
▼✉❧t✐✲❆①✐s ■❞❡♥t✐✜❛❜✐❧✐t② ❯s✐♥❣ ❙✐♥❣❧❡✲❙✉r❢❛❝❡ P❛r❛♠❡t❡r

❊st✐♠❛t✐♦♥ ▼❛♥❡✉✈❡rs ♦♥ t❤❡ ❳✲✹✽❇ ❇❧❡♥❞❡❞ ❲✐♥❣ ❇♦❞②

◆❛❧✐♥ ❆✳ ❘❛t♥❛②❛❦❡∗✱ ❊❞ ❚✳ ❑♦s❤✐♠♦t♦†✱ ❛♥❞ ❇r✐❛♥ ❘✳ ❚❛②❧♦r‡

◆❆❙❆ ❉r②❞❡♥ ❋❧✐❣❤t ❘❡s❡❛r❝❤ ❈❡♥t❡r✱ ❊❞✇❛r❞s ❆❋❇✱ ❈❆ ✾✸✺✷✸✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ❤②❜r✐❞✲✇✐♥❣✲❜♦❞② t②♣❡ ❛✐r❝r❛❢t ✐s ❝♦♠♣❧✐❝❛t❡❞

❜② t❤❡ ❢❛❝t t❤❛t ♠❛♥② ❞❡s✐❣♥ ❝❛♥❞✐❞❛t❡s ❢♦r s✉❝❤ ❛✐r❝r❛❢t ✐♥✈♦❧✈❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛❡r♦✲

❞②♥❛♠✐❝ ❝♦♥tr♦❧ ❡✛❡❝t♦rs t❤❛t ❛❝t ✐♥ ❝♦♣❧❛♥❛r ♠♦t✐♦♥✳ ❚❤✐s ❢❛❝t ❛❞❞s t♦ t❤❡ ❝♦♠♣❧❡①✐t②

❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❛♥② ❛✐r❝r❛❢t ✇✐t❤ ❛ ❝❧♦s❡❞✲❧♦♦♣

❝♦♥tr♦❧ s②st❡♠✳ ❉❡❝♦rr❡❧❛t✐♦♥ ♦❢ s②st❡♠ ✐♥♣✉ts ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r t♦ ❛s❝❡rt❛✐♥

✐♥❞✐✈✐❞✉❛❧ s✉r❢❛❝❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ❛♥② s♦rt ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥✜❞❡♥❝❡✳ ◆♦♥✲st❛♥❞❛r❞

❝♦♥tr♦❧ s✉r❢❛❝❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ s✉❝❤ ❛s ❝❧❛♠s❤❡❧❧ s✉r❢❛❝❡s ❛♥❞ ❞r❛❣✲r✉❞❞❡r ♠♦❞❡s✱ ❢✉rt❤❡r

❝♦♠♣❧✐❝❛t❡ t❤❡ ♠♦❞❡❧✐♥❣ t❛s❦✳ ■♥ t❤✐s ♣❛♣❡r✱ ❛s②♠♠❡tr✐❝✱ s✐♥❣❧❡✲s✉r❢❛❝❡ ♠❛♥❡✉✈❡rs ❛r❡ ✉s❡❞

t♦ ❡①❝✐t❡ ♠✉❧t✐♣❧❡ ❛①❡s ♦❢ ❛✐r❝r❛❢t ♠♦t✐♦♥ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚✐♠❡ ❤✐st♦r② r❡❝♦♥str✉❝t✐♦♥s ♦❢

t❤❡ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ❝♦♠♣✉t❡❞ ❜② t❤❡ s♦❧✈❡❞ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❛r❡ t❤❡♥ ❝♦♠♣❛r❡❞ t♦

❡❛❝❤ ♦t❤❡r ✐♥ ♦r❞❡r t♦ ❛ss❡ss r❡❧❛t✐✈❡ ♠♦❞❡❧ ❛❝❝✉r❛❝②✳ ❚❤❡ r❡❞✉❝❡❞ ✢✐❣❤t✲t❡st t✐♠❡ r❡q✉✐r❡❞

