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MORE MORPHISMS BETWEEN BUNDLE GERBES

KONRAD WALDORF

ABSTRACT. Usually bundle gerbes are considered as objects of a 2-groupoid, whose 1-
morphisms, called stable isomorphisms, are all invertible. I introduce new 1-morphisms
which include stable isomorphisms, trivializations and bundle gerbe modules. They fit
into the structure of a 2-category of bundle gerbes, and lead to natural definitions of
surface holonomy for closed surfaces, surfaces with boundary, and unoriented closed
surfaces.

Introduction

From several perspectives it becomes clear that bundle gerbes are objects in a 2-category:
from the bird’s-eye view of algebraic geometry, where gerbes appear as some kind of stack,
or in topology, where they appear as one possible categorification of a line bundle, but
also from a worm’s-eye view on the definitions of bundle gerbes and their morphisms,
which show that there have to be morphisms between the morphisms.

In [Ste00] a 2-groupoid is defined, whose objects are bundle gerbes, and whose 1-
morphisms are stable isomorphisms. To explain a few details, recall that bundle gerbes
are defined using surjective submersions 7 : Y — M, and that a stable isomorphism A :
g1 — Gs between two bundle gerbes G; and G, with surjective submersions 7 : Y, — M
and m : Y — M consists of a certain line bundle A over the fibre product Y; x ;s Y5. 2-
morphisms between stable isomorphisms are morphisms 3 : A — A’ of those line bundles,
obeying a compatibility constraint. Many examples of surjective submersions arise from
open covers {U, }aea of M by taking Y to be the disjoint union of the open sets U, and
7 to be the projection (x,«) +— z. From this point of view, fibre products Y7 x,s Y5
correspond the common refinement of two open covers. So, the line bundle A of a stable
isomorphism lives over the common refinement of the open covers of the two bundle gerbes.

Difficulties with this definition of stable isomorphisms arise when two stable isomor-
phisms A : G; — G, and A’ : G — G5 are going to be composed: one has to define a line
bundle A over Y; X Y3 using the line bundles A over Y7 X, Y5 and A" over Y3 X,/ Y3. In
[Ste00] this problem is solved using descent theory for line bundles.

In this note, I present another definition of 1-morphisms between bundle gerbes (Def-
inition 1.4). Compared to stable isomorphisms, their definition is relaxed in two aspects:
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1) the line bundle is replaced by a certain vector bundle of rank possibly higher than
one.

2) this vector bundle is defined over a smooth manifold Z with surjective submersion
(:Z — YY) XY, In terms of open covers, the vector bundle lives over a refinement
of the common refinement of the open covers of the two bundle gerbes.

Stable isomorphisms appear as a particular case of this relaxed definition. I also give a
generalized definition of 2-morphisms between such 1-morphisms (Definition [1.6). Two
goals are achieved by this new type of morphisms between bundle gerbes. First, relax-
ation 1) produces many 1-morphisms which are not invertible, in contrast to the stable
isomorphisms in [Ste00]. To be more precise, a 1-morphism is invertible if and only if its
vector bundle has rank 1 (Proposition 1.13). The non-invertible 1-morphisms provide a
new formulation of left and right bundle gerbe modules (Definition 3.6). Second, relax-
ation 1) erases the difficulties with the composition of 1-morphisms: the vector bundle A
of the composition A’ o A is just defined to be the tensor product of the vector bundles
A and A’ of the two 1-morphisms pulled back to Z xy, Z’, where A over Z is the vector
bundle of A and A" over Z’ is the vector bundle of A’. The composition defined like that
is strictly associative (Proposition [1.8). This way we end up with a strictly associative
2-category B&tb(M) of bundle gerbes over M. The aim of this note is to show that a
good understanding of this 2-category can be useful.

This note is organized as follows. Section 1 contains the definitions and properties of
the 2-category B&tb(M) of bundle gerbes over M. We also equip this 2-category with
a monoidal structure, pullbacks and a duality. Section 2 relates our new definition of 1-
morphisms between bundle gerbes to the one of a stable isomorphism: two bundle gerbes
are isomorphic objects in BGrb(M) if and only if they are stably isomorphic (Corollary
2.2). In section I3/ we present a unified view on important structure related to bundle
gerbes in terms of the new morphisms of the 2-category B&tb(M):

a) a trivialization of a bundle gerbe G is a l-isomorphism A : G — 7, from G to a
trivial bundle gerbe Z, given by a 2-form p on M.

b) a bundle gerbe module of a bundle gerbe G is a (not necessarily invertible) 1-
morphism £ : G — 7, from G to a trivial bundle gerbe Z,,.

¢) a Jandl structure on a bundle gerbe G over M is a triple (k, A, ¢) of an involution
k of M, a 1-isomorphism A : k*G — G* and a certain 2-morphism ¢ : k*A = A*.

Then we demonstrate how this understanding in combination with the properties of the
2-category B&tb (M) can be employed to give convenient definitions of surface holonomy.
For this purpose we classify the morphisms between trivial bundle gerbes: there is an
equivalence of categories

Hom(Z,,, I,,) = Buny,,, (M)
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between the morphism category between the trivial bundle gerbes Z, and Z,, and the
category of vector bundles over M for which the trace of the curvature gives the 2-form
po — pp times its rank.

The interpretation of bundle gerbe modules and Jandl structures in terms of mor-
phisms between bundle gerbes is one step to understand the relation between two ap-
proaches to two-dimensional conformal field theories: on the one hand the Lagrangian
approach with a metric and a bundle gerbe G being the relevant structure |[GR02| and
on the other hand the algebraic approach in which a special symmetric Frobenius algebra
object A in a modular tensor category C plays this role [FRS02|. Similarly as bundle
gerbes, special symmetric Frobenius algebra objects in C form a 2-category, called Frobe.
In both approaches it is well-known how boundary conditions have to be imposed. In
the Lagrangian approach one chooses a D-brane: a submanifold ) of the target space
together with a bundle gerbe module for the bundle gerbe G restricted to @ |Gaw05].
In the algebraic approach one chooses a 1-morphism from A to the tensor unit I of C
(which is trivially a special symmetric Frobenius algebra object) in the 2-category Frobe
[SFR0O6]. Now that we understand a gerbe module as a 1-morphism from G to 7, we
have found a common principle in both approaches. A similar success is obtained for
unoriented conformal field theories. In the Lagrangian approach, the bundle gerbe G has
to be endowed with a Jandl structure [SSWO05|, which is in particular a l-isomorphism
k*G — G* to the dual bundle gerbe G*. In the algebraic approach one has to choose a
certain algebra isomorphism A — A°P from A to the opposed algebra [FRS04].

Acknowledgements. 1 would like to thank Christoph Schweigert for his advice and
encouragement, and Urs Schreiber for the many helpful discussions on 2-categories.

Conventions. Let us fix the following conventions for the whole article: by vector bundle
I refer to a complex vector bundle of finite rank, equipped with a hermitian structure
and with a connection respecting this hermitian structure. Accordingly, a morphism of
vector bundles is supposed to respect both the hermitian structures and the connections.
In particular, a line bundle is a vector bundle in the above sense of rank one. The
symmetric monoidal category Bun(M), which is formed by all vector bundles over a
smooth manifold M and their morphisms in the above sense, is for simplicity tacitly
replaced by an equivalent strict tensor category.

1. The 2-Category of Bundle Gerbes

Summarizing, the 2-category B&tb(M) of bundle gerbes over a smooth manifold M
consists of the following structure:

1. A class of objects — bundle gerbes over M.

2. A morphism category Hom(G, H) for each pair G, H of bundle gerbes, whose objects
are called 1-morphisms and are denoted by A : G — H, and whose morphisms are
called 2-morphisms and are denoted 3 : A; = A,.
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3. A composition functor
o : Hom(H,K) x Hom(G, H) — $Hom(G, K)
for each triple G, H, K of bundle gerbes.

4. An identity 1-morphism idg : G — G for each bundle gerbe G together with natural
2-isomorphisms

pa i idyoAd=A and Iy : Aoidg = A
associated to every 1-morphism A4 : G — H.

This structure satisfies the axioms of a strictly associative 2-category:

(2C1) For three 1-morphisms A : G — Gy, A" : Gy — Gz and A" : G3 — G4, the
composition functor satisfies

A"o(A0A) = (A"0 A")o A.

(2C2) For 1-morphisms A : G; — G, and A" : Gy — G3, the 2-isomorphisms A4 and py
satisfy the equality
idgopa = Apoidy

as 2-morphisms from A’ oidg, o A to A’ o A.

The following two subsections contain the definitions of the structure of the 2-category
BBrb(M). The two axioms are proved in Propositions [1.8 and [1.11. The reader who is
not interested in these details may directly continue with section 3.

