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Sammanfattning

In this paper the multivariate normal distribution with a Kronecker
product structured covariance matrix is studied. Particularly, estima-
tion of a Kronecker structured covariance matrix of order three, the so
called double separable covariance matrix. The estimation procedure,
suggested in this paper, is a generalization of the procedure derived by
Srivastava et al. (2008), for a separable covariance matrix.

Furthermore, the restrictions imposed by separability and double
separability are discussed.
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1 Introduction

In this paper we consider estimation of a Kronecker structured covariance
matrix of order three. The main goal is to extend the estimation procedure,
suggested by Srivastava et al. (2008), for the matrix normal distribution
vecX ~ Npq (vecM, ¥ ® X) to the case where

vecX ~ Npgr (veeM, 0 @ ¥ @ X)),

with some vectorization vecX” of the third order tensor X' = (x;;1) : p x ¢ X
r, which will be defined in Section 2 and where ® denotes the Kronecker
product. We will say that the covariance matrix D(vecX) = @ @ ¥ @ X
is double separable (or three-factor separable) compared to the separable
covariance matrix D(vecX) = ¥ ® 3. The Kronecker product restrictions
make the family of densities to be curved, i.e., it belongs to the curved
exponential family

Recently Roy and Leiva (2011) have studied doubly exchangeable line-
ar models, which are suitable for three-level multivariate data, and closely
related to double separability. Doubly exchangeable covariance structure as-
sumes a block circulant covariance structure consisting of three unstructured
covariance matrices for three multivariate levels.

Several authors, see for example Naik and Rao (2001); Roy and Khattree
(2005a); Lu and Zimmerman (2005); Mitchell et al. (2005, 2006); Srivastava
et al. (2008), considered estimation and testing under the separability as-
sumption. Srivastava et al. (2008) discussed estimability of the paramters
under the separability assumption. From the likelihood function, construc-
ted of independent observation matrices, Srivastava et al. (2008) proved
that the maximum likelihood estimates under the restriction 14, = 1, where
¥ = (1;5) : ¢ x q are found by an iterative flip-flop algorithm. Srivasta-
va et al. (2008) also showed that the likelihood equations provide unique
estimators. A similar algorithm has been suggested by Mardia and Goodall
(1993); Dutilleul (1999); Brown et al. (2001) but without the restriction
Ygq = 1.

In many applications, different structures of the covariance matrices have
been discussed. In Roy and Khattree (2005a,b); Srivastava et al. (2008) the
intraclass covariance structure was considered and in Roy and Khattree
(2005b) an autoregressive structure hold.

Also a structure on the mean has been considered. In Srivastava et al.
(2009) the growth curve model for the mean M = ABC, where A : p X s
and C : t x ¢ are known design matrices and B : s X t is the parameter
matrix, was assumed. Under the restriction 14, = 1 and some full rank
assaumption unique estimatiors for B, 3, ¥ were derived.

This paper is organized as follows. In Section 2 the normal distribution
for the third order tensor X = (xj;;) : p X ¢ X r are presented. One of the
main points in Section 2 is how to vectorize the third order tensor and how



to permute this vectorization to present the data in a proper way. In Section
3 the estimation procedure are presented and motivated. Section 4 discusses
the restrictions imposed on the matrices @, ¥ and X, similar as ¢4y = 1, by
the Kronecker product structure.

2 Model

Let X be a tensor of order three, with the dimension p, ¢ and r in the =,y and
z direction, respectively, see Figure 1. If r = 1 we have a special case with
the tensor equal to a p x ¢ matrix. For such a matrix X = (z1,...,x,) : pXq
the standard way to vectorize is as

veeX = (z),..., ).

11k - - aﬁlqk
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Figur 1: The box visualizes a three dimensional data set as a third order
tensor.

Vectorization of the three dimensional tensor X can be done in several
ways. Let us use the following definition.

Definition 1 Let X = (z1) : p X ¢ X 1 be a three dimensional tensor.
Define the vectorization of X as

p q T

vecX = E Z Z a:ijkez & e? & e%,
i=1 j=1 k=1

where e‘z, e? and e% are the unit basis vectors of size v, q and p, respectively.

We will assume that the vectorization of X follows a multivariate normal
distribution with a double separable covariance matrix

D(vecX) =0 ¥R 3,

with X :pxp, ¥:gxqgand © :r xr, assumed to be positive definite. This
structure is a generalization of the separable covariance matrix discussed by,
e.g., Dutilleul (1999); Lu and Zimmerman (2005); Srivastava et al. (2008).