❢♦r ✐♥♥❡r s✉r❢❛❝❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✉s✐♥❣ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s ✇❛s ❢♦✉♥❞ t♦ ❝♦♠❡ ❛t t❤❡

❝♦st ♦❢ s❧✐❣❤t❧② r❡❞✉❝❡❞ ❛❝❝✉r❛❝② ❛♥❞ st❛t✐st✐❝❛❧ ❝♦♥✜❞❡♥❝❡ ❢♦r ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠❡t❤♦❞s✳

❙✐♥❝❡ t❤❡ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ❝❛♣t✉r❡❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s s✐♠✐❧❛r t♦ ❜♦t❤ ❧♦♥❣✐t✉❞✐♥❛❧

❛♥❞ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ ♠❛♥❡✉✈❡rs ❝♦♠❜✐♥❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ t❡st ♣♦✐♥ts r❡q✉✐r❡❞ ❢♦r t❤❡

✐♥♥❡r✱ ❛✐❧❡r♦♥✲❧✐❦❡ s✉r❢❛❝❡s ❝♦✉❧❞ ✐♥ t❤❡♦r② ❤❛✈❡ ❜❡❡♥ r❡❞✉❝❡❞ ❜② ✺✵✪✳ ❲❤✐❧❡ tr❡♥❞s ✇❡r❡

s✐♠✐❧❛r✱ ❤♦✇❡✈❡r✱ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs ❛s ❡st✐♠❛t❡❞ ❜② ❛ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧ ✇❡r❡ t②♣✐❝❛❧❧②

❞✐✛❡r❡♥t ❜② ❛♥ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡ ♦❢ r♦✉❣❤❧② ✶✺✲✷✵✪✱ ✇✐t❤ ❞❡❝r❡❛s❡❞ st❛t✐st✐❝❛❧ s✐❣✲

♥✐✜❝❛♥❝❡✱ t❤❛♥ t❤♦s❡ ❡st✐♠❛t❡❞ ❜② ❛ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧✳ ❚❤❡ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧ ❡①❤✐❜✐t❡❞ ❛♥

✐♥❝r❡❛s❡ ✐♥ ♦✈❡r❛❧❧ ✜t ❡rr♦r ♦❢ r♦✉❣❤❧② ✶✲✺✪ ❢♦r t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❡st✐♠❛t❡s ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧✱ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ✢✐❣❤t ❞❛t❛ ❞❡s✐❣♥❡❞ ❢♦r ❡❛❝❤✱ r❡s♣❡❝t✐✈❡❧②✳

◆♦♠❡♥❝❧❛t✉r❡

α ❛♥❣❧❡ ♦❢ ❛tt❛❝❦
q̄ ❞②♥❛♠✐❝ ♣r❡ss✉r❡
β ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣
δa ❛♥t✐s②♠♠❡tr✐❝ ✭r♦❧❧✮ ♣❛✐r❡❞ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥
δe s②♠♠❡tr✐❝ ✭♣✐t❝❤✮ ♣❛✐r❡❞ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥
δr s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥ ♦❢ ✇✐♥❣❧❡t r✉❞❞❡rs✱ ♣♦s✐t✐✈❡ ❢♦r ♣♦st✐✈❡ ②❛✇
δsj ❞❡✢❡❝t✐♦♥ ♦❢ s✉r❢❛❝❡ j✱ ♣♦s✐t✐✈❡ ❢♦r tr❛✐❧✐♥❣ ❡❞❣❡ ❞♦✇♥

Θ̂ ✈❡❝t♦r ♦❢ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs
b r❡❢❡r❡♥❝❡ s♣❛♥
CA ❝♦❡✣❝✐❡♥t ♦❢ ❛①✐❛❧ ❢♦r❝❡✱ FA

