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❉❡♣❛rt❛♠❡♥t ❞❡ ▼❛t❡♠àt✐q✉❡s

❯♥✐✈❡rs✐t❛t P♦❧✐tè❝♥✐❝❛ ❞❡ ❈❛t❛❧✉♥②❛

❈✳ ❈♦❧♦♠ ✶✶✱ ✵✽✷✷✷ ❚❡rr❛ss❛✱ ❇❛r❝❡❧♦♥❛✱ ❙♣❛✐♥

❡✲♠❛✐❧✿ r❛♠♦♥✳q✉✐♥t❛♥✐❧❧❛❅✉♣❝✳❡❞✉

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r ❛ t❤❡r♠♦❡❧❛st✐❝ t❤❡♦r② ✇❤❡r❡ t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ✐s ❞❡✲
s❝r✐❜❡❞ ❜② t❤❡ ▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ ❡q✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐
t②♣❡ ■■■ ♠♦❞❡❧✳ ❲❡ ❛♥❛❧②s❡ t❤❡ ♦♥❡ ❛♥❞ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✳ ■♥ t❤r❡❡
❞✐♠❡♥s✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ t❤❡ st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s✳ ■♥ ♦♥❡
❞✐♠❡♥s✐♦♥ ✇❡ ❣❡t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❛♥❞ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦✈❡r t❤❡ s②st❡♠ ♦❢ ❝♦♥st✐t✉t✐✈❡ ♣❛r❛♠❡t❡rs✳ ❲❡ ❛❧s♦
♣r♦♣♦s❡ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ❢♦r t❤❡s❡ t❤❡♦r✐❡s✳

❑❡②✇♦r❞s✿ ▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ ❡q✉❛t✐♦♥✱ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r✱ t❤❡r♠♦❡✲
❧❛st✐❝✐t②✱ ❡①✐st❡♥❝❡✱ st❛❜✐❧✐t②✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ ❡q✉❛t✐♦♥ ✭▼●❚✱ ❢♦r s❤♦rt✮ ❤❛s ❞❡s❡r✈❡❞ ❛ ❜✐❣ ✐♥t❡r❡st ✐♥ t❤❡
r❡❝❡♥t ②❡❛rs ❛♥❞ ♠❛♥② ♣❛♣❡rs ❤❛s ❜❡❡♥ ❞✐r❡❝t❡❞ t♦ st✉❞② ❛♥❞ ✉♥❞❡rst❛♥❞ ✐t ✭s❡❡ ❛♠♦♥❣ ♦t❤❡rs
❬✹✱ ✶✷✱ ✶✹✱ ✷✶✱ ✷✽✱ ✷✾❪✮✳ ■t ❛r✐s❡s ❢r♦♠ t❤❡ ✢✉✐❞s ♠❡❝❤❛♥✐❝s ❬✸✽❪✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛♣♣r♦❛❝❤ t❤❡
▼●❚ ❡q✉❛t✐♦♥ ❢r♦♠ t❤❡ ✈✐❡✇♣♦✐♥t ♦❢ t❤❡r♠♦❡❧❛st✐❝✐t②✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ✐t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✐♥ ❛
♥❛t✉r❛❧ ✇❛② ❢r♦♠ ♦♥❡ ♦❢ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ♠♦❞❡❧s✳ ❲❡ ✇✐❧❧ ✉s❡ ✐t t♦ ♣r♦♣♦s❡ ❛
♥❡✇ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t❤❡r♠♦❡❧❛st✐❝✐t②✳

▲❡t ✉s r❡❝❛❧❧ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❋♦✉r✐❡r ❧❛✇ ❥♦✐♥t❧② ✇✐t❤
t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥

✭✶✳✶✮ qi,i = cθ̇,

✭✇❤❡r❡ qi ♦s t❤❡ ✢✉① ✈❡❝t♦r✱ θ ✐s t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ c ✐s t❤❡ t❤❡r♠❛❧ ❝❛♣❛❝✐t②✮ ♣r❡❞✐❝ts t❤❡
✐♥st❛♥t❛♥❡♦✉s ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ✇❛✈❡s✳ ❚❤✐s ❢❛❝t ❝♦♥tr❛❞✐❝ts t❤❡ ❝❛✉s❛❧✐t② ♣r✐♥❝✐♣❧❡✳ ❋♦r
t❤✐s r❡❛s♦♥ ♠❛♥② s❝✐❡♥t✐sts ❤❛✈❡ ♣r♦♣♦s❡❞ ❛❧t❡r♥❛t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥✳ ▼♦st
❦♥♦✇♥ t❤❡♦r② ✐s t❤❡ ♦♥❡ ✐♥tr♦❞✉❝❡❞ ❜② ▼❛①✇❡❧❧ ❛♥❞ ❈❛tt❛♥❡♦ ❬✶❪✱ ✇❤✐❝❤ ❝❤❛♥❣❡s t❤❡ ❋♦✉r✐❡r ❧❛✇
❜② ❛ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝♦♥t❛✐♥✐♥❣ ❛ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

✭✶✳✷✮ τ q̇i + qi = kθ,i,

✇❤❡r❡ k ✐s t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ τ ✐s t❤❡ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦
❜❡ ♣♦s✐t✐✈❡✳ ❆s ✉s✉❛❧✱ ❛ ❞♦t ♦✈❡r t❤❡ ✈❛r✐❛❜❧❡ ♠❡❛♥s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡✱ ✇❤✐❧❡ t❤❡ ❝♦❧♦♥ ❛♥❞
s✉❜s❝r✐♣t i ♠❡❛♥s t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡✳

❲❤❡♥ ♦♥❡ ❛❞❥♦✐♥s ✭✶✳✷✮ ✇✐t❤ ✭✶✳✶✮✱ ❛ ❞❛♠♣❡❞ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞✳ ■♥ t❤✐s ❝❛s❡ t❤❡
t❤❡r♠❛❧ ✇❛✈❡s ♣r♦♣❛❣❛t❡ ✇✐t❤ ✜♥✐t❡ s♣❡❡❞✳ ❆ ❧♦t ♦❢ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ♣❛✐❞ t♦ t❤✐s ❡q✉❛t✐♦♥✳ ■t