1.1. OBJECTS AND MORPHISMS. The definition of the objects of the 2-category B&tb(M)
— the bundle gerbes over M — is the usual one, just like, for instance, in [Mur96, Ste00),
GRO02|. Given a surjective submersion 7 : Y — M we use the notation Y =V x .. Xy
Y for the k-fold fibre product, which is again a smooth manifold. Here we consider fibre
products to be strictly associative for simplicity. For the canonical projections between
fibre products we use the notation m;, ,;, : Y — Y.

1.2. DEFINITION. A bundle gerbe G over a smooth manifold M consists of the following
structure:

1. a surjective submersion w:Y — M,
2. a line bundle L over Y[Q],

3. a 2-form C € Q*(Y), and
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4. an isomorphism
oo Tl @ mys L — myg L

of line bundles over Y.

This structure has to satisfy two axioms:

(G1) The curvature of L is fixed by

curv(L) = m;C — i C.

(G2) u is associative in the sense that the diagram

* * * 7TT23/J‘®id * *
Tl @ 3L @ 73, L Tl @ w34 L
1d®ma,1 Ti3akt
oL @ w3 L . miy L

Tio4 M

of isomorphisms of line bundles over Y™ is commutative.

To give an example of a bundle gerbe, we introduce trivial bundle gerbes. Just as for
every 1-form A € Q!(M) there is the (topologically) trivial line bundle over M having
this 1-form as its connection 1-form, we find a trivial bundle gerbe for every 2-form
p € Q2(M). Its surjective submersion is the identity id : M — M, and its 2-form is p.
Its line bundle over M x,; M = M is the trivial line bundle with the trivial connection,
and its isomorphism is the identity isomorphism between trivial line bundles. Now, axiom
(G1) is satisfied since curv(L) = 0 and m = m = idy. The associativity axiom (G2) is
surely satisfied by the identity isomorphism. Thus we have defined a bundle gerbe, which
we denote by Z,.

It should not be unmentioned that the geometric nature of bundle gerbes allows explicit
constructions of all (bi-invariant) bundle gerbes over all compact, connected and simple
Lie groups |GR02, Mei02, (GR03]. It becomes in particular essential that a surjective
submersion 7 : Y — M is more general than an open cover of M.

An important consequence of the existence of the isomorphism g in the structure of a
bundle gerbe G is that the line bundle L restricted to the image of the diagonal embedding
A Y — YBis canonically trivializable (as a line bundle with connection):

1.3. LEMMA. There is a canonical isomorphism t, : A*L — 1 of line bundles over Y,
which satisfies

mit, ®id = Aljpp and  id @ w5t = Algpt
as isomorphisms of line bundles over Y2, where Aj1o : Y2 — YBI duplicates the first
and Nigs - Y — YIB! duplicates the second factor.
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Proof. The isomorphism t, is defined using the canonical pairing with the dual line
bundle L* (which is strict by convention) and the isomorphism p:

A*p®id

AL = AL ® AL ® A*L* AL QALY =1 (1)

The two claimed equations follow from the associativity axiom (G2) by pullback of the
diagram along Aj999 and Aj119 respectively. O

Now we define the category $Hom(Gy, Gs) for two bundle gerbes G; and G, to whose
structure we refer by the same letters as in Definition 1.2/ but with indices 1 or 2 respec-
tively.

1.4. DEFINITION. A 1-morphism A : Gy — Gy consists of the following structure:
1. a surjective submersion ( : Z — Yy X1 Ya,
2. a vector bundle A over Z, and

3. an isomorphism
a: LA — (AR Ly (2)

of vector bundles over Z X y; Z.

This structure has to satisfy two axioms:

(1M1) The curvature of A obeys

1
Etr(curV(A)) =Cy -,

where n 1s the rank of the vector bundle A.

(1M2) The isomorphism « is compatible with the isomorphisms py and po of the gerbes
G1 and Gy in the sense that the diagram

* * * 1®id * *
Caln ® (331 @ GGA - (sl ®@GA
id®§§3al
Coln @ GA® (3L (s
G‘Qa@idl
GA ® GQLZ ® <§3L2 Tm> CTA ® CT3L2

of isomorphisms of vector bundles over Z X, Z X Z is commutative.
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Here we work with the following simplifying notation: we have not introduced notation
for the canonical projections Z — Y; and Z — Y5, accordingly we don’t write pullbacks
with these maps. So in (2), where the line bundles L; are pulled back along the induced

map ZP — Yi[z] for i = 1,2 and also in axiom (1M1) which is an equation of 2-forms on

Z.

As an example of a 1-morphism, we define the identity 1-morphism
idg : Q — g (3)

of a bundle gerbe G over M. It is defined by Z := Y the identity ¢ := idy, the line
bundle L of G over Z and the isomorphism A\ defined by

"
T34 M

¥ —1
mi,L @ s, L m L2 oL ew,L, (4)

where we identified Z? = Y4 ¢, = 734 and {; = 715, Axiom [(1M1) is the same as axiom
(G1) for the bundle gerbe G and axiom (1M2) follows from axiom |(G2).

The following lemma introduces an important isomorphism of vector bundles associ-
ated to every 1l-morphism, which will be used frequently in the definition of the structure
of B&tb(M) and also in section 2.

1.5. LEMMA. For any I-morphism A : Gi — Gy there is a canonical isomorphism
da : GA— GA
of vector bundles over ZB = Z xp Z, where P :=Y; x; Ya, with the following properties:
a) It satisfies the cocycle condition
Crzda = Ga3da o (fpda
as an equation of isomorphisms of vector bundles over Z1.
b) The diagram

(s

Li @ GA——"—— (AR Ly

ide¢s,da ¢t a®id

Li®GA

——GA® Ly
eyl

of isomorphisms of vector bundles over Z2 x ,; Z12 is commutative.

Proof. Notice that the isomorphism « of A restricted from Z x,; Z to Z xp Z gives
an isomorphism

Alzxpz + AL Q@ GA — (GA® A™L,. (5)
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By composition with the isomorphisms ¢,, and t,, from Lemma 1.3 we obtain the iso-
morphism d 4:

—1 a —1
d®t,; |Zx pz

CGA® A Ly

GiA AL @A P e, (6)
The cocycle condition a) and the commutative diagram b) follow both from axiom (1M2)
for A and the properties of the isomorphisms ¢,, and ¢,, from Lemma [1.3. O

Now that we have defined the objects of Hom(G;, Gy), we come to its morphisms. For
two l-morphisms A; : G; — G, and A, : G; — G, consider triples

(W, w, Bw) (7)

consisting of a smooth manifold W, a surjective submersion w : W — Z; Xp Zy, where
again P := Y] X5 Y5, and a morphism fy : A; — As of vector bundles over W. Here
we work again with the convention that we don’t write pullbacks along the unlabelled
canonical projections W — Z; and W — Zy. The triples (7) have to satisfy one axiom
(2M): the morphism [y has to be compatible with isomorphism a; and s of the 1-
morphisms A; and A, in the sense that the diagram

L1 X wSAl WTAI (059 L2
1Qws Bw wi Bw ®1 (8)
L1 X w§A2 CUTAQ X L2

of morphisms of vector bundles over W x,; W is commutative. On the set of all triples
(7) satisfying this axiom we define an equivalence relation according to that two triples
(W,w, Bw) and (W' W', By+) are equivalent, if there exists a smooth manifold X with
surjective submersions to W and W’ for which the diagram

/\
N

Zl XPZQ

of surjective submersions is commutative, and the morphisms Gy, and By coincide when
pulled back to X.

1.6. DEFINITION. A 2-morphism (3 : A1 = A, is an equivalence class of triples (W, w, Bw )
satisfying axiom (2M).
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As an example of a 2-morphism we define the identity 2-morphism idy : A = A
associated to every l-morphism A : G; — Gs. It is defined as the equivalence class of the
triple (Z 2 id 51, d4) consisting of the fibre product Z12 = Z x p Z, the identity idzpg and
the isomorphism dy : (;A — (A of vector bundles over ZP from Lemma 1.5, Axiom
(2M)| for this triple is proven with Lemma 1.5/ b).

Now we have defined objects and morphisms of the morphism category Hom(G;,Gs),
and we continue with the definition the composition 3’e of two 2-morphisms 3 : A; = A,
and 3’ : Ay = As. It is called vertical composition in agreement with the diagrammatical
notation

Gs . (10)

We choose representatives (W,w, fy) and (W’ W', By+) and consider the fibre product
W =W x 7, W' with its canonical surjective submersion @ : W — Zy X p Z3, where again
P =Y x, Ys. By construction we can compose the pullbacks of the morphisms Gy, and
By to W and obtain a morphism

Bwr o Bw + Ay — As (11)

of vector bundles over TW. From axiom (2M) for § and ' the one for the triple (W, @, Bwro
Bw ) follows. Furthermore, the equivalence class of this triple is independent of the choices
of the representatives of § and (#’and thus defines the 2-morphism (' e 3. The composition
e of the category Hom(Gi, G) defined like this is associative.

