Q S,...,s, ;N
k—1 times

The first term here is elliptic, and the last is bounded above and below, but the second
term becomes large if some eigenvalue of t is large.

By choosing &; sufficiently small, we can ensure that s — p(t)o remains strictly
positive up to time tq, where p(t) = (1 —7y) fsn sdp/ fsn odp for some vy > 0 to be chosen
later. Consider the function w on {(z,v) € TS™: |v| # 0} defined by

t[s](v,v)

W) = S5 = plto)
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If a maximum of w occurs at time t at a point (z,v), then we assume without loss of
generality that |[v| = 1 and that we have normal coordinates {zi,...,z,} about z such
that v = 9,,. Then we have local coordinates for TS™ given by {zi,...,zn,v1,...,vn}. The

criticality conditions at the point (z,v) are then

0=0,w=— (% (Vs — pvig)&>

s —po g11 g11(s — po)
and
0=a,w= 2 <t[5]1i B t[SZ]u gu)
§—pP0 \ 911 911
fori = 1,...,n. Since the point (z,v) is a maximum of w, we also have the extremality
conditions

o
\

> (95 + AFDy, )0z, + Afdy)w

1 AKRAL
(ViVjtlshin — wViVj(s — po)) + 2 Z r)
K041

(e[slie — tlsliigxe)

S —po S — po
Ak Al
+2) — - Virlshy +2) ——Virlsly (15)
k;ﬁls—pd 1 S — po

in the sense that this matrix is positive definite for arbitrary /\f Now consider the evo-

lution equation for w at this maximum point:

1

3w(z V) = 3t[s] —wi(s— o)
ot eV T s o \ar o T Wt TP

IA

koal)Q[(”“)qu (s (Vqut[s]u — WV, Vq4(s — p(Y))

m AM
+2 Ap Vltqm + 2 g Vltpm)
s — po s —po

1
= CQ ™ — 2kopQ 1T¥Q | s, .., s, 1,8 | 1y
s P k—1 times
~ Fd
— kopQ | s,...,s,0;R —(1+koc)1bQ£°‘+”r57HG (16)
s — po e Jon odu

k—1 times

where

/\2:(971)ip Z arimn | g s R\ sa} | Vitlsalmn.

a=k+1 k—1 times
The first bracket can be estimated using the inequality (15), provided we have an estimate

on the matrices /\lJ More specifically, we need to estimate the terms produced by (15),
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which are
2 3 .
— O_koaka(l-&-oc) Z qu/\pm/\g (tllgmn - tmn)
$ P mn#l
4koa) =
—i—ng(H“) Z Qrimn g s R\{sa} | Vitlsalmn Vptis. (17)
a=k+1 k—1 times

Consider the first term: There is some constant C such that —Cr[s,] < V,t[s.] < Crls,l]
for every unit vector v and each a = k + 1,...,n. By the monotonicity of the mixed

discriminants (property (2) from Proposition 3), this implies

—CQPI < QPamn | g s N\ {sa} | Vitlsalmn < CQPY.

k—1 times
Now QPY is a positive definite symmetric matrix, and so has a well-defined positive definite
square root Q'/2, Multiplying by the inverse of this matrix on the left and the right gives

—Cgmi < (92)" As (972) " < cgr,

and so the symmetric matrix A obtained by conjugating A by the square root of Q has

bounded eigenvalues and hence bounded norm. The terms we must control have the form

2k0(1]) _ o . L sm
mgk(l+“)gpq/\p/\¢s] (Ql/z) (Ql/z) (tllgmn - tmn) )

and are therefore bounded by CQ " (v119k-1 — Q«) /(s — po). Finally, to control the re-
maining terms in equation (17), we use the criticality condition V,t;; = wV,(s — po). Then

we have
0 C
—w(z,v) < CQM Y0 1w+ W Q 1%, 1|V(s — po)|
ot s — po
CQ;LX B CWQ]:(I-HX)Qkfl
s — po s — po

— C|V(s — po)| — C(s — po) L CQ*

1
< —CWQk,1Q£(1+“) Py — po_'

The first term here is the most important: We have

k—1) - (k—2)/(k— k— —1/(k—
Q1 > cEy g = B/ MTVERTIN 5 o/ tgret/ e
and so
1-1/(k—1)
Qr_1w Q
W i /k=1) k

s—po (s — po)l-1/k=1)°
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and so, provided that s — po and |V(s — po)| are sufficiently small, we have

a Q*“*l/(kfl) Q,(X
—w< _CW1+1/(k71) k + C k )
ot~ (s — po)l-1/lk=1 s — po

Finally, since the exponent of w is greater than 1 and the remaining terms and coefficients

are bounded, we obtain by the maximum principle a bound on w, independent of initial
data. This completes the proof of Lemma 15, since a bound on w implies a bound on t.
|