If we use Definition 2.2.3 in Kollo and von Rosen (2005) we can write
the double separable model for X' (or vecX') as

vecX = E mjke% & e? & eil + E g §iz”7_jj’79kk’ui’j’k’e% ® 632 ® 6117
ijk ijk /5K

where M = (pijg) : pxgxr, X =, ¥ = 77’ and ® = 99 and
uyjrir ~ N(0,1), iid (independent and identically distributed). The density
of X can now be written

(2m)~PIr/2|@| P2 | @ | P2 33|~/
exp {—;VGC/(X ~M)(O T ®X) vec(X — ./\/l)}
and is denoted
X ~Npgr(MXE ¥ 0). (1)

For more details about the multilinear normal distribution (1) see (Kollo
and von Rosen, 2005, p. 215). Furthermore, the tensor in Figure 1 can be
looked upon from different directions. To understand this we will use the
following matrices

X = injk(el?; ® 63’)(63), t (qr) x p, (2)
Y =) wirlei ®el)(e]) : (pr) x g, (3)
Z =Y wi(el @el)(e}) : (pg) x 7. (4)

Using these matrices and the fact that vec(ab’) = b® a, for all a € RP,b €
RY, we will have the following relations

vecX = vecZ = Ky pvecX = Ky, Ky gvecY,

where K, : pg X pq is the commutation matrix. Using properties of the
commutation matrix, yields

ved X(@ @ ¥ @ 2) tvecX
=vedZ(ORV @) veeZ =tr {07 Z' (¥ @ %) Z}
=ved X (20O @ ¥) lveeX =tr {E'X'(O¥) X} (5
=vedY(TRE®0O) 'vecY =tr {T'Y'(ZT®0)'Y}. (6)



3 Estimation

All the parameters of ¥, ¥ and © in the covariance matrix D(vecX) =
©® ® ¥ ® 3 are not uniquely defined. Several authors have discussed this for
a separable covariance matrix D(vecX) = ¥ ® X, e.g., Galecki (1994); Naik
and Rao (2001). The parametrization problem is related to the fact that

1
TRX= (P ® <2>
c
and this leads to estimability problems. Recently, Srivastava et al. (2008)
also considered the problem and suggested, without any loss of generality,
to set 14 = 1. For a double separable covariance matrix we have a similar
problem since

CET D (alb@) ® (%) & (b))
In this case to get an unique parametrization, without any loss of generality
and similar to Srivastava et al. (2008), we suppose X: p X p to be unstructu-
red, ¥ = (¢5): ¢ X ¢ with ¢gq =1 and © = (6;;): r x r with 6,, = 1.

Now, assume that we have n independent observations X; : p x ¢ x r,
j=1,...,n,from (1). One can easily see that M : px ¢ xr will be estimated
by averaging. Hence, in the subsequent without any loss of generality, we
may put M = 0.

Furthermore, with M = 0 the likelihood function for ¥, ¥ and © is
proportional to

1 n
|@‘—Pqn/2|\I,|—prn/2|2|—qrn/2€xp _5 ZVGC/XJ (@ 2T ® E)_l VeCXj ’
=1
which can be written as

1 — -
(O P 2T R T Rexp § =5 D ved X (R0 © @ W) veeX
j=1

1 n

—pan/2 |y |—prn/2 |3 [—qrn/2 -1 -1

= || pan/ || prn/ |2 arn/ exp 2 E tr{E X;-(@@\Il) Xj} ,
j=1

(7)



where we have used relation (5). Now, the trace in (7) can be rewritten as
tr {E_IX;- ©a®)! Xj}

= {27X} (Lov ) (0 oL, (I, e ¥?) X,}

w{=71X) (1,0 (972} ) ) 07! (1@ ((f) w777)) X, }

M=

l

I
—

I
M=

tr{Z ' X0 X 1},
l

Il
—

where X ;; = (IT ® ((612))/‘11_1/2>) X ; which implies that the likelihood
function is proportional to

1 n
|@|*Pqn/2"I,|*prn/2‘2|*qrn/QeXp _5 Ztr{zflxélgflxﬂ} ) (8)
j=11=1
Hence, it means that we have ng independent observations, X ;; j =1,...,n

and [ =1,...,q. From Srivastava et al. (2008) under the restriction 6,, = 1
we obtain the likelihood equations

~ 1
=22 . Xn0 X
q 7j=11=1
R 1 U o
6= X5 X,
j=1i=1
which equal
N 1 ~—1
E—QTHZZXJ'I@ X
j=11=1
LI ~-1/2 5\ A1 oy —1/2
:anZZXj(IT@\I: el)(-) (IT®(eZ)\II )Xj
j=11=1
1 «— -1
/
:anZXj(e@xp) X; 9)
j=1
and
~ 1 K ~—1
O=-—> > X;¥ Xj
pan =
1 o/ —1/2 ) ~_1/2
:]EZZ(IT@)((Z)\IJ >>X]2 X]<Ir®(\IJ e,))
Jj=11=1