It remains to check that the 2-isomorphism id4 : A = A defined above is the identity
under the composition . Let § : A = A’ be a 2-morphism and (W, w, By ) a repre-
sentative. The composite 3 e id4 can be represented by the triple (W’ o', 3 o dy) with
W' = Z xp W, where ' : W' — Z xp Z' is the identity on the first factor and the
projection W — Z' on the second one. We have to show, that this triple is equivalent to
the original representative (W, w, By) of 3. Consider the fibre product

X::WX(ZXPZ’) W’gWXZ/ W, (12)

so that condition (9) is satisfied. The restriction of the commutative diagram (&) of
morphisms of vector bundles over W x ,; W from axiom (2M) for § to X gives rise to the
commutative diagram

; dy' ]
Cz A ¢ A
WSBWL lwfﬁw (13)
A A
A*d7}

A/
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of morphisms of vector bundles over X, where d 4 and d 4, are the isomorphisms determined
by the 1-morphisms A and A’ according to Lemma [1.5. Their cocycle condition from
Lemma [1.5/a) implies A*d 4 = id, so that diagram (13) is reduced to the equality wj Sy o
da = wiPw of isomorphisms of vector bundles over X. This shows that the triples
(W,w, Bw) and (W', w', By o d ) are equivalent and we have § eid4 = (3. The equality
id 4 e 8 = [ follows analogously.

Now the definition of the morphism category $Hom(G;, Gs) is complete. A morphism
in this category, i.e. a 2-morphism (5 : A = A’, is invertible if and only if the morphism
Ow : A — A’ of any representative (W,w, By) of § is invertible. Since — following our
convention — morphism of vector bundles respect the hermitian structures, Gy is invertible
if and only if the ranks of the vector bundles of the 1-morphisms A and A’ coincide. In
the following, we call two 1-morphisms A : G; — G, and A’ : G; — G, isomorphic, if there
exists a 2-isomorphism [ : A = A’ between them.

1.7. THE COMPOSITION FUNCTOR. Let G, G and G35 be three bundles gerbes over M.
We define the composition functor

o : Hom(Gy, G3) X Hom(Gy, Go) — Hom(Gy1, G3) (14)

on objects in the following way. Let A : G — Gy and A" : Go — G3 be two 1-morphisms.
The composed 1-morphism

AoA G — G (15)

consists of the fibre product 7z = Z Xy, Z' with its canonical surjective submersion
(:Z —Y) xuYs, the vector bundle A := A® A’ over Z, and the isomorphism

&= (idga ® ') o (@ @ ider o) (16)

of vector bundles over Z X Z.

Indeed, this defines a 1-morphism from G; to G3. Recall that if V 4 and V 4 denote the
connections on the vector bundles A and A’ the tensor product connection V on A ® A’
is defined by

V(ie®d')=Valo)®c" +0 & V(o) (17)

for sections 0 € I'(A) and o’ € T'(A"). If we take n to be the rank of A and n’ the rank of
A’ the curvature of the tensor product vector bundle is

curv(A® A") = curv(A4) ® id,y + id,, ® curv(A4’). (18)

Hence its trace

1 1 1 ,
Wtr(curv(A)) = ntr(curv(A)) + n/tr(curV(A )
= Cg - 01 + Cg - 02
= O3 —-C (19)
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satisfies axiom (1M1). Notice that equation (19) involves unlabeled projections from Z
to Y1, Y5 and Y3, where the one to Y5 is unique because Z is the fibre product over Ys.
Furthermore, & is an isomorphism

LRGA— L @ GARGA

la@id

GA® Ly @ (A (20)

lid@a’

(GA® A ® Ls

_ Aol
Axiom (1M2) follows from axioms (1M2) for A and A'.

1.8. PROPOSITION. The composition of 1-morphisms is strictly associative: for three 1-
morphisms A : G — Gy, A : Gy — G3 and A" : G3 — G4 we have

(Ao A)oA=A"0 (Ao A).

Proof. By definition, both 1-morphism (A" o A’) o A and A” o (A’ o A) consist of the
smooth manifold X = Z Xy, Z’ Xy, Z"” with the same surjective submersion X — Y] X ,Y}.
On X, they have the same vector bundle A ® A’ ® A”, and finally the same isomorphism

(d®id®a")o(id® o' ®id) o (e ® id ® id) (21)
of vector bundles over X x,, X. O

Now we have to define the functor o on 2-morphisms. Let A4;, 4] : G; — Gy and
Ay, A, © Go — G3 be 1-morphisms between bundle gerbes. The functor o on morphisms
is called horizontal composition due to the diagrammatical notation

Aq Ao Az0Ay

] T
g1 /1\ gz /EE\ g3 = gl B20061 gg . (22)
~_|

Al Al AboA!

Recall that the compositions Ay0.4; and Ajo.A] consist of smooth manifolds Z=217 Xy, Za
and 7' = Z| Xy, Z with surjective submersions to P := Y; Xy Y3, of vector bundles
A= = A; ® Ay over Z and A = Al ® A over 7', and of isomorphisms & and & over
Z Xy Z and Z' x Z'.

To define the composed 2-morphism 5 o (31, we first need a surjective submersion

w:W—ZxpZ. (23)
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We choose representatives (W1, w1, Bw,) and (Wa,ws, B, ) of the 2-morphisms 31 and [,
and define ) .
WZ:ZXP(Wl XYy Wg) Xp Z, (24)

with the surjective submersion w := Z X Z’ projecting on the first and the last factor.
Then, we need a morphism By : 2*A — 2* A’ of vector bundles over TW. Notice that we
have maps

u: Wy xy, Wo — Z  and o : Wy xy, Wy — Z' (25)

such that we obtain surjective submersions
Fxu: W-—2Z8 and W' x?Z W — 2P (26)

Recall from Lemma (1.5 that the 1-morphisms Ay o A, and Aj o A} define isomorphisms
d A0, and dyea; of vector bundles over Z 2 and Z'®, whose pullbacks to W along the
above maps are isomorphisms

dayou, : A —u*A  and dagon; : u A — A (27)
of vector bundles over W. Finally, the morphisms Sy, and [y, give a morphism
G = Bw, ® Bw, : WA — u*A (28)
of vector bundles over W so that the composition

Bw = dagou, © B0 dason, (29)

is a well-defined morphism of vector bundles over W. Axiom (2M) for the triple (W, w, By )
follows from Lemma 1.5/ b) for A o A; and A} o A} and from the axioms (2M) for
the representatives of 3; and (5. Furthermore, the equivalence class of (W, w, fBy) is
independent of the choices of the representatives of 3; and [s.

1.9. LEMMA. The assignment o, defined above on objects and morphisms, is a functor

o : ﬁﬂm(%,g:z) X ﬁﬂm(gl,%) — ﬁom(gl,g:a)-

Proof. i) The assignment o respects identities, i.e. for 1-morphisms 4; : G; — G, and
Ay Gy — Gs,

idA2 o id.Al = idA20A1- (30)

To show this we choose the defining representatives (W7, id, d,, ) of id4, and (W5, id, d,,) of

id 4,, where Wi = Z1 X (v, x,,v2) Z1 and Wa = Z3 X (v, ,,v3) Z2. Consider the diffeomorphism

f : Wl XY, W2 — 7 XYy Yax Vs Z: (217217227Zé) = (21,22,23,25), (31)

where Z = Z; Xy, Z5. From the definitions of the isomorphisms d_4,, d4, and d,o4, we
conclude the equation

dA1 ® d»AQ = f*d-AQO-Al (32>
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of isomorphisms of vector bundles over W; Xy, W5. The horizontal composition id 4, oid 4,
is canonically represented by the triple (W, w, Oy) where W is defined in (24) and Sy is
defined in (29). Now, the diffecomorphism f extends to an embedding f : W — Z into
the four-fold fibre product of Z over P = Y; X, Ys, such that w : W — ZB factorizes
over f,

W= 514 o f. (33)
From (29) and (32) we obtain
Bw = d-AQOAl © (d-Al ® d-AQ) o d.A2OA1
= f*(<§4d¢420«41 0 (33504, © Cradason, )- (34)
The cocycle condition for d 4,04, from Lemma [1.5/a) and (33) give
ﬁW - f*§f4d¢420./41 = ufkd.AQO.Ay (35)

