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Abstract. In this paper we prove monotonicity and symmetry prop-
erties of positive solutions of the equation —div(|DulP~2Du) = f(u),
1 < p < 2, in a smooth bounded domain € satisfying the boundary
condition © = 0 on 02. We assume f locally Lipschitz continuous only
in (0,00) and either f > 0 in [0, 00] or f satisfying a growth condition
near zero. In particular we can treat the case of f(s) = s® — cs9,
a>0,c>0,qg>p—1. As a consequence we get an extension to
the p—Laplacian case of a symmetry theorem of Serrin for an overde-
termined problem in bounded domains. Finally we apply the results
obtained to the problem of finding the best constants for the classical
isoperimetric inequality and for some Sobolev embeddings.

1. Introduction and statement of the results. The aim of this pa-
per is to improve some monotonicity and symmetry results that we have
recently obtained in [7] as well as to give some applications to an overdeter-
mined problem and to the search of the best constants in the isoperimetric
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and Sobolev inequalities. We consider the problem

-Apu = f(u) in Q
uw > 0 i Q (1.1)
u = 0 on 00

where A, denotes the p-Laplace operator, A,u = div (|[DulP™2Du), 1 < p <
2, Q is a smooth bounded domain in RN, N > 2 and f is a real function.
We refer the reader to the introduction of [7] for more information about
(1.1) as well as for a discussion of the difficulties arising in the study of that
problem.
To recall our previous results we need some notations. Let v be a direc-
tion in RV, i.e., v € RN and |v| = 1. For a real number \ we define

TV ={zeRN:z.-v=2\} (1.2)
Y={reQ:z-v<A}
¥ =R{(zx)=z+20\—z-v)y, zeRY (1.4)

(i.e., RY is the reflection through the hyperplane 7Y )

= inf x - v. 1.
a(v) info-v (1.5)

If X > a(v), then QX is nonempty; thus we set
(©Q5)" = RX(25)- (1.6)

If Q is smooth and A > a(v), A close to a(v), then the reflected cap (€2)’
is contained in ) and will remain in it, at least until one of the following
occurs:

(i) (£%)" becomes internally tangent to J€2 at some point not on 7%
(ii) 7Y is orthogonal to d€ at some point

Let Ai(v) be the set of those A > a(v) such that for each p € (a(v),A]
neither of the conditions (i) and (ii) holds, and define

A1(v) =sup Ay (v). (1.7)

Note that A;(v) is a lower-semicontinuous function whenever 9§ is smooth.
The main result of [7] is the following:
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Theorem 1.1. Let u € CY(Q) be a weak solution of (1.1) where f satisfies
the hypothesis

(H1) f:]0,400) — R is locally Lipschitz continuous.

Then for any direction v and for X in the interval (a(v), A\1(v)] we have

u(z) < u(z) Ve Q. (1.8)
Moreover,
ou Y
a(x) >0 Vae,\2Z (1.9)

where Z = {x € Q: Du(x) = 0}.
From this theorem we immediately deduced the following:

Corollary 1.1. If, for a direction v, the domain € is symmetric with re-
spect to the hyperplane T} = {:U eERN:z.v= O} and \1(v) =0, then u is
symmetric; i.e., u(z) = u(zf) and nonincreasing in the v-direction in
with 4 (z) > 0 in Qf \ Z.

In particular, if Q is a ball, then u is radially symmetric and % < 0,

where % is the derivative in the radial direction.

These results are obtained under the hypothesis (H1), i.e., requiring f to
be Lipschitz-continuous near zero, but for many relevant nonlinearities this
regularity does not hold, as for example in the case f(u) =u?, p—1<qg <
p*—lzNN—_%—l,qclosetop—l.

Here we weaken the regularity of f at zero making the hypothesis

(H2) f is locally Lipschitz-continuous in (0,4o00), and either f > 0 in
[0, +00) or there exist sp > 0 and a continuous nondecreasing function
B : 0, so] — R satisfying

B(0) =0, [(s)>0 fors>0, /OSO (B(s) 3)7% ds =00  (1.10)

such that f(s) + 3(s) >0 Vs € 0, sgl.
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Remark 1.1. A large class of nonlinearities for which (H2) holds is the one
given by the functions f of the type

f(s) =g(s) —cs (1.11)

with g locally Lipschitz-continuous in (0, +00), g(s) > 0,¢> 0 and ¢ > p—1.
In this case f(s) = c¢s?, if ¢ > 0.

Remark 1.2. In the case of the ball, Brock [3],[4] proved the radial sym-
metry of the solutions of (1.1) under quite general hypotheses on f, using
the so-called continuous Steiner symmetrization.

Remark 1.3. Note that under hypothesis (H2) any nonnegative solution of
the problem

—-Apu = f(u) in Q
v = 0 on 0N

is positive by the maximum principle of Vazquez [11] (see also next section).
Therefore it is not restrictive to consider only the case u > 0.

Let us now state our main result.

