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M otion o f  So lids in  F lu id s  when the F low  is not Irro ta tio n a l.

B y  G . I .  Ta y l o r , M .A .

(C o m m u n ica ted  b y  P ro f . H . L a m b , F .R .S . R ec e iv ed  A p ri l  13, 191 6 .)

T h e  c h ie f  i n t e r e s t  in  t h e  r e s u l t s  o b ta in e d  i n  t h e  fo llo w in g  p a g e s  lie s  in  t h e  

f a c t  t h a t  a  m a th e m a t i c a l  r e s u l t  h a s  b e e n  o b ta in e d  c o n c e r n in g  t h e  m o t io n  o f 

so lid s  in  f lu id s  w h ic h  is  v e r if ie d  a c c u r a te ly  w h e n  r e c o u r s e  is  h a d  to  e x p e r i 

m e n t ,  w i th  r e a l  s o lid s  m o v in g  in  r e a l  f lu id s . T h is  is  so  e x c e p t io n a l  a  

c i r c u m s ta n c e  t h a t  i t  is  h o p e d  t h a t  t h e  i n t e r e s t  w h ic h  i t  g iv e s  to  th e  

m a th e m a t i c a l  w o rk  w il l  s e rv e  to  e x te n u a te ,  to  a  c e r t a i n  e x t e n t ,  t h e  c lu m s in e s s  

o f t h e  m e th o d s  e m p lo y e d .

T h e  p ro b le m  s o lv e d  is  tw o -d im e n s io n a l .  A n  in f in i te  c y l in d r ic a l  b o d y  o f  

a n y  c ro s s - s e c t io n  m o v e s  in  a  u n i f o r m ly  r o t a t i n g  f lu id  w i th  i t s  g e n e r a to r s  

p a r a l l e l  to  t h e  a x is  of r o ta t io n .  T h e  s t r e a m  l in e s  a n d  t h e  r e a c t io n  b e tw e e n  

th e  so l id  a n d  t h e  f lu id  a r e  fo u n d .

S u p p o s e  t h a t  a  s t r e a m  f u n c t io n  \fr' h a s  b e e n  f o u n d  

i r r o ta t io n a l  m o tio n  o f  a n  in c o m p re s s ib le  f lu id  w h e n  a  c y l in d r ic a l  so l id  (o r  

s e v e ra l c y l in d r ic a l  so lid s )  o f t h e  r e q u i r e d  c ro s s - s e c t io n  is  m o v e d  in  a n  

a s s ig n e d  m a n n e r  s t a r t i n g  f r o m  r e s t  in  a  f lu id  w h ic h  h a s  a  g iv e n  b o u n d a r y  o r  

h a s  a  g iv e n  i r r o t a t i o n a l  m o t io n  a t  in f in i ty ,  yfr' is  a  f u n c t io n  o f x  a n d  th e  

c o -o rd in a te s  of a  p o in t  in  a  p la n e  p e r p e n d ic u la r  to  th e  a x is  o f r o ta t io n ,  a n d  o 

t, t h e  t im e .

S in c e  th e  m o tio n  is  i r r o t a t i o n a l  s a ti s f ie s  t h e  r e l a t i o n  =  9

e v e ry w h e re , a n d  — d y fr ' / d s = Y n' a t  t h e  s o lid  b o u n d a r ie s ,  w h e re  V n'  r e p

s e n ts  th e  v e lo c i ty  n o r m a l  to  th e  b o u n d a r y  o f a  p o i n t  o n  th e  s u r f a c e  o f a  

c y l in d r ic a l  so l id  m o v in g  in  th e  f lu id , a n d  / 3 s r e p r e s e n t s  th e  r a t e  o f  c h a n g e  

in  yjr m e a s u re d  in  a  d i r e c t io n  a lo n g  th e  so l id  b o u n d a ry .  T h e se , to g e th e r  

w ith  th e  c o n d it io n s  a t  in f in i ty ,  i t  t h e  f lu id  is  u n e n c lo s e d , a r e  th e  n e c e s s a ry  

a n d  su ff ic ie n t c o n d i t io n s  fo r  d e t e r m in in g  yjr'. T h e  c o m p o n e n ts  o f v e lo c i ty  o f 

th e  f lu id  a r e  t h e n

a' =  — 3 yfr' fd y  a n d  v' =

N o w  c o n s id e r  th e  fu n c t io n

^  +  %(o(x2 +  y 2),( i )

w h e re  w is  a  c o n s ta n t  b o th  in  r e g a rd  to  sp a c e  a n d  to  tim e . I t  s a tis f ie s  th e  

d y n a m ic a l  e q u a t io n s  of m o tio n , D / D £ ( y 2̂ )  =  0  fo r  v 2”f  =  2&>, w h ic h  is  

c o n s t a n t ; a n d  i t  is  th e  s t r e a m  f u n c t io n  of th e  f lu id  m o tio n  o b ta in e d  w h e n  t h e  

w h o le  s y s te m  r e p r e s e n te d  b y  is  r o t a t e d  w ith  u n ifo r m  a n g u la r  v e lo c i ty  «

VOL. XCIII.— A. „
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100 M r. G . I . T a y lo r . M of Solids in

a b o u t  th e  o r ig in .  T h e  b o u n d a r y  c o n d i t io n s  o f t h e  r o t a t i n g  s y s te m  ‘a r e  

e v id e n t ly  s a t i s f ie d  i f  t h e  c y l in d r i c a l  s o lid s  m o v e  r e l a t i v e  to  th e  r o t a t i n g  

s y s te m  in  th e  s a m e  w a y  t h a t  t h e y  m o v e d  r e l a t i v e  to  f ix e d  a x e s  in  t h e  c a s e  o f 

t h e  m o t io n  r e p r e s e n te d  b y  H e n c e  i t  a p p e a r s  t h a t  t h e  s y s te m  c o n s is t in g  

o f t h e  c y l in d r ic a l  s o lid s  a n d  t h e  f lu id  i n  w h ic h  t h e y  m o v e  m a y  b e  r o t a t e d  

u n i f o r m ly  w i t h o u t  a f f e c t in g  t h e  m o t io n  o f t h e  f lu id  r e l a t i v e  to  t h e  r o t a t i n g  

s y s te m , p r o v id e d  t h e  c y l in d e r s  a r e  c o n s t r a in e d  to  m o v e , r e l a t i v e  to  t h e  

r o t a t i n g  s y s te m , in  th e  s a m e  w a y  t h a t  t h e y  m o v e d , r e l a t i v e  to  f ix e d  a x e s , 

w h e n  th e  s y s te m  w a s  n o t  r o t a t i n g *  I f ,  h o w e v e r ,  t h e  s o lid s  a r e  f r e e  to  m o v e  

u n d e r  th e  a c t io n  o f t h e i r  o w n  i n e r t i a  a n d  o f t h e  p r e s s u r e  o f  t h e  f lu id , t h e  

r o t a t i o n  w i l l  m a k e  a  c o n s id e r a b le  d if f e r e n c e  to  t h e  r e l a t i v e  m o t io n  of t h e  

so lid s  a n d  th e  f lu id . I t  t h e r e f o r e  b e c o m e s  i m p o r t a n t  to  f in d  th e  p r e s s u r e  a t  

a n y  p o in t .

L e t  p '  b e  th e  p r e s s u r e  a t  t h e  p o i n t  (

b e  th e  p r e s s u r e  w h e n  t h e  w h o le  s y s te m  is  r o t a t e d .

, 3  u  , 
+  U -x-- h ~k ~ j

ox  I

3w/ ''|

T h e  e q u a t io n s  fo r  p  a n d  p  ar e

_  1 3  _

p  ~Bx

_  1 3 p _

P B y  31

13p  3% . 3?G
— P £ = * + u &  +  v %

, Bv' ,
+  U  x ----h 'O -X—

ox

s

1 dp 

p 3 y

Bv ,

I t  + “ s

h
+  v

By

( 2 )

( 3 )

w h e re  uan d  v  a r e  t h e  c o m p o n e n ts  o f v e lo c i ty  i n  th e  r o t a t i o n a l  m o t io n .

T h e  s y m b o l Bu/Btha s  b e e n  u s e d  to  r e p r e s e n t  t h e  r a t e  o f c h a n g e , a t  a  p

f ix e d  i n  s p a c e ,  i n  t h e  c o m p o n e n t  o f v e lo c i ty  p a r a l l e l  to  a  f ix e d  d i r e c t io n  

w h ic h  m o m e n ta r i ly  c o in c id e s  w i t h  t h e  a x i s  o f x.