❉❛t❡✿ ▼❛② ✽✱ ✷✵✶✾✳
✶
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❤❛s ❛❧s♦ ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ t❤❡ t❤❡r♠♦❡❧❛st✐❝✐t② s✐t✉❛t✐♦♥ ❛s t❤❡ ▲♦r❞✲❙❤✉❧♠❛♥ t❤❡♦r② ❬✶✽❪✳ ❚❤✐s
♣r♦♣♦s✐t✐♦♥ ❤❛s ❜❡❡♥ ❞❡❡♣❧② ✐♥✈❡st✐❣❛t❡❞ ✭s❡❡ ❛♠♦♥❣ ♦t❤❡rs ❬✷✱ ✾✱ ✶✵✱ ✶✶✱ ✸✹✱ ✸✺❪✮✳ ■♥ ❢❛❝t t❤❡
q✉❛♥t✐t② ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ❢♦r t❤✐s t❤❡♦r② ✐s ❤✉❣❡✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❛st ❝❡♥t✉r② ●r❡❡♥ ❛♥❞ ◆❛❣❤❞✐ ❬✻✱ ✼✱ ✽❪ ✐♥tr♦❞✉❝❡❞ t❤r❡❡ ♥❡✇ ❛❧t❡r♥❛t✐✈❡
t❤❡♦r✐❡s ❢♦r t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ ❛ r❛t✐♦♥❛❧ ✇❛② t❤❛t t❤❡② ❝❛❧❧❡❞ t②♣❡ ■✱ ■■ ❛♥❞ ■■■
r❡s♣❡❝t✐✈❡❧②✳❚❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ t❤❡ t②♣❡ ■ ❛❣r❡❡s ✇✐t❤ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ❜② t❤❡ ❋♦✉r✐❡r ❧❛✇✳
❚❤❡ t②♣❡ ■■ ❞r✐✈❡s t♦ ❛♥♦t❤❡r ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡ t❤❡r❡ ✐s
♥♦ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ t❤❡ ✢✉① ✈❡❝t♦r ✐s ♦❜t❛✐♥❡❞ ❛s ❛ ❧✐♥❡❛r ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳
❚❤❛t ✐s

qi = k∗α,i, α̇ = θ,

✇❤❡r❡ k∗ ✐s t❤❡ ❝♦♥❞✉❝t✐✈✐t② r❛t❡ ♣❛r❛♠❡t❡r✳ ❚❤❡ t②♣❡ ■■■ t❤❡♦r② ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥

qi = k∗α,i + kθ,i.

◆♦t✐❝❡ t❤❛t ✇❤❡♥ k∗ = 0 ✇❡ r❡❝♦✈❡r t❤❡ t②♣❡ ■✱ ♠❡❛♥✇❤✐❧❡ t②♣❡ ■■ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ k = 0✳ ❚❤✐s
t❤❡♦r② ❤❛s ❛❧s♦ ❞❡s❡r✈❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ✐♥ r❡❝❡♥t ②❡❛rs ✭s❡❡ ❛♠♦♥❣ ♦t❤❡rs ❬✺✱ ✶✺✱ ✶✻✱ ✶✸✱ ✷✺✱ ✷✵✱
✷✷✱ ✷✸✱ ✷✹✱ ✷✻✱ ✸✵✱ ✸✷✱ ✸✸✱ ✸✼❪✮✳ ■❢ k ❛♥❞ k∗ ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ ❛♥❞ ✇❡ ❛❞❥♦✐♥ t❤✐s ❧❛st ❡q✉❛t✐♦♥
✇✐t❤ ✭✶✳✶✮ ✇❡ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r ❝❧❛ss✐❝❛❧ t❤❡♦r②✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢
s♦❧✉t✐♦♥s ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ t❤✐s s✐t✉❛t✐♦♥✳ ❍♦✇❡✈❡r t❤✐s t❤❡♦r② ❤❛s t❤❡ s❛♠❡ ❞r❛✇❜❛❝❦ ❛s
t❤❡ ✉s✉❛❧ ❋♦✉r✐❡r t❤❡♦r② ❛♥❞ ✐t ❛❧s♦ ♣r❡❞✐❝ts t❤❡ ✐♥st❛♥t❛♥❡♦✉s ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ✇❛✈❡s
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✻❪✱ ♣❛❣❡ ✸✾✮✳ ❆❣❛✐♥ t❤❡ ❝❛✉s❛❧✐t② ♣r✐♥❝✐♣❧❡ ✐s ♥♦t s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛❧s♦
♥❛t✉r❛❧ t♦ ♠♦❞✐❢② t❤✐s ♣r♦♣♦s❛❧ ✐♥tr♦❞✉❝✐♥❣ ❛ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥
t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✳ ❚❤❛t ✐s✱ t♦ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥

✭✶✳✸✮ τ q̇i + qi = k∗α,i + kθ,i.

❚❤✐s ❡q✉❛t✐♦♥ ✐s t❤❡ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✭✶✳✷✮ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐t ✇✐t❤ ✭✶✳✶✮
✇✐❧❧ ❜❡ t❤❡ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❈❛tt❛♥❡♦✲▼❛①✇❡❧❧ ❤❡❛t ❡q✉❛t✐♦♥✳

■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ✐❢ ✇❡ ❛❞❥♦✐♥ ❡q✉❛t✐♦♥ ✭✶✳✸✮ t♦ ✭✶✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ t❤❡ ▼♦♦r❡✲
●✐❜s♦♥✲❚❤♦♠♣s♦♥ ❡q✉❛t✐♦♥✳ ❲❤❡♥ k∗ = 0 ✇❡ r❡❝♦✈❡r t❤❡ ❈❛tt❛♥❡♦✲▼❛①✇❡❧❧ ❤❡❛t ❡q✉❛t✐♦♥✳

●✐✈❡♥ ❛ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ t❤❡♦r② ❛ t❤❡r♠♦❡❧❛st✐❝ ❝♦✉♥t❡r♣❛rt ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡r❡❢♦r❡ ❢r♦♠
t❤✐s ♥❡✇ t❤❡r♠❛❧ ❡q✉❛t✐♦♥ ✇❡ ❝❛♥ ♣r♦♣♦s❡ ❛ t❤❡r♠♦❡❧❛st✐❝ t❤❡♦r②✳ ❚❤✐s ✐s t❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r✳
❲❡ ✇❛♥t t♦ ♣r♦♣♦s❡ ❛♥❞ ❛♥❛❧②s❡ t❤❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❡✇ ♣r♦♣♦s❛❧ ✇❤❡r❡ ✇❡ s❡❡ t❤❡ ▼●❚
❡q✉❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡ ▼●❚✲✐♥❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❜❛s✐❝
♣r♦♣❡rt✐❡s✳ ▲❛t❡r ✇❡ st✉❞② ❛ t❤❡r♠♦❡❧❛st✐❝ s②st❡♠ ✇❤❡r❡ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② t❤❡
▼●❚✲❡q✉❛t✐♦♥✳ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♦❜t❛✐♥❡❞ ❛s ✇❡❧❧ ❛s t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s
✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ■♥ ❙❡❝t✐♦♥ ❢♦✉r ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✐t✉❛t✐♦♥ ❛♥❞ ✇❡
♣r♦✈❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ s♦❧✉t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ✐♥st❛❜✐❧✐t② ✇❤❡♥ ❛♥ ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞
❜② t❤❡ ♣❛r❛♠❡t❡rs ✭❙❡❝t✐♦♥ ✜✈❡✮✳ ▲❛st s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦♣♦s❡ s❡✈❡r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢
t❤❡ ▼●❚✲❡q✉❛t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ✇✐t❤ ♠❡♠♦r②✳

✷✳ ■♥❤♦♠♦❣❡♥❡♦✉s ▼●❚✲❡q✉❛t✐♦♥

❚❤❡ ❣❡♥❡r❛❧ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r t②♣❡ ■■■ t❤❡♦r② ❢♦r ❝❡♥tr♦s②♠♠❡tr✐❝ ♠❛t❡r✐❛❧s ✐s
❣✐✈❡♥ ❜②

✭✷✳✶✮ qi(x, t) = (kij(x)θ,j) + (k∗ij(x)α,j),



▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ t❤❡r♠♦❡❧❛st✐❝✐t② ✸

✇❤❡r❡ kij ✐s t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t② t❡♥s♦r ❛♥❞ k∗ij ✐s t❤❡ ❝♦♥❞✉❝t✐✈✐t② r❛t❡ t❡♥s♦r✳ ❚❤❡ ✐♥❤♦✲
♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ❢♦r t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥ ✐s

✭✷✳✷✮ qi,i = c(x)θ̇.