Theorem 1.2. Let u € C1(Q) be a weak solution of (1.1) with f satisfying
(H2). Then for any direction v and for X in the interval (a(v), A\1(v)) we
have

u(z) < u(zy) Ve Qf. (1.12)
Moreover,
ou y

and u s strictly increasing in the v—direction in the set Qil(y).
Consequently we get:

Corollary 1.2. If, for a direction v, the domain §2 is symmetric with respect
to the hyperplane Ty and Ai(v) = 0, then u(x) = u(xf) for any x € Q.
Moreover u is strictly increasing in the v—direction in the set Qf with %(x) >
0 in QF\ Z. In particular if Q is a ball, then w is radially symmetric and

ou
Bu < .



MONOTONICITY AND SYMMETRY RESULTS FOR p-LAPLACE EQUATIONS 1183

As compared with Theorem 1.1 and Corollary 1.1, besides substituting
condition (H1) with (H2) we also get stronger information on the behaviour
of the solution, namely (1.12) which implies the strict monotonicity of u in
the set QKI ,y in the v—direction. This is a consequence of Proposition 3.1
which asserts that the solution u cannot be constant on any segment parallel
to v contained in QKl(y).

The method used in this paper is the well-known Alexandrov—Serrin
moving plane method ([9]) which led to the classical result of Gidas, Ni
and Nirenberg [8] about the symmetry of solutions of problem (1.1) in the
case p = 2.

As in [7] we will use the idea of simultaneously moving hyperplanes or-
thogonal to directions close to a fixed direction ry. To ensure continuity
(with respect to the directions) in this procedure we assume, as in [7],
smooth.

As we mentioned above, with the assumption (H2) we do not require
the Lipschitz-continuity of f at zero any more. To overcome this lack of
regularity we use Hopf’s lemma at 02, where u = 0, while in the interior we
proceed as in [7].

When used in 1971 by Serrin, the moving plane method led to a beau-
tiful result about the spherical symmetry of domains where certain overde-
termined problems have solutions. Once we have Theorem 1.2 (or Theorem
1.1) it is easy to get the analogous result for the p—Laplacian. More precisely
let us consider the following class of nonlinearities:

(H3) f:]0,00) — R is a continuous function such that in an interval [0, so],
so >0, f = fi+ fo, with f; Lipschitz-continuous and fo nondecreasing

Theorem 1.3. Let u € C1(Q) be a weak solution of (1.1) with f satisfying
(H1) or (H2)-(H3). If the following condition holds:

ou

—— =a on 0f) 1.14
an Y ( )

where n is the outer normal derivative and a is a positive constant, then )

s a ball.

Let us remark that, using again the continuous Steiner symmetrization,
Brock has also obtained a similar result ([5]).

Finally if we take f(u) = uf, ¢ <p*—1= NN——% — 1, from Corollary 1.2
we get that all solutions of (1.1) in the ball are radially symmetric and
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strictly radially decreasing. In particular, this happens for the functions
which minimize the energy functional

JP(v) = Jo Vol

b
T (Jplol)
. As explained in Section 4 this allows us to restrict our attention to ra-
dial (and radially decreasing) functions while looking for the “best” Sobolev
constant for the embedding WO1 P(Q) «— LP(Q). In particular, letting p — 1
one can find the absolute isoperimetric constant. In the existing literature
the reduction to radial functions is usually made through the Schwarz sym-
metrization which, in turn, relies on the isoperimetric inequality.

Having proved the symmetry of the solutions of (1.1) with f(u) = u9, ¢ <
p*—1, we are able to prove the isoperimetric inequality with the best constant
independent of the Schwarz symmetrization, but rather as a consequence of
comparison principles for elliptic operators.

The paper is organized as follows. In Section 2 we present some prelim-
inary results, while Section 3 is devoted to the proof of Theorem 1.2. The
applications are described in Section 4.

2. Preliminary results. As is well known, the moving plane method
relies on comparison results. In [7] we used some weak and strong com-
parison theorems obtained in [6]. As originally stated they apply to the
case of Lipschitz-continuous nonlinearities f. Since we will work under the
hypothesis (H2) we need to modify them in a suitable way.

Let Q be a domain in RY, N > 2, and u, v € C(Q) be weak solutions of

-Apu < f(u) in  Q (2.1)
Ay > f(v) in Q. '
For any set A C Q we define
Ma = Ma(u,v) = sup (|Du| + |Dv]) . (2.2)
A

Theorem 2.1. Suppose that 2 is bounded, 1 < p < 2 and there exist dy,
dy > 0 such that the sets u(Q"), v(QT) are contained in [dy,ds], where
Ot ={z € Q:u(x) >v(x)}. If the function f satisfies

f(s) = fi(s) +c1s, s€[di,da] for someci >0 (2.3)

with fi nonincreasing', then there exist o, M > 0, depending on p, ||, Mg,

!This is the case of any function locally Lipschitz continuous in (0, c0).
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1, di, dg such that for any open set Q' C Q with Q' = AjUA,y, |A1NAs| =0,
|A1] < a, Ma, < M, then u < v on 9 implies u < v in .