Lemma 16. If C;l < 9y < Cy and t[s] < Cgg, then there exists a constant Cg such that
Co'g < Q < Cog. H

Proof. The upper bound on Q follows immediately from the bound on t. The lower bound
is proved as follows: By monotonicity of the mixed discriminants,

Qi > et
for some constant c depending only on K. The matrix E,ij is diagonal when t[s] is diagonal:

If {e1,...,en} is a basis for which t[s] = diag(ry,..., ™), then Ex = diag(qy,..., dn), where

qi = C(k, T\_) Z Ty o Ty

I<ip<.<ig_1=n

G #i

v

c max Ty Ty
1<ij<..<ig_p<n

ij#i

¢

v

max Tip ... Ti

mMaxXj<j<n Tj 1<i)<..<ix=n ,

%
)

Hence we have a bound below on the eigenvalues of Q, as required. ]

The proof of Proposition 11 now follows from the result of Lemmas 15 and 16: s
satisfies a fully nonlinear uniformly parabolic equation (by Lemma 16), which is concave
in the second derivatives of s. Hence the second derivatives of s are uniformly Hélder
continuous by Theorem 5.5 of [K] (see also Corollary 14.9 of [Lml]), and all higher deriva-
tives are uniformly bounded by parabolic Schauder estimates (see for example [Si2] or
Theorem 4.9 in [Lm]). Finally, interpolation inequalities (see Theorem 7.28 of [GT]) show
that any C* norm of s/o can be made arbitrarily small by taking the oscillation of s/c

sufficiently small, since the C?* norm is bounded. [
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An immediate corollary of Proposition 11 follows.

Proposition 17. Suppose ois as in Proposition 10, and s is a solution of (8). If there exist
sequences t; — T, R{ — oo, and p; € R""! such that Ri(sy, — (z,pi)) — o uniformly, then
there exist t, R}, and p] such that R} (st{ - (z,p{)) — o in C*®(S"). O

6 The convergence argument

In this section, we adapt a method of [Sil] to complete the proof of Theorem 2. This
method involves bounding the distance that the solution can move away from the limit
in terms of the change in Zg for some 3. The proof of this depends crucially on a bound
below for the norm of the gradient of Zp in L? near its critical point o. This bound is
proved by reducing to an inequality for real-analytic functions on finite-dimensional
spaces proved by Lojasiewicz [L]. For a recent exposition of the Lojasiewicz inequality
and related topics, see [MV], especially Theorem 4.14.

The Lojasiewicz estimate has been used to prove convergence for gradient flows
of real-analytic functions. In our case, our evolution equations are not gradient flows, but
we do have monotone quantities. We will show that the angle between the direction of
motion and the gradient of one of these functionals remains acute, with cosine bounded
away from zero. This weaker condition suffices for the Lojasiewicz argument.

To illustrate the argument, we first describe an analogous situation for ordinary
differential equations: Suppose E: M — R is a real-analytic function on a (real-analytic)
finite-dimensional Riemannian manifold M, and V is a vector field on M which satisfies
the angle condition (V, VE) > co|V| |VE| for some constant cq > 0. Suppose x: [0,00) > M
satisfies the ordinary differential equation x = —V(x), where x = dx/dt.

Suppose there is a subsequence of times {ty} approaching infinity such that x(ty)
approaches a limit x,, € M. Then x, is necessarily a critical point of E, and since E(x(t)) is
a decreasing function of t, we have lim;_, o, E(x(t)) = E(xs). We show that x(t) approaches
Xoo @S t — 00. The result of Lojasiewicz [L] is that there exists a neighbourhood U of x,,
in M and a constant 0 € (0, 1/2] such that |[VE(£)| > |E(&) — E(xoo)|'~® for all & € U.

