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Monte Car~o simulation of differences in free energies of hydration 
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(Received 21 May 1985; accepted 12 June 1985) 

Perturbation theory has been applied to calculate the relative free energies of hydration of 
methanol and ethane in dilute soluton. It is demonstrated that only two or three Monte Carlo 
simulatio~s ~sing doubl~-wi~e sampling are necessary to obtain results with high precision. The 
small sta~lstICa1 u~certamty m the comp~ted change in free energy of hydration and the good 
accord with ex~runental thermodynamtc data are most encouraging for application of the 
procedure to a Wide range of problems. Structural effects accompanying the mutation of methanol 
to ethane in water are also discussed; hydrogen bonding to the solute is essentialy eliminated by 
only a 25% reduction in the atomic charges of methanol. 

I. INTRODUCTION AND BACKGROUND 

The ability to calculate relative free energies for differ
ent solutions has important applications in chemistry and 
biochemistry. Relative solubilities could be derived, and 
comparisons could also be made for series of reactants, tran
sition states, and products. This can yield conformer popula
tions, relative free energies of activation, and relative binding 
affinities for donor-acceptor complexes. Several statistical 
mechanical procedures have evolved for computing free en
ergy differences, as reviewed previously. !-6 Two particularly 
promising approaches feature umbrella sampling and a per
turbation procedure in which one solute is mutated into an
other. 

In umbrella sampling, one is often attempting to calcu
late a distribution function g(r) that is related to the free 
energy change or potential of mean force by 
w(r) = - kTln g(r). Use of a biasing function allows sam
pling a wider range of r than would otherwise be possible. 
Subsequently, correction is made for the influence of the 
biasing function and proper averages are obtained. The pro
cedure was developed by Valleau and co-workers! and has 
been applied to many problems including the calculation of 
conformer populations,s.7 cavity distributions in a Lennard
Jones liquid,8 and the temperature dependence of the free 
energy of water.9 The method has also been extended 
through importance sampling to cover even greater ranges 
of r; multiple simulations are performed for overlapping re
gions of r and the results are spliced together to obtain the 
overall gIrl. This procedure has been used to obtain poten
tials of mean force for important systems including two ions 
in polar soIvents,lO·l1 two hydrophobic solutes in water, 12-14 

internal. rotation in biomolecules, IS,I6 and SN2' reactions in 
water and DMF. '7•'8 

The perturbation approach centers on the easily derived 
relationship 

A,-Ao= -kTln(exp[ -P(E1-Eo))}0. (1) 

The equation expresses the free energy difference between 
systems 0 and 1 by an average of a function of their energy 
difference that is evaluated by sampling based on Eo. Natu
rany, the two systems cannot be radically different or the 
average win be too slowly convergent. This problem can be 
overcome by performing multipl.e simulations over interme-

diate systems between 0 and 1. In this context, it is conven
ient to define a coupling parameter A. that allows the smooth 
conversion of system 0 to 1. Then for many possible features 
; of the systems including geometrical and potential func
tion parameters, Eq. (2) can be used to represent the muta
tion of system 0 to 1 as A. goes from 0 to 1: 

(2) 

Under these circumstances, the energy E is not typically a 
simple function of A.. 

The perturbation procedure has been applied to several 
problems including calculation of the free energy of hydra
tion of methane, 19 and the free energy of cavity formation in 
water. 20 Also, recently Tembe and McCammon have point
ed out the potential utility of the method for computing rela
tive binding constants for enzyme-substrate complexes.2 ! In 
model calculations, they obtained good accord between re
sults from the perturbation and umbrella sampling ap
proaches. They also noted some general advantages of the 
perturbation method for studying donor-acceptor complex
es. 

A subset of the uses for the perturbation procedure is to 
compute the free energy change for converting one solute 
into another in solution. This has numerous important appli
cations as noted above and an intriguing parallelism to mu
tagenic experiments in biochemistry. In the case of rigid so
lutes, i.e., having no intramolecular degrees of freedom, 
relative free energies of solvation are directly obtained. Us
ing the !'<tandard pairwise additive intermolecular potential 
functions, the energy change between two rigid systems, 
E I ..... Eo, is then just the difference between the total solute
solY(~nt interaction energies, E ~x - E ~ . In order to test the 
perturbation method for the interconversion of two solutes 
in a non idealized system, results are reported here for the 
mutation of a methanol solute to ethane in dilute aqueous 
solution. This could also be considered as a model for con
version of a threonine residue to valine in water. The utility 
of the method is critically dependent on statistical issues 
such as the computed uncertainty in the free energy change 
and the number of simulations required to span between the 
two solutes. Encouraging findings on these points are pre
sented below along with data on the thermodynamic and 
structural changes that accompany the mutation. 
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II. COMPUTATIONAL PROCEDURE 