❆s ✇❡ ❤❛✈❡ ♣♦✐♥t❡❞ ♦✉t ❜❡❢♦r❡✱ ✐❢ ✇❡ ❛❞❥♦✐♥ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥

✭✷✳✸✮ c(x)θ̇ = (k∗ij(x)α,i),j + (kij(x)θ,i),j

✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ✇❛✈❡s ✇✐t❤ ✐♥✜♥✐t❡ s♣❡❡❞ ❛♥❞ ✈✐♦❧❛t❡s t❤❡ ❝❛✉s❛❧✐t②
♣r✐♥❝✐♣❧❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞r❛✇❜❛❝❦ ✇❡ ♣r♦♣♦s❡ t♦ ✐♥tr♦❞✉❝❡ ❛ r❡❧❛①❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥t♦
❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛s ✐♥ t❤❡ ▼❛①✇❡❧❧✲❈❛tt❛♥❡♦ ❝❛s❡✳

❲❡ ♦❜t❛✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠

✭✷✳✹✮ τ q̇i(x, t) + qi(x, t) = (kij(x)θ,j) + (k∗ij(x)α,j),

✇❤❡r❡ τ > 0✳ ■❢ ✇❡ s✉❜st✐t✉t❡ r❡❧❛t✐♦♥ ✭✷✳✹✮ ✐♥t♦ ✭✷✳✷✮✱ ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ♦❢
t❤❡ ▼●❚✲❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

✭✷✳✺✮ τc(x)
✳✳✳
θ + c(x)θ̈ = (k∗ij(x)θ,i),j + (kij(x)θ̇,i),j .

❲❡ ❝♦♥s✐❞❡r t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ B ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s s♠♦♦t❤ ❡♥♦✉❣❤
t♦ ❛♣♣❧② t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳ ❚♦ ❤❛✈❡ ❛ ✇❡❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s✿

✭✷✳✻✮ θ(x, 0) = θ0(x), θ̇(x, 0) = φ0(x) θ̈(x, 0) = ψ0(x), x ∈ B,

❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✭✷✳✼✮ θ(x, t) = 0, x ∈ ∂B.

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ Kij(x) = kij(x)− τk∗ij(x)

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥st✐t✉t✐✈❡ t❡♥s♦rs ❛r❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❛♥❞ t❤❛t✿

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c0 s✉❝❤ t❤❛t c(x) ≥ c0✳
✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t k0 s✉❝❤ t❤❛t

✭✷✳✽✮ k∗ijξiξj ≥ k0ξiξi,

❢♦r ❡✈❡r② ✈❡❝t♦r ξi✳
✭✐✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t k1 s✉❝❤ t❤❛t

✭✷✳✾✮ Kijξiξj ≥ k1ξiξi,

❢♦r ❡✈❡r② ✈❡❝t♦r ξi✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ✐♠♣❧② t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t k2 s✉❝❤ t❤❛t

✭✷✳✶✵✮ kijξiξj ≥ k2ξiξi,

❢♦r ❡✈❡r② ✈❡❝t♦r ξi✳

❈♦♥❞✐t✐♦♥ ✭✐✐✮ ✐s ♥❛t✉r❛❧ ✐♥ t❤❡ t②♣❡ ■■✴■■■ t❤❡♦r✐❡s t♦ ❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s✳
■♥❡q✉❛❧✐t② ✭✷✳✶✵✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ♣r✐♥❝✐♣❧❡ ✭s❡❡ ❬✻❪✮✳ ❊st✐♠❛t❡ ✭✐✐✐✮ ✐s ✐♠♣♦s❡❞ t♦
❣✉❛r❛♥t❡❡ t❤❡ st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r ❛ ✐♥st❛❜✐❧✐t② r❡s✉❧t ✇❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥
❢❛✐❧s✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ ✭✐✮ ✐s ❝❧❡❛r✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❛r❣✉♠❡♥ts ❛♥❞ r❡s✉❧ts ♣r♦♣♦s❡❞ ✐♥ ❬✶✾❪ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❛t ✉♥❞❡r t❤❡ ❛ss✉♠♣✲
t✐♦♥s ✐♠♣♦s❡❞ ❛❜♦✈❡ t❤❡r❡ ❡①✐sts ❛ q✉❛s✐✲❝♦♥tr❛❝t✐✈❡ s❡♠✐❣r♦✉♣ ✐♥H1

0 (B)×H1
0 (B)×L2(B)✶ ✇❤✐❝❤

✶❍❡r❡ ✇❡ ❞❡♥♦t❡ t❤❡ ✉s✉❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡✳



✹ ❘❆▼Ó◆ ◗❯■◆❚❆◆■▲▲❆

❣❡♥❡r❛t❡s t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r ♦✉r ❛ss✉♠♣t✐♦♥s ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥tr❛❝t✐✈❡
s❡♠✐❣r♦✉♣✳ ■♥ ❢❛❝t✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② r❡❛❞s

✭✷✳✶✶✮ E(t) + F (t) = E(0),

✇❤❡r❡

✭✷✳✶✷✮ E(t) =
1

2

∫

B

(

c|θ̇|2 + cτ2|θ̈|2 + 2cτ θ̇θ̈ + k∗ijθ,iθ,j + kijτ θ̇,iθ̇,j + 2k∗ijτθ,iθ̇,i

)

dv

❛♥❞

✭✷✳✶✸✮ F (t) =

∫ t

0

∫

B

Kij θ̇,iθ̇,jdv.

■♥ ❢❛❝t✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ♣r♦✈❡❞✷✳

❲❡ ♥♦t❡ t❤❛t t❤✐s ❡♥❡r❣② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ✉s✉❛❧ ✐♥♥❡r ♣r♦❞✉❝t ✐♥
H1

0 (B)×H1
0 (B)× L2(B)✳ ❚♦ s❡❡ ✐t✱ ✇❡ ❝❛♥ ♣♦✐♥t ♦✉t t❤❛t

✭✷✳✶✹✮ k∗ijθ,iθ,j + kijτ θ̇,iθ̇,j + 2k∗ijτθ,iθ̇,i = k∗ij(θ,i + τ θ̇,j)(θ,j + τ θ̇,j) + τKij θ̇,iθ̇,j .