T h is  is  n o t  t h e  s a m e  t h i n g  a s  Bn/Bt. S in c e  u  m a y  b e  r e g a r d e d  a s  b e in g  

k n o w n  in  t e r m s  o f t h e  c o - o r d in a te s  (x  a n d  y), r e f e r r e d  to  r o t a t i n g  a x e s ,  a n d  t 

t h e  t im e ,  Bu/Bt r e p r e s e n t s  t h e  r a t e  o f c h a n g e  in  t h e  c o m p o n e n t  o f t h e  

v e lo c i ty  o f t h e  f lu id  w h ic h  is  p a r a l l e l  to  t h e  r o t a t i n g  a x i s  o f a? a t  a  p o in t  

w h ic h  m o v e s  w i th  th e  a x e s . I t  is  e v i d e n t  t h a t  Bu/B t =  a n d  Bv/Bt =

Bv'/B t.

T o  f in d  th e  v a lu e  o f Bu/Bt a n d  Bv/Bt, c o n s id e r  t h e  r a t e  o f c h a n g e ,  a t  a  p o in t  

f ix e d  in  s p a c e ,  in  t h e  c o m p o n e n t  o f v e lo c i ty  p a r a l l e l  to  a  f ix e d  d i r e c t io n  

w h ic h  m o m e n ta r i ly  m a k e s  a n  a n g le  /3 w i th  th e  a x is  o f x.

*  I t  w ill  b e  sh o w n  l a t e r  t h a t  t h i s  p ro p o s i t io n  c a n n o t  b e  e x te n d e d  to  th e  case  o f 

th e  th re e -d im e n s io n a l  m o tio n .
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Fluids when the Flow is not 101

T h e  c o m p o n e n t  o f  t h e  v e lo c i ty  o f t h e  f lu id  p a r a l l e l  to  t h i s  d i r e c t io n  is  

u  cos/3  +  v  s in  /3.

A f te r  a  s h o r t  i n t e r v a l  o f t im e ,  Bt, t h e  c o - o r d in a te

r e la t iv e  to  th e  m o v in g  a x e s  a r e

x+ ooyB t a n d

T h e  c o m p o n e n ts  o f v e lo c i ty  p a r a l l e l  to  t h e  r o t a t i n g  a x e s  ( w h ic h  n o w  m a k e  

a n  a n g le  coBt w i th  t h e i r  p r e v io u s  p o s i t io n s )  a r e

, id u  , du d u \  w  -■ . d v \  s

u + { d i + a y ^ ~ W XWy r

T h e  c o m p o n e n t  o f v e lo c i ty  p a r a l l e l  to  t h e  f ix e d  d i r e c t io n  is  th e r e f o r e

+ [ • + ( I +ayd£ ~ ax  | ) a<] s i n  (/3 _  aSt)■

T h e  r a t e  o f c h a n g e  in  v e lo c i ty  p a r a l l e l  to  t h e  f ix e d  d i r e c t io n  is  th e r e f o r e

fdv

j t + a ,J  s —

du , du \  a  ,
- ^  +  coy-̂--  ax— c co s ++  coy^  — cox +  cou j  s in  (3.

P u t t i n g  /3 =  0 w e  f in d

S u  d u

a n d  p u t t i n g  /3 =

Bv dv

du du
„ +(Oy -PT---- (OX fr----- (OV
ot ox

dv dv  

Yt =  dt +  m y d x - WXdy + mn-

S u b s t i tu t in g  th e s e  v a lu e s  in  (3 ) , s u b t r a c t i n g  e q u a t io n s  ( 2 )  a n d  s u b s t i t u t i n g  

fo r  u  a n d  v, i t  w il l  b e  fo u n d  t h a t

P d x {p
-p )  =  — (o2x— 2 (ov'an d -  (p  —p') — — c - f  2 con',

p d y

T h e se  e q u a t io n s  m a y  b e  i n t e g r a t e d  in  th e  fo rm

( p —p ') /p  =  %(o2(x? +  y 2) +  2(o\ff'- (4 )

A t  th is  s ta g e  i t  is  e a s y  to  p ro v e  t h a t  t h e  p ro p o s i t io n  p ro v e d  o n  p . 1 0 0  

c a n n o t  b e  e x te n d e d  to  t h e  c ase  o f  th r e e - d im e n s io n a l  m o tio n .

L e t  u',v', w' b e  th e  c o m p o n e n ts  of t h e  v e lo c i ty  o f  a  f lu id  in  i r r o t a t io n a l

m o tio n .  S u p p o se  t h a t  th e  m o t io n  d e f in e d  b y

u =  u' — coy, v  = 

is  p o ss ib le .
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102 M r. G . I .  T a y lo r .  Motion of Solids in

P r o c e e d in g  a s  b e fo re ,  i t  w i l l  b e  f o u n d  t h a t  t h e  p r e s s u r e  e q u a t io n s  c a n  b e  

r e d u c e d  to

1 0

dx
( P - P ' )

1 0  , /x

~ ~ p Z y (P ~ ‘p )  

1 0 /  /\

— (o2x —

— why +  2

0.

T h e s e  a r e  n o t  c o n s i s t e n t  u n le s s  n ’a n d  v

u n le s s  t h e  m o t io n  is  tw o - d im e n s io n a l .

L e t  u s  n o w  a p p ly  ( 4 )  to  f in d  t h e  r e s u l t a n t  fo r c e  a n d  c o u p le  w h ic h  th e  

f lu id  p r e s s u re  e x e r t s  o n  a  s o l id  m o v in g  in  a  r o t a t i n g  f lu id .

L e t  I V ,  F / ,  a n d  G ' b e  t h e  r e s u l t a n t  fo r c e s  a n d  c o u p le  d u e  to  f lu id  

p r e s s u r e  o n  th e  s o l id  i n  t h e  c a s e  w h e n  t h e  s y s te m  is  n o t  r o t a t i n g .  F x' a n d  

F /  a r e  s u p p o se d  to  a c t  a t  t h e  c e n t r e  o f g r a v i t y  C  o f  t h e  a r e a  o f t h e  c ro ss -  

s e c t io n  o f t h e  so lid . L e t  F y, a n d  G  b e  t h e  c o r r e s p o n d in g  q u a n t i t i e s  in  

th e  c a se  w h e n  t h e  s y s te m  is  r o t a t i n g .

I f  x  r e p r e s e n t s  t h e  a n g le  b e tw e e n  t h e  n o r m a l  to  t h e  s u r f a c e  o f  t h e  s o lid

a n d  t h e  a x i s  o f t h e n

F x— F x' =  — J (

-  J j > - / ) s i nTy Fy

G  — G ' =  j  O  -p')(?) c o s  s in

w h e r e  f  a n d  rj a r e  th e  c o - o r d in a te s  o f a  

p o i n t  o n  t h e  s u r f a c e  r e f e r r e d  to  a x e s  

p a r a l l e l  to  t h e  a x e s  o f x  a n d  a n d  

p a s s in g  th r o u g h  C ; a n d  t h e  i n t e g r a l s  a r e  

t a k e n  r o u n d  t h e  s u r f a c e  o f t h e  so lid . S u b s t i t u t i n g  t h e  v a lu e  o f g iv e n

b y  (4 )  th e s e  m a y  b e  in t e g r a t e d .

T h u s

F x- F x' i  ri 2 f r
j ( P ~  p ' )  cos x d s  — ~  N r '  ( 5 )

ow  j  ‘ y 2co s x d s  v a n is h e s  s in c e  co s x d

w h e re  A  is  th e  a r e a  o f c ro s s - s e c t io n  o f t h e  s o l id , a n d  (x0, yo) a r e  t h e  c o 

o r d in a te s  o f i t s  c e n tro id .
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Fluids when the Flow is not Irrotational.103

2oi j Fcos x ^ s m a y  b e  i n t e g r a t e d  b y  p a r t s .  I t  t h e n  b e c o m e s

- 2 " J r f  * = - 2 "  f . < * + * > ' % d s = < 6 >

s in c e

N o w  — dyjr'/ds r e p r e s e n t s  t h e  v e lo c i ty  o f  t h e  f lu id  n o r m a l  to  t h e  s u r f a c e  o f 

th e  so lid . T h e  b o u n d a r y  c o n d i t io n  w h ic h  m u s t  b e  s a t i s f ie d  b y  is

[ ~d~ ^ Sev^ e n ^ y  v a n is h e s .
J s

— d \ [ r ' / d s  =  (dt?0— f l y )  cos% +  (yo +  H ^ )  s in

w h e re  Q  is  t h e  a n g u l a r  v e lo c i ty  o f t h e  b o d y .