Series of Monte Carlo simulations were carried out for 
the interconversion of methanol and ethane in dilute 
aqueous solution. A coupling parameter A was used to 
smoothly transform methanol (A = 0) to ethane (A = 1). 
Simulations were run for Aj = 0.0, 0.125, 0.25,0.50, 0.75, 
and 1.0. In order to check the self-consistency, the simula
tions were run in both directions, i.e., Aj-A; + I and 
Aj + I -Aj except at the two end points. This is known as 
"double-ended" sampling.3 It is facilitated by using what 
may be termed "double-wide" sampling. Specifically, the 
free energy differences for A; -A j + I and A; -A; _ 1 can be 
obtained simultaneously since both require sampling based 
on the A; system. Operationally, the double-wide sampling 
was implemented by monitoring three solutes in the comput
er program corresponding to A j _ I , A;, and A; + 1 • 

The simulations were run in the NPT ensemble at 25 ·C 
and 1 atm using standard procedures including periodic 
boundary conditions. 22 The systems consisted of the solute 
plus 125 water molecules in a cube. Metropolis sampling was 
augmented by preferential sampling in which the probability 
of attempting to move a solvent molecule was made propor
tional to 1/(r + c) where r is a solute-water oxygen dis
tance. The constant c was fixed at 120 A,z which caused the 
solvent molecules nearest the solute to be moved about twice 
as often as the most distant water molecules. An attempt to 
move the solute was made on every 50th configuration and a 
change in volume was tried on every 600th configuration. 
The ranges for the attempted moves were the same in each 
simulation and provided a - 40% acceptance probability for 
new configurations. Each simulation consisted of an equili
bration phase for 0.5 X 106 configurations, followed by aver
aging for properties over an additional 1.5 X 1 ~ configura
tions. There was no statistically significant change in the 
computed free energy differences after averaging for 
-0.8X 106 configurations. Thus, convergence of this quan
tity is relatively rapid. 

The intermolecular potential functions are described in 
detail elsewhere.22-25 The TIP4P mode] was used for water3 

and the OPLS parameters were adopted for ethane24 and 
methanol. 25 The validity of these potential functions has 
been demonstrated in prior Monte Carlo simulations of pure 
liquid water, alkanes, and alcohols, and in simulations of 
dilute aqueous solutions.22-27 In fact, results have been re
ported previously from Monte Carlo calculations for both 
methanol and ethane in TIP4P water.26•

27 The potential 
functions and conditions for the earlier simulation of 
aqueous ethane are identical to the present ones; however, 
the previous model for methanol has the hydrogens on car
bon represented explicitly in order to study the internal rota
tion,27 while a united atom model is used here in the OPLS 
description for methyl groups. 

The monomers are represented by interaction sites 
usually located on nuclei. The interaction energy between 
monomers a and b is then determined by Coulomb and Len
nard-Jones interactions between all intermolecular pairs of 
sites [Eq. (3)]. Standard combining rules are 

ona oob 

.:icab = L L (qjqj e2/rlj +A;/r~2 - CIj/r~) (3) 
i j 

TABLE I. Parameters for the intermolecular potential functions. 

Molecule Group q utA) E (kcal/mol) 

CH,OH CH3 0.265 3.775 0.207 
CH30H 0 -0.700 3.070 0.170 
CH30H H 0.435 0.0 0.0 
CH3CH3 CH3 0.0 3.775 0.207 

HP 0 0.0 3.1536 0.15504 
H 2O H 0.52 0.0 0.0 
H 2O MO -1.04 0.0 0.0 

° M is a point on the HOH bisector, 0.15 A from oxygen toward the hydro-
gens. 

used such that Aij = (AjjAij)1/2 and Cij = (Cjj Cii )l12 . Fur
thermore, the A and C parameters may be expressed as 
A;; = 4cj u:2 and C;; = 4ci u~ where u and c are the Len
nard-Jones radius and energy terms. The parameters for the 
present study are summarized in Table I. Spherical cutoffs 
were used to truncate the intermolecular interactions at sep
arations greater than 7.5 A. 