Proof. The proof is the same as that of Theorem 1.2 in [6], case 1 < p < 2.
Note only that the condition |4; N As| = 0 is not necessary, since we can
always substitute A; with A; \ As. O

Before stating the strong comparison theorem we need to recall a “Harnack-
type” inequality derived in [6].

Lemma 2.1. Let D be an open set in RN, N > 2, and u, v € C*(D) be
weak solutions of

—Aput+cul -Aypw+cv, ulv in D (2.4)

with 1 < p < 00 and ca € R. Suppose B(T,556) C D for some § > 0 and, if
p # 2, infp (|[Du| + |Dv|) > 0. Then, for any positive number s < - we

have

N .
[v = ullLs(B@20)) < €0 Bl(gfé)(v —u) (2.5)

where ¢ is a constant depending on N, p, s, c3, 6 and, if p # 2, also on
m = inf gz 55) (|Du| + [Dv|) and Mpzss) (defined as in (2.2)).

Theorem 2.2. Letu, v € CY(Q) be weak solutions of (2.1) with 1 < p < oo,
0<u<winQ and f be locally Lipschitz-continuous in (0,00). Define

Zy ={xe€Q:|Dul=|Dv| =0} (Z}=0 forp=2)

If there ezists x9 € Q\ Zy' such that u(xg) = v(zg), then u = v in the
connected component of Q\ ZY' containing xo.

Proof. The result follows from Lemma 2.1. Let C' be the connected com-
ponent of €\ Z¥ containing zo. It suffices to prove that the set O =
{x € C:u(z) =v(z)} is open. Let T belong to O and consider a ball D =
B(7,106) such that D C O. If sy = infzu and sy = suppv, by the
Lipschitz-continuity of f in [s1, so], there exists a number ¢y > 0 such that
fa(s) = f(s) + c2 s is nondecreasing in [s1, $2]. By (2.1), since u < v, we get

—Apu + cou < —Apv + cav.
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Moreover, infg 54) (|Du| + [Dv|) = m > 0 so that we can apply Lemma
2.1, obtaining

/ (v—wu)dx <0.
B(z,26)

This implies © = v in B(Z,2J), and hence B(Z,2§) C O which means that
O is open. O

Next we recall the following version of the strong maximum principle and
Hopt’s lemma, due to Vazquez [11].

Theorem 2.3. Let Q be a domain in RY and u € CY(Q), u > 0in Q, a
weak solution of

—Apu+f(u)=g>0 in

where g € L2 (Q) and 3 : [0,00) — R is continuous, nondecreasing. If there
exists sg > 0 such that either 3 = 0 in [0,s0] or B(s) > 0 in [0,s¢] and

S0

o 1B(s) 8]_%’ = 00, then either u=0 in Q or u > 0 in Q.

In this latter case if the interior sphere condition is satisfied at xg € 0f),
ue C (QU {x0}) and u(zo) = 0, then 2 Fr(xo) > 0 for any inward directional
derivative (this means that if y approaches xo in a ball B C ) that has xg
uly)—u(zo) 0).

on its boundary, then limy .., ly—zo]

Let us define, using the same notations as in Section 1,

ux (@) = u(zy) (2.6)
Z5 = ZX(u) = {zx € QX : Du(z) = DuX(x) =0} (2.7)
Z—Z( )z{xGQ:Du(w):O} (2.8)
Ao(v) = {X e (aw),(v)] s u < u), in Q, V€ (a(v),A]}

and, if this set is nonempty,
Ao(v) = sup Ao(v) (2.9)
If 1y is a direction and § > 0 is a real number we set
Is(v) = {I/GSNI lv—wo| <6},

where SN~1 is the unit sphere in RY.
We show now a useful property of the set Z of the critical points of a
solution of (1.1).
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Proposition 2.1. Let u € C'(Q) be a weak solution of (1.1) with f satisfy-
ing (H2). For any direction v the cap QKO(V does not contain any subset T’
of Z on which u is constant and whose projection on the hyperplane TKO(V)

contains an open subset of T)\”O(V) (relative to the induced topology).

Proof. The proof is identical to the one of Proposition 3.1 of [7], where it
was stated for functions f satisfying (H1). In fact, supposing the existence
of such a set I' we would have w = m > 0 in T, and f is Lipschitz continuous
in [%,2m)] so that the proof in [7] (which is based on Hopf’s lemma in small
balls touching the set I' ) goes through. ]

The proof of Theorem 1.2 is based upon the following two lemmas. The
first deals with the behaviour of the solution u near the boundary and ex-
ploits the Hopf’s lemma, while the second gives conditions for continuing
the moving plane procedure with respect to small variations of hyperplanes.

