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This work examines the details of Joule heating in silicon with a Monte Carlo method including
efficient, analytic models for the electron bands, acoustic and optical phonon dispersion. We find
that a significant portion of the initially generated phonons have low group velocity, and therefore
low contribution to heat transport, e.g., optical phonons or acoustic modes near the Brillouin zone
edge. The generated phonon spectrum in strained silicon is different from bulk silicon at low electric
fields due to band splitting and scattering selection rules which favorg-type and reducef-type
phonon emission. However, heat generation is essentially the same in strained and bulk silicon at
high fields, when electrons have enough energy to emit across the entire phonon spectrum despite
the strain-induced band splitting. The results of this study are important for electro-thermal analysis
of future silicon nanoscale devices. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1870106g

Understanding heat generation in silicon is of great
physical interest and particularly relevant to the self-heating
and reliability of nanoscale and thin-film transistors. Joule
heating is often simulated with the classical drift-diffusion
approach, as the dot product of the electric field and current
density.1–3 The heating rate can also be computed with the
more sophisticated hydrodynamic approach, as a function of
the electron temperature and an average energy relaxation
time.4 The field-dependent drift-diffusion approach does not
account for the nonlocal nature of transport and phonon
emission near strongly peaked electric field regions. The hy-
drodynamic approach suffers from simplifications inherent to
using a singlesaveragedd carrier temperature and relaxation
time, since scattering rates are strongly energy dependent.
Neither method differentiates among electron energy ex-
change with the various phonon modes, nor do these meth-
ods give information regarding the frequencies of phonons
emitted. Such spectral information is important because the
emitted phonons travel at different velocities and have
widely varying contributions to heat transport5,6 and device
self-heating.7,8 The present work addresses these issues by
using a Monte CarlosMCd simulation method to compute
detailed phonon generation rates at various electric fields, in
technologically relevant doped bulk and strained silicon.

The details of the Monte Carlo implementation used in
this work have been described elsewhere.9 The electron en-
ergy bands are modeled with the analytic nonparabolic band
approximation, including the six ellipsoidal conductionX
valleys of silicon.10 This is a good approximation for device
voltages near or below the silicon band gaps1.1 eVd, such as
those of future nano-technologies, and it is significantly
faster than the full-band MC method.11,12In addition, the low
electron energy range means that both impact ionization
swhich is controlled by the band gapd and interband scatter-
ing with higher energy bands can be safely neglectedsthe
X-L band separation in silicon is about 1.2 eVd.

As in the typical analytic-band approach,10 inelastic scat-
tering with six types of intervalley phonons is incorporated.
Three of these are ofg-type, assisting electron scattering
between valleys on the samek axis, and three are off-type,
when the scattering occurs between valleys on orthogonal
axes. Intravalley scattering refers to scattering within the
same conduction valley and usually involves only acoustic
phonons.13 Ionized impurity scattering is included with an
efficient model which reduces the number of time-
consuming small angle scattering events.14 Electron transport
in strained silicon is incorporated in the MC simulation as
follows. The biaxial strain of silicon grown on a Si1−xGex
substrate removes the degeneracy of the conduction bands,
lifting four of the six valleys byDE.0.67x, wherex is the
Ge fraction of the substrate.15 The in-plane conductivity ef-
fective mass of the two lower valleys is the lighter transverse
massmt of silicon. The strain-induced energy splitting be-
tween the valleys also reducesf-type intervalley scattering,
since the maximum availablef-type phonon energy in silicon
is only about 50 meV. Forx.0.15 the energy splitting is
large enough to essentially suppressf-type scattering be-
tween the lower and upper valleys, and the strained silicon
mobility enhancement is dominated by conduction via the
two lower valleys with the lighter transverse mass. Figure 1
compares data reported by Ismailet al.16 with our simula-
tions for electron drift velocity over a wide range of electric
fields. The simulation for strained silicon assumes no impu-
rity concentration, while the bulk sample is doped to
1017 cm−3. The strained silicon data of Ref. 16 were taken on
modulation-doped structures, where transport is phonon lim-
ited at room temperature. Our simulations agree well with
the data within MC and experimental error, over a large
range of electric fields, and in both bulk and strained silicon.
The scattering potentials used in the simulations have also
been carefully calibrated over a wide range of temperatures.9

Typical MC codes treat phonon scattering with a simpli-
fied dispersion relationship, often grouping the longitudinal
sLA d and transverse acousticsTAd branches into a disper-
sionless mode with constant group velocity,10 and assuming a
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single, fixed optical phonon energy.11 Since we are interested
in the details of the phonon generation spectrum, we treat
scattering with all phonon modes individually. Each branch
of the dispersion is modeled with the analytic approximation
vq=vo+vsq+cq2, wherevq is the phonon frequency andq
the wave vector.9 The continuousslongitudinald and dashed
stransversed lines in Fig. 2sad represent this quadratic model,
and the fitting coefficients are listed in Table I. Our disper-
sion model is otherwise assumed isotropic, since complexab
initio studies have shown that the anisotropic effect of the
phonon dispersion is rather small.12