Standard geometries ~ere adopted for the monomet:;': 
for ethane, r (CC) = 1.53 A; for methanol, r (CO) = 1.43 A, 
r(OH) = 0.945 A, L COR = 108S; and, for water, r 
(OH) = 0.9572 A, L HOH = 104.52°.23-25 The monomers 
were kept fixed in these geometries during the simulations so 
intramolecular vibrational effects have not been considered. 
The geometries and potential function parameters (q;,u;,c;) 
for the intermediate systems were determined from Eq. (2). 
The atom that is the oxygen of methanol was kept coincident 
with one of the atoms that becomes a carbon in ethane. The 
carbon in methanol is then grown into the other carbon of 
ethane as A goes from 0 to 1. The bond length gradually 
increases from 1.43 to 1.53 A. The bond length to the atom 
that is the hydroxyl hydrogen in methanol was not scaled. 
This atom has no Lennard-Jones parameters since it is effec
tively covered by the adjacent atom and its charge disap
pears as A goes to 1. In general, smooth interconversion of 
the geometries of the two systems, like the opening and clos
ing of a flower, is anticipated to be advantageous for conver
gence of such calculations. 

m. RESULTS AND DISCUSSION 
A. Thermodynamics 

The computed free energy changes are presented in Ta
ble II and Fig. 1. They are Gibbs free energies since the iso-

TABLE II. Free energy change for the interconversion of methanol and 
ethane in water. 

.1G (kcal/mol) 

A., A.) i_j j-i 

0.000 0.125 2.77 ± 0.10 - 2.45 ± 0.06 
0.125 0.250 1.58 ± 0.07 - 1.70 ± 0.08 
0.250 0.500 1.44 ± 0.14 - 1.69± 0.10 
0.500 0.750 0.67 ± 0.08 -0.70±O.08 
0.750 1.000 0.24 ±0.05 -0.27 ±O.05 

Total 6.69 ± 0.21 - 6.81 ± 0.17 
Exptl.· 6.93 -6.93 

• Reference 28. 
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FIG.!. Computed free energy changes for the interconversion of methanol 
(A. = 0) and ethane (A. = 1) in water. The solid and dashed lines correspond 
to the forward (A. = 0-+1) and reverse (A. = 1->0) processes, respectively. 

thermal-isobaric ensemble has been used. The statistical un
certainties in the tables are ± la and were obtained from 
separate averages over blocks of 5 X 104 configurations. 

Several key observations may be made. (1) The overall 
410 's obtained by proceeding from methanol to ethane (6.69 
kca1!mol) or vice versa (6.81 kca1/mol) are in good accord 
and within the estimated uncertainties of ± 0.2 kca1!mol. 
(2) These values are also in close agreement with the experi
mental difference in the free energies of hydration ofmetha
nol and ethane from the gas phase (6.93 kcallmol).28 This 
provides further verification of the utility of the OPLS po
tential functions. (3) The incremental free energy changes 
compare well and are predominantly within the error bars 
except for the 0.0-0.125 increment. This step shows by far 
the largest change in free energy, roughly 40% of the total. 
The results suggest that the perturbation becomes too large 
with a concomitant reduction in the precision of the free 
energy calculation for differences greater than roughly 3-4 
kT. However, with double-wide sampling, a range of as 
much as - 6-8 kT could be covered in one simulation. (4) 
There is no constant pattern in the incremental free energies 
for i-+j or j-+i. That is, the magnitudes of the computed 
differences are larger for i--+i for the last four steps, but not 
for the first. This issue is related to the Gibbs-Bogoliubov 
inequality which actually suggests that, if there is any bias, it 
should be for the magnitude of the i-j differences to be larg
er than for j-+i in Table n.3 Basical.ly, for a system 1 at 
higher free energy than system 0, (E I - Eo) 0 will be in
creasingly oveJ'(~timated as the difference between the sys
tems increases. Along these Lines. a simulation was also run 
for ,1= 0.0-0.25. The computed..:10 is 4.71 :I: 0.15 kcall 
mol which is substantially larger than the sum for the first 
two steps in Table n. The trend is consistent with the Gibbs
Bogoliubov pattern which becomes a greater effect as the 
perturbation increases. 

Some additional energetic results are given in Table III. 
The average, total solute-solvent interaction energies are re
corded. The sampling was based on the solute corresponding 
to AI and directly yielded E ~x • The solute-solvent energies 
for the perturbed. solutes Ai _ I and Ai + I were al.so averaged 
and provided E:"--I and E~+ I . Some points to note from 
these data are as follows. First, the E sx values become pro-

TABLE III. Computed solute-solvent energies (kca1!mo11 for the intercon
version of methanol and ethane in water." 