Lemma 2.2. (i) There exists (o > 0 such that for any direction v we
have

u(z) <uX(z) YaxeQy, alv)<A<a(v)+ (. (2.10)

(13) For any direction vy and any p with a(vy) < p < A1(w), there exist
00 >0, g9 > 0 and a neighborhood I of 9Q such that

u<uy mQQXNI VYA€ (u—eo,u+eo0), vely(v) (2.11)

Proof. (i) Suppose the contrary. Then there exist sequences {v,}, {A\n},
{zyn} with {v,,} directions, a(v,) < A, < a(vy) + % and z,, € QK’; such that
u(rn) > uy' (zn) = u((zn)y"). Hence for some points &, in the segments
connecting z,, to (z,)\" we have %ﬁl(fn) <0.

On the other hand, up to a subsequence, v, — vy, T, — xg, Where
xo € 0 and vy is a direction with xg - vy = a(ry). As a consequence
g—lz)(:vo) < 0, which contradicts Hopf’s lemma (Theorem 2.3).

(ii) As in (i) we proceed by contradiction, supposing that there exist se-
quences {v, }, {\n} and {z,} C Qf" such that v, — vo, Ap — p, dist(zn, 00)
— 0 and u(z,) > uy"(z,). Up to a subsequence x;,, converges to a point
X € Q—ZO N ofL.

If 2o € 0022\ T);°, by continuity we get u(xo) > u,°(x¢), which is impos-
sible since u(zp) = 0 while u}?(x0) > 0 because (z);° € 2 by the condition
i < A1(vo) and the definition of Ai(vyp).
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If instead o € 9P NT°, proceeding as in (i) we get aa—;g(xo) < 0, which
contradicts Hopf’s lemma (Theorem 2.3) since, again by the definition of
A1(vp), the direction vy is an inner direction with respect to 0f). O

In the sequel we will use the following notation:

M3 (B) = sup (| Du| + [Dux]).
B

Lemma 2.3. Suppose that vy is a direction and a(vp) < p < A\1(vg). There
exist o, M, 0y, €9 > 0, depending on u, vy (and on the other data of the
problem) such that the following holds:

Claim. If V' € I5(w), p—eo < N < p+¢eo and there exist open subsets
A, B of Q% such that

u<uk in %\ (AUB), |A] < g MY (B) < (2.12)

M
2 9
then there exist in turn §, €, with 0 < § < 6o — |V —1p|, 0 < e <
eo — |N — Xol, such that

u<uf mQf for]A-N|<e, |v—-V|<d. (2.13)

Proof. Choose dg, €9 > 0 and a closed neighborhood I of 0f2 as in Lemma
2.2 so that (2.11) holds, i.e.,

u<uy InQYNI VA& (u—eo,pu+eo), vels),

and set di = infg\ju, d2 = supgu. Since f is locally Lipschitz-continuous
in (0,00) there exists ¢; > 0 such that (2.3) holds in [dy, d2]. We take then
a, M > 0 as in Theorem 2.1. They depend on d; and ds, so they depend on
I, which in turn depends on p and 1, as well as on the other data of the
problem. With these choices of o, M, &g, ¢ the assertion is true.

In fact, suppose that v/ € I5,(vp), 1 —eo < N < 1+ o and (2.12) holds.
By (2.11) we have to prove only that (2.13) is satisfied in S?;\ =¥\ I and

we can assume that AUB C Q¥, = Q% \ I.

Choose then a compact K C €%, such that |Qf,\ K| < 2. In the compact
K\ (AU B) we have uK; —u > m > 0. By continuity there exist ¢, e, with
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0<d0<dy— |V —1pl, 0 <e < A — [N = Ao| such that if A —N| < g,
lv — /| < 4, we have

m

14
Uy —uU > —
A =2

in K\ (AU B), |§§\K|<%, MY(B) < M. (2.14)

For these values of A and v, by (2.11) and (2.14) the inequality u < u¥
holds in 2§ NI and in K \ (AU B). So it suffices to show that v < u¥ in
Q5 \ (K \ (AU B)) = O%. This follows from the weak comparison principle
(Theorem 2.1) because v < uf on dO¥ and Of is the union of (Q2X\ K)U (KN
A), whose measure is less than «, and of KN B, where |Du|+|DuX| < M. O

As in [7], in order to get the full monotonicity and symmetry theorem,

we first prove a preliminary result, which is an extension of Theorem 1.5
of [6].