S u b s t i t u t i n g  in  (6 )  a n d  r e m e m b e r in g  t h a t  co s  % ds =  d y  a n d  s in  % d s  =  — d ^ } 

i t  w i l l  b e  f o u n d  t h a t

2 ®  j \Jr'cos% efe =  2 w |  y  (a50— f l y )  dy  — 2(o j* (y 0

T h e  f i r s t  o f th e s e  in t e g r a l s  v a n is h e s  a n d  th e  s e c o n d  m a y  b e  w r i t t e n

— 2coy0f  
Js J s

N o w  I yd% — — A  a n d  j y%di; =  0 , s in c e  C is  t h e  c e n t r o id  o f  t h e  a r e a  

c ro s s -s e c t io n .

H e n c e  f r o m  (5 )  — (F x— Fx') /p  =

S im i la r ly  i t  w i l l  b e  fo u n d  t h a t
*

— ( F y — F y' ) /p —

I t  w il l  b e  n o t ic e d  t h a t  co2 A xq a n d  a r e  t h e  c o m p o n

ft)2A R  a c t in g  r a d ia l ly ,  E  b e in g  t h e  d is ta n c e  o f C  f ro m  th e  c e n t r e  o f ro ta t io n .  

A lso  2 (oAy0 a n d  — 2 coAx0a r e  t h e  c o m p o n e n ts  o f  a  fo rc e  2  co A Q  

r ig h t  a n g le s  to  th e  d i r e c t io n  of m o t io n  o f C  r e l a t iv e  to  t h e  r o t a t in g  a x e s , 

Q  b e in g  t h e  r e la t iv e  v e lo c i ty  o f C.

N o w  c o n s id e r  t h e  c o u p le  G  — G ' d u e  to  th e  r o t a t io n

f Z ^ i v d v  +  SdZ).
P Js  P

S u b s t i tu t in g  f ro m  (4 ) ,

G —G' =  ~  |  {(xo +  Zy +  iyo +  y)2} (ydy+^d^) +  2o>j*
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104 M r. G . I . T a y lo r . Motion of Solids in

N e g le c t in g  a l l  t e r m s  w h ic h  c o n ta in  o n ly  p o w e r s  o f £  o r  o f v * a n d  

in t e g r a t i n g  t h e  s e c o n d  i n t e g r a l  b y  p a r t s ,  t h i s  b e c o m e s

= ̂ [2,o j Zv2̂/0 | V%df; -1-1 %2r}dr) + |

N o w  |  W h  =  =  °»

a n d  ( %\dr] + f  
J s J s J s

a lso  s in c e  — ( d y f r ' /d s) ds  =  ( i 'o  — fir)) dr) +  (3/0 +  fli;) dg

(Gr— Gc')/p r e d u c e s  to

■h %2d v — yo J W (l%— flj* j* v ‘f d % j  =  0 .

T h e  fo rc e s  d u e  to  f lu id  p r e s s u r e ,  w h ic h  a c t  o n  a  b o d y  m o v in g  in  a n  

a s s ig n e d  m a n n e r  in  a  r o t a t i n g  f lu id , m a y  t h e r e f o r e  b e  r e g a r d e d  a s  b e in g  

m a d e  u p  a s  fo l lo w s

( 1 )  T h e  fo rc e s  Y x’, F / ,  a n d  t h e  c o u p le  GT w h ic h  w o u ld  a c t  o n  t h e  b o d y  i f  

i t  m o v e d  in  th e  s a m e  w a y  r e l a t i v e l y  to  t h e  f lu id  a t  r e s t .

( 2 )  A  fo rc e  e q u iv a l e n t  to  poo2A R  a c t i n g  to w a r d

th r o u g h  C.

(3 )  A  fo rc e  2 p w A Q  a c t i n g  a t  C in  a  d i r e c t io n  p e r p e n d i c u l a r  to  t h e  r e l a t iv e  

m o t io n  o f  C  a n d  t h e  r o t a t i n g  a x e s ,  a n d  d i r e c t e d  to  t h e  l e f t  i f  t h e  r o t a t i o n  o f 

t h e  f lu id  is  a n t i - c lo c k w is e .

W e  c a n  th e r e f o r e  s o lv e  a n y  p r o b le m  o n  t h e  m o t io n  o f c y l in d r i c a l  s o l id s  in  

a  r o t a t i n g  f lu id  if  w e  c a n  o b ta in  a  s o lu t io n  o f a  s im i la r  p r o b le m  r e s p e c t in g  

t h e  m o tio n  o f t h e  s o lid s  in  a  f lu id  a t  r e s t .

N o w , c o n s id e r  t h e  fo rc e s  a n d  th e  c o u p le  w h ic h  i t  is  n e c e s s a r y  to  a p p ly  to  a  

s o lid  b o d y  o f m a s s  M , i n  o r d e r  t h a t  i t  m a y  m o v e  in  a n  a s s ig n e d  m a n n e r  

r e l a t iv e ly  to  r o t a t i n g  a x e s . S u p p o s e  t h a t  a  fo rc e  F '  a n d  a  c o u p le  GT m u s t  

b e  a p p l ie d  a t  i t s  c e n t r e  o f g r a v i ty ,  i n  o r d e r  t h a t  i t  m a y  m o v e  in  th e  a s s ig n e d  

m a n n e r  r e l a t iv e ly  to  f ix e d  a x e s .  T h e  a d d i t io n a l  fo rc e  w h ic h  i t  is  n e c e s s a r y  to  

a p p ly  w h e n  t h e  s y s te m  is  r o t a t i n g  u n i f o r m ly  w i t h  a n g u l a r  v e lo c i ty  00 m a y  

b e  s h o w n  to  c o n s is t  o f a  fo r c e  2M o>Q  p e r p e n d ic u la r  to  t h e  d i r e c t io n  o f t h e  

v e lo c i ty  Q  o f t h e  c e n t r e  o f g r a v i t y  r e l a t i v e  to  t h e  r o t a t i n g  s y s te m , t o g e th e r  

w i th  a  fo rc e  M&)2R  a c t in g  th r o u g h  t h e  c e n t r e  o f g r a v i t y  to w a r d s  th e  c e n t r e  o f  

r o ta t io n .

*  F o r  th e y  v a n is h  w h e n  in te g r a t e d  r o u n d  a  c lo sed  c o n to u r .
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Fluids when the Flow is not 105

I t  w i l l  b e  n o t ic e d  t h a t ,  i f  t h e  p o s i t io n  o f t h e  c e n t r e  o f g r a v i t y  o f t h e  s o lid  

c o in c id e s  w i th  t h e  c e n t r o id  o f i t s  c ro s s - s e c t io n ,  a n d  i f  t h e  m a s s  p e r  u n i t  

l e n g th  o f th e  so l id  is  e q u a l  to  p A , t h a t  is  to  s a y , i f  t h e  m a s s

g r a v i ty  o f th e  s o l id  a r e  t h e  s a m e  a s  th o s e  o f t h e  f lu id  d is p la c e d ,  t h e n  th e s e  

fo rc e s  a r e  th e  s a m e  a s  th o s e  w h ic h  a c t  o n  t h e  so lid , o w in g  to  th e  a d d i t io n a l  

p r e s s u re s  in  t h e  f lu id  d u e  to  i t s  r o ta t io n .

T h e s e  c o n s id e r a t io n s  l e a d  to  t h e  c o n c lu s io n  t h a t ,  if  a  s o lid  o f t h e  s a m e  

d e n s i ty  a s  t h e  f lu id  b e  m o v e d  a lo n g  a  c e r t a i n  p a t h  b y  c e r t a i n  a s s ig n e d  

e x te r n a l  fo rc e s , t h e n  a  u n i f o r m  r o t a t i o n  o f t h e  w h o le  s y s te m , i n c lu d in g  th e  

e x te r n a l  fo rc e , m a k e s  n o  d if f e r e n c e  to  th e  p a t h  w h ic h  th e  s o lid  p u r s u e s  

r e l a t iv e  to  th e  s y s te m .