We had to show that the triple (W, w, By ) which represents id4, o id 4, is equivalent to
the triple (Z1,id, d4,0.4,) which defines the identity 2-morphism id4,.4,. For the choice
X := W with surjective submersions id : X — W and w: X — ZB!, equation (35) shows
exactly this equivalence.

ii) The assignment o respects the composition e, i.e. for 2-morphisms f; : A; = A
and ] : A; = A’ between 1-morphisms A;, A; and A from G; to G4, everything for
1 = 1,2, we have an equality

(B3 @ B2) o (By @ B1) = (B30 5y) @ (B20 1) (36)

of 2-morphisms from 450 .A4; to A4 o AY. This equality is also known as the compatibility
of vertical and horizontal compositions. To prove it, let us introduce the notation Z :=
Zy Xy, Zy, and analogously Z' and Z”, furthermore we write P := Y; x5 Ys. Notice that
the 2-morphism on the left hand side of (36) is represented by a triple (V, v, B) with

V =Z xp (Wy xy, Wy) xp Z", (37)

where the fibre products W; := W; x, W/ arise from the vertical compositions 3. e (3;.
k3 ? (2

The surjective submersion v : V — Z xp Z" is the projection on the first and the last
factor, and

By = dagoay o (B0 f1) ® (B3 0 B2)) 0 dagoury (38)
is a morphism of vector bundles over V. The 2-morphism on the right hand side of (36)
is represented by the triple (V', v/, By+) with

Vl

(Z Xp (W1 Xy, Wg) Xp Z’) Xz (Z/ Xp (Wl/ Xy, WQI) Xp Z”)
Z xp (Wi Xy, Wa) xp Z' xp (W] xy, W) xp Z", (39)

I

where v/ is again the projection on the outer factors, and

By = dagoay o (B ® B3) 0 dagony © (B1 ® B2) 0 dgo (40)
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where we have used the cocycle condition for d 47,4, from Lemma [1.5/b).
We have to show that the triples (V, v, By) and (V',/, By/) are equivalent. Consider
the fibre product
X =V XZXPZ” V/ (41)

with surjective submersions v : X — V and v' : X — V’. To show the equivalence of the
two triples, we have to prove the equality

U*ﬁv = ’Ul*ﬁvl. (42)

It is equivalent to the commutativity of the outer shape of the following diagram of
isomorphisms of vector bundles over X:

Al ® A

dy dA2 o0Aq

v* (Al X A2) dazos;—— Ul*(Al X A2>
\Lﬁ1®ﬂ2
B1®B2 U/*(All X Alz)
dasoa
v (A} @ AY) dagont (43)
\d.A’zo.A’l
B @6 v (A} @ A)
|Biess
v (Al ® AY) dagony——v* (Al @ AY)
dagoay ‘{2@4’{

Al @ AY

The commutativity of the outer shape of this diagram follows from the commutativity of
its five subdiagrams: the triangular ones are commutative due to the cocycle condition
from Lemma (1.5 a), and the commutativity of the foursquare ones follows from axiom
(2M)| of the 2-morphisms. O

To finish the definition of the 2-category B®tb(M) we have to define the natural 2-
isomorphisms A4 : Aoidg = A and p4 : idg oA = A for a given 1-morphism A : G — G/,
and we have to show that they satisfy axiom (2C2). We define the 1-morphism A o idg
as follows: it has the canonical surjective submersion from Z =Yl Xy £ 2Y Xy Z to
P:=Y x, Y’ and the vector bundle L ® A over Z. Consider

W=ZxpZ=ZxyZ (44)

and the identity w := idy. Under this identification, let us consider the restriction of the
isomorphism « of the 1-morphism A from Z Xy Z to W = Z xy, Z. If s : W — W
denotes the exchange of the two factors, we obtain an isomorphism

s‘alw : LOGA— GAR AL (45)
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of vector bundles over W. By composition with the canonical trivialization of the line
bundle A*L’ from Lemma 1.3 it gives an isomorphism

M = (id @ty)os"alw : LOGA— GA (46)

of vector bundles over W. The axiom (2M) for the triple (W, w, Ay) follows from axiom
(IM2) for the 1-morphism A and from the properties of ¢,, from Lemma [1.3. So, A4 is
defined to be the equivalence class of this triple. The definition of p4 goes analogously:
we take W = Z Xy Z and obtain by restriction the isomorphism

alw : A*'LRGA— AR L. (47)
Then, the 2-isomorphism p4 is defined by the triple (W, w, pw) with the isomorphism
pw = (t,®@id)oaly : GARL — (A (48)

of vector bundles over W.

1.10. LEMMA. The 2 -isomorphisms A4 and p4 are natural in A, i.e. for any 2-morphism
6 : A= A the naturality squares

. . A
ldg/OAAA AOldg:A>A
idia g, Oﬁﬂ JJB and ﬁoididgu HB
idg: o A’ P:A/> A’ Ao idg )\:> A
A/

are commutative.

Proof. To calculate for instance the horizontal composition id;q,, o § in the diagram on
the left hand side first note that id;q , is canonically represented by the triple (Y2l id, idy).

The isomorphism 3 3
diagroa : G(A® L) — G(A® L), (49)

which appears in the definition of the horizontal composition, is an isomorphism of vector
bundles over Z Xy, v Z, where  : Z := Z xpY' — Y X3, Y is the surjective submersion
of the composite idg: o A. Here it simplifies to

didgroa = (t, ®id ®id) o (o' ®id) o (1 & (T ™). (50)

With these simplifications and with axiom (1M2) for A and A’, the naturality squares
reduce to the compatibility axiom (2M) of § with the isomorphisms a and o’ of A and
A’ respectively. O

It remains to show that the isomorphisms A4 and py satisfy axiom (2C2) of a 2-
category.
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1.11. PROPOSITION. For 1-morphisms A : G — Gy and A" : Go — Gs, the 2-isomorphisms
Aa and py satisfy
idy opg=Agoidy.

Proof. The equation to prove is an equation of 2-morphisms from A’ o idg, o A to
A’ o A. The first 1-morphism consists of the surjective submersion Z := Z X ; Z' — Py3,
where we define P;; :=Y; X, Y, further of the vector bundle A ® L, ® A" over Z. The
second 1-morphism A’ o A consists of the surjective submersion 2’ := Z xy, Z' — Pi3
and the vector bundle A ® A’ over Z'. Let us choose the defining representatives for the
involved 2-morphisms: we choose (Z'%,id,d ) for id 4, with W := Z xy, Z we choose
(W,id, pw) for pa, with W’ := Z’" xy, Z' we choose (W’ id, Ay) for A4, and we choose
(Z[Q], id, dA/) for idA.

Now, the horizontal composition id 4 o p4 is defined by the triple (V, v, fy) with

V =27 xp, (W xy, Z®) xp, Z' (51)
the projection v : V — Z x Pis Z' on the first and the last factor, and the isomorphism

Bv = duoao (pw @ da) o dacidoa (52)

of vector bundles over V. The horizontal composition A4 oidy is defined by the triple
(V' V', Byr) with . .
V' =7 xp, (22 xy, W) xp, 7', (53)

again the projection v/ on the first and the last factor, and the isomorphism
Bvr = daeao (da® Awr) o darcidos (54)

of vector bundles over V.
To prove the proposition, we show that the triples (V) v, 8y) and (V', v/, By/) are equiv-
alent. Consider the fibre product

X =V X(zup 2 V' (55)

with surjective submersions v : X — V and v/ : X — V’. The equivalence of the two
triples follows from the equation

'U*ﬁV _ U,*ﬁ/ (56)

of isomorphisms of vector bundles over X. It is equivalent to the commutativity of the
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outer shape of the following diagram of isomorphisms of vector bundles over X:

AR L, @ A

WW

(A ® L2 ® A/ dA’mdoAH UI* A ® LQ ® AI)
pw @d 41 dA®Ayyr (57)
A ® A, SV A ® A/)

AR A

The diagram is patched together from three subdiagrams, and the commutativity of
the outer shape follows because the three subdiagrams are commutative: the triangle
diagrams are commutative due to the cocycle condition from Lemma [1.5/ b) for the
1-morphisms A’ o idg, o A and A" o A respectively. The commutativity of the rectangu-
lar diagram in the middle follows from Lemma 1.3/ and from axioms (1M2) for A and A". O

1.12. INVERTIBLE 1-MORPHISMS. In this subsection we address the question, which of
the 1-morphisms of the 2-category B&tb(M) are invertible. Let G; and G, be two bundle
gerbes over M. In a (strictly associative) 2-category, a 1-morphism A : G; — G, is called
invertible or 1-isomorphism, if there is a 1-morphism A~' : G, — G; in the opposite
direction, together with 2-isomorphisms 7; : 47! 0 A = idg, and 4, : idg, = Ao A™! such
that the diagram

Ao Ao A= Aoidg,
iroid 4 A (58)

idg, OA?A

of 2-isomorphisms is commutative. The inverse 1l-isomorphism A~! is unique up to iso-
morphism.