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✇❡ ❝♦✉❧❞ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ▼●❚✲❤❡❛t ❡q✉❛t✐♦♥ ✐♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ✐♥ t❤❡
❝♦♥t❡①t ♦❢ t❤❡ t❤r❡❡✲♣❤❛s❡✲❧❛❣ t❤❡♦r② ❬✸❪✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥

✭✷✳✶✺✮ qi(x, t+ τ1) = (kij(x)θ,j(t+ τ2) + (k∗ij(x)α,j(t+ τ3)),

❛♥❞ ❛ss✉♠❡ t❤❛t τ2 = τ3 ❛♥❞ τ = τ1 − τ2 > 0 ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡ ▼●❚✲❡q✉❛t✐♦♥ ✇❤❡♥❡✈❡r ✇❡
♠❛❦❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ qi(x, t+ τ) ≈ qi(x, t) + τ q̇i(x, t)✳

✸✳ ❚❤❡r♠♦❡❧❛st✐❝✐t②

❲❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝♦♠♠❡♥ts ❛♥❞ t❤❡ ♣r♦❜❧❡♠s ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ t♦ ❛ t❤❡r♠♦❡❧❛st✐❝
s✐t✉❛t✐♦♥✳ ❲❡ ♥❡❡❞ t❤❡ ❡q✉❛t✐♦♥s

✭✸✳✶✮ tij = Cijkluk,l − βijθ, η = cθ + βijui,j .

❍❡r❡ (ui) ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✱ tij ✐s t❤❡ str❡ss t❡♥s♦r✱ η ✐s t❤❡ ❡♥tr♦♣②✱ Cijkl ✐s t❤❡ ❡❧❛st✐❝✐t②
t❡♥s♦r ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥

✭✸✳✷✮ Cijkl = Cklij ,

❛♥❞ βij ✐s t❤❡ ❝♦✉♣❧✐♥❣ t❡♥s♦r✳

❲❡ ❛❞❥♦✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s

✭✸✳✸✮ ρüi = tij,j , T0η̇ = qi,i

✇❤❡r❡ T0 ✐s t❤❡ r❡❢❡r❡♥❝❡ t❡♠♣❡r❛t✉r❡ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ ✉♥✐❢♦r♠ ❛♥❞ ρ(x) ✐s t❤❡ ♠❛ss ❞❡♥s✐t②✳

❆❢t❡r s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ s②st❡♠

✭✸✳✹✮ ρüi = (Cijkluk,l − βijθ),j

✭✸✳✺✮ cθ̈ + cτ
✳✳✳
θ = −βij(üi,j + τ

✳✳✳
u i,j) + (kij(x)θ̇,j),i + (k∗ij(x)θ,j),i

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ T0 = 1 t♦ s✐♠♣❧✐❢② t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✳

✷❲❡ ✇✐❧❧ ❣✐✈❡ ❧❛t❡r ❛♥ ❛r❣✉♠❡♥t ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤✐s ❡❛s✐❡r ❝❛s❡✳ ❲❡ ❞♦♥✬t ❞♦ ✐t ❤❡r❡ t♦ ♥♦t r❡♣❡❛t
t❤❡ ❛r❣✉♠❡♥ts✳



▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ t❤❡r♠♦❡❧❛st✐❝✐t② ✺

■❢ ✇❡ ❞❡♥♦t❡ f̂ = f + τ ḟ ❛♥❞ vi = u̇i ♦✉r s②st❡♠ ✐♠♣❧✐❡s t❤❛t

✭✸✳✻✮ ρ¨̂vi = (Cijklv̂k,l − βij(θ̇ + τ θ̈)),j

✭✸✳✼✮ cθ̈ + cτ
✳✳✳
θ = −βij ˙̂vi,j + (kij(x)θ̇,j),i + (k∗ij(x)θ,j),i,

■t ✐s ❝❧❡❛r t❤❛t t❤❡ s♦❧✉t✐♦♥s ❢♦r t❤✐s ❧❛st s②st❡♠ ❣❡♥❡r❛t❡s t❤❡ s♦❧✉t✐♦♥s ❢♦r ♦✉r ♣r✐♠✐t✐✈❡ s②st❡♠
✭✸✳✹✮✲✭✸✳✺✮✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ❤❛ts✳

❆♣❛rt ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥s ♣r♦♣♦s❡❞ ❜❡❢♦r❡✱ ❤❡r❡ ❛♥❞ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥st✐✲
t✉t✐✈❡ t❡♥s♦rs ❛r❡ ✉♣♣❡r ❜♦✉♥❞❡❞❡❞ ❛♥❞

✭✐✈✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ρ0 s✉❝❤ t❤❛t ρ(x) ≥ ρ0✳
✭✈✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C0 s✉❝❤ t❤❛t

✭✸✳✽✮

∫

B

Cijklui,juk,ldv ≥ C0

∫

B

ui,jui,jdv,

❢♦r ❡✈❡r② ✈❡❝t♦r (ui) ✈❛♥✐s❤✐♥❣ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ✐s ❝❧❡❛r✳ ❈♦♥❞✐t✐♦♥ ✭✈✮ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡
❡❧❛st✐❝ st❛❜✐❧✐t② t❤❡♦r②✳

❚♦ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♣r♦♣♦s❡❞ ❛❜♦✈❡ ❢♦r t❤❡ t❤❡r♠❛❧ ✈❛r✐❛❜❧❡s✱ ✇❡ ❛❧s♦ ❛❞❥♦✐♥
t❤❛t

✭✸✳✾✮ vi(x, 0) = v0i (x), v̇i(x, 0) = w0
i (x), x ∈ B,

❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✭✸✳✶✵✮ v(x, t) = 0, x ∈ ∂B.

❆❣❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐s ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ ❬✶✾❪✳
❍♦✇❡✈❡r ✐♥ t❤❛t ❝♦♥tr✐❜✉t✐♦♥ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ q✉❛s✐✲❝♦♥tr❛❝t✐✈❡ s❡♠✐❣r♦✉♣✳
❲❡ ❤❡r❡ ✇❛♥t t♦ ❣✐✈❡ ❛ ♥❡✇ st❡♣ ❛♥❞ t♦ ♣r♦✈❡ t❤❛t ✐♥ ♦✉r ❝❛s❡ t❤❡ s❡♠✐❣r♦✉♣ ✐s ❝♦♥tr❛❝t✐✈❡ ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ✇✐❧❧ ❜❡ ❣✉❛r❛♥t❡❡❞✳

❲❡ ♥♦✇ tr❛♥s❢♦r♠ ♦✉r ✐♥✐t✐❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥t♦ ❛ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt
s♣❛❝❡✳ ❲❡ ❝♦♥s✐❞❡r

✭✸✳✶✶✮ H = H
1
0(B)× L

2(B)×H1
0 (B)×H1

0 (B)× L2(B).