Given ¢ > 0, we must show that there exists T(e) such that for every t > T(e) we
have |x(t) — x| < €. First, decrease ¢ if necessary to ensure that B.(x,) C U. Then choose
k sufficiently large to satisfy |x(ti) — Xoo| < 1/2¢ and |E(x(t)) — Exso)| < (c08e/2)'/°. Then

we have

x| = [V(x)|
_ (VWVE)
~ colVE|
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__IE]
col VE|
1 .
< —[E||E - Elxa)* !
Co
1 |d
= — |—((E-E 1.
Coe at (( (Xoo)))

Integrating from t, to any t > ti, we obtain
1 1
x(t) — x(t)] < —= [E((t)) — Elxoo)® < =,
Coe 2
and so

[x(t) = Xoo| < Ix(t) = x(ti)| + |x, + Xool < €

for all t > ty. Thus T(¢) = ty suffices.

1023

To apply this argument to the present situation, we take the real-analytic function

29 Vif a1, and 2 if a = 1.

As before, we denote by § the rescaled support function
VkJr] [0_] 1/(k+1)
S,
<Vk+1 [s] )

and define a new time parameter T by

d Vk+1[s] (14+ko)/(k+1) d
N <Vk+1[c]> at’

3=
Proposition 18. There exists a neighbourhood in C? about ¢ in which

(B =

a L2(s™ —
~ (S™) o/ (x—1)
_"['S \Y Zl/oc

12(sm) L2(S™)
for some C > 0.

Proof. Direct calculation gives expressions for 2§ and VLZ(SH)Z?//;W”:

9 5 -
308 = TWABIT 4+ 245,

1/x
VLZ(Sn)chx//;tx—l) — Z’ifc(xa_l) <<%) — leg]zl/cx> .

Let
Y
CEQy[E1

Then we have

0 . -
as:—s(d)—zl)

(18)
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and

1/«
125" o/la—1) _ safla—1)q =1 [ P
v Zl/tx - Z’l/cx Qi [s] (Zl/a - 1) .

Taking the L2 norm of each of these, we obtain

a 2

ot

=J 52 (¢ — 21)? du
L2(sM) sm

S
< 29 — 22
< sup o 1 (22— 24)

and

2 2

=28, |0l (077 - ) an

2
Qi [5]
< Zf/a sglp : (Zz/a - Zf/‘x) )

L2(S") 5o/ (x—1)
[y

o/ (oe—1)

1/ in terms of ¢:

We can also write the time derivative of Z

d /-1 1/(a—1)
azclx//““ = _ZI;:‘ (Z1+1/oc - Z’IZ’I/OC) .

(19)

(20)

(21)

(22)

We consider any C? neighbourhood of o consisting of functions s satisfying t[s] > 0 and

the conditions

sup ¢ < e isl}1fd) and (sup Qli[s]> (sup S ) <et
ST\

sn S sn Q8]

for some constant C > 0.

We estimate each of the expressions (20-22):

Z1ta/a—2121 0= L Ppire/x dﬁLL dﬂ—L

n n

1
= chb(x)““/“ + Sy > — b D)™ — dly)d)V* dfilx) dfily)

¢daj OV dfi
S

1 oat1/20 _ _ _ N
— EJ[¢(X)¢(y)] +1/2 [pcc+1/cc +p o1/ pzx 1/ pl oc/oc:l dii(x)diily)

v

ST'I.

where

x,y) = b
PPV b

1 o+1/x
E (mfd)) J (poc+1/cc + pfochl/oc — p“il/‘x — plﬂx/(x) dfilx) dily)
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and dp = $Qx[s]ldu. By similar arguments, we have
1 z 2
%—ﬁS—GMW)J (p—p7") diilx) dily)
2\ sn Snxsn
and
1 2/x 2
Zoja =220 < = <Sup d>> J (p“"‘ - p’“"‘) dii(x) diify).
2\ sn Snxsn
Lemma 19. If e /2 < p < e®?2 then for a > 1 we have
poc+1/oc + p—(X-‘rl/LX _ pcx—l/tx _ pl—oc/oc > (pl/oc _ p_l/“)z ’
and
sinh (£
poc+1/oc + p—cx+1/cx _ poc—l/cx _ pl—oc/oc > 1‘ (2Coc) (p _ p—l)z
sinh (%)
For 0 < o < 1, we have
: C
a+1/o —a+l/0 _ a—1/0c _ 1—-a/a > sinh (E) 1/x —1/x 2
P +p p p e ey \P p )
sinh (=)
and
_ _ _ 1 102
poc+1/oc+p oc+1/oc_poc l/oc_pl oc/ocZ _(p_p 1) 0