Notice that if 5 : A = A’ is a 2-morphism between invertible 1-morphisms we can
form a 2-morphism % : A'~! = A~! using the 2-isomorphisms 7, for A~ and ; for A"~
Then, diagram (58) induces the equation idjéfl =idg4-1.

1.13. PROPOSITION. A 1-morphism A : G; — Gy in BBrb(M) is invertible if and only if
the vector bundle of A is of rank 1.

Proof. Suppose that A is invertible, and let n be the rank of its vector bundle.
Let A~! be an inverse 1-morphism with a vector bundle of rank m. By definition, the
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composed 1-morphisms Ao A~! and A~! o A have vector bundles of rank nm, which has
— to admit the existence of the 2-isomorphisms 4; and 7, — to coincide with the rank of
the vector bundle of the identity 1-morphisms idg, and idg, respectively, which is 1. So
n = m = 1. The other inclusion is shown below by an explicit construction of an inverse
I-morphism A~! to a 1-morphism A with vector bundle of rank 1. O

Let a 1-morphism A consist of a surjective submersion ( : Z — Y] X, Y, of a line
bundle A over Z and of an isomorphism « of line bundles over Z x,; Z. We explicitly
construct an inverse 1-morphism A~!: it has the surjective submersion Z — Y; x5 Yy —
Y5 X5 Y1, where the first map is ¢ and the second one exchanges the factors, the dual line
bundle A* over Z and the isomorphism

Ly @ GA" =A@ (A Ly ® A
iid@a_l(@id (59)

GA"® L1 ® GA® GA"—=GA* @ Ly.

Axiom |(1M1)| for the 1-morphism A~ is satisfied because A* has the negative curvature,
and axiom ((1M2) follows from the one for A.

To construct the 2-isomorphism i; : A~'o.A = idg, notice that the 1-morphism Ao A
consists of the line bundle (A ® (A* over Z = Z Xy, Z. We identify Z = Z xp Ylm,
where P = }/1[2]’ which allows us to choose a triple (Z ,id3, B7) defining 7;. In this triple,
the isomorphism (3; is defined to be the composition

id®t,, ®id

CGA® GA* GARAN L, @A — % | [ @ GA®GA* =L, (60)

Axiom |(2M) for the isomorphism 3; follows from axiom (1M2) of A, so that the triple
(Z,id, B5) defines a 2-isomorphism 4, : A™* o A = idg,. The 2-isomorphism i, : idg, =
Ao A1 is constructed analogously: here we take the isomorphism

MO At @ A (61)

Ly=GA* @GA® Ly —92 , 3 4* @ A*L; @ GGA
of line bundles over W. Notice that by using the pairing A* ® A = 1 we have used that
A is a line bundle as assumed. Finally, the commutativity of diagram (58) follows from
axiom |(1M2) of A.

Proposition [1.13 shows that we have many l-morphisms in B&tb(M) which are not
invertible, in contrast to the 2-groupoid of bundle gerbes defined in [Ste00]. Notice that
we have already benefited from the simple definition of the composition A~! o A, which
makes it also easy to see that it is compatible with the construction of inverse 1-morphisms
AL

(.Az o Al)_l = .Al_l 0] ./42_1 (62)
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1.14. ADDITIONAL STRUCTURES. The 2-category of bundle gerbes has natural definitions
of pullbacks, tensor products and dualities; all of them have been introduced for objects
in [Mur96, MS00].

Pullbacks and tensor products of 1-morphisms and 2-morphisms can also be defined
in a natural way, and we do not carry out the details here. Summarizing, the monoidal
structure on BBrb(M) is a strict 2-functor

® : BBrb(M) x BBrb(M) — B&rb(M), (63)
for which the trivial bundle gerbe Z; is a strict tensor unit, i.e.
L,8G=0=0®T (64)

The idea of the definition of ® is to take fibre products of the involved surjective submer-
sions, to pull back all the structure to this fibre product and then to use the monoidal
structure of the category of vector bundles over that space. This was assumed to be strict,
and so is ®. Pullbacks for the 2-category B&tb(M) are implemented by strict monoidal
2-functors

[ B&b(M) — BBrb(X) (65)

associated to every smooth map f : X — M in the way that g* o f* = (fog)* for a second
smooth map ¢ : Y — X. The idea of its definition is, to pull back surjective submersions,
for instance

Ay Loy

b

XM
and then pull back the structure over Y along the covering map f . The 2-functors ®
and f* are all compatible with the assignment of inverses A~! to 1-morphisms A from
subsection [1.12:

A=A and  (Aed) " =AT @A (67)
Also the trivial bundle gerbes Z,, behave naturally under pullbacks and tensor products:

f*Ip = If*p and Ipl ® IpQ - Ip1+P2‘ <68)

To define a duality we are a bit more precise, because this has yet not been done
systematically in the literature. Even though we will strictly concentrate on what we
need in section 3.8. For those purposes, it is enough to understand the duality as a strict
2-functor

() : BSBtb(M)? — B&rb(M) (69)
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where the opposed 2-category B&tb(M)°P has all 1-morphisms reversed, while the 2-
morphisms are as before. This 2-functor will satisfy the identity

()" = idsewm- (70)

We now give the complete definition of the functor ()* on objects, 1-morphisms and
2-morphisms. For a given bundle gerbe G, the dual bundle gerbe G* consists of the same
surjective submersion 7 : Y — M, the 2-form —C € Q?(Y'), the line bundle L* over Y2
and the isomorphism

Pt Lt @ mps Lt — L (71)
of line bundles over Y'¥l. This structure clearly satisfies the axioms of a bundle gerbe. We
obtain immediately

G*=G and (GOH)"=H ®G§G", (72)
and for the trivial bundle gerbe Z, the equation

=17, (73)

For a 1-morphisms A : G; — G, consisting of a vector bundle A over Z with surjective
submersion ¢ : Z — P with P := Y] X, Y5 and of an isomorphism « of vector bundles
over Z X Z, we define the dual 1-morphism

A G — G (74)

as follows: its surjective submersion is the pullback of ¢ along the exchange map s : P’ —
P, with P’ := Y3 x Y7; that is a surjective submersion ' : Z’ — P’ and a covering map

sz in the commutative diagram
sz

Z/

Z

¢ ¢ (75)

P ———P.
The vector bundle of A* is A" := s3, A over Z’ and its isomorphism is
L@ GA—=—L;® L @('s;A® L]
lid@é*a@id (76)
L; ®(Fs;A® Ly @ L —=—=("A' ® Lj.

Axiom (1M1)| is satisfied since the dual bundle gerbes have 2-forms with opposite signs,
curv(A’) = sheurv(A) = s5(Cy — C1) = Cy — Cy = (=Cy) — (—Cy). (77)

Axiom (IM2)| relates the isomorphism (76)) to the isomorphisms i}~ and 3~ of the dual
bundle gerbes. It can be deduced from axiom |(1M2) of A using the following general fact,
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applied to i and p3: the dual f* of an isomorphism f : Ly — Lo of line bundles coincides
with the isomorphism

idef®id

Ly=L;® L ® L L;®Ly® L} = L3, (78)

defined using the duality on line bundles.
Dual 1-morphisms defined like this have the properties

A=A | (AoA)=A"0A" and (A @A) =A A;. (79)
Finally, for a 2-morphism 3 : A; = Ay we define the dual 2-morphism
g* o Al = A (80)

in the following way. If § is represented by a triple (W, w, By) with an isomorphism
Ow : A1 — As of vector bundles over W, we consider the pullback of w : W — Z; xp Z
along sz, X sz, 1 Z) Xpr Zy — Zy X p Zy, where Zy, Z, and P’ are as in (75), and sz, and
sz, are the respective covering maps. This gives a commutative diagram

Sw

w’ w
o . (81)
Z{ X pr Zé 52, %57, Zl Xp ZQ.