■❢ U = (v,w, θ, φ, ψ) ❛♥❞ U∗ = (v∗,w∗, θ∗, φ∗, ψ∗) ✇❡ ❞❡✜♥❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t
✭✸✳✶✷✮

〈U,U∗〉 =
1

2

∫

B

(

ρwiw̄
∗
i + Cijklvi,j v̄

∗
k,l + c(φ+ τψ)(φ̄∗ + τψ̄∗) + k∗ij(θ,i + τφ,i)(θ̄

∗
,j + τ φ̄∗,j) + τKijφ,iφ̄

∗
,j

)

dv.

❆s ✉s✉❛❧✱ t❤❡ ❜❛r ♦✈❡r ❛ ✈❛r✐❛❜❧❡ ♠❡❛♥s t❤❡ ❝♦♥❥✉❣❛t❡❞ ❝♦♠♣❧❡①✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✉♥❞❡r
t❤❡ ❛ss✉♠♣t✐♦♥s ♣r♦♣♦s❡❞ ♣r❡✈✐♦✉s❧② t❤❡ ♥♦r♠ ❞❡✜♥❡❞ ❜② t❤✐s ✐♥♥❡r ♣r♦❞✉❝t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
✉s✉❛❧ ♦♥❡ ✐♥ H✳

❲❡ ❞❡✜♥❡ s❡✈❡r❛❧ ♦♣❡r❛t♦rs

Ai(v) = ρ−1(Cijklvk,l),j , A = (Ai)

Bi(φ) = −ρ−1(βijφ),j , B = (Bi)

Ci(ψ) = −ρ−1(βijψ),j , C = (Ci)

D∗(w) = −(cτ)−1βijwi,j , E(θ) = (cτ)−1(k∗ijθ,j),i



✻ ❘❆▼Ó◆ ◗❯■◆❚❆◆■▲▲❆

F (φ) = (cτ)−1(kijφ,j),i, G(ψ) = −τ−1ψ

❛♥❞ t❤❡ ♠❛tr✐① ♦♣❡r❛t♦r

✭✸✳✶✸✮ A =













0 I 0 0 0
A 0 0 B C

0 0 0 I 0
0 0 0 0 I
0 D∗ E F G













.

❖✉r ✐♥✐t✐❛❧ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

✭✸✳✶✹✮
dU

dt
= AU, U(0) = U0,

✇❤❡r❡

U0 = (v0,w0, θ0, φ0, ψ0).

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r D(A) ✐s ❛ ❞❡♥s❡ s✉❜s♣❛❝❡ ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H✳

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❡✈❡r② U ∈ D(A)✱ ❘❡〈AU,U〉H ≤ 0.

Pr♦♦❢✳ ❲❡ ♥♦t❡ t❤❛t

❘❡〈AU,U〉H = −
1

2

∫

B

Kijφ,iφ,jdv.

■♥ ✈✐❡✇ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ♦✉r ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳ �

▲❡♠♠❛ ✸✳✷✳ 0 ❜❡❧♦♥❣s t♦ t❤❡ r❡s♦❧✈❡♥t ♦❢ A ✭✐♥ s❤♦rt✱ 0 ∈ ρ(A)✮✳

Pr♦♦❢✳ ▲❡t (f1, f2, f3, f4, f5) ∈ H✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ s②st❡♠

✭✸✳✶✺✮ w = f1, φ = f3, ψ = f4

✭✸✳✶✻✮ Av +Bφ+Cψ = f2, D
∗
w + Eθ + Fφ+Gψ = f5.

❲❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ s♦❧✉t✐♦♥s ❢♦r w, φ ❛♥❞ ψ✳ ❚♦ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥s ❢♦r v ❛♥❞ θ ✇❡ ❤❛✈❡ t♦
s♦❧✈❡ t❤❡ s②st❡♠

✭✸✳✶✼✮ Av = f2 −Bf3 −Cf4, Eθ = f5 −D∗
f1 − Ff3 −Gf4.

■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡❧❧✐♣t✐❝ s②st❡♠s ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧❛st t✇♦
✉♥❦♥♦✇♥s ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �

❚❤❡♦r❡♠ ✸✳✸✳ ❚❤❡ ♦♣❡r❛t♦r A ❣❡♥❡r❛t❡s ❛ ❝♦♥tr❛❝t✐♦♥ C0✲s❡♠✐❣r♦✉♣ S(t) = {eAt}t≥0 ✐♥ H✳

Pr♦♦❢✳ ❚❤❡ t❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ▲✉♠❡r✲
P❤✐❧❧✐♣s ❝♦r♦❧❧❛r② t♦ t❤❡ ❍✐❧❧❡✕❨♦s✐❞❛ t❤❡♦r❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❬✷✼❪✮✳ �

❆s ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❝t✐✈❡ s❡♠✐❣r♦✉♣ ✇❡ ❦♥♦✇ t❤❛t

||S(t)U || ≤ ||U ||,

❢♦r ❡✈❡r② t ≥ 0✳

❋✐♥❛❧❧②✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✹✳ ❆ss✉♠❡ t❤❛t U0 ∈ D(A)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ U(t) ∈
C1([0,∞),H) ∩ C0([0,∞),D(A)) t♦ ♣r♦❜❧❡♠ ✭✸✳✶✹✮✳



▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ t❤❡r♠♦❡❧❛st✐❝✐t② ✼

✹✳ ❊①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

■❢ ✇❡ ❝♦♥s✐❞❡r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛❧ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ s②st❡♠

✭✹✳✶✮ ρv̈ = µvxx − β(θ̇x + τ θ̈x)

✭✹✳✷✮ cθ̈ + cτ
✳✳✳
θ = −βv̇x + kθ̇xx + k∗θxx

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ❢♦r t❤❡ ♣r♦❜❧❡♠ ❞❡t❡r♠✐♥❡❞ ❜② t❤✐s s②st❡♠
✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿
✭✹✳✸✮

v(x, 0) = v0(x), v̇(x, 0) = w0(x), θ(x, 0) = θ0(x), θ̇(x, 0) = φ(x) θ̈(x, 0) = ψ(x), x ∈ (0, l),

❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✭✹✳✹✮ v(0, t) = v(l, t) = θx(0, t) = θx(l, t) = 0.

❚❤❛t ✐s✱ ✇❡ ❛ss✉♠❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ✈❛r✐❛❜❧❡ ❛♥❞ ◆❡✉♠❛♥♥
❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ t❤❡r♠❛❧ ❝♦♠♣♦♥❡♥t✳ ■t ✐s ✇♦rt❤ s❛②✐♥❣ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
♣r♦♣♦s❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛❧❧♦✇s t♦ s✐♠♣❧✐❢② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s✳

❚❤❡ ♣❛r❛♠❡t❡rs t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ s②st❡♠ ❛r❡ r❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞
❤❛✈❡ t♦ s❛t✐s❢② s♦♠❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ r❡str✐❝t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛ss✉♠❡ t❤❛t

✭✹✳✺✮ c > 0, ρ > 0, µ > 0, k∗ > 0, k > k∗τ, β 6= 0, τ > 0.