T h is  th e o re m  a p p l ie s  o n ly  to  th e  c a s e  o f tw o - d im e n s io n a l  m o tio n . I n  t h e  

c ase  o f  a  f in i te  c y l in d e r ,  f o r  in s ta n c e ,  i t  s e e m s  a lm o s t  o b v io u s  t h a t  [ th e  

p r e s s u r e s  d u e  to  t h e  r o t a t i o n  m u s t  f a l l  o ff  to w a r d s  i t s  e n d s .  I t  is  n a t u r a l  to  

su p p o se , th e r e f o r e ,  t h a t  t h e  r e a c t io n  o f t h e  f lu id  w o u ld  n o t  b e  s u f f ic ie n t  to  

h o ld  a  f in i te  c y l in d e r  in  i t s  p a t h  w h e n  th e  w h o le  s y s te m  is  r o ta te d .

T h e  c a se  o f  a  s p h e r e  m o v in g  in  a  r o t a t i n g  f lu id  p r e s e n t s  c o n s id e r a b le  

m a th e m a t i c a l  d i f f ic u l tie s , b u t  t h e  i n i t i a l  m o t io n  h a s  b e e n  in v e s t i g a t e d  b y  

M r. J .  P r o u d m a n ,  w h o  h a s  k i n d l y  c o n s e n te d  to  a l lo w  th e  a u t h o r  to  m a k e  

u se  of h is  r e s u l t s ,  th o u g h  th e y  a r e  n o t  y e t  p u b l is h e d .*  H e  f in d s  t h a t ,  i f  a *  

s p h e r e  o f v o lu m e  Y  s t a r t s  f r o m  r e s t  i n  t h e  r o t a t i n g  f lu id  a n d  m o v e s  w i th  

u n if o rm  v e lo c i ty  a lo n g  a  s t r a i g h t  l in e  r e l a t i v e  to  t h e  r o t a t i n g  s y s te m , i t  is  

a c te d  on  in i t i a l ly  b y  a  fo rc e  Yp&)2B  d i r e c t e d  to w a r d s  t h e  c e n t r e  o f t h e  

r o ta t io n  (w h ic h  is  a t  a  d is ta n c e  E  fr o m  th e  c e n t r e  o f  t h e  s p h e r e )  a n d  b y  a  

fo rce  |Y p Q & ) a c t in g  in  a  d i r e c t io n  p e r p e n d ic u la r  to  i t s  p a th .  B u t  in  o r d e r  

t h a t  a  s p h e r e  o f  t h e  sa m e  d e n s i ty  a s  t h e  f lu id , t h a t  is , o n e  w h o se  m a ss  is  Y p , 

m a y  m o v e  a lo n g  a  s t r a i g h t  p a t h  r e l a t i v e  to  t h e  r o t a t i n g  s y s te m , i t  m u s t  b e  

a c te d  o n  b y  a  fo rc e  Y p « 2B  d i r e c te d  to w a r d s  th e  c e n t r e  o f r o t a t io n  a n d  b y  a  

fo rc e  2Vjoa)Q p e r p e n d ic u la r  to  i t s  p a th .

T h e  fo rc e s  d u e  to  f lu id  p r e s s u r e  a re  n o t  s u f f ic ie n t  to  s u p p ly  th e  se c o n d  o f 

th e se . I f ,  th e r e fo re ,  t h e  s p h e r e  w e re  d r a w n  t h r o u g h  th e  r o t a t i n g  f lu id  b y  

m e a n s  of a  s t r in g ,  i t  w o u ld  n o t  m o v e  in  th e  d i r e c t io n  th e  s t r i n g  w a s  p u l l in g  

it , b u t  w o u ld  b e  d e f le c te d  to  th e  l e f t  i f  t h e  f lu id  w e re  r o t a t i n g  c lo c k w is e , 

a n d  to  th e  r i g h t  if  w e re  r o t a t i n g  a n t ic lo c k w is e . O n  th e  o t h e r  h a n d ,  if  a  

c y lin d e r  of t h e  s a m e  d e n s i ty  w e re  d r a w n  th r o u g h  th e  r o t a t i n g  f lu id , t h e  

fo rce  n e c e s sa ry  to  h o ld  i t  in  i t s  s t r a i g h t  p a t h  w o u ld  b e  s u p p l ie d  b y  th e  

f lu id  p re s su re . T h e  c y l in d e r  w o u ld  th e r e f o r e  m o v e  s t r a i g h t  t h r o u g h  th e  

f lu id  in  th e  d ir e c t io n  th e  s t r in g  w a s  p u l l in g  it .

* S in ce  th e  above  w as w r i t te n  M r. P r o u d m a n  h a s  p u b lis h e d  h is  r e s u lts . T h e y  

a p p e a re d  in  ‘ R o y . Soc. P ro e .,’ A , vol. 92, p p . 4 0 8 -4 2 4  (1916).
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T h e s e  c o n c lu s io n s  h a v e  b e e n  t e s t e d  a n d  c o m p le te ly  v e r i f ie d  b y  m e a n s  o f 

e x p e r im e n ts  m a d e  b y  t h e  a u t h o r  in  t h e  C a v e n d is h  L a b o r a to r y  w i th  w a t e r  in  

a  r o t a t i n g  ta n k .

E xperim ents m ade w ith  a R o ta tin g  T a n k  o f  W ater.

A  g la s s  t a n k  f u l l  o f w a te r  w a s  m o u n te d  so  t h a t  i t  c o u ld  b e  r o t a t e d  a b o u t  a  

v e r t i c a l  a x is  a t  v a r io u s  s p e e d s  b y  m e a n s  o f a n  e le c t r i c  m o to r .  T h e  s p e e d s  

v a r ie d  f r o m  2 to  6 s e c o n d s  p e r  r e v o lu t io n .  T w o  b o d ie s  w e re  p r e p a r e d ,  o n e  

c y l in d r ic a l  a n d  th e  o th e r  s p h e r ic a l .  T h e  f o r m e r  c o n s i s te d  o f a  p ie c e  o f t h i n -  

w a lle d  b ra s s  t u b e  a b o u t  6 in . x  f  in . s to p p e d  a t  t h e  e n d  w i t h  w a x e d  c o rk ,  

w h ile  t h e  o th e r  w a s  a  s p h e r ic a l  g la s s  b u lb .  T h e y  w e r e  w e ig h te d  u n t i l  t h e y  

w o u ld  f a l l  v e r y  s lo w ly  th r o u g h  w a te r ,  a n d  t h e  p o s i t io n s  o f  t h e  w e ig h ts  w e re  

a d ju s t e d  t i l l  t h e y  w o u ld  s t a y  a lm o s t  a t  r e s t  i n  a n y  p o s i t io n  i n  t h e  w a te r .  

T h e  c e n t r e s  o f g r a v i t y  o f t h e  b o d ie s  w e re  t h e n  c o in c id e n t  w i th  t h e  c e n t r e s  o f  

g r a v i ty  o f t h e  w a te r  d is p la c e d  b y  th e m .

A  s im p le  m e c h a n is m  wTa s  n e x t  d e v is e d  to  to w  t h e m  th r o u g h  th e  t a n k  f ro m  

o n e  e n d  to  th e  o th e r .  I t  c o n s is te d  o f  a  w o o d  p u l l e y  a b o u t  4  in c h e s  in  d i a m e te r  

m o u n te d  o n  a  v e r t i c a l  s p in d le  w h ic h  w a s  d r i v e n  i n t o  a  w o o d  b r id g e ,  f ix e d  to  

th e  t a n k  o v e r  t h e  m id d le  o f i t .  T h is  s p in d le  c o in c id e d  w i t h  t h e  a x is  o f 

r o ta t io n  o f t h e  t a n k .  C o t to n  w a s  t h e n  w o u n d  r o u n d  t h e  p u l le y ,  p a s s e d  t h r o u g h  

so m e  s m a l l  r in g s  s c r e w e d  in to  a  b o a r d  f ix e d  to  o n e  e n d  o f t h e  t a n k ,  a n d  le d  

h o r iz o n ta l ly  a lo n g  t h e  t a n k  to  th e  c y l in d e r  o r  s p h e r e ,  w h ic h  w a s  f ix e d  a t  t h e  

o th e r  e n d .

T h e  b o d y  w a s  h e ld  in  a  h o ld e r  w h i le  t h e  t a n k  a n d  w a t e r  w e re  b e in g  

b r o u g h t  to  a  s t a t e  of u n i f o r m  r o ta t io n .  A  d e v ic e  w a s  a r r a n g e d  so  t h a t  t h e  

h o ld e r  c o u ld  r e le a s e  t h e  b o d y  a n d  a t  t h e  s a m e  m o m e n t  t h e  w o o d  p u l l e y  o n  

w h ic h  t h e  c o t to n  w a s  w o u n d  c o u ld  b e  f ix e d  i n  s p a c e .  A s  th e  t a n k  w a s  t h e n  

r o t a t i n g  r o u n d  th e  p u l l e y  th e  c o t to n  w o u n d  u p  r o u n d  i t ,  a n d  p u l l e d  t h e  b o d ie s  

a lo n g  th e  m id d le  o f t h e  t a n k  f ro m  o n e  e n d  to  t h e  o th e r .