Now consider the triple (W', ', s3, 8w ) with the isomorphism
S*W/BW . S*Z1A1 — S}QAQ (82)

of vector bundles over W’. It satisfies axiom (2M), and its equivalence class does not
depend on the choice of the representative of 3. So we define the dual 2-morphism (* to
be this class. Dual 2-morphisms are compatible with vertical and horizontal compositions

(B20B1)"=Piof; and (Bef) =p"ep" (83)
and satisfy furthermore

g =p and (5i®B)" =05 ® 0. (84)

We can use adjoint 2-morphisms in the following situation: if A : G — H is an
invertible 1-morphism with inverse A™! and associated 2-isomorphisms 7; : A7 o A = idg
and i, : idyy = Ao A, their duals f and i* show that (A~')* is an inverse to A*. Since
inverses are unique up to isomorphism,

(A= (AT (85)

Summarizing, equations (72), (79), (83) and (84) show that ()* is a monoidal strict
2-functor, which is strictly involutive. Let us finally mention that it is also compatible
with pullbacks:

@) =09)r , A=A and 757 = (f0)" (86)
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2. Descent Theory for Morphisms

In this section we compare 1-morphisms between bundle gerbes in the sense of Definition
1.4/with 1-morphisms whose surjective submersion ( : Z — Y] X, Y5 is the identity, like in
[Ste00]. For this purpose, we introduce the subcategory $ompp(Gi, Gs) of the morphism
category Hom(Gy, Go), where all smooth manifolds Z and W appearing in the definitions
of 1- and 2-morphisms are equal to the fibre product P := Y] x,; Y5. Explicitly, an
object in Hompp(Gy,Go) is a 1-morphism A : G; — G, whose surjective submersion is the
identity idp and a morphism in $HHomprp(Gi,Gs) is a 2-morphism 3 : A; = A which can
be represented by the triple (P,w, 3) where w: P — P xp P = P is the identity.

2.1. THEOREM. The inclusion functor

D : 5’_)0me<§1,§2) —>~60m(g17g2)

15 an equivalence of categories.

In the proof we will make use of the fact that vector bundles form a stack, i.e. fibred
category satisfying a gluing condition. To make this gluing condition concrete, we define
for a surjective submersion ¢ : Z — P a category Des(() as follows. Its objects are pairs
(A,d), where A is a vector bundle over Z and

d: GA— GA (87)
is an isomorphism of vector bundles over Z such that
Ci3d = (3d 0 (d. (88)

A morphism « : (A,d) — (A, d') in Des(() is an isomorphism a : A — A’ of vector
bundles over Z such that the diagram

* Cfa * A/l
C1A4>C1A
dl J{d’ (89)
GA—z GA

of isomorphisms of vector bundles over Z2 is commutative. The composition of mor-
phisms is just the composition of isomorphisms of vector bundles. Now, the gluing con-
dition for the stack of vector bundles is that the pullback along ( is an equivalence

¢ Bun(P) — Des(C) (90)

between the category Bun(P) of vector bundles over P and the category ®es(().

Proof of Theorem 2.1. We show that the faithful functor D is an equivalence of
categories by proving (a) that it is essentially surjective and (b) that the subcategory
ﬁOme(gl, 92) is full.
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For (a) we have to show that for every l-morphism A : G; — Gy with arbitrary
surjective submersion ¢ : Z — P there is an isomorphic 1-morphism S4 : G; — Gy with
surjective submersion idp. Notice that the isomorphism d 4 : (A — (5 A of vector bundles
over Z1 from Lemma 1.5 satisfies the cocycle condition (88), so that (A, d4) is an object
in Des(¢). Now consider the surjective submersion ¢ : Z x,; Z — P2, By Lemma [I.5
b) and under the identification of ZP? x y; ZP with (Z x5y Z) X pat (Z X a1 Z) the diagram

CPYe!

1®C;4dA\L \qud«‘\(gl (91)

L@ GA———~GA® L
34

of isomorphisms of vector bundles over (Z Xy Z) X p (Z Xy Z) is commutative, and
shows that « is a morphism in Des(¢?). Now we use that (* is an equivalence of categories:
we choose a vector bundle S over P together with an isomorphism 3 : (*S — A of vector
bundles over Z, and an isomorphism

o: LGS — (GS® Lo (92)
of vector bundles over P x,; P such that the diagram
L1 ® (¢S — 7> (i(¢*S @ Ly
id®(5ﬁl lqﬂ@d (93)
Ly®GA (GA® Ly

«

of isomorphisms of vector bundles over Z x 5,7 is commutative. Since ( is an equivalence of
categories, the axioms of A imply the ones of the 1-morphism S4 defined by the surjective
submersion idp, the vector bundle S over P and the isomorphism o over PP, Finally,
the triple (Z x p P,idz, #) with Z = Z xp P defines a 2-morphism S4 = A, whose axiom
(2M) is (93).

(b) We have to show that any morphism 3 : A = A’ in Hom(G;, G,) between objects
A and A’ in Hompp(Gy,Gy) is already a morphism in Hompp(Gy, Gs). Let (W, w, Bw) be
any representative of § with a surjective submersion w : W — P and an isomorphism
Bw : w*A — w* A" of vector bundles over W. The restriction of axiom (2M) for the triple
(W,w, Bw) from W x, W to W xp W shows wifBy = wify. This shows that [y is a
morphism in the descent category Des(w). Let fp : A — A’ be an isomorphism of vector
bundles over P such that

w*Bp = Pw (94)
Because w is an equivalence of categories, the triple (P,idp,3p) defines a 2-morphism

from A to A’ being a morphism in Homprp(Gy, Go). Equation (94) shows that the triples
(P,idp, Bp) and (W, w, By ) are equivalent. O
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In the remainder of this section we present two corollaries of Theorem 2.1. First, and
most importantly, we make contact to the notion of a stable isomorphism between bundle
gerbes. By definition [MS00|, a stable isomorphism is a 1-morphism, whose surjective
submersion is the identity idp on the fibre product of the surjective submersions of the
two bundle gerbes, and whose vector bundle over P is a line bundle. From Proposition
1.13 and Theorem 2.1/ we obtain

2.2. COROLLARY. There exists a stable isomorphism A : G — G if and only if the bundle
gerbes are isomorphic objects in B&Stb(M).

It is shown in [MS00] that the set of stable isomorphism classes of bundle gerbes over
M is a group (in virtue of the monoidal structure) which is isomorphic to the Deligne
cohomology group H?(M,D(2)). This is a very important fact which connects the theory
of bundle gerbes to other theories of gerbes, for instance, to Dixmier-Douady sheaves of
groupoids [Bry93|. Corollary 2.2 states that although our definition of morphisms differs
from the one of [MS00|, the bijection between isomorphism classes of bundle gerbes and
the Deligne cohomology group persists.

Second, Theorem 2.1/ admits to use existing classification results for 1-isomorphisms.
Consider the full subgroupoid 2Aut(G) of Hom(G, G) associated to a bundle gerbe G, which
consists of all 1-isomorphisms A : G — G, and all (necessarily invertible) 2-morphisms
between those. From Theorem 2.1/ and Lemma 2 of [SSW05| we obtain

2.3. COROLLARY. The skeleton of the groupoid Aut(G), i.e. the set of isomorphism classes

of 1-isomorphisms A : G — G is a torsor over the group Pico(M) of isomorphism classes
of flat line bundles over M.

In 2-dimensional conformal field theory, where a bundle gerbe G is considered to be a
part of the background field, the groupoid 2ut(G) may be called the groupoid of gauge
transformations of G. The above corollary classifies such gauge transformation up to
equivalence.

3. Some important Examples of Morphisms

To discuss holonomies of bundle gerbes, it is essential to establish an equivalence between
the morphism categories between trivial bundle gerbes over M and vector bundles of
certain curvature over M. Given two 2-forms p; and py on M, consider the category
$ompp(Z,,,Z,,). An object A : I, — I, consists of the smooth manifold Z = M
with the surjective submersion ¢ = id,;, a vector bundle A over M and an isomorphism
a:A— A Axiom (1M2) states

%tr(curv(A)) =p2—P1 (95)

with n the rank of A, and axiom [(1M2)| reduces to a* = a, which in turn means o = id 4.
Together with Theorem 2.1}, this defines a canonical equivalence of categories

Bun : $om(Z,,,Z,,) — Bun,,_, (M), (96)
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where Bun, (M) is the category of vector bundles A over M whose curvature satisfies
(95). Tts following properties can directly be deduced from the definitions.

3.1. PROPOSITION. The functor Bun respects the structure of the 2-category of bundle
gerbes, namely:

a) the composition of 1-morphisms,

Bun(A; o A;) = Bun(A;) ® Bun(A;) and Bun(idz,) = 1.

b) the assignment of inverses to invertible 1-morphisms,

Bun(A™') = Bun(A)*.

c¢) the monoidal structure,

Bun(A; ® Ay) = Bun(A4;) ® Bun(Ay).

d) pullbacks,
Bun(f*A) = f*Bun(A) and Bun(f*f) = f"Bun(f).

e) the duality
Bun(A*) = Bun(A) and Bun(5*) = Bun(g).