Proposition 2.2. Let u € C1(Q) be a weak solution of (1.1) with f satisfy-
ing (H2). For any direction v we have that Ao(v) # 0 and, if \o(v) < M (v),
then there exists at least one connected component C¥ of QKO(V) \Z;\’O(V) such
that u = uKO(y) in C”. For any such component we also get

Du(z) #0 VYzelC” (2.15)
Du(z) =0 Va € dC"\Ty . (2.16)

Moreover, for any \ with a(v) < A < Ao(v), we have
u<uy inQX\ZY (2.17)
and finally

ou
E(az) >0 VoeQf ,\2Z (2.18)
Proof. By Lemma 2.2 (i) we immediately get that Ag(v) # (). Suppose that
Ao(¥) < A1(v) and u does not coincide with uy_ (v) in any connected compo-
nent of QKO ) \ Z KO ()" Then by the strong comparison principle (Theorem
2.2) we have that u < us, ) Q5 ) \ 230wy

By Lemma 2.3 (with A =0, p = X(v) =N, vy = v =1/, B a neighbor-
hood of ZKO(V)) there exists € > 0 such that the inequality u < 5 holds in
QF for A € (Ao(v), Ao(v) + €), contradicting the definition of Ag(v).
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To get (2.15) we observe that if u = uKO(V), then Du = DuKo(l/) in C¥, and
hence Du # 0 in CV, since |Du| 4+ |Du§\0(y)| > 0 in CV by the very definition
of ZY () Moreover, from (ii) of Lemma 2.2 we deduce that 9C" N 0§ = 0,
so that 9C" C Ty () Y 23y and (2.16) follows immediately.

Finally, the proofs of (2.17) and (2.18) are the same as those of the
analogous inequalities deduced in Theorem 3.1 of [7]. O

3. Proof of Theorem 1.2. Now we proceed to prove Theorem 1.2.
Though the proof is similar to that of Theorem 1.1 of [7], in view of the
hypothesis (H2) we need to make some changes. In doing that we also
simplify a little the procedure contained in [7].

Let us first recall the following simple topological result, whose proof can
be found in [7, Corollary 4.1].

Lemma 3.1. Let A, B be open connected sets in a topological space and
assume that ANB # 0, A# B. Then ()ANB)U (0BN A) # 0.

As usual let v be a direction and define F,, as the collection of the con-
nected components C* of QF ) \ZKO(V) such that u = uf , in C¥, Du #0
in C¥, Du =0 on 0C" \ (T/’\jo(y)).

If \o(v) < Ai(v), then F, # () by Proposition 2.2. If this is the case
and C¥ € F, there are two alternatives: either Du(z) = 0 for all x € 0C",
in which case we define C¥ = C, or there are points x € 0C” N T)’\’O(V) such

that Du(z) # 0. In this latter case we define C¥ = C¥ U C¥ U C¥ where
CY = RKO(V)(C'”), Cy={x€aC”n Y o) Du(x) # 0}. It is easy to check
that CV is open and connected, with Du # 0 in 6”, Du =0 on 9C".

Let us finally define the collection F, = {C” : C¥ € F,}.

Remark 3.1. An important remark for the sequel is the following: if 1,
vy are directions and C** € F,,, C*? € F,,, then either C"NC” = () or
C" = C™. In fact if C"* N C"2 # () and C** # C*2, then by Lemma 3.1
either 9C*' N C*2 or OC2 N C is nonempty, and this is not possible since
Du # 0 in 5’”1', Du =0 on 85’”, 1=1,2.

Proof of Theorem 1.2. As in [7] the idea of the proof is to get a contra-
diction by showing that if for a direction 1y we have \g(vp) < A1 (vp), then
it is possible to construct a set I' as in Proposition 2.1.
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Suppose now that Ag(v9) < A1(vp) for a direction vy. By Proposition 2.2
Fu, # 0, and obviously it contains at most countably many components that
we denote by F,, = {C;°, i € T C N}

We fix then a, M, g, dp as in Lemma 2.3 (with u = A\o(1p)), a compact

K C QK‘(’)(VO) and an open neighborhood B of ZKO( o) such that
14 14 M
]QA% (vo) \ K| < MAS(VO)(B) < T

Let us define the compact set Sy = ((K \ B) \ UjezC;") and observe that

Vo o .
Uy, () — U >m>0 in Sg.

By continuity, taking eventually €9 and dy smaller, we have that for A €
(Ao(v0) — €0, Ao(0) +€0) , v € Is,(10):

K cQf (3.1)
Y e
\K| <2 (32)
M
My (B) < > (3.3)
v m .
uy —u > 5 > 0 in Sp, (3.4)

and since the function A;(v) is lower semicontinuous with respect to v also
)\o(VQ) +eée0 < )\1(V). (3.5)

We now proceed in several steps in order to show that there exist 7 € Z and
a direction 11 € Is,(v) such that C”O € F, for any direction in a suitable
neighbourhood I5(14) of v1, and 601”0 contains a set I' as in Proposition 3.1
(with respect to the direction ).

In what follows we implicitly assume that € > 0 means 0 < e < &g, d >0
means 0 < § < dy.

Step 1. The function \o(v) is continuous; i.e., for each € > 0 there
exists 6 = 6(e) > 0 such that if v € I5(vy), then

)\o(Vo) —e< )\o(V) < )\O(VO) + €. (36)
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Proof of Step 1. Let ¢ > 0 be fixed. By the definition of A\g(1g) there exist
A€ (Ao(r0), do(vo) +¢) and z € QF° such that u(z) > u}°(z). By continuity
there exists 6; > 0 such that, for every v € Ij (1p), « belongs to € and
u(x) > u¥(x). This implies that for all v € I5, (p), we have

/\o(V) <AL )\0(1/0) +e.