q̄S

Cl ❝♦❡✣❝✐❡♥t ♦❢ r♦❧❧✐♥❣ ♠♦♠❡♥t✱ Mx

q̄Sb

Cm ❝♦❡✣❝✐❡♥t ♦❢ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t✱
My

q̄Sc

CN ❝♦❡✣❝✐❡♥t ♦❢ ♥♦r♠❛❧ ❢♦r❝❡✱ FN

q̄S

Cn ❝♦❡✣❝✐❡♥t ♦❢ ②❛✇✐♥❣ ♠♦♠❡♥t✱ Mz

q̄Sb

∗❆❡r♦s♣❛❝❡ ❊♥❣✐♥❡❡r✱ ❆❡r♦❞②♥❛♠✐❝s ❛♥❞ Pr♦♣✉❧s✐♦♥ ❇r❛♥❝❤✱ ▼✴❙ ✹✽✹✵❇✱ ❆■❆❆ ❙❡♥✐♦r ▼❡♠❜❡r✳
†❆❡r♦s♣❛❝❡ ❊♥❣✐♥❡❡r✱ ❆❡r♦❞②♥❛♠✐❝s ❛♥❞ Pr♦♣✉❧s✐♦♥ ❇r❛♥❝❤✱ ▼✴❙ ✷✷✷✽✲❉✳
‡❆❡r♦s♣❛❝❡ ❊♥❣✐♥❡❡r✱ ❈♦♥tr♦❧s ❛♥❞ ❉②♥❛♠✐❝s ❇r❛♥❝❤✱ ▼✴❙ ✹✽✹✵❉✱ ❆■❆❆ ▼❡♠❜❡r✳

✶ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



CY ❝♦❡✣❝✐❡♥t ♦❢ s✐❞❡ ❢♦r❝❡✱ FY

q̄S

CFδaj ❞❡r✐✈❛t✐✈❡ ♦❢ ❢♦r❝❡ ♦r ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t ❬❋❪ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥t✐s②♠♠❡tr✐❝ s✉r❢❛❝❡ ♣❛✐r ❬❥❪ ❞❡✢❡❝t✐♦♥
CFδej ❞❡r✐✈❛t✐✈❡ ♦❢ ❢♦r❝❡ ♦r ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t ❬❋❪ ✇✐t❤ r❡s♣❡❝t t♦ s②♠♠❡tr✐❝ s✉r❢❛❝❡ ♣❛✐r ❬❥❪ ❞❡✢❡❝t✐♦♥
CFδsj ❞❡r✐✈❛t✐✈❡ ♦❢ ❢♦r❝❡ ♦r ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t ❬❋❪ ✇✐t❤ r❡s♣❡❝t t♦ ❛s②♠♠❡tr✐❝ s✉r❢❛❝❡ ❬❥❪ ❞❡✢❡❝t✐♦♥
Cmα ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦
CNα ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ ♥♦r♠❛❧ ❢♦r❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦
Cnα ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ ②❛✇✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣
CY β ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ s✐❞❡ ❢♦r❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣
g ❛❝❝❡❧❡r❛t✐♦♥ ❞✉❡ t♦ ❣r❛✈✐t②
I ✐❞❡♥t✐t② ♠❛tr✐①
Ixx r♦❧❧ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛
Ixz ❳❩✲♣❧❛♥❡ ❝r♦ss✲❛①✐s ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛
Iyy ♣✐t❝❤ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛
Izz ②❛✇ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛
l ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❛ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥✱ ❛ s✉❜s❝r✐♣t t♦ ✐♥❞✐❝❛t❡ t❤❡ ❧❡❢t✲s✐❞❡ s✉r❢❛❝❡
M ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①
m ❛✐r❝r❛❢t ♠❛ss
p r♦❧❧ r❛t❡
r ②❛✇ r❛t❡❀ ♦r✱ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❛ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥✱ ❛ s✉❜s❝r✐♣t t♦ ✐♥❞✐❝❛t❡ t❤❡ r✐❣❤t✲s✐❞❡ s✉r❢❛❝❡
r2 st❛t✐st✐❝❛❧ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥
S r❡❢❡r❡♥❝❡ ❛r❡❛
s r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✜t ❡rr♦r
s2 ♣❛r❛♠❡t❡r ✈❛r✐❛♥❝❡
V ♠❛❣♥✐t✉❞❡ ♦❢ ✢✐❣❤t ✈❡❧♦❝✐t②
X r❡❣r❡ss♦r ♠❛tr✐①
z ♦✉t♣✉t ✈❡❝t♦r ❢♦r t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠
❆❋❘▲ ❆✐r ❋♦r❝❡ ❘❡s❡❛r❝❤ ▲❛❜♦r❛t♦r②
❉❋❘❈ ❉r②❞❡♥ ❋❧✐❣❤t ❘❡s❡❛r❝❤ ❈❡♥t❡r
❍❲❇ ❍②❜r✐❞✲❲✐♥❣✲❇♦❞② ✭❝❧❛ss ♦❢ ❛✐r❝r❛❢t✮
◆❆❙❆ ◆❛t✐♦♥❛❧ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❙♣❛❝❡ ❆❞♠✐♥✐str❛t✐♦♥

■✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❳✲✹✽❇ ❇❧❡♥❞❡❞ ❲✐♥❣ ❇♦❞② ✐s ❛♥ ✽✳✺✪ ❞②♥❛♠✐❝❛❧❧②✲s❝❛❧❡❞✱ ❤②❜r✐❞✲✇✐♥❣✲❜♦❞② ✭❍❲❇✮ ❛✐r❝r❛❢t ❜✉✐❧t
❜② ❈r❛♥✜❡❧❞ ❆❡r♦s♣❛❝❡ ▲t❞ ✭❯♥✐t❡❞ ❑✐♥❣❞♦♠✮❀ ✐t ✇❛s t❤❡ r❡s✉❧t ♦❢ ❛ ❥♦✐♥t ♣❛rt♥❡rs❤✐♣ ❜❡t✇❡❡♥ t❤❡ ◆❛t✐♦♥❛❧
❆❡r♦♥❛✉t✐❝s ❛♥❞ ❙♣❛❝❡ ❆❞♠✐♥✐str❛t✐♦♥ ✭◆❆❙❆✮✱ t❤❡ ❆✐r ❋♦r❝❡ ❘❡s❡❛r❝❤ ▲❛❜♦r❛t♦r② ✭❆❋❘▲✮✱ ❛♥❞ ❚❤❡ ❇♦❡✐♥❣
❈♦♠♣❛♥② ✭❈❤✐❝❛❣♦✱ ■❧❧✐♥♦✐s✮✳ ❚❤❡ ❳✲✹✽❇ ❛♥❞ ✐ts ♣❧❛♥♥❡❞ s✉❝❝❡ss♦rs ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ♣♦ss✐❜❧❡ ❢✉t✉r❡✱
❤✐❣❤❧② ❡✣❝✐❡♥t✱ ❍❲❇ tr❛♥s♣♦rt ❞❡s✐❣♥s t❤❛t ✐♥✈♦❧✈❡ ✐♥t❡❣r❛t❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ✉s✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧
❡✛❡❝t♦rs✳ ❚❤❡ ❊♥✈✐r♦♥♠❡♥t❛❧❧② ❘❡s♣♦♥s✐❜❧❡ ❆✈✐❛t✐♦♥ ♣r♦❥❡❝t ✇✐t❤✐♥ t❤❡ ◆❆❙❆ ❆❡r♦♥❛✉t✐❝s ❘❡s❡❛r❝❤ ▼✐ss✐♦♥
❉✐r❡❝t♦r❛t❡ ✐♥t❡♥❞s t♦ ✉s❡ t❤❡ ❝♦♥❝❧✉s✐♦♥s ❞r❛✇♥ ❢r♦♠ ✢✐❣❤t r❡s❡❛r❝❤ ♦♥ ❛ s❡r✐❡s ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡
❳✲✹✽❇ t♦ st✉❞② t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇✱ ♠❛♥♥❡❞✱ ❤✐❣❤❧②✲❡✣❝✐❡♥t✱ ❍❲❇ tr❛♥s♣♦rt ❛✐r❝r❛❢t✳ ❆ ♣❤♦t♦❣r❛♣❤
♦❢ t❤❡ ❳✲✹✽❇ ✐♥ ✢✐❣❤t ❛t t❤❡ ◆❆❙❆ ❉r②❞❡♥ ❋❧✐❣❤t ❘❡s❡❛r❝❤ ❈❡♥t❡r ✭❉❋❘❈✮ ✭❊❞✇❛r❞s✱ ❈❛❧✐❢♦r♥✐❛✮ ✐s s❤♦✇♥
✐♥ ❋✐❣✳ ✶✳