Using (6), the likelihood function (7) can also be expressed as

|@|—pqn/2’\p|—pm/2‘2|—q7””/2exp Ztr{ 1Y’ 2@@) }

j=11=1

—pgn —prn —qrn 1 - - —
= |@|7PI/ 2| | P2 |~ 2exp —§ZZtr{2 'y oy}
j=11=1

1 n T
G TR RS S S SIS L > 1Yﬂ}}
(

11)

where Y, = (Ip ® ((e?)/®71/2>) Y ;. Hence, since we have 1)4; = 1 the

likelihood equations follows again from Srivastava et al. (2008) as

~ 1
U = p—nZZY

jlll

Il
3]~
3
1[~]=
gk
i
=
®
/—\
=
~—
™
—~
~
®
—
O]
-
~—
n

The following theorem can now be stated.

Theorem 1 The likelihood equations that are maximizing the likelihood fun-
ction (7) under the conditions ¢q =1 and 6,, =1 are given by

i:qilixg(@)@@)_lxj, (14)
\Tl:%z ;(i: (:)>_1Yj, (15)
@:qunzzg(@ 23) " z, (16)



Furthermore, equation (9) equals equation (13).

Proof Since we maximize the same likelihood function, (8) and (11), twice
with respect to X, equation (9) and (13) must be the same. Let the obser-

vations be Xy = xfjk ,d=1,...,n. Using (3) the expression for Y 4 and

(2) the expression for X4 in (13) one can show that this is the case, i.e., we
have

~ —

1 = ~—1/2 ~—1 1/2
= a2 Lo (Eye Y YL, 2 (6 Tel)
d=11=1

TP D IPIE T CIT )

d=11=1 ijk i'j'k'

(el @ed) [(€2)Fe2] ((eh) @ (e})) Ty (& )
_ q:n ; % ; {@gjkxg,k, [(eyd et

S (1,0 (/877 (eliehy @ eliely) (I, o @) }
:;niuﬂww{@%ﬁﬂw@g@*gj

5~ (chet o ([(etre et [k ) |

1 — ~—1
= E d pd. 2y 2
= - : 2 xl]k:’cl/]’k/ |:(ej) v e]/:|

172 [ ~—1/2
()6 ( e?<e?>/) 6 ezeae;)'}.
[

S 1 & ~—1 ~—1
S= 3> whurtin (2% el ] |(el)® ef|ellel)

d=1 ijk i'§'k'

1 < o
= YD alyatiw((el ®ed)(e])) (@ @ w) (e} @ e (el
q d=1 ijk i'§'k’
R -
- Z Xh(©eWw) X,
d=1
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i.e., equation (9) and (13) are equal. Equation (10) can be rewritten in the
same way as above, using (2) and (4) in (10). Hence, we have

~ 1 & N1
0= Zﬂ(@eaz) Z. 17
pan 2= %5 j (17)

and the proof is complete. O

Note that the likelihood equations (14)-(16) are nested and there exist
no explicit solution. Thus, we can solve (14)-(16) using the so called flip-flop
algorithm.

4 Restrictions imposed by the Kronecker product

Many statistical hypotheses can be formulated in terms of polynomial equa-
lities and inequalities in the unknown parameters. Hence, under the null
hypothesis the parameter space correspond to semi-algebraic subsets of the
parameter space. In statistical testing it is important to consider the para-
meter space under the null hypothesis careful, see for example (Rao, 1973,
p. 415-420) for some general classes of large sample tests, or Self and Liang
(1987); Drton (2009) for more details when problems can arise.

The double separable covariance matrix, D(X) = 2 = O ¥ ® X,
imposes a number of restrictions on the parameter space of the variances
and covariances. Hence, the hypothesis

Hy: Q=0¥eX vs. A:Q>0,
can be written as
Hy:R;(Q)=0fori=1,...,k vs. A:not Hy,

where R;(2), i = 1,...,k are some functions of the variances and covarian-
ces.
The restrictions imposed by separability, are shortly discussed by Lu and
Zimmerman (2005) and are given as
o w2 oM g1,
Wip+1lip+1  Wip+2,ip+2 Wip+p,ip+p
Pliakl] = PRyky, =25, k=1,...,p; I=k+1,...,p,
Plij)[kk] = Plij)[11]> 1=1,...,q; j=14+1,...,q¢; k=2,...,p, (18)
Plijlikt) = Pliglik)s ¢=1oo,qs j=4+1,...,¢; I=k+1,...,p,
Plijlikl) = PliginyPpyky, =1, 7=1+1,...,¢
k=1,....p;l=k+1,...,p,

where pj;jpe is the (K, [)th element of (i, j)th p X p block of the correlation
matrix R. Since the nature of the functions R;(£2),i = 1, ...k are important
we state the following Proposition.