R esu lt.— I t  w a s  fo u n d  t h a t  t h e  c y l in d e r  m o v e d  s t r a i g h t  t h r o u g h  t h e  m id d le  

o f t h e  t a n k .  E v e n  w h e n  th e  t a n k  w a s  r o t a t i n g  v e r y  r a p i d l y  t h e  c y l in d e r  

a lw a y s  p a s s e d  o v e r  t h e  c e n t r a l  l in e .  T h e  s p h e r e ,  h o w e v e r ,  w a s  v io l e n t ly  

d e v ia te d  to  t h e  l e f t  ( t h e  t a n k  w a s  r o t a t i n g  c lo c k w is e ) .  W h e n  t h e  t a n k  w a s  

r o t a t e d  q u i te  s lo w ly , a b o u t  o n c e  in  6 se c o n d s , t h e  s p h e r e  w o u ld  n o t  q u i t e  

to u c h  t h e  s id e , th o u g h  i t  n e v e r  c a m e  u p  to  t h e  s to p  a t  t h e  o t h e r  e n d  f r o m  a  

d i r e c t io n  le s s  t h a n  4 5 °  a w a y  fr o m  t h e  c e n t r a l  l in e .  W h e n  th e  t a n k  r o t a t e d  

m o re  r a p id ly  th e  c o m p le te  p a t h  c o u ld  n e v e r  b e  se e n , b e c a u s e  t h e  s p h e r e  

a lw a y s  h i t  t h e  s id e  o f t h e  t a n k  b e fo re  i t  h a d  g o n e  m o re  t h a n  a  fe w  in c h e s  in  

th e  d i r e c t io n  a lo n g  w h ic h  th e  c o t to n  w a s  t r y i n g  to  p u l l  i t .  A f t e r  s t r i k i n g  th e  

s id e  of t h e  t a n k  t h e  s p h e r e  w o u ld  follow* t h e  s id e  a lo n g , t o u c h in g  a l l  t h e  t im e ,

M r. G . I .  T a y lo r .  Motion of Solids in
 D

o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Fluids when the Flow not . 107

t i l l  i t  g o t  to  a  p o s i t io n  c lo se  to  t h e  o th e i  e n d  w h e r e  t h e  s t r i n g  w a s  p u l l i n g  in  

a  d i r e c t io n  m a k in g  a n  a n g le  o f a b o u t  5 0 °  w i th  t h e  s id e  o f  t h e  t a n k .  I t  w o u ld  

le a v e  th e  s id e  a n d  a p p r o a c h  th e  p o i n t  to w a r d s  w h ic h  th e  c o t t o n  w a s  p u l l i n g  

i t  a lo n g  a  c u r v e d  p a th .

T h e  a c c u ra c y  w i th  w h ic h  t h e  e x p e r im e n t s  j u s t  d e s c r ib e d  v e r i f y  t h e  h y d r o -  

d y n a m ic a l  th e o r y  o f  r o t a t i n g  f lu id s  is  a t  f i r s t  s i g h t  m o s t  s u r p r i s in g .  B e s id e s  

th e  f a c t  t h a t  t h e r e  is  a p p a r e n t l y  n o  o t h e r  c a s e  in  w h ic h  e x p e r i m e n t s  m a d e  

w ith  r e a l  s o lid s  m o v in g  in  r e a l  f lu id s  a g r e e  w i th  t h e  p r e d ic t io n s  o f  h y d r o 

d y n a m ic s ,  i t  is  k n o w n  t h a t  t h e  s t r e a m  l in e s  o f a  r e a l  f lu id  r o u n d  a  c i r c u la r  

c y l in d e r  in  p a r t i c u l a r  b e a r  n o  r e s e m b la n c e  to  t h e  s t r e a m  l in e s  u s e d  i n  t h e  

o rd in a r y  h v d r o d y n a m ic a l  th e o r y .  I t  w i l l  b e  n o t ic e d ,  h o w e v e r ,  t h a t  in  o r d e r  

t h a t  t h e r e  m a y  b e  a g r e e m e n t  b e tw e e n  th e o r y  a n d  e x p e r i m e n t  i n  t h e  

p a r t i c u l a r  r e s p e c t  to  w h ic h  a t t e n t i o n  h a s  b e e n  d r a w n ,  i t  is  u n n e c e s s a r y  t h a t  

t h e  a c tu a l  flow  p a t t e r n  s h a l l  b e  t h e  s a m e  a s  t h e  flow  p a t t e r n  c o n te m p la t e d  in  

th e  o r d in a r y  h y d r o d y n a m ic a l  th e o ry .  A l l  t h a t  is  n e c e s s a r y  is  t h a t  t h e  flo w  

p a t t e r n  i n  t h e  c a s e  o f t h e  c y l in d e r  s h a l l  b e  tw o - d im e n s io n a l ,  w h i le  t h a t  i n  t h e  

c a se  of t h e  s p h e r e  s h a l l  b e  th r e e - d im e n s io n a l .

E xperim ents w ith  Vortex R in g s-in  a F lu id .

T h e  th e o r y  e x p la in e d  o n  p . 1 0 5  le a d s  to  th e  c o n c lu s io n  t h a t '  i f  a  h o m o 

g e n e o u s  so lid , w h ic h  is  n o t  c y l in d r ic a l ,  b e  p r o je c te d  in  a  r o t a t i n g  f lu id  o f t h e  

sa m e  d e n s i ty  a s  i t s e l f  i t  w i l l  b e  d e v ia te d ,  to  t h e  l e f t  i f  t h e  r o t a t i o n  is  c lo c k 

w ise , a n d  to  th e  r i g h t  if  t h e  r o t a t i o n  is  a n t i - c lo c k w is e ,  o f t h e  p a t h  i t  w o u ld  

p u r s u e  th r o u g h  t h e  f lu id  if  t h e  w h o le  s y s te m  w e re  n o t  r o t a t in g .  N o w , a  

v o r te x  r in g  a ffe c ts  t h e  f lu id  r o u n d  i t  in  m u c h  th e  s a m e  w a y  a s  a  s o lid  r in g  o f 

th e  sa m e  d im e n s io n s  a s  t h e  c y c l ic  p o r t io n  o f  t h e  flow  s y s te m . I f  i t  is  

p ro je c te d  th r o u g h  a  f lu id  a t  r e s t  i t  t r a v e l s  a lo n g  a  s t r a i g h t  l in e . W e  s h o u ld  

e x p e c t, th e re fo re , t h a t  i f  a  v o r t e x  r in g  w e re  p r o je c te d  t h r o u g h  a  r o t a t i n g  f lu id  

i t  w o u ld  fo llo w  a  c u rv e d  p a t h  r e l a t iv e  to  the* f lu id , b e in g  d e v ia t e d  to  t h e  l e f t  

if th e  f lu id  w e re  r o t a t i n g  c lo ck w ise .

T h is  c o n c lu s io n  w a s  te s t e d  e x p e r im e n t a l ly  a n d  fo u n d  to  b e  c o r r e c t .  A  

s m a l l v o r te x  b o x  w i th  a  r u b b e r  to p  a n d  a  c i r c u la r  h o le  in  th e  s id e  w a s  m a d e . 

I b i s  w a s f ille d  w ith  a  s o lu t io n  o f f lu o re s c e in  a n d  p la c e d  in  o n e  e n d  of t h e  

t a n k ,  w h ic h  w a s f ille d  w i th  w a te r  a n d  h e ld  fix e d . O n  s t r ik in g  th e  r u b b e r  

l ig h t ly  a  v o r te x  r in g  w a s  p ro d u c e d  w h ic h  t r a v e l l e d  s t r a i g h t  d o w n  t h e  t a n k  

a n d  s t r u c k  th e  m id d le  o f t h e  o p p o s ite  e n d .