The simulation treats all phonon scattering events as in-
elastic, and electrons exchange energy with the lattice as
determined by the phonon dispersion and scattering selection
rules. Scattering with intravalley LA and TA phonons, as
well as with intervalley longitudinalsLOd and transverse op-
tical sTOd phonons, is considered individually. The phonon
dispersion is also used when computing the final electron
state after scattering, taking into account both momentum
and energy conservation. This allows a range of phonon
wave vectors and energiesaround the six typical f- and
g-type phonons to participate in scattering.9 During the simu-

lation all phonons absorbed and emitted are tallied, and full
phonon generation statistics can be computed. Figure 2
shows the computed generation spectrum in 1017 cm−3 doped
bulk and strained silicon with both a lowers5 kV/cmd and
highers50 kV/cmd applied electric field. The strained silicon
mobility enhancement is maintained at the lower field value,
but not at the higher field, as in Fig. 1. To facilitate compari-
son, Fig. 2 subplotssbd–sed are drawn such that the vertical
axes with energy units in meV match the vertical frequency
axis of the phonon dispersion in subplotsad with units in
rad/s, as given byE="vq. Note the cutoff energies of the
various emitted phonon populations as required by their re-
spective dispersion relation. Few acoustic phonons are gen-
erated through intra-valley scattering at low energies because
their density of states vanishes near the Brillouin zonesBZd
center. Intra-valley emission also decreases at higher ener-
gies shigher wave vectorsd since fewer electrons with large
enough momentum are available to emit phonons of larger
wave vector.

The sharp peaks in the phonon generation plots occur
due to intervalley scattering with the threeg-type sTA, LA
and LO, at 0.3 of the distance to the edge of the BZd and
three f-type sTA, LA /LO and TO, at the edge of the BZd
phonons. The relative magnitude of the peaks depends on the
choice of intervalley deformation potentials, which have
been carefully calibrated.9 Note the difference in the phonon
emission spectrum between strained and bulk silicon at low
electric fields, as in Figs. 2sbd and 2scd. The strain-induced
band splitting suppressesf-type phonon emission between
the two lower and four upper valleys. However, since most
conduction electrons in strained silicon are confined to the

FIG. 1. Electron velocity-field relationship in bulk and strained silicon. The
dashed lines represent data for 1017 cm−3 doped bulk silicon, the solid lines
are data for strained silicon onx=0.3 substrate Ge fractionssee Ref. 16d.
The symbols are our simulation results for the two respective cases.

FIG. 2. Phonon dispersion in siliconsad and computed net phonon generation ratessemission minus absorptiond with low field fsbd,scdg and high fieldfsdd,sedg
in strained and bulk silicon doped to 1017 cm−3, atT=300 K. Subplotsad shows the dispersion data of Ref. 17ssymbolsd, our quadratic approximationslinesd,
and the vector magnitude off- andg-type intervalley phonons. Dashed lines represent transverse, while solid lines represent longitudinal phonons throughout.

TABLE I. Quadratic phonon dispersion coefficients.

vo s1013 rad/sd vs s105 cm/sd c s10−3 cm2/sd

LA 0.00 9.01 22.00
TA 0.00 5.23 22.26
LO 9.88 0.00 21.60
TO 10.20 22.57 1.11
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two lower valleyssof lighter massmtd, they quickly gain
energy andg-type emission between the lower valleys is
enhanced. Comparing Figs. 2sdd and 2sed, the phonon emis-
sion spectrum in strained and bulk silicon at high field is
essentially identical, an electrons have enough energy to emit
across the entire phonon spectrum despite the strain-induced
band splitting. This is consistent with the observation of
similar saturation velocity in strained and bulk siliconsFig.
1d.

Figure 3 compares the integrated net energy dissipation
rates with each branch of the phonon spectrum, at various
steady-state electric fields. Note the enhancement ofg-type
LO emission and the reduction in energy relaxation through
f-type LA and TO phonons in strained silicon. For both
strained and bulk silicon the total Joule heat dissipated to the
lattice, over all four phonon branches, sums up toJ·E
=qnvE as anticipated, whereJ is the current density,E the
electric field,q the elementary charge,n the electron density
and v the average drift velocity. Emission of LO modes
makes up nearly 90 percent of the energy dissipated in
strained silicon at low fields, but only about half the heat
generation in bulk silicon at most practical electric fields.
Intervalley f-type LA phonon emission accounts for about
one third, and TO emission for one tenth of the heat genera-
tion rate in bulk silicon. It should be noted thatf-type scat-

tering near the 50 meV phonon energy can be satisfied both
by LA and LO phonons12 swhere the branches meetd, so the
distinction between the two modes is somewhat arbitrary. We
assign a phonon to the LA branch whenuqu, uGu=2p /a, and
to the LO branch otherwise, whereG is the reciprocal lattice
vector anda=5.431 Å is the silicon lattice constant.

In summary, this work describes an efficient Monte
Carlo implementation which correctly reproduces electron
transport measurements in both strained and bulksdopedd
silicon. The use of analytical electron bands and phonon dis-
persion enables computation of the heat generation spectrum.
The generated phonon distributions are different in bulk and
strained silicon at low fields, but essentially the same at high
fields. This work advances our understanding of self-heating
in silicon, and has applications to the engineering of devices
that may require detailed knowledge of the heat generation
spectrum. The approach can be similarly extended to other
materialsse.g., germaniumd or to low-dimensional structures
se.g., nanowiresd.
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FIG. 3. Heat generation rates per phonon mode as a function of electric
field. Dashed lines are for strained siliconsx=0.3d, solid lines are for bulk
silicon, both doped to 1017 cm−3.
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