11



Proposition 1 The functions R;(Q), i = 1,..., k imposed by the Kronecker
product structure 8 = @ @ ¥ ® X, are smooth functions.

Proof We will consider the simple cases p=¢g=2and p=q =17 = 2 for
a separable and double separable covariance matrix and use these examples
to understand the restrictions imposed by the double separability. We start
with separability and p = ¢ = 2. Consider the Kronecker product

Y1111 Y1112 P12011 P12012
Y11092  P12021 12022

hoo011  P22012

22092

R=¥eX= = (wij) ,

where ¥ = (0y;) and ¥ = (¢;;). We can directly identify one restriction
since

w22 W44

wn _ wi (19)

More restrictions can be found from the correlation matrix R. The correla-
tion matrix R is nothing else than the Kronecker product of the correlation
matrices corresponding to W and X, i.e.,

I ps  pw  peps
I peps  pw

R=Ry ® Ry = 1 p

= (pij) » (20)

where

are the correlation matrices corresponding to 3 and W, respectively. From
(20) we see that we have the following restrictions

P12 = P34, P13 = P24, P14 =p23 and pa = pr2pis. (21)

These restrictions (19) and (21) are of course nothing else than the restric-
tions (18) given by Lu and Zimmerman (2005). Written in the original co-
variances w;j, the restrictions are

W11Wi4 = W12W13, W23 = Wi4, W11W24 = W13wW22,

W11W34 = W12W33, W11W44 = W22W33,
i.e., the functions R;(Q2) for i = 1,...,5 can be formulated as
R(Q2) = wiiwis —wigwiz, Ro(R) = wez —wisa, R3(Q) = wiiwa — wizws,

R4(2) = wiiwsg — wiawss, R5(02) = wiiwas — woowss,

12



These functions, R;(2) for i = 1,...,5, are smooth, i.e., they have derivati-
ves of all orders.

Similar argument as above can be used when considering the double
separable covariance matrix. For the case with three Kronecker products,
and with p = ¢ = r = 2, we have the following covariance matrix

The covariance matrix (22) directly gives the following restrictions

WiL_wer _wss _ Wes o WL _ W (23)
w33 W44  WrT W8S Ws5 W66
Furthermore, the correlation matrix
R =Rg ® Ry ® Rx, = (pij),
where
1
Re — ( pe ) 7
. 1
gives all the other restrictions
P12 = P34 = P56 = P78, P13 = P24 = P57 = P68,
P14 = P23 = P58 = P67, P15 = P26 = P37 = P48,
P16 = P25 = P38 = P47, P17 = P28 = P35 = P46,
P18 = P21 = P36 = P45 (24)

and

P14 = P12P13, P16 = P12P15, P17 = P13P15, P18 = P12P13P15- (25)

These 29 restrictions, (23), (24) and (25), are similar and a direct generali-
zation of the restrictions imposed by separability (19) and (21). Since they
have the same form, the functions R;(€2), i = 1,...,29 given by the double
separability will also be smooth functions. For general dimensions, p,q and
r, the smoothness can be shown using induction. U

From the Proposition above we specifically have that the functions R;(€2),
i = 1,...,k have continuous partial derivatives of the first order and this
will facilitate the asymptotics, see (Rao, 1973, p. 415-420) for more details.

Under separability the covariance matrix 2 = ¥ ® X has (px (p+1) +
g X (q+1)) parameters. Under the hypothesis A, the covariance matrix is the
unstructured matrix € : pg x pg which has %pq X (pg+1) parameters. Hence,
under separability and p = ¢ = 2, the covariance matrix 2 = ¥ ® 3 has six
parameters, and under the alternative the covariance matrix 2 > 0:4 x 4

13



has ten parameters. Express the parameters wiq,wos,woq,ws3s and wyy as
functions of w11, w12, w13, wo and wsz, i.e.,

W12wW13 W13Ww22
W14 = ) w23 = W14, W24 = )
w11 w11
W12wW33 W22W33
w34 = , W44 =
W11 w11

and of course if we express the five parameters w11, w12, w13, wse and wsz in
the six parameters 11,012, 0922, %11, W12 and Y92 we have

w11 = Y11011,  wi2 = Y11012, W13 = P12011,

w2 = YP110922, w33 = P22011.

Hence, we have six parameters but only five equations. This is of course
related to the fact that all the parameters of ¥ and ¥ are not defined
uniquely

T = (cP) @ Cz)
and can be overcome with the restriction 9o = 1.

Furthermore, for the double separablity case with p = ¢ = r = 2, we
have 29 equations and 36 parameters in the unstructured covariance matrix
Q > 0, i.e., we have seven free parameters instead of nine as in the Kronecker
product © = ©® ® ¥ ® X. Hence, we can again set the restrictions ¢ = 1
and 022 =1.
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