0.000 
0.125 
0.250 
0.500 
0.750 

0.000 0.125 
0.125 0.250 
0.250 0.500 
0.500 0.750 
0.750 1.000 
1.000 

E" i-I 

- 14.9 ±0.3 
-11.6±0.3 
-7.4±0.2 
- 5.3 ±O.I 
- 4.6±O.1 

• The sampling is based on the A.; system. 

- 19.8 ± 0.4 - 16.4 ± 0.3 
-12.7±O.3 -10.5 ±0.2 
- 9.8 ±0.3 -6.8±0.1 
- 6.0±0.1 -4.6 ±0.1 
- 5.0±0.1 -4.4 ±0.1 
- 4.6 ± 0.1 

gressively less exothermic as methanol (A = 0) goes to ethane 
(A = 1) due to the loss of solute-solvent hydrogen bonding. 
The statistical uncertainties in the solute-solvent energies 
are modest; the fluctuations in In < exp [ - /3 (E ~~ I 
- E~) ] > I are apparently even smaller and account for the 

small uncertainties for the computed ..:1 0 's. Of course, the 
total energies are much greater in magnitude (~ - 1260 
kcallmol) due to the solvent-solvent contributions and have 
much larger uncertainties (~ ± 3 kcallmol). 

It should also be noted that there are seeming inconsis
tencies in Table III. For example, from the first row, E ~\2S is 
- 16.4, but from the second row it is - 12.7. This occurs 

because the first value is obtained from configurations based 
on sampling with A = 0.0, while the second is from sampling 
withA = 0.125. With A = 0.0 there is greater solute-solvent 
structure and order which yields a lower E ~~I2S' an effect 
similar to what would be obtained by running theA = 0.125 
simulation at a lower temperature. 

A final piece of thermodynamic data that can be ob
tained from the results is the heat of hydration of the solutes 
from the ideal gas. 22,26 The total energies from the simula
tions of aqueous methanol and ethane are - 1267 ± 3 and 
- 1250 ± 2 kcallmol. while the energy for pure TIP4P wa

ter at 25 DC and 1 atm with N = 125 is - 1256 ± 2. This 
yields predicted heats of hydration of - 12 ± 4 and 5 ± 3 
kcallmol for methanol and ethane which may be compared 
with experimental values of - 10.8 and - 4.7.29

,30 The 
greater precision and accuracy for the free energy differences 
is encouraging and follows from the avoidance of taking dif
ferences in the total energies. 

13. Energy distributions 

Additional details on the solute-solvent energetics are 
revealed in distributions for the total solute-solvent interac
tion energies (Fig. 2) and individual solute-solvent interac
tion energies (Fig. 3). The averages of the distributions in Fig. 
2 are the En values for A; in Table III. The solutes exper
ience a continuum of energetic environments which becomes 
narrower as the hydrogen bonding is removed. There is sub
stantial overlap of the adjacent distributions. This seems de
sirable for applying the perturbation relation in Eq. (1), 
though the issue is actually more complicated. What is criti
cal is that the configurations that are sampled for Ai not be 
uniformly unreasonabIe for Ai _ I and A; + I . 

The change in hydrogen bonding is well revealed in Fig. 
3. For A = 0.0, the classic bimodal shape is obtained with the 
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FIG. 2. Computed distributions for the total solute-water interaction ener
gies for different values of the coupling parameter A. The units for the orcli
nate are mole fraction of solute per kcal/mol. 

methanol-water hydrogen bonds represented by the low en
ergy band up to about - 2.7 kcallmol. Integration of the 
band yields an average of 2.6 methanol-water hydrogen 
bonds. The large spike centered at 0.0 kcallmol is due to the 
many relatively weak interactions with more distant water 
molecules. Figure 3 shows that the solute-solvent hydrogen 
bonding is no longer a distinct entity when A. = 0.25 is 
reached. This corresponds to a reduction of the atomic 
charges for methanol by only 25%. 

C. Radial distribution functions 

Structural results for aqueous methanol and ethane 
have been described previously, 26.27 so trends as a function of 
A. will be the focus here. 