In the following subsections we see how the 2-categorial structure of bundle gerbes
and the functor Bun can be used to give natural definitions of surface holonomy in several
situations.

3.2. TRIVIALIZATIONS. We give the following natural definition of a trivialization.

3.3. DEFINITION. A trivialization of a bundle gerbe G is a 1-isomorphism
T :6G6—1,

Let us write out the details of such a 1-isomorphism. By Theorem 2.1 we may assume
that the surjective submersion of 7 is the identity idp on P := Y X,y M =2 Y with
projection m to M. Then, 7 consists further of a line bundle T" over Y, and of an
isomorphism 7 : L ® 73T — 7T of line bundles over Y2, Axiom [(1M2)| gives 7,70 (1 ®
id) = 7,7 o i, T as an equation of isomorphisms of line bundles over Y2, This is exactly
the definition of a trivialization one finds in the literature [CIM02]. Additionally, axiom
(IM2) gives curv(T) = 7*p — C. If one does not specify p as a part of the definition of a
trivialization, it is uniquely determined by this equation.

Trivializations are essential for the definition of holonomy around closed oriented sur-
faces.
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3.4. DEFINITION. Let ¢ : ¥ — M be a smooth map from a closed oriented surface ¥ to a
smooth manifold M, and let G a bundle gerbe over M. Let

T :¢°G—1,

be any trivialization. The holonomy of G around ¢ is defined as

holg(¢) := exp (i /Z p) e U(1).

In this situation, the functor Bun is a powerful tool to prove that this definition does
not depend on the choice of the trivialization: if 7’ : ¢*G — I, is another trivialization,
the composition 7 o 7'~! : Z, — T, corresponds to a line bundle Bun(7 o 7'~!) over M
with curvature p — p'. In particular, the difference between any two 2-forms p is a closed
2-form with integer periods and vanishes under the exponentiation in the definition of

holg(¢).

3.5. BUNDLE GERBE MODULES. For oriented surfaces with boundary one has to choose
additional structure on the boundary to obtain a well-defined holonomy. This additional
structure is provided by a vector bundle twisted by the bundle gerbe G |Gaw05|, also
known as a G-module. In our formulation, its definition takes the following form:

3.6. DEFINITION. Let G be a bundle gerbe over M. A left G-module is a I-morphism
E:G —1,, and a right G-module is a 1-morphism F : 1, — G.

Let us compare this definition with the original definition of (left) bundle gerbe mod-
ules in [BCM™02|. Assume — again by Theorem 2.1/ — that a left G-module £ : G — Z,, has
the surjective submersion idp with P =2 Y. Then, it consists of a vector bundle F over Y
and of an isomorphism € : L ® m5E — 7} E of vector bundles over Y2 which satisfies

mi3€0 (1 @ id) = mhye 0 mye (97)
by axiom (1M2). The curvature of FE is restricted by axiom (1M2) to

ltr(curv(E)) =r'w—-C (98)

n
with n the rank of F.

The definition of bundle gerbe modules as 1-morphisms makes clear that left and right
G-modules form categories £M0o0(G) and RIM00(G). This is useful for example to see that
a l-isomorphism A : G — G’ defines equivalences of categories

L£Mod(G) = £Mod(G') and  RMod(G) = RMod(G') (99)

and that there are equivalences between left modules of G and right modules of G* (and
vice versa), by taking duals of the respective 1-morphisms. Moreover, for a trivial bundle
gerbe Z, the categories £M0d(Z,) and RMo0d(Z,) become canonically equivalent to the
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category Bun(M) of vector bundles over M via the functor Bun. We can combine this
result with the equivalences (99) applied to a trivialization 7 : G — Z, of a bundle gerbe
G over M. In detail, a left G-module £ : G — 7, first becomes a left Z,-module

EoT ' I,— 1T, (100)
which in turn defines the vector bundle £ := Bun(£ o 7~') over M. The same applies to

right G-modules F : Z,, — G which defines a vector bundle F := Bun(7 o F) over M.

A D-brane for the bundle gerbe G is a submanifold ) of M together with a left
Glg-module. Here G| means the pullback of G along the inclusion @) — M.

3.7. DEFINITION. Let G be a bundle gerbe over M with D-brane (Q,E) and let ¢ : ¥ — M
be a smooth map from a compact oriented surface ¥ with boundary to M, such that
$(0%) C Q. Let

T :¢Gg—1I,

be any trivialization of the pullback bundle gerbe ¢*G and let
E :=Bun(¢*€0T 1) (101)

be the associated vector bundle over 0X. The holonomy of G around ¢ is defined as
holg ¢(¢) := exp (1/ p) -tr (holg(0%)) € C.
)

The definition does not depend on the choice of the trivialization: for another trivial-
ization 7" : ¢*G — I, and the respective vector bundle E’ := Bun(€ o 7' ) we find by
Proposition 3.1 a)

E'=Bun(Eo7T ) 2Bun(fo7 'oT oT ™ ) =E®@Bu(T o T™). (102)

Because isomorphic vector bundles have the same holonomies, and the line bundle Bun(7 o
7’71 has curvature p — p’ we obtain

tr (holg (9%)) = tr (hol (%)) - exp (i /E p— p') . (103)

This shows the independence of the choice of the trivialization.

3.8. JANDL STRUCTURES. In this last section, we use the duality on the 2-category
BBrb(M) introduced in section [1.14] to define the holonomy of a bundle gerbe around
unoriented, and even unorientable surfaces (without boundary). For this purpose, we
explain the concept of a Jandl structure on a bundle gerbe G, which has been introduced
in [SSWO05], in terms of 1- and 2-isomorphisms of the 2-category B&tb(M).
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3.9. DEFINITION. A Jandl structure J on a bundle gerbe G over M is a collection (k, A, )
of an involution k : M — M, i.e. a diffeomorphism with ko k = idy;, a 1-isomorphism

A kKG— G
and a 2-isomorphism
v KA= A"
which satisfies the condition
k*gﬁ — 90*71.

Notice that the existence of the 2-isomorphism ¢ is only possible because G** = G
from (72), and that the equation k*p = ©*~! only makes sense because A** = A from
(79). Let us now discuss the relation between Definition 3.9/ and the original definition of
a Jandl structure from [SSWO05|. For this purpose we elaborate the details. We denote
the pullback of the surjective submersion 7 : ¥ — M along k by m, : Y, — M; for
simplicity we take Y, := Y and 7, := k om. Now, we assume by Theorem 2.1/ that the
1-isomorphism A consists of a line bundle A over Y, X,; Y. As smooth manifolds, we
can identify Y, x5, Y with P := Y2l to have an identification as smooth manifolds with
surjective submersions to M, we define the projection p: P — M by p := m o m. Under
this identification, the exchange map s : Y X, Y — Yi X Y becomes an involution of

P which lifts k,

P——P

p P (104)
The dual 1-isomorphism A4* has by definition the line bundle s*A over P. Now, similarly
as for the pullback of 7 : Y — M we denote the pullback of p: P — M by p : P, - M
and choose P, := P and p, := k o p. This way, the pullback 1-isomorphism k*A has the
line bundle A over P. Again by Theorem 2.1, we assume that the 2-isomorphism ¢ can

be represented by a triple (P,idp, pp) with an isomorphism ¢p : A — s*A of line bundles
over P satisfying the compatibility axiom |(2M) with the isomorphism « of A:

L®GA @ GARL

id®¢s @pk Crop®id (105)

L® (s A (s*"A®L

The dual 2-isomorphism ¢* is given by (P,idp,s*pp), and the equation ¢ = k*¢*~!
becomes pp = s*pp'. So, @p is an s-equivariant structure on A. This is exactly the
original definition [SSWO05|: a stable isomorphism A : k*G — G*, whose line bundle A is
equipped with an s-equivariant structure which is compatible with the isomorphism « of
A in the sense of the commutativity of diagram (105).
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Defining a Jandl structure in terms of 1- and 2-morphisms has — just like for gerbe
modules — several advantages. For example, it is easy to see that Jandl structures are
compatible with pullbacks along equivariant maps, tensor products and duals of bundle
gerbes. Furthermore, we have an obvious definition of morphisms between Jandl struc-

tures, which induces exactly the notion of equivalent Jandl structures we introduced in
[SSWO05].

3.10. DEFINITION. A morphism 3 : J — J' between Jandl structures J = (k, A, p)
and J' = (k, A", ¢’) on the same bundle gerbe G over M with the same involution k is a
2-morphism

B: A=A

which commutes with ¢ and @' in the sense that the diagram

A—"L— kA

I F

A :¢> E* A

of 2-morphisms is commutative.