I  h e  sam e  e x p e r im e n t  w a s  r e p e a te d  w h e n  th e  t a n k  a n d  v o r te x  b o x  w e re  

ro ta t in g .  O n  ta p p in g  th e  b o x , r in g s  s t a r t e d  o u t  i n  t h e  s a m e  d i r e c t io n  a s  

b e fo re , b u t  w e re  d e f le c te d  in  a  c u rv e d  p a th ,  so  t h a t  th e y  h i t  t h e  s id e  in s te a d  

o f th e  e n d  of th e  ta n k .  B y  ta p p in g  th e  b o x  q u i te  l i g h t ly  a n d  r o t a t i n g  th e
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t a n k  f a i r ly  r a p id ly  t h e  r in g s  c o u ld  b e  m a d e  to  t u r n  in  s u c h  s m a l l  c i r c le s  

t h a t  t h e y  c a m e  r o u n d  a n d  s t r u c k  t h e  v o r t e x  b o x  a g a in  w i t h o u t  t o u c h in g  t h e  

s id e  o f t h e  t a n k  o n  th e  w a y . T h e y  w o u ld , in  f a c t ,  t u r n  in  a  c i r c le  w h o se  

d i a m e te r  w a s  o n ly  a b o u t  f o u r  t im e s  th e  d i a m e t e r  o f  t h e  r in g s .

I t  w a s  p o in te d  o u t  b y  D r .  F . W .  A s to n ,  to  w h o m  t h e  w r i t e r  w a s  s h o w in g  

t h i s  e x p e r im e n t ,  t h a t  t h e  r in g s  a p p e a r e d  to  r e m a in  p a r a l l e l  to  a  p la n e  f ix e d  

in  sp a c e , w h i le  t h e  r e s t  o f t h e  f lu id  r o t a t e d .  H e  s u g g e s te d  t h a t  t h e  

g y ro s c o p ic  a c t io n  p r e v e n t e d  th e  r i n g  f r o m  b e in g  d e v ia t e d  f r o m  t h i s  p la n e ,  

a n d  t h a t  i n  o r d e r  t h a t  t h e  r i n g  m i g h t  m o v e  r e l a t i v e  to  t h e  f lu id  in  a  

d i r e c t io n  p e r p e n d ic u la r  to  i t s  p l a n e  i t  w o u ld  h a v e  to  m o v e  t h r o u g h  t h e  f lu id  

a lo n g  a  c u r v e d  p a th .

M otion o f  a C ircular C ylinder in  a F lu id  w hich has a S teady  

a t In f in i ty  but docs not Necessarily R ota te  as a W hole.

T h e  r e s u l t s  g iv e n  i n  t h e  r e s t  o f t h i s  p a p e r  h a v e  n o  im m e d ia te  p r a c t i c a l  

i n t e r e s t .  T h e  a u t h o r  e n t e r e d  o n  t h e  i n v e s t i g a t i o n  w i t h  a  v ie w  to  g e t t i n g  a n  

id e a  o f h o w  t h e  i n s t a b i l i t y  w h ic h  is  k n o w n  to  e x i s t  in  a  u n i f o r m ly  s h e a r in g  

l a m in a r  flo w  w o u ld  b e  l i k e l y  to  m a n i f e s t  i t s e l f ,  a n d  to  f in d  o u t  w h e th e r  t h e  

c h a r a c t e r i s t i c s  o f  t h e  m o t io n  o f s o l id s  in  r o t a t i n g  f lu id s , w h ic h  h a v e  b e e n  

d is c u s s e d  in  t h e  f i r s t  p a r t  o f t h i s  p a p e r ,  h a v e  a n y  c o u n t e r p a r t  i n  t h e  c a s e  o f 

so lid s  m o v in g  a  f lu id  w h o se  u n d i s t u r b e d  m o t io n  is  a  u n i f o r m  l a m i n a r  flow .

T h e  p r o b le m  o f f in d in g  t h e  m o t io n  o f a  c i r c u l a r  c y l i n d e r  in  a  r o t a t i o n a l l y  

m o v in g  f lu id  d iv id e s  i t s e l f  n a t u r a l l y  in to  tw o  p a r t s ,  t h a t  o f  f in d in g  t h e  s t r e a m  

f u n c t io n  fo r  a  g iv e n  m o t io n  o f t h e  c y l in d e r ,  a n d  t h a t  o f  f in d in g  t h e  fo rc e  

w h ic h  t h e  p r e s s u r e  a s s o c ia te d  w i th  t h a t  s t r e a m  f u n c t io n  e x e r t s  o n  t h e  

c y l in d e r .  T h e  s t r e a m  f u n c t i o n  fo r  a  c e r t a i n  ty p e  o f r o t a t i o n a l  flow  in  w h ic h  

t h e  v o r t i c i t y  is  u n i f o r m  w i l l  n o w  b e  fo u n d .

L e t  (r, 0)  b e  th e  p o la r  c o - o r d in a te s  o f a  p o i n t  r e f e r r e d  to  a x e s  t h r o u g h  t h e  

c e n t r e  o f t h e  c y l in d e r ,  a n d  l e t  (a?0, yo) b e  th e  c o - o r d in a te s  o f  t h e  c e n t r e  o f t h e  

c y l in d e r  r e f e r r e d  to  f ix e d  a x e s ,  so  t h a t  t h e  e q u a t i o n  0 =  0  r e p r e s e n t s  a  l in e  

p a r a l l e l  to  th e  a x is  o f a? a t  a  d i s t a n c e  yo f r o m  i t .

C o n s id e r  t h e  s t r e a m  f u n c t io n

yjr =  ^  £>2 +  ( A r  +  B /  r) co s  0 +  ( C r  +  D  j r )  s in  0

_l _(Er2 j y cos  2 0  +  ( G r 2 -+ H / r 2 ) s in  2 0 . (7 )

I t  s a ti s f ie s  t h e  e q u a t io n  V 2y!r — 2 £  e v e r y w h e re .

I f ,  t h e r e f o r e ,  t h e  c o n s t a n t s  A , B , C , e tc ., b e  so  c h o s e n  t h a t  t h e  b o u n d a r y  

c o n d i t io n

3 ^ / r  3  0 +  do co s  0 +  

is  s a ti s f ie d  w h e re  r  =  a, a  b e in g  th e  r a d iu s  o f t h e  c y l in

108 M r. G . I . T a y lo r . Motion of Solids in
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Fluids when the Flow is not 109

s t r e a m  f u n c t io n  w h ic h  r e p r e s e n t s  t h e  m o t io n  o f  a  f lu id  w h ic h ,  i f  t h e  c y l in d e r  

w e re  r e m o v e d ,  w o u ld  b e  m o v in g  in  a c c o rd a n c e  w i th  t h e  v e lo c i t ie s  g iv e n  b y  

t h e  s t r e a m  fu n c t io n .

1frj =  £V2/ 2  - f  A r  co s  0  +  O  s in  +  E r 2 co s  2 s in  2 

N o w  (8 )  m u s t  b e  s a ti s f ie d  fo r  a l l  v a lu e s  o f ; h e n c e  w e  m a y  e q u a te  c o effi

c ie n ts  o f co s 0, s in  0, co s  20, a n d  s in  20, s e p a r a t e ly  to  z e ro . I n  t h i

th e  fo llo w in g  r e la t io n s  b e tw e e n  t h e  c o n s t a n t s  a r e  d e t e r m i n e d :—

A  +  B / « 2— 2/0 =  0, C  +  D  / a 2 +  d‘o =  0, E a  +  F / a 3 =  0 , G a - f  H /

( 10)

I t  w il l  b e  n o t ic e d  t h a t  f a ,  t h e  s t r e a m  f u n c t io n  o f t h e  f lu id  b e fo re  t h e  

in t r o d u c t io n  o t h e  c y l in d e r ,  is  e x p r e s s e d  in  t e r m s  o f c o - o r d in a te s  r e f e r r e d  to  

m o v in g  a x e s . I n  o r d e r  to  f in d  th e  m o t io n  o f a  c y l in d e r  in  a  f lu id  w h o se  

u n d i s tu r b e d  m o t io n  b e fo re  t h e  in t r o d u c t i o n  o f  t h e  c y l in d e r  is  k n o w n  w i t h  

r e f e r e n c e  to  f ix e d  a x e s , w e  m u s t  t r a n s f o r m  ( 9 )  so  a s  to  g iv e  f a  in  t e r m s  o f 

c o -o rd in a te s  x  a n d  y  r e f e r r e d  to  t h e  f ix e d  a x e s  u s e d  to  fix  t h e  p o s i t io n  o f 

t h e  c y l in d e r .  T h e  t r a n s f o r m a t io n  is  p e r f o r m e d  b y  p u t t i n g

r  cos 0 =  x — Xo, s in  0 =  y — yo.