Figure 4 contains the radial distribution functions (rdfs) 
between the oxygen of water and the atom that is trans
formed from oxygen in methanol to carbon in ethane. The 
methanol-water hydrogen bonding is reflected in the high, 

2.0 ENERGY PAIR DISTRIBUTION . . : Marui - HeMe · : , 
• I . ': . 

..axJ I' , I , 
I : .125 I' , 
I I 

..5J I I · · I 

~ \ .!iOO I' · ,}: I l.aJJ · ! \ I/) :1 : I 

i 1 w · ...J 1 . , : I 

\ \ ::l I 

U I ! · W I ! \ ...J · 0 · ~ \ :I: 

"i · I · ~ \ . · I 

0 · I 
,/' · ~ \ z · I I · · I · I \ I · . J · I . · \ \ I . , . , 

\ \ \ : . " \ \ , 
I . 

"'", '\ "-, 
I . , ' ' 

~ .. : ..... 
-7 -5 -3 -1 

INTERACTION ENERGY 
3 

FIG. 3. Computed distributions for the individual solute-water interaction 
energies (kcal/mol). The units for the ordinate are the number of water mol
ecules per kcal/mol. Results are shown for five values of the coupling pa
rameterA. 

Cl 

2.~ __ ~O~/C~-~CI~R~A~DI~A~L~D~IS~T~R~IB~U~TI~O~N~F~UN~C~T~IO~NS~ ______ --, 
MaOH - He He 

2 3 4 5 
R 

6 

.000 

.125 

.251\ 

.600 

,.OOQ 
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FIG. 4. Computed radial distribution functions between oxygens of water 
and the atom that is converted from oxygen in methanol to carbon in eth
ane. Distances are in A. throughout. 

narrow first peak for A. = O. Integration reveals roughly 
three water molecules within the range of the peak to 3.3 A. 
The second band centered near 4.5 A can be assigned to 
water molecules in the second shell around the hydroxyl 
group and to those in the first shell around the methyl group. 

As A. increases, the hydrogen bonding features are rapid
ly replaced by the broad peaks at greater separation charac
teristic of hydrophobic solutes. The distinct structure is di
minished and the number of water molecules in the first 
solvent shell increases to about 23 for ethane.26 The same 
patterns are found in the other rdfs associated with the hy
droxyl end of methanol. For example, the hydroxyl hydro
gen-water oxygen rdfs are shown in Fig. 5. Again, the hy
drogen bonding is essentially eliminated when A. reaches 
0.25. 

The fina1 rdfs shown in Fig. 6 are between the oxygen of 
water and the carbon of methanol that becomes a carbon in 
ethane. The changes are much less, but the qualitative trend 
is the same. The first peak is flattened and shifted to larger 
separation. As the solute becomes more hydrophobic, the 
water structure near the solute becomes more amorphous. It 
should be realized that the changes in the first peak for the 

2.~ ____ ~H~-O~R~AO~I~A~L~D~I~ST~R~I~BU~T~IO~N~FU~N~C~T~IO~N~S ____ ~ 
MeOH - MeMe 

2 3 5 6 7 

FIG. 5. Computed radial distribution functions between oxygens of water 
and the atom that is the hydroxyl hydrogen in methanol. 
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FIG. 6. Computed radial distribution functions between oxygens of water 
and the atom that is transformed from the carbon of methanol to a carbon in 
ethane. 

C-O rdis are not just due to water molecules nearest the 
methyl groups. The water molecules hydrogen bonding to 
the hydroxyl group for It = 0 also contribute to the sharp
ness of the first peak in Fig. 6. 

IV. CONCLUSION 

Methodology for performing perturbation theory caJ.cu
lations to compute relative free energies for solutions has 
been investigated for the interconversion of methanol and 
ethane in water. The results are most encouraging for further 
chemical and biochemical applications. In particular, the 
computed uncertainty for this significant mutation is only 
0.2 kcal/mol or 3% of the total free energy change. The 
results were also shown to be independent of the direction of 
the mutation and in good accord with the experimental dif
ference in free energies of hydration for methanol and eth
ane. Furthermore, with double-wide sampling only two or 
three Monte Carlo simulations would be necessary to obtain 
an estimate of the overall free energy change with good pre
cision. However, additional simulations at the two end 
points may generally be desirable to obtain structural and 
thermodynamic data on these key systems. In the present 
case, it was also found that the dominant changes occur for 
small perturbations near the solute with largest dipole mo-

ment. This is probably a general trend and should be a useful 
observation for selecting values of the coupling parameter 
for future work . 
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