❖✉r ❛ss✉♠♣t✐♦♥s ❛r❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❛①✐♦♠s ❛♥❞ t❤❡ ❡♠♣✐r✐❝❛❧ ❡①♣❡r✐✲
♠❡♥ts✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♠❛ss ❞❡♥s✐t② ❛♥❞ t❤❡ t❤❡r♠❛❧ ❝❛♣❛❝✐t② ❛r❡ ♦❜✈✐♦✉s✳ ❚❤❡
❝♦♥❞✐t✐♦♥ ♦♥ µ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❡❧❛st✐❝ st❛❜✐❧✐t②✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡
k, k∗ ❛♥❞ τ ❛r❡ t❤❡ ♥❛t✉r❛❧ ♦♥❡s t♦ ❤❛✈❡ ❞✐ss✐♣❛t✐♦♥✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ β ✐s str✐❝t❧② ♥❡❡❞❡❞ t♦
❣✉❛r❛♥t❡❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ t❤❡ t❤❡r♠❛❧ ♣❛rts✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♦❧✉t✐♦♥s ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡✮
t♦ t❤❡ ♣r♦❜❧❡♠✳ ■♥ ❢❛❝t✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ s♦❧✉t✐♦♥s ❞❡❝❛② ✐♥ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ✇❛② ✇❤❡♥
t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s②st❡♠✳

❲❡ ♥♦t❡ t❤❛t t❤❡r❡ ❛r❡ s♦❧✉t✐♦♥s ✭✉♥✐❢♦r♠ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ x✮ t❤❛t ❞♦ ♥♦t ❞❡❝❛②✳ ❚♦ ❛✈♦✐❞ t❤❡s❡
❝❛s❡s✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡ t❤❛t

✭✹✳✻✮

∫ l

0
θ0(x) dx =

∫ l

0
φ0(x) dx =

∫ l

0
ψ0(x) dx = 0.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❍✐❧❜❡rt s♣❛❝❡

H =
{

(v, w, θ, φ, ψ) ∈ H1
0 × L2 ×H1

∗ ×H1
∗ × L2

∗

}

,✭✹✳✼✮

✇❤❡r❡

L2
∗ = {f ∈ L2,

∫ π

0
f(x)dx = 0} ❛♥❞ H1

∗ = L2
∗ ∩H

1.



✽ ❘❆▼Ó◆ ◗❯■◆❚❆◆■▲▲❆

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t v̇ = w✱ θ̇ = φ ❛♥❞ φ̇ = ψ ❛♥❞ ✇r✐t✐♥❣ D = d
dx
✱ ✇❡ ❝❛♥ r❡st❛t❡ ♦✉r

s②st❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✭✹✳✽✮















































v̇ = w

ẇ =
1

ρ

(

µD2u− βDφ− τβDψ
)

θ̇ = φ

φ̇ = ψ

ψ̇ =
1

cτ

(

kD2φ− βDw + k∗D2θ − τψ
)

▼♦r❡♦✈❡r✱ ✐❢ U = (v, w, θ, φ, ψ)✱ t❤❡♥ ♦✉r ✐♥✐t✐❛❧✲❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

✭✹✳✾✮
dU

dt
= AU, U0 = (v0, w0, θ0, φ0, ψ0),

✇❤❡r❡ A ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ 5× 5✲♠❛tr✐①

✭✹✳✶✵✮ A =













0 I 0 0 0
µ
ρ
D2 0 0 β

ρ
D βτ

ρ
D

0 0 0 I 0
0 0 0 0 I

0 − β
cτ
D k∗

cτ
D2 k

cτ
D2 −1/c













❛♥❞ I ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❞♦♠❛✐♥ ♦❢ A✱ t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ✭❛❣❛✐♥✮ ❜②
D(A)✱ ✐s ❞❡♥s❡ ✐♥ H✳

❲❡ ❞❡✜♥❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ H✳ ■❢ U∗ = (v∗, w∗, θ∗, φ∗, ψ∗)✱ t❤❡♥

〈U,U∗〉H =
1

2

∫ π

0

(

ρww̄∗ + cφφ̄∗ + cτ2ψψ̄∗ + cτ(φψ̄∗ + φ̄∗ψ) + µvxv̄
∗
x

+ kτφxφ̄
∗
x + kθθ̄∗ + k∗τ(θφ̄∗ + θ̄∗φ)

)

dx.

✭✹✳✶✶✮

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤✐s ♣r♦❞✉❝t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✉s✉❛❧ ♣r♦❞✉❝t ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡
H✳ ■♥ ❢❛❝t✱ ✐t ✐s t❤❡ ♥❛t✉r❛❧ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ♣r❡✈✐♦✉s❧② t♦ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✹✳✶✳ ❋♦r ❡✈❡r② U ∈ D(A)✱ ❘❡〈AU,U〉H ≤ 0.

Pr♦♦❢✳ ❉✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s

❘❡〈AU,U〉H = −
k − k∗τ

2

∫ l

0
|φx|

2dx.

❆s ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t k∗τ < k t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳ �

▲❡♠♠❛ ✹✳✷✳ 0 ❜❡❧♦♥❣s t♦ t❤❡ r❡s♦❧✈❡♥t ♦❢ A ✭✐♥ s❤♦rt✱ 0 ∈ ρ(A)✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t♦ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ �

■♥ ✈✐❡✇ ♦❢ t❤❡s❡ t✇♦ ❧❡♠♠❛s ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r ✐s ❞❡♥s❡✱ ✇❡
❝❛♥ ✉s❡ t❤❡ ▲✉♠❡r✲P❤✐❧❧✐♣s ❝♦r♦❧❧❛r② t♦ t❤❡ ❍✐❧❧❡✲❨♦s✐❞❛ t❤❡♦r❡♠ t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ ♦♣❡r❛t♦r ❣✐✈❡♥ ❜② ♠❛tr✐① A ❣❡♥❡r❛t❡s ❛ ❝♦♥tr❛❝t✐♦♥ C0✲s❡♠✐❣r♦✉♣ S(t) =
{eAt}t≥0 ✐♥ H✳



▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ t❤❡r♠♦❡❧❛st✐❝✐t② ✾

◆♦✇✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r ♦✉r ♣r♦❜❧❡♠✳

❚♦ ♣r♦✈❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱ ✇❡ r❡❝❛❧❧ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ st❛t❡❞ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ▲✐✉ ❛♥❞
❩❤❡♥❣ ❬✶✼❪✳

❚❤❡♦r❡♠ ✹✳✹✳ ▲❡t S(t) = {eAt}t≥0 ❜❡ ❛ C0✲s❡♠✐❣r♦✉♣ ♦❢ ❝♦♥tr❛❝t✐♦♥s ♦♥ ❛ ❍✐❧❜❡rt s♣❛❝❡✳ ❚❤❡♥
S(t) ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

(i) iR ⊂ ρ(A)✱
(ii) lim

|λ|→∞
‖(iλI − A)−1‖L(H) <∞.