f a  th e n  b e co m e s

2 £ { ( x — ̂ o)2 +  (y ~Vo)2} +  A  

+  E  { (x — xQ y( 1 1 )

I f  th e  m o tio n  o f th e  f lu id  b e fo re  t h e  in t r o d u c t i o n  o f t h e  c y l in d e r  b e  g iv e n  

b y  th e  f u n c t io n

f a  =  l£ ( a * + y » ) + A 'x  +  C 'y + E '  ( 1 2 )

w h e re  A ',  C',E',  G ' a r e  g iv e n  c o n s ta n t s ,  w e  f in d , b y  e q u a t i n g  c o e f f ic ie n ts  o f 

x, y, &2, xy , y2 in  (1 1 )  a n d  (1 2 ) , t h e  fo llo w in g  r e la t io n s  d e t e r m in in g  A , C, E

in  te r m s  o f A ',  C ',  E ' ,  G ',  x0 a n d  y 0,

- t x 0+ A - 2 E x 0- 2 G y 0 =  A ',  - £ y o  +  C  +  =  C ',

E  =  E ' ,  G  =  G /

S o lv in g  (1 0 )  a n d  (1 3 )  w e  o b ta in  t h e  fo llo w in g  v a lu e s  o f A , B , C , D , E ,  

F , G , H ,

A

B

C

I )

A ' +  £xq +  2 E  'xo +  2

u2( — 2/o +  A ' +  +  2 E 'a ’o +  2 G  r//0),

C ' +  tyo — 2E 'y o  +  2 G 'x0,

a 2 {xq  - f  c! +  £ y 0 — 2 E 'y o  +  2  G ^ o ) ,

E  =  E ',  F  =  — E V ,  

G  =  G ',  H  =  - G ' a \

(14)

J
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110 M r. G . I .  T a y lo r .  Motion Solids in

H e n c e  th e  s t r e a m  f u n c t io n  is  o b ta in e d  fo r  t h e  m o t io n  o f  a  c y l i n d e r  in  a  

f lu id  w h o se  u n d i s tu r b e d  m o t io n  m a y  b e  e x p r e s s e d  b y  a  s t r e a m  f u n c t io n  o f 

th e  fo rm  T h e  tw o  p a r t i c u l a r  c a s e s  w h ic h  a r e  o f t h e  g r e a t e s t  i n t e r e s t  

a r e  th o s e  o f u n i f o r m  r o t a t i o n ,  fo r  w h ic h  yjn =  &> +  a n d  u n i f o r m ly

s h e a r in g  l a m in a r  flow , fo r  w h ic h  ^  =  — £ a b e in g  th e  r a t e  o f s h e a r .  

B e f o re  d is c u s s in g  th e s e  c a se s , h o w e v e r ,  i t  is  n e c e s s a r y  to  f in d  a n  e x p r e s s io n  i n  

t e r m s  o f yjr fo r  t h e  fo rc e  o n  t h e  c y l in d e r .

I n  g e n e r a l  t h e r e  d o e s  n o t  a p p e a r  to  b e  a  s im p le  p r e s s u r e  i n t e g r a l  l ik e  

B e r n o u i l l i ’s fo r  t h e  c a s e  o f i r r o t a t i o n a l  m o t io n ,  o r  t h e  e x p r e s s io n  g iv e n  in  

e q u a t i o n  ( 4 )  fo r  t h e  p r e s s u r e  i n  a  r o t a t i n g  f lu id . I t  is  n e c e s s a r y  to  g o  b a c k  

to  t h e  o r ig in a l  e q u a t i o n s  o f m o t io n  o f t h e  f lu id .

I f  t h e  r a t e  o f c h a n g e  in  p r e s s u r e  a lo n g  a  d i r e c t io n  w h ic h  m a k e s  a n  a n g le  

y  w i th  t h e  a x is  o f x  b e  r e p r e s e n te d  b y  t h e  s y m b o l  dsx r e p r e s e n t i n g

a n  e le m e n t  o f l e n g t h  in  th e  d i r e c t i o n  y ,  t h e n  t h e  e q u a t i o n  o f m o t io n  is

1 dp  D  / x

w h e re  vx r e p r e s e n t s  t h e  c o m p o n e n t  o f v e lo c i ty  o f t h e  f lu id  in  t h e  d i r e c t io n  y .  

I t s  v a lu e  m a y  b e  f o u n d  i n  t e r m s  o f yjr b y  t h e  e q u a t i o n

vx =  d-fr/dr  . s in  (% — # ) — . c o s ( y  — (1 5 )

N o w  —  ( v ) m a y  b e  w r i t t e n
JVJv

( 1 6 )

w h e re  Svx/S t  r e p r e s e n ts ,  a s  b e fo re , t h e  r a t e  o f c h a n g e  i n  vx a t  a p o in t  f ix e d  

sp ac e .

I f  S r ,SO a r e  t h e  c h a n g e s  in  th e  c o - o r d in a te s  o f a  f ix e d  p o i n t  in  t im e  St,

Svx <j v  dvy SO dvy Sr

l f  =  S ? + S # ¥ + ^ a ’
( 1 7 )

w h e re  d v j d t  r e p r e s e n t s  t h e  r a t e  o f c h a n g e  i n  a t  a  p o i n t  f ix e d  r e l a t i v e  to  

th e  m o v in g  a x e s . T h e  v a lu e  o f d v j d t  m a y  b e  o b ta in e d  b y  d i f f e r e n t i a t in g  

t h e  e x p r e s s io n  ( 1 5 )  w i th  r e s p e c t  to  t im e ,  w h ic h  o c c u r s  i n  a l l  t e r m s  w h ic h  

c o n ta in  x$, y0> o r  y^.

T h e  v a lu e s  o f Sr  a n d  SO m a y  b e  f o u n d  b y  r e s o lv in g  t h e  v e lo c i ty  o f  c, t h e  

c e n t r e  o f t h e  c y l in d e r ,  a lo n g  a n d  p e r p e n d ic u la r  to  r.

T h u s

&r  =  — G o co s 0 +  y 0 s in  0) St, r  SO =  G o  s in  — co s  0) S t ; 

s u b s t i t u t i n g  in  (1 7 ) ,

+  G o s in  0 — y 0 co s 0)
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Fluids when the Flow is not I l l

s u b s t i t u t i n g  th i s  in  (1 6 ) , .

-  '  S  + i '» co s  e + ^  s m  e )  n ?

+  ( ^  +  * s i n 0 - 2 ' » OOB0) ^ -

N o w  — d ^ / r d d - d 0 cos <9 — y 0 s in  0 r e p r e s e n t s  t h e  c o m p o n e n t ,  n o r m a l  t

s u rf a c e , o f t h e  r e l a t iv e  v e lo c i ty  o f t h e  f lu id  a n d  t h e  c y l in d e r .  I t  m u s t  

th e r e f o r e  v a n is h .

H e n c e  - p t r ^ + ( S + * ° s i n * - 2 ? # o o s * ) ^

a n d  s u b s t i t u t i n g  fo r  vx f r o m  (1 5 ) ,

-  j i f f  = s i n ( x - * ) [ H + ( i v + i 'o S i n ^ ° 008 6

+  c o s ( x - f l )  +  + * 0 s in  co s  ff)  {

/  d2\fe d\fr \  1

\rd rd 0  r 2dd ) J

<hfr_ 1 3 / 3 ^ \  ~1 n

r 3 0  r  r 3 0  \ r 3 # /  J J  ’

I f  x  b e  p u t  e q u a l  to  \n r  +  6 ,we o b ta in  t h e  v a r i a t io n  in  p r e s s u r e  r o u

c y l in d e r  in  th e  fo rm

1 ' dp' 

rdd _ S I +
• ( 18)

-» r  = a

I f  F z a n d  F y r e p r e s e n t  t h e  c o m p o n e n ts  o f t h e  r e s u l t a n t  fo r c e  a c t i n g  o n  th e

c y l in d e r  d u e  to  f lu id  p r e s s u r e ,

F*

T h e s e  m a y  b e  i n t e g r a t e d  b y  p a r ts .

r2ir

— pco s  0 a d6,
Jo

r2n

— p  s in  6 a d6. 
Jo

r2n dp

J . _ r3 0 _
s in  6 dO a n d
r =  a

f \ C0S ^J q r = a

(1 9 )

B y  s u b s t i t u t in g  th e  v a lu e  o b ta in e d
f o r [ ^ ] . = „ l n ( 1 8 )

w e  c a n  f in d  th e

fo rce  e x e r te d  b y  f lu id  p r e s s u re  w h e n  th e  c y l in d e r  h a s  a n y  a s s ig n e d  m o tio n  fo r  

w h ic h  a  s t r e a m  fu n c t io n  c a n  b e  fo u n d .