Since A is invertible, every morphism of Jandl structures is invertible. We may thus
speak of a groupoid Jol(G, k) of Jandl structures on the bundle gerbe G with involution
k. The skeleton of this groupoid has been classified [SSWO05|: it forms a torsor over the
group of flat k-equivariant line bundles over M. The following proposition relates these
groupoids of Jandl structures on isomorphic bundle gerbes on the same space with the
same involution. This relation is a new result, coming and benefiting very much from the
2-categorial structure of bundle gerbes we have developed.

3.11. PROPOSITION. Any 1-isomorphism B : G — G’ induces an equivalence of groupoids
Jp + UG k) — JoU(G, k)
with the following properties:
a) any 2-morphism [ : B = B’ induces a natural equivalence Jg = Jgr.
b) there is a natural equivalence Jidg = idgoug.k)-
c) it respects the composition of 1-morphisms in the sense that

Jpros = Jpo Jpr.

Proof. The functor Jg sends a Jandl structure (k,.A, ¢) on G’ to the triple (k, A’, ¢')
with the same involution k, the 1-isomorphism

A =B cAok'B : kG — G* (106)
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and the 2-isomorphism

kE*A'=—=k*B*ok*Ao B
\Hidk*g* opoidp (107)
k*B* OA* OBikf*A/*

where we use equation (79). The following calculation shows that (k, A’,¢") is a Jandl
structure:

ko™ = k*(idgg- o poidg)*

= idk*g* 9 kJ*QO* o ldB

= 1idgo 90,1 o idg«

def -1, (108)

A morphism ( of Jandl structures on G’ is sent to the morphism

of the respective Jandl structures on G’. The two axioms of the composition functor o
from Lemma 1.9/ show that the composition of morphisms of Jandl structures is respected,
so that Jgz is a functor. It is an equivalence because Jz-1 is an inverse functor, where the
natural equivalences Jzg-1 0 Jg = id and Jg o Jg-1 = id use the 2-isomorphisms 7, and ¢,
from section [1.12 associated to the inverse 1-morphism B~!.

To prove a), let § : B = B’ be a 2-morphism. We define the natural equivalence
Jp = Jp, which is a collection of morphisms 87 : Jg(J) — Jp(J) of Jandl structures on
G for any Jandl structure 7 on G’ by

ﬁj = ﬁ*oidAOk*ﬁ. (110)
This defines indeed a morphism of Jandl structures and makes the naturality square

Br

J(J) Je(T)
J5(8) ) (111)
Io(T) 5= I (T

commutative. The natural equivalence for b) uses the 2-isomorphisms A4 and p4 of the
2-category B&tb(M) and the fact that idg = idg-. Finally, ¢) follows from the definition
of Jg and the fact that the duality functor ()* respects the composition of 1-morphisms,
see (79). O
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It is worthwhile to consider a Jandl structure J = (k, A, ¢) over a trivial bundle gerbe
Z,. By definition, this is a 1-isomorphism

A Ty, — T, (112)

and a 2-isomorphism ¢ : k*A = A* satisfying ¢ = k*¢*~!. Now we apply the functor
Bun and obtain a line bundle R := Bun(A) over M of curvature —(p + k*p) and an
isomorphism ¢ := Bun(y) : k*R — R of line bundles over M which satisfies ¢ = k*¢—1,
summarizing: a k-equivariant line bundle. So, the functor Bun induces an equivalence of
groupoids

Bun} : JOU(Z, k) — L£Bun® . (M) (113)

p
between the groupoid of Jandl structures on Z, with involution k£ and the groupoid of
k-equivariant line bundles over M with curvature —(p + k*p). In particular, if G is a
bundle gerbe over M and 7 : G — 7, a trivialization, we obtain a functor

k
Jr—1 Bun/J

UG, k) (M) (114)

30[(2177 k)

k
£Bun . gy

converting a Jandl structure on the bundle gerbe G into a k-equivariant line bundle over
M. Tt becomes obvious that the existence of a Jandl structure with involution £ on the
trivial bundle gerbe 7, constraints the 2-form p: as the curvature of a line bundle, the
2-form —(p + k*p) has to be closed and to have integer periods.

Let us now explain how Jandl structures enter in the definition of holonomy around
unoriented surfaces, and how we can take further advantage of the 2-categorial formalism.
We have learned before that to incorporate surfaces with boundary we had to do two steps:
we first specified additional structure, a D-brane of the bundle gerbe G, and then specified
which maps ¢ : > — M are compatible with this additional structure: those who send the
boundary of 3 into the support of the D-brane. To discuss unoriented surfaces (without
boundary), we also do these two steps: the additional structure we choose here is a Jandl
structure J = (k, A, ¢) on the bundle gerbe G. To describe the space of maps we want
to consider, we have to introduce the following geometric structures [SSWO05]:

e For any (unoriented) closed surface ¥ there is an oriented two-fold covering pr : PO
3. It is unique up to orientation-preserving diffeomorphisms and it is connected if
and only if ¥ is not orientable. It has a canonical, orientation-reversing involution
o, which permutes the sheets and preserves the fibres. We call this two-fold covering
the orientation covering of X.

e A fundamental domain of ¥ in ¥ is a submanifold F of ¥ with ( possibly only
piecewise smooth) boundary, such that

FUo(F)=% and FnNo(F)=0F. (115)

A key observation is that the involution ¢ restricts to an orientation-preserving invo-
lution on OF C X. Accordingly, the quotient OF is an oriented closed 1-dimensional
submanifold of >.
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Now, given a closed surface >, we consider maps c;S ) — M from the orientation covering
3 to M, which are equivariant with respect to the two involutions on S and M, i.e. the
diagram

i—¢>M
o Ik
y — M
2 @

has to be commutative.

?1'12; DEFINITION. Let J be a Jandl structure on a bundle gerbe G over M, and let
¢ 3 — M be an equivariant smooth map. For a trivialization

T : &G — 17,
let R be the o-equivariant line bundle over S determined by the functor
Bun’ o Jr1 : JoU(¢*G,0) — Q‘Bun‘i(ﬁa*p)(f)) (116)

from (114)). In turn, R defines a line bundle R over 3. Choose any fundamental domain
F of 3. Then, the holonomy of G with Jandl structure J around ¢ is defined as

holg 7(¢) == exp (i /F p> - hol(OF).

Definition 3.12/is a generalization of Definition 3.4/ of holonomy around an oriented sur-
face: for an orientable surface ¥ and any choice of an orientation, they coincide [SSWO05].
To show that Definition 3.12 does not depend on the choice of the trivialization 7, we
combine all the collected tools. Let 77 : é*g — 1, be any other trivialization. We
consider the 1-isomorphism

B:=ToT"':1,—1, (117)

and the corresponding line bundle 7" := Bun(B). To compare the two o-equivariant line
bundles R and R’ corresponding to the two trivializations, we first compare the Jandl
structures Jr-1(J) on Z, and Jz-1(J) on Z,,. By Proposition 3.11 a), b) and c), there
exists an isomorphism

Jr-1(T) = Js(Jr-1(T)) (118)

of Jandl structures on Z,. By definition of the functor Jg, this isomorphism is a 2-
isomorphism

A =B o Adooc*B, (119)



272 KONRAD WALDORF

where A is the 1-morphism of Jr-1(J) and A’ is the 1-morphism of Jr-1(J). Now we
apply the functor Bun and obtain an isomorphism

RETQR®0'T (120)

of g-equivariant line bundles over f], where Q = 0"T'®T has the canonical o-equivariant
structure by exchanging the tensor factors. Thus, we have isomorphic line bundles

R=R®Q (121)

over Y. Notice that the holonomy of the line bundle @) is
holg (OF) = holy(9F) = exp (i/Fp — p’) (122)
This shows
exp (i/Fp’> -holg (OF) = exp (i/Fp’> -holg (OF) - holg(OF)
= exp (i/Fp) - holg(OF) (123)

so that Definition [3.12/ does not depend on the choice of the trivialization. In [SSWO3]

we have deduced from the equation curv(R) = —(p + o*p) that it is also independent of
the choice of the fundamental domain.

Unoriented surface holonomy, defined in terms of Jandl structures on bundle gerbes,
provides a candidate for the Wess-Zumino term in two-dimensional conformal field theory
for unoriented worldsheets, as they appear in type I string theories. Following the exam-
ples of M = SU(2) and M = SO(3) we give in [SSW05|, we reproduce results known from
other approaches. This indicates, that a bundle gerbe with Jandl structure, together with
a metric, is the background field for unoriented WZW models. In this setup, Proposition
3.11 assures, that — just like for oriented WZW models — only the isomorphism class of
the bundle gerbe is relevant.
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