❘❡s❡❛r❝❤ ✐s ❜❡✐♥❣ ❝♦♥❞✉❝t❡❞ ❛t ❉❋❘❈ t♦ st✉❞② t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s
♦♥ ❍❲❇ ❛✐r❝r❛❢t✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦♥ ❍❲❇ ❛✐r❝r❛❢t ✐s ❝♦♠♣❧✐❝❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t
♠❛♥② ❞❡s✐❣♥ ❝❛♥❞✐❞❛t❡s ❢♦r s✉❝❤ ❛✐r❝r❛❢t ✐♥✈♦❧✈❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛❡r♦❞②♥❛♠✐❝ ❝♦♥tr♦❧ ❡✛❡❝t♦rs t❤❛t ❛❝t
✐♥ ❝♦♣❧❛♥❛r ♠♦t✐♦♥✳ ❚❤✐s ❛❞❞s t♦ t❤❡ ❝♦♠♣❧❡①✐t② ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r
❛♥② ❛✐r❝r❛❢t ✇✐t❤ ❛ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ s②st❡♠✳ ❉❡❝♦rr❡❧❛t✐♦♥ ♦❢ s②st❡♠ ✐♥♣✉ts ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦r❞❡r
t♦ ❛s❝❡rt❛✐♥ ✐♥❞✐✈✐❞✉❛❧ s✉r❢❛❝❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ❛♥② s♦rt ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥✜❞❡♥❝❡✳ ◆♦♥✲st❛♥❞❛r❞ ❝♦♥tr♦❧
s✉r❢❛❝❡ ❝♦♥✜❣✉r❛t✐♦♥s✱ s✉❝❤ ❛s ❝❧❛♠s❤❡❧❧ s✉r❢❛❝❡s ❛♥❞ ❞r❛❣✲r✉❞❞❡r ♠♦❞❡s✱ ❢✉rt❤❡r ❝♦♠♣❧✐❝❛t❡ t❤❡ ♠♦❞❡❧✐♥❣
t❛s❦✳

❆ ♣r❡✈✐♦✉s ♣❛♣❡r✶ t❤❛t st✉❞✐❡❞ t❤❡ ❡✣❝❛❝② ♦❢ s✐♥❣❧❡✲❛①✐s✱ ❞♦✉❜❧❡t✲❜❛s❡❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♠❛♥❡✉✈❡rs
✐♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❛①✐s ✇❛s ♣✉❜❧✐s❤❡❞ ❜② t✇♦ ♦❢ t❤❡ ♣r❡s❡♥t ❛✉t❤♦rs ✐♥ ❡❛r❧② ✷✵✶✵✳ ❆ ♣❛♣❡r✷ ♦♥ t❤❡ ❧❛t❡r❛❧✲
❞✐r❡❝t✐♦♥❛❧ r❡s✉❧ts ✉s✐♥❣ t❤❡s❡ s❛♠❡ ♠❡t❤♦❞s ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ✷✵✶✶✳ ❚❤❡s❡ t✇♦ ♣❛♣❡rs ❡st❛❜❧✐s❤ ❛ s❡t ♦❢
r❡s✉❧ts ✉s✐♥❣ s✐♥❣❧❡✲❛①✐s ♠❡t❤♦❞s t❤❛t ✇❡r❡ ✉s❡❞ ❛s t❤❡ ❜❛s❡❧✐♥❡ ❢♦r t❤❡ ♣r❡s❡♥t st✉❞②✳

✷ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❋✐❣✉r❡ ✶✳ ❚❤❡ ❇♦❡✐♥❣ ❳✲✹✽❇ ❇❧❡♥❞❡❞ ❲✐♥❣ ❇♦❞②✱ s❤♦✇♥ ✐♥ ✢✐❣❤t ♥❡❛r t❤❡ ◆❆❙❆ ❉r②❞❡♥ ❋❧✐❣❤t ❘❡s❡❛r❝❤
❈❡