T h is  m e th o d  w il l  b e  a p p l ie d  to  tw o  p a r t i c u l a r  c a s e s :  I n  C ase  (1 )  t h e  

g e n e r a l  m o tio n  o f th e  f lu id  is  o n e  of u n ifo r m  r o ta t io n .  T h is  p ro b le m  h a s  

b e e n  so lv e d  a l r e a d y  in  t h e  f i r s t  p a r t  o f  t h i s  p a p e r ,  b u t  i t  s e e m s  w o r th  w h ile  

to  v e r i fy  th e  c a lc u la tio n . I n  C ase  (2 )  t h e  g e n e r a l  m o t io n  of th e  flu id  is  o n e  

of u n if o rm  s h e a r in g .

Case 1 .— T h e  s t r e a m  fu n c t io n  o f  t h e  g e n e r a l  m o t io n  o f  t h e  f lu id  is
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1 1 2 M r. G . I . T a y lo r .  Motion of Solids in ,

■yjr1 =  (x2 +  y 2). I n  t h i s  c a se , t h e n ,  £ =  a n d  A ' =  C ' =  E '  =  G ' =  0.

T h e  s t r e a m  f u n c t io n  of t h e  m o t io n  r o u n d  t h e  c y l in d e r  is

yJr =  ( o ~ +  ^o )X 0r ( - 2 / o  +  c o s  -^ft>2/0r G ’0 +  «2/0) j> s in

S u b s t i t u t i n g  in  (1 8 )  t h e  v a lu e  o i ~ \ \ j i d \  m a y  b

th i s  v a lu e  in  (1 9 )  i t  w i l l  b e  fo u n d  t h a t

— F z =  t r  p a 2 (x0 +  4  «2/o — 2 

I f  t h e s e  e x p re s s io n s  b e  t r a n s f o r m e d  b y  t h e  t r a n s f o r m a t io n  

xq =  B  co s (<̂> +  <w/), 2/0 =  B  s in  (<£ +  w /),

so  t h a t  B , 0 ,  a re  t h e  p o la r  c o - o r d in a te s  o f a  p o i n t  r e f e r r e d  to  a x e s  w h ic h  

r o t a t e  w i th  t h e  f lu id , i t  w i l l  b e  f o u n d  t h a t  t h e  fo rc e s  F x, F y, m a y  b e  r e s o lv e d  

in to  c o m p o n e n ts  F R a lo n g  B , a n d  F ^  p e r p e n d i c u l a r  to  i t  w h e r e

Fr  =  irpa2{ — B  +  B<£2— 2B&></> — Boo2},

F^ =  7 rpa2 {— B</>— 2B<£ +  2a>B}.

T h is  a g re e s  w i th  th e  r e s u l t s  o b ta in e d  o n  p . 1 0 4 , f o r  t h e  fo rc e  w h o se  

c o m p o n e n ts  a r e  F E a n d  F ^  m a y  b e  r e g a r d e d  a s  b e in g  m a d e  u p  i n  t h e  

fo llo w in g  w a y  : ( 1 )  a  fo rc e  it  pa2 x  ( a c c e le r a t io n  o f t h e  c y l in d e r  r e l a t iv e  to  t h e  

r o t a t i n g  a x e s )  ; (2 )  a  fo r c e  7rpa2co2R  a c t i n g  to w a r d s  t h e  c e n t r e  o f  r o t a t i o n  ; 

a n d  ( 3 )  a  fo rc e  2t t  pa2 a> x  ( v e lo c i ty  o f t h e  c y l in d e r  r e l a t i v e  to  t

a x e s )  a c t in g  a t  r i g h t  a n g le s  to  t h e  d i r e c t io n  o f  r e l a t i v e  m o tio n .  T h e s e  a r e  

e v id e n t ly  t h e  s a m e  a s  t h e  t h r e e  fo rc e s  d is c u s s e d  o n  p . 1 0 4 .

Case 2 .— T h e  g e n e r a l  m o t io n  o f t h e  f lu id  is  o n e  o f u n i f o r m  s h e a r in g .  T h e  

f lu id  m o v e s  p a r a l l e l  to  t h e  a x is  o f x  w i th  v e lo c i ty  w h ic h  in c r e a s e s  a t  a  

u n i fo r m  r a t e  a s  y  in c r e a s e s .  I n  th i s  c a s e  =  w h ic h  m a y  b e  w r i t t e n

f a  =  — %» («2+ y 2) +  i  « G2—y 2).

C o m p a r in g  t h i s  w i t h  ( 1 2 )  i t  a p p e a r s  t h a t  f  =  — a n d  E '  =  w h i le  

A ' =  C ' =  G ' =  0. H e n c e  f ro m  ( 7 )  a n d  (1 4 )

^  =  — a  ^  ^cos 0 — 1 ^ 2 f0r  +  ~  ( i ‘0 — «

H e n c e  d i f f e r e n t ia t in g  a n d  p u t t i n g  =  a, 

d2yjr

.drdt
— 2/o cos 0  +  x 0s in  0 — 2 s in  0,

+  x 0 s in  0-2 /o  co s 0 =  « (Cos y 0 c

~ {2 y o sm O  +  (d'0— ayo) 2 « a s i n  2 0 ).
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Fluids when the Flow is not 113

H e n c e  fr o m  (1 8 )

M k i

p[_rd0
Xq s in  0 — i/o co s  0 — 2 ayo s in  0

o

+  -  { Vo s in  0 +  (xo — oiyo)cos a a s i n
a

x  {2 ( i '0— otyo)sin 0 — 2?/oCos 0  +  « « ( e o s

H e n c e  f r o m  (1 9 )

F* — -  Trpct2 {«o — a-yo[, F y =  — 7 

T h is  r e s u l t  w i l l  n o w  b e  a p p l ie d  to  f in d  t h e  m o t io n  o f a  c y l in d e r  o f t h e  

s a m e  d e n s i t y  a s  t h e  f lu id  w h e n  i t  is  p r o j e c t e d  f r o m  t h e  o r ig in  w i th  v e lo c i ty  

w h o se  c o m p o n e n ts  a r e  U  a n d  Y .

T h e  e q u a t io n s  o f m o t io n  o f t h e  c y l in d e r  a re

t Tpa2xo =  — 7rpa2 {x0— 2ay0}, nrpa — 7r/m2{ +  2

or xo— xyo =  0 , y 0 — a(^0 — «2A>).

T h e  f i r s t  o f t h e s e  m a y  b e  in t e g r a t e d  in  th e  f o r m

xo — uyo =  c o n s ta n t .

T h a t  is  to  say , t h e  c o m p o n e n t  p a r a l l e l  to  t h e  a x is  of x  o f t h e  r e l a t iv e  

v e lo c i ty  o f th e  c y l in d e r  a n d  t h e  f lu id  is  c o n s t a n t  a n d  e q u a l  to  U . T h e  

a c c e le r a tio n  of t h e  c y l in d e r  in  th e  d i r e c t io n  o f  t h e  a x is  of x  is  c o n s t a n t  a n d  

e q u a l  to  — a V . I f  U  =  0, t h a t  is  to  s a y , i f  t h e  c y l in d e r  is  s h o t  o ff i n  a  

d ir e c tio n  p e r p e n d ic u la r  to  t h e  d i r e c t io n  o f  s h e a r ,  t h e n  t h e  c o m p o n e n t  o f 

v e lo c i ty  p a r a l l e l  to  t h e  a x is  o f y  is  c o n s t a n t ,  a n d  th e  f lu id  p r e s s u r e  is  j u s t  

su ff ic ie n t to  g iv e  t h e  c y l in d e r  t h e  a c c e le r a t io n  a V , w h ic h  is  n e c e s s a ry  in  

o rd e r  t h a t  th e  v e lo c i ty  of t h e  c y l in d e r  r e l a t iv e  to  t h e  f lu id  r o u n d  i t  m a y  

re m a in  c o n s ta n t .  T h is  p r o p e r ty  o f  u n i f o r m ly  s h e a r in g  f lu id s  a p p e a r s  to  be  

a n a lo g o u s  to  a  c e r t a in  e x t e n t  to  th e  p r o p e r ty  o f r o t a t i n g  f lu id s  d is c u s s e d  

on  p. 105 .
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