Next we show that there exists do > 0 such that Ag(v) > Ao(vg) — € for
any v € I5,(1p). Suppose the contrary; then there exists a sequence {v,} of
directions such that v, — vy and A\o(v,) < Ao(vp) — €. By Lemma 2.2 we
have that \o(v) > a(vy) + (0. Up to a subsequence we have that A\o(vy)
converges to a number X € [a(vg) + (o, Ao(v0) — €]

By (2.17), we have that

vo 3 vo vo
u<uy, in QY\ Z77,

so by Lemma 2.3 (with u = N, 1y = v/, A = 0, B a neighborhood of
Z\?) there exist 6, € > 0 such that the inequality u < uX holds in QF for
IA—=N| <e, |v—1p| <d. This in particular holds for v = vy, A = Xo(v) + 7
for n sufficiently large and 7 sufficiently small, contradicting the definition
of )\0(I/n).

Observe that, since we implicitly assume that ¢ < g9 and 6 < do, by (3.5)
and (3.6) we have that A\o(v) < A1(v) V v € 5., (10), and (3.1)—(3.4) hold
for v € I5)(v0), A = Ao(v).

Step 2. There exists a direction vi near vy, 01 > 0 and i1 € T such
that the set 6’;’10 € F, for any v in Is (1) .

Proof of Step 2. Let us recall that for every v € I (o) we have

m . "

US ) — U= B >0 inSy=((K\B)\UierC/). (3.7)

Let us set, for i € Z, S; = (K'\ B)NC;* and observe that since 9C;° \T;\/g(uo)
C B, each S; is a compact subset of C;° and we have

K\ B = SyU (UiezSi) - (3-8)

Let us take v/ € I5(,) (v0) and i € Z. If there exists € S; such that
u(x) = u(xK;(V,)), since |Du(x)|+|DuK;(V,)(x)| > 0, by the strong comparison
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principle (Theorem 2.2) we get that u = uK’o(V’) in some component C* of

QK;(V,) \ZKO(V), and since z € C¥' N C?°, by Remark 3.1 we get
Cv =C e FyNFy,

and in particular u = u‘)’\; (V) in S;. The other possibility is that u < UK; )
in S;, in which case, by the compactness of S;, we have that for every v in
a neighbourhood of v/ we have the same inequality u < uKO ) in S;.

Take now i = 1. If u = uf ,, in S for all v € I5c0)(v0), then as

remarked 5{0 €F, foral ve I5(c0)(10), and the assertion is proved with
vy = .

If not, there exists vy € I5-y) (o) such that u < u;t(ul) in Sy and C{° &
Fu;ie, u> uig(yl) in S;. By the continuity with respect to v, u < uf\o(y)
in S and C¥° ¢ F, for all v € Is, (1) for some &; < d(gg) — |v1 — vo|. Now if
U= uKO(V) in S, i.e., 52”0 € F,, for all v e I (v1) the assertion is proved.

If not, we find a direction v5 € I5, (v1) and a neighbourhood I, (v2) with
dy < 81 —|va—11], such that u <KO(V) in Sy and C5° ¢ F, for all v € Iy, (12).
Proceeding in this way,

(i) either we stop after k iterations, i.e., 6’,:0 € F,Vve Is, (v;;) and Step
2 is proved,

(ii) or the iterations are infinite.

Now we claim that (ii) cannot arise. In case (ii), we construct a sequence
of compact sets {Is, (v;) }iez which have the finite intersection property (since

they are nested). Then by Cantor’s intersection theorem Njezls,(v;) is
nonempty and contains a direction v/ for which C;* ¢ F,, and u < uK;(,/)

in S; for all i € Z. Thus by (3.7) and (3.8) we get u < ¥, in K\ B. But
then using Lemma 2.3 (with A = QK;(V,) \ K ) we get that the inequality

u < u¥ holds in Qf for some A > A\g(1/), contradicting the maximality of
Ao(¢'). Hence only i) is possible and Step 2 is proved.

Step 3.  Let vy, i1, 01 be as in Step 2 and set C' = C'Z-Vlo. The set
OCHQ%(VI) contains a subset I' on which u is constant and whose projection
on the hyperplane T:\/;(Vl)

Du =0 on dCnN QKE(VI) this gives a contradiction with Proposition 2.1 and

contains an open subset of the hyperplane. Since

shows that A\o(v) = A\ (v) for every direction v.
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Proof of Step 3. It is exactly the same as in [7].

Having proved that \o(v) = A1 (v) for every direction v, (1.13) follows
from (2.18).