▲❡♠♠❛ ✹✳✺✳ ❚❤❡ ♦♣❡r❛t♦r A ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✵✮ s❛t✐s✜❡s iR ⊂ ρ(A)✳

Pr♦♦❢✳ ❲❡ ❤❡r❡ ❢♦❧❧♦✇ t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ✐♥ t❤❡ ❜♦♦❦ ♦❢ ▲✐✉ ❛♥❞ ❩❤❡♥❣ ✭❬✶✼❪✱ ♣❛❣❡ ✷✺✮✳ ▲❡t ✉s
❛ss✉♠❡ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ❛♥❞ t❤❡ s♣❡❝tr✉♠ ✐s ♥♦♥✲❡♠♣t②✳ ❚❤❡r❡❢♦r❡✱
t❤❡r❡ ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs λn ✇✐t❤ λn → ̟, |λn| < |̟| ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦rs
Un = (vn, wn, θn, φn, ψn) ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r A ❛♥❞ ✇✐t❤ ✉♥✐t ♥♦r♠ s✉❝❤ t❤❛t

✭✹✳✶✷✮ ‖(iλnI − A)Un‖ → 0.

■♥ ♦✉r ❝❛s❡✱ ✇r✐t✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ t❡r♠ ❜② t❡r♠ ✇❡ ❣❡t

✭✹✳✶✸✮ iλnvn − wn → 0 ✐♥ H1,

✭✹✳✶✹✮ iλnwn −
1

ρ

(

µD2vn − βDφn − βτDψn

)

→ 0 ✐♥ L2,

✭✹✳✶✺✮ iλnθn − φn → 0 ✐♥ H1,

✭✹✳✶✻✮ iλnφn − ψn → 0 ✐♥ H1,

✭✹✳✶✼✮ iλnψn −
1

cτ

(

−βDwn + kD2φn + k∗D2θn − τψn

)

→ 0 ✐♥ L2.

■♥ ✈✐❡✇ ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ t❡r♠ ❢♦r t❤❡ ♦♣❡r❛t♦r✱ ✇❡ s❡❡ t❤❛t

✭✹✳✶✽✮ Dφn → 0 ✐♥ L2.

❋r♦♠ ✭✹✳✶✺✮ ✇❡ ❛❧s♦ s❡❡ t❤❛t Dθn → 0 ✐♥ L2✳ ❲❡ ♥♦✇ ✇❛♥t t♦ s❡❡ t❤❛t ψn t❡♥❞s t♦ ③❡r♦ ✐♥ L2✳
❚♦ t❤✐s ❡♥❞ ✇❡ ♠✉❧t✐♣❧② ✭✹✳✶✻✮ ❜② ψn t♦ s❡❡ t❤❛t

✭✹✳✶✾✮ i〈φn, λnψn〉 − ||ψn||
2 → 0

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ψn ✇✐❧❧ ❜❡ ❣✉❛r❛♥t❡❡❞ ✇❤❡♥❡✈❡r ✇❡ s❤♦✇ t❤❛t 〈φn, λnψn〉 → 0✳ ❋r♦♠ ✭✹✳✶✼✮
✇❡ s❡❡

✭✹✳✷✵✮ icτ〈φn, λnψn〉 = 〈φn,−βDwn + kD2φn + k∗D2θn − τψn〉

❆❢t❡r ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ♣r❡✈✐♦✉s❧② ♥♦t❡❞ ✇❡ s❡❡ t❤❛t
t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t❡♥❞s t♦ ③❡r♦ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ψn t♦ ③❡r♦ ❢♦❧❧♦✇s ✐♥ L2✳ ❲❡
♥♦✇ ♣r♦✈❡ t❤❛t vn t❡♥❞s t♦ ③❡r♦ ✐♥ H1✳ ❲❡ s❡❡ ❢r♦♠ ✭✹✳✶✼✮ t❤❛t

✭✹✳✷✶✮ −βDvn + λ−1
n kD2φn + λ−1

n k∗D2θn → 0 ✐♥ L2.

❆❢t❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② Dvn ✇❡ s❡❡

✭✹✳✷✷✮ β||Dvn||
2 + k〈Dφn, λ

−1
n D2vn〉+ k∗〈Dθn, λ

−1
n D2vn〉 → 0.



✶✵ ❘❆▼Ó◆ ◗❯■◆❚❆◆■▲▲❆

❇✉t ❢r♦♠ ✭✹✳✶✹✮ ✇❡ s❡❡ t❤❛t λ−1
n D2vn ✐s ❜♦✉♥❞❡❞✳ ❚❤❡r❡❢♦r❡ ✇❡ s❡❡ t❤❛t 〈Dφn, λ

−1
n D2vn〉 ❛♥❞

〈Dθn, λ
−1
n D2vn〉 t❡♥❞ t♦ ③❡r♦ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t Dvn ❝♦♥✈❡r❣❡s t♦ ③❡r♦✳ ❚❤❡

❝♦♥✈❡r❣❡♥❝❡ ♦❢ wn ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r ♠✉❧t✐♣❧② ✭✹✳✶✹✮ ❜② vn✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t t❤❡
s❡q✉❡♥❝❡ ❤❛s ✉♥✐t ♥♦r♠ ❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳ �

▲❡♠♠❛ ✹✳✻✳ ❚❤❡ ♦♣❡r❛t♦r A s❛t✐s✜❡s

lim
|λ|→∞

‖(iλI − A)−1‖L(H) <∞.

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❛❧s♦ ❢♦❧❧♦✇s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛r❣✉♠❡♥t✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t❤❡s✐s ✐s ♥♦t tr✉❡✳ ■t
❢♦❧❧♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs λn s✉❝❤ t❤❛t |λn| → ∞ ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢
✉♥✐t ✈❡❝t♦rs ✐♥ D(A) ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✭✹✳✶✷✮ ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥❞✐t✐♦♥s ✭✹✳✶✸✮✕✭✹✳✶✼✮ st✐❧❧
❤♦❧❞✳ ◆♦✇ ✇❡ ❝❛♥ ✉s❡ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛
❜❡❝❛✉s❡ t❤❡ ❦❡② ♣♦✐♥t ✐s t❤❛t λn ❞♦❡s ♥♦ t❡♥❞ t♦ ③❡r♦✳ �

❚❤❡ t✇♦ ♣r❡✈✐♦✉s ❧❡♠♠❛s ❣✐✈❡ r✐s❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✼✳ ❚❤❡ C0✲s❡♠✐❣r♦✉♣ S(t) = {eAt}t≥0 ✐s ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐st
t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts M ❛♥❞ α s✉❝❤ t❤❛t ‖S(t)U‖ ≤M‖U‖e−αt✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ▲❡♠♠❛s ❛♥❞ t❤❡ ❚❤❡♦r❡♠ ✹✳✹✳ �

✺✳ ■♥st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t ✇❤❡♥ k < k∗τ ✇❡ ❝❛♥ ✜♥❞ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
✇❤✐❝❤ ✐s ✉♥st❛❜❧❡✳ ❚♦ ♠❛❦❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❡❛s✐❡r ✇❡ ❛ss✉♠❡ t❤❛t l = π✳ ❖✉r ❛♥❛❧②s✐s ✐s s✐♠✐❧❛r
t♦ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❞✉❛❧✲♣❤❛s❡✲❧❛❣ ❡q✉❛t✐♦♥ ❬✸✶❪✳

❚❤❡ s♦❧✉t✐♦♥s ✐♥ t❤✐s ❝❛s❡ ✇✐❧❧ ❜❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠

✭✺✳✶✮ v = A exp(ωt) sinnx, θ = B exp(ωt) cosnx.

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐t❤ t❤❡ ✉♥❦♥♦✇♥s A ❛♥❞ B✿

✭✺✳✷✮ A(ρω2 + µn2)−Bβn(ω + τω2) = 0

✭✺✳✸✮ Aβnω +B((cω2 + cτω3 + kωn2 + k∗n2)) = 0

❖✉r ❛✐♠ ✐s t♦ ♦❜t❛✐♥ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♠♣♦s❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡
s②st❡♠ ❛❜♦✈❡ ✐s ③❡r♦✳ ❍❡r❡ ω ♠✉st ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥

✭✺✳✹✮ ρcτx5 + ρcx4 + (ρkn2 + β2n2τ + µn2cτ)x3

(ρk∗n2 + µn2c+ β2n2)x2 + µn4kx+ µn4k∗ = 0.

❲❡ ✉s❡ t❤❡ ❍✉r✇✐t③ t❤❡♦r❡♠ t❤❛t s❛②s t❤❛t t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❣✉❛r❛♥t❡❡
t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥

✭✺✳✺✮ x5 + q1x
4 + q2x

3 + q3x
2 + q4x+ q5 = 0,

❤❛✈❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rt ✐s✿

✭✺✳✻✮ Λ1 = q1 > 0,Λ2 = ❞❡t

(

q1 1
q3 q2

)

> 0,Λ3 = ❞❡t





q1 1 0
q3 q2 q1
q5 q4 q3



 > 0,



▼♦♦r❡✲●✐❜s♦♥✲❚❤♦♠♣s♦♥ t❤❡r♠♦❡❧❛st✐❝✐t② ✶✶

✭✺✳✼✮ Λ4 = ❞❡t









q1 1 0 0
q3 q2 q1 1
q5 q4 q3 q2
0 0 q5 q4









> 0, ❛♥❞ Λ5 = ❞❡t













q1 1 0 0 0
q3 q2 q1 1 0
q5 q4 q3 q2 1
0 0 q5 q4 q3
0 0 0 0 q5













> 0.

❲❡ ❤❛✈❡ t❤❛t ✐♥ ♦✉r ❝❛s❡

✭✺✳✽✮ Λ2 =
n2

c
(τ−1k − k∗)

✇❤✐❝❤ ✐s ❧❡ss t❤❛♥ ③❡r♦ ✇❤❡♥❡✈❡r k < k∗τ ✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ s♦❧✉t✐♦♥s ❢♦❧❧♦✇s✳

❆❣❛✐♥ t❤❡ ❛♥❛❧②s✐s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❛♥❞ ♦✉r ❛r❣✉♠❡♥t ❝❛♥ ❜❡
❡①t❡♥❞❡❞ ✇✐t❤♦✉t tr♦✉❜❧❡s t♦ ✐♥t❡r✈❛❧s ✇✐t❤ ❛r❜✐tr❛r② ❜✉t ❜♦✉♥❞❡❞ ❧❡♥❣t❤✳

✻✳ ❋✉rt❤❡r ❝♦♠♠❡♥ts

❚❤❡ ❡q✉❛t✐♦♥s st✉❞✐❡❞ ♣r❡✈✐♦✉s❧② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❤✐st♦r②✳

❲❡ ❛ss✉♠❡ t❤❛t

lim
t→−∞

qi(x, t) ✐s ❜♦✉♥❞❡❞ .

❲❡ ❤❛✈❡ t❤❛t

✭✻✳✶✮ τ q̇i + qi = τ(q̇i + τ−1qi) = τ exp(−τ−1t)
d

dt
(qi exp(τ

−1t)).

■♥ ✈✐❡✇ ♦❢ ✭✷✳✹✮ ✇❡ s❡❡

✭✻✳✷✮
d

dt
(qi exp(τ

−1t)) = τ−1 exp(τ−1t)
(

kij(x)θ,j + k∗ij(x)α,j

)

❛♥❞

✭✻✳✸✮ qi exp(τ
−1t) =

∫ t

−∞

exp(τ−1s)
(

τ−1kij(x)θ,j(s) + τ−1k∗ij(x)α,j(s)
)

ds.

❚❤❡♥

✭✻✳✹✮ qi =

∫ t

−∞

exp(−τ−1(t− s))
(

τ−1kij(x)θ,j(s) + τ−1k∗ij(x)α,j(s)
)

ds.

❚❤✐s r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

✭✻✳✺✮ qi =

∫ t

−∞

h(t− s)
(

kij(x)θ,j(s) + k∗ij(x)α,j(s)
)

ds,

✇❤❡r❡ h(s) ✐s ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳

▼♦r❡♦✈❡r ✇❡ ❝❛♥ t❤✐♥❦ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥

✭✻✳✻✮ qi =

∫ t

−∞

(hij(x, t− s)θ,j(s) + h∗ij(x, t− s)α,j(s))ds,

✇❤❡r❡ hij(s) ❛♥❞ h
∗
ij(s) ❛r❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✳
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❚❤❡ ❥✉①t❛♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❞❡t❡r♠✐♥❡s ❛ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
▼●❚✲❡q✉❛t✐♦♥ t♦ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤❡❛t ❝♦♥❞✉❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ♦✉r ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

✭✻✳✼✮ cθ̇ =

∫ t

−∞

(hij(x, t− s)θ,j(s) + h∗ij(x, t− s)α,j(s)),ids.

❆s ❢❛r ❛s t❤❡ ❛✉t❤♦r ❦♥♦✇s t❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦t ❞❡s❡r✈❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ②❡t✳

❚❤❡ s❛♠❡ ❤❛♣♣❡♥s ✐❢ ✇❡ ❝♦♥s✐❞❡r ✭✸✳✶✮ ❛♥❞ ✭✸✳✸✮ ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❤❡❛t ✢✉①
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