Proof of Lemma 19. We note that

pcx-‘rl/cx + p—oc-H/oc _ ptx—l/cx _ pl—oc/oc

and so

po(+1/oc + p—oc+1/oc _ ptx—l/tx _ pl—oc/oc

=:<p”“—-p‘”“)(p—-p‘ﬁ,

(p—p1)
and

poc+1/oc + p—oc+1/oc _ pcx—l/cx _ pl—oc/oc

(pl/oc _ p—l/tx)z

pl/tx _ p—l/oc
p—p7!
p—p!

pl/oc _ pfl/oc'

Hence it suffices to bound the ratio of p — p~! and p!/* — p~/* from above and below. Let

r = In p, so that the quantity we must bound above and below is sinh r/sinh(r/x). This

has limit « as r approaches zero, and

d sinhr sinhr coshr

cosh(r/x)

(

drsinh(r/«) _ sinh(r/«) \sinht

o sinh(r/x)

)

sinhr (K(r) — K(r/«))

"~ sinh(r/«) T

)
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where

a cosh(a)
K@) = = inhia)

which is increasing in a (with derivative equal to sinh(2a) — 2a/2 sinh? a > 0). Hence

sinhr
sinh(r/«)

is increasing for « > 1 and decreasing for 0 < « < 1. The result follows. [ |

Applying the lemma directly, and using the estimate supgs. ¢ < e© infsn ¢, we have

asinh(5) sinh($) I
2 > | min 2a 2 efC(ochl)/oc 2, — 22 /Z — 22 .
et/ = { sinh (5) " oasinh () 2T Y AT e
From the expression (20-22), this implies

min { ocsinh(2 ) sinh(%)

g}

iz“‘l/‘x - sinh(%) ’ Lxsmh(zg) } —Clot1)/x ‘ Hvl_z(sn cx/tx 1
1/ - Qi [3] 1/
dr /% SUPsn g SUPsn o *
This completes the proof of Proposition 18. ]

Proposition 20. There exist 0 € (0,1/2] and a neighbourhood in C?* about ¢ in which

1-6

l/oc

L2(s™) cx/cxl
v+ ] Vel - 2y

> Hztx/cx—l[s] Zoc/(x—l[o_]

12(sn) 12(sn)

Proof. Simon [Sil] showed that such an inequality can be deduced for gradients of
functionals of a slightly different form. The present case differs in the fact that the
gradient is a fully nonlinear elliptic operator rather than a quasilinear one, but the

details are otherwise identical. We refer the reader to the proof of Theorem 3 in [Sil]. ®

Proposition 21. Forany ¢ > 0there exists b > 0 such thatif §; is rescaled from a solution
of equation (8) with lim; .  Z1/«[8t] = Z1/4[0], and [So — 0];2 < 8, then sup,.¢ [St — 0]z < €.
O

Proof. The argument is similar to that described above for ordinary differential equa-
tions. Some complications arise because the Lojasiewicz inequality (Proposition 20) and
the angle condition (Proposition 18) have been established in a C>* neighbourhood about
0; but the argument applied directly gives bounds only on the distance travelled by the

solution in 12.
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The results of Section 5 can be interpreted in terms of the rescaled solution §
to give the following, where we fix a positive number Ty: For every ¢ > 0, there exists a
d1(e) > 0 such that if ||§g — ol 2(n) < 81, then

||§T — 0'||L2(Sn) < &€
for 0 < T < 7¢. Similarly, there exists 5,(¢) such that ||5g — o] 2(n) < ; implies
[Szy — Olczn < €.

Proposition 18 gives the existence of constants €; > 0 and ¢ > 0 such that

0

~ 0 - ~
§—olez<e; = —zMV —3
ot

ot 1/

o/(o—1)
1/x

)

< —Co HVZ
L2

12
and Proposition 20 gives ¢, > 0 and 6 € (0,1/2] such that

o/(—1)

1-6
1/ ‘

15— Olcon < €2 —> Hvz

2 Bl = 2y o]

Finally, by the continuity of Z, 4 as a functional on C2?, for every ¢ > 0 there exists 53(¢) > 0
such that

IS—0lc2 <d3 = ‘21/04[51“/(“71) — 2y a0V < e

Given ¢ > 0, we let ¢, = min{e, €1, €2}, and choose

§ = min {51 (%52 (5*)> 02 (63 ((%2(5*))1/6))

This choice guarantees that ||S;: — o|[;2 < 1/202(e,) for 0 < T < 19, and hence |5; — 0|c2u < €

for g < T < 271¢. Let
T =sup{11: [8x — Olc2n < & forTy <t <11},

which is well-defined and greater than or equal to 2ty in view of the previous sentence.

For 19 < 1 < T, we have |5; — 0|c2u < &, < min{e;, €3}, and so both the Lojasiewicz

inequality and the angle condition hold. Therefore
. - 1 - _ L
ISt — oll2 < ISty — Oll2 + w0 Z1/a[ST0]°‘/°‘ - Z1/a[6]°‘/°‘ !
0
for 19 <t < T, by the argument described before Proposition 18. But we have

- 1
18x — olliz < 5 8a(es),

N C0082(e.)\ /°
155 — ollcan <85 ( ( ——— ,

and
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and so by the definition of 53 we have

1 5 _ .19 1
-~ Z1/alBg 1% = 2y 0]/ | < 5 02(e4).

Therefore for 1o < v < T (and, as we already know, for 0 < T < 7¢) we have
15 — olli2 < dales),

so by the definition of 4,, we have for 1o <t < T + T,
|§T — G|c2.u < E4.

This contradicts the maximality of T if T < co. Therefore T = oo, and we have §; within

distance ¢, of o in C?* for all positive T, as required. ]

Theorem 2, restated. Suppose s: S™ x [0,T) — R is a smooth solution of equation (8),
and there exist t; — T, R — oo, and p; € R™! such that R; (sti — (pi,z)) converges in
C? to the support function o of a C? convex hypersurface £ with F > 0. Then I satisfies
equation (2), and is C* and strictly convex, and there exists p € R""! such that for all
k>1,

Vielol >1/k+1
m sy — (z, —o =0. O
t=>T (VkJrl[St] (t ( p)) ok

Proof. First, note that the hypersurfaces M, defined by the support functions s; converge
to a point p € R™! as t — T: If we denote by Q. the region enclosed by My, then Q,, C
Qy, for t; > t, by the comparison principle, and since R; — oo, we have diamM, <
1/RidiamX — 0 as i — oo, and so diamM; — 0 as t — T since diamM, is decreasing in t.
Then (o1 Q¢ = {p} for some p € R™*.

Next we note that Ri(p; — p) approaches zero as i — oo: If not, then there exists
some ¢¢ > 0 and a sequence i; — oo such that IRi;(pi; — )| = €o. Define € = min{eo, sup o}.
We know that |R;is, — (Ripi,z) — o|co — 0 as i — oo. But now choose I sufficiently large to

ensure that |Risy, — (Ripi,z) — 0]co < e sup o for i > I, where

~ 1+ko 1+ko 1+ka
1+ka € E _ l
(1+e 1<(Supc) ((4) (2) )
~ 1+ke 1+ka 1+ka
_ oyI4ka _ € l _ l
(1ot 1> (Supc) ((2) (4) )

Then, taking

< 1+koo
1 —( ——
2supo

(1 + ko RIH

and
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we have by the comparison principle (as in Lemma 12) fori > I,
(1 — )t —(1+ koc)Rin“Ti) 0 < Ry (St4m — (P1,2))

and
Ri (strr, — (p1,2) < (1 + )t (1 4 koc)Rin"‘Ti) o;

the choices of T; and ¢ then imply that

ginfo 3E

—— < Rist.ar. — (Ripi,2) < —.

4supo t+r — (Ripi, 2) 4
For j sufficiently large, we have i; > I, and so the last inequality holds; but also

. 3¢
|Rij (pij - P)| > €= €>— >S8up (Rijsti. +Ti T <Ri)~pi]~>z)> )
4 zeSh ) )
and so at time ty + Ty the point p is no longer in the enclosed region Qy i, . This is a
) )

contradiction, since {p} = () Q. Therefore |Ri(p; — p)| = 0 as i — oo.

As a consequence, we can replace the sequence p; with a constant sequence, since
[Ri(sy; — (p,2)) — o] < [Rilsy; — (pi,2) — o] + [Ri(pi — p, 2)],

and both terms on the right approach zero.

By Theorem 7, 2, 4 [st — (p, 2)]%/'*~1) is decreasing in time, and so has limit equal to
Zl/“[(r]“/("“” since Z converges on the sequence of times t;. Also, s, converges in CY (and
hence in L?) to 0, and so for any ¢ > 0 there exists i sufficiently large that s, satisfies the
conditions of Proposition 21. Therefore, §; remains within distance ¢ of ¢ in C?* for all
t > t;. This gives convergence in C?*. Convergence in all higher C* norms follows from

Proposition 11. u
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