To prove the strict inequality (1.12) let us observe that if it does not
hold, then the cap QKO(V) must contain a segment parallel to the direction
v on which u is constant. In fact if there exists a direction v/ such that
w(T) = u((@)%) = m for some T € QF, and X' < \(), then, taking any
A€ (N, \i(¢)) we would have that (Z)¥, = (){ for some & € Q. Hence
by the monotonicity of u in the set Q§ we would deduce m = u(T) < u(i) <
u((#)¥') = u((T)¥,) = m so that u = m on the segment connecting T with .
This is not possible as Proposition 3.1 below shows.

Finally the strict monotonicity of u in the v—direction in the cap Qf )
is an immediate consequence of (1.12). O

Proof of Corollary 1.2. The first part is an obvious consequence of The-
orem 1.2, while the inequality % < 0 when 2 is a ball follows from Hopf’s
lemma as in [7]. O

Let us now prove the property of the solutions of (1.1) that was used in
the proof of Theorem 1.2 to get (1.12).

Proposition 3.1. Let u € C*(Q) be a weak solution of (1.1) and let vy be a
direction. There cannot exist in the cap Q;(i(uo) any segment parallel to the
v—direction on which u is constant.

Proof. For simplicity we assume that 19 = e; = (1,...,0) and omit the
dependence on 1 in all notations (e.g. QK? (vo) will be denoted simply by
).

Arguing by contradiction we suppose that there exists a point 2/ € RV 1
such that the segment I = {(¢,2') : t € (a,b)}, a < b < Ai(e1), is contained
in 2y, and u=m >0 on I.

Let us first consider the case f(m) < 0.

Since Aj(v) is lower semicontinuous with respect to v there exists § > 0
such that for any direction v with |v — e1] < § the point P = (b, 2’) lies in
QKl(V). Let K be the open cone made up of the segments parallel to these
directions connecting P with 0f2, and let O be the part of that cone where
u > . Since there are points on 9O where u = 7, it cannot be that u =m
in O, and by the monotonicity of the solutions in the caps QK1 ») We have
that v < m in O. On the other hand since f is locally Lipschitz-continuous
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and f(m) < 0 we have

—Ap(u—m)+Alu—m) = f(u) + Au—Am

< f(uw)+Au—(f(m)+Am) <0 inO, (3:9)

where A > 0 is such that the function f(s)+ As is nondecreasing in [%, m]

Hence by the strong maximum principle (Theorem 2.3) we get u < m in O
which is a contradiction since the segment I is contained in O and u = m
on [.

In the case f(m) > 0 we argue in the same way and consider the open
cone O’ made up of segments parallel to the directions v, for v in a neigh-
borhood of e1, and connecting @ = (a,z’) with T/’\jl(y). In this case m is the

minimum of w in O’. If A’ is a Lipschitz constant of f in [m, ||u||«] we get
—Ap(u—m)+AN(u—m)>0 in O,

and u is not constant in the cone because f(m) > 0. So we reach again
a contradiction using the strong maximum principle, because © = m on

IcO. O

4. Applications. We start by proving Theorem 1.3.
Proof of Theorem 1.3. The procedure is the same as in [9]. Under
hypothesis (H1) Theorem 1.1 holds while under (H2) Theorem 1.2 is true.
In both situations we have that, for any direction v,

u(z) < uy oy(@) =ul@ ) Yoy, (4.1)

A1(v) being defined in (1.7). Thus, by the strong comparison principle (The-
orem 2.2) in any connected component of QL0 \Z;\’l(y) either u < wuf ., or
u=uy, - Since, by (1.14) |Du| # 0 in a connected neighborhood I of 92,
one of the previous two alternatives must hold in I N QKI(V).

It is obvious that if
u=uj, () in I'NQY ), (4.2)

then € must be symmetric about the hyperplane Ty, () 5O that changing
arbitrarily the direction v, we get that 2 is a ball.
To prove (4.2) we assume, for the sake of contradiction, that



1196 LUCIO DAMASCELLI AND FILOMENA PACELLA

Since Du(x) # 0 for any x € I N, by standard results we have that
u € C2(INQ) and the difference uy, () — w satisfies in QF ) NI cither

L(uf, ) —u) =0 (4.4)
in the hypothesis (H1), or
L(uy, o) — ) = fa(uy, () — fo(u) >0 (4.5)

in the hypothesis (H3), where L is some linear uniformly elliptic operator
and fy is nondecreasing (see [9]). Moreover, by definition, at A;(v) either
condition (i) or (ii) of Section 1 holds.

In the first case (QK1 (y))' becomes internally tangent to 02 at some point

P’ not on T/l\/1(u)‘ Thus, at the reflected point P € 902 N ﬁil(y) we have
uKI(V)(P) —u(P) = 0, and hence, by (4.3) and (4.4) or (4.5), applying the
usual form of Hopf’s lemma we obtain

ou 0
%(P) > a_nuil(u)(P)v
getting a contradiction with (1.14).

In the second case, i.e., when T’ )’\’1 ,y is orthogonal to 02 at some point, a
contradiction arises using the version of the Hopf’s lemma at “corners” due
to Serrin. Since, using (4.4) or (4.5) there are not changes with respect to
the proof of [9], we refer the reader to this paper for the details. O

Now we would like to show how, as a consequence of the symmetry
of the solutions of (1.1), one can find the exact value S* of the absolute
isoperimetric constant in R,

It is well known that S' is actually the best constant for the Sobolev
embedding of the space W1 (RY) in the space L¥1 (RM), and it is achieved
in the space BV (RY) (which is also embedded in the space in L%(RN )
with the same best constant ) by the characteristic functions of balls.

Let us also consider the best constants SP for the embedding of W1 ?(RY)
into LP" (RY), where p* = NN—_";), 1 < p < N. Another well-known fact is that

SP is also the best constant for the embedding of I/VO1 P(Q) into LP" (Q) where
) is any bounded domain, and hence its value does not depend on 2. Let
us then fix the ball B in RY with |B| = 1. Hence,

fB |VulP
(fB ‘U’p*)?*

SP = inf{ u€ WEP(B),u# o}. (4.6)
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Let us recall that the above infimum is never achieved because of the lack
of compactness of the previous embedding.
Now we consider the problems

—Apu = qu% in B
u > 0 in B (4.7)
u = 0 on OB

neN,1<p<2 ¢ =p" —1=7%—1, N >2 By virtue of Theorem 1.2
all solutions of (4.7) are radial and strictly radially decreasing. In particular
this is true for the functions v¥ which minimize the functional

VulP
JplVu — (4.8)

(IB |U|p*_%> "

Note that such solutions exist because the embedding of WO1 ?(B) into
LV~ (B) is compact. Let us set

Jn(u) =

SP = inf  JP(u) = JP(vP). (4.9)
Wy P (B)\{0}

We have:

Lemma 4.1. For n sufficiently large we have that Sh > S£+1 for every
pell,2.

Proof. For any p € [1,2], p* is greater than 1, so that for n sufficiently large
P =Dp" — % >1.If1<r<s<p* using Holder’s inequality we get

(/B|u|r>§ <|B|F% </B|“|S)§

for any u € VVO1 P(B). Since |B| = 1, from the previous inequality we get the
assertion, taking r = p,, s = pp+t1 - O

Lemma 4.2.

lim SP = SP (4.10)

n—oo
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Proof. Fixing ¢ > 0 we have that there exists v, € Wol’p(B) such that

Vo |P
—7f3| €|p <SP +e.

" (Jf lv=l™) 7

Since Jf(ve) — JJ.(ve) as n — oo, we get Sf < SP + 2¢ for n sufficiently
large. This, together with Lemma 4.1, gives (4.10). O

In the same way it is easy to show that S5 and SP are continuous functions
of p. Hence if we consider a sequence p,, — 1 we get that Sb* — S, and the
functions vh" € C'(B) give a minimizing sequence for S, i.e.,

w5 — S' asn — oo (4.11)

[ IVurr
(flehe )

As remarked before the functions vh™ are radial and strictly radially decreas-
ing because they solve (4.7) for p = p,. Thus (4.11) allows us to restrict our
attention to radial functions to determine the value of S'. But for radial

functions an elementary argument gives the best constant for the imbedding
N
of WHL(RY) into L¥=T(R¥) as shown in the following proposition.

Proposition 4.1. For any u € WHY(RN), with u(x) = U(|z|), we have

N—-1 1

(/RN ()| VT d:c)T < o /RN |Du()| dz, (4.12)

where wy is |B|.

1

From (4.11), (4.12) we get S > Nw¥, and using the characteristic

function of B, which belongs to BV (RY), we deduce that S' = N wﬁ.

Proof of Proposition 4.1. It suffices to show (4.12) for radial functions
u € CHRY). Let us set ¢ = 2~ so that ¢ = N (%4—% =1). We
have, for p >0, U(p) = — [;°U'(p+r)dr = — fpoo U'(s) ds; hence |U(p)| <
fpoo |U'(s)| ds. Integrating with respect to the measure p¥~1dp and using
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Hoélder’s inequality and Fubini’s Theorem we get

[t < [T ([T 0as) o -
JAa [ s e ) dp <
/Oo pN (/oo U ()]s V@D ds) (/OO ’U/(S)’SN—lds>q_1 dp =
0 N o ) q_l . _0 _ -
(/0 U (s)|s™ 1ds> (/0 U ()]s Va1 [/0 N 1dp} ds) _
([ wersa) ([T ).

Since ¢ = 1 we have that ¢ — 1 = 127 and N — (N —1)(¢ —1) = N — 1,
so that we have

[Tweretas ([T a) s w

o s+ (502) ([ puwias) '

. 1_ 1
which is the same as (4.12) because 1 — ¢ = . O

The previous procedure allows us to assert that to determine also the
other best constants SP (1 < p < 2) we can consider only radial and strictly
radially decreasing functions. In fact, the sequence {vh} is a minimizing
sequence for SP. Then to find the exact value of SP one can use an inequality
due to Bliss [2], as done in [1] or [10].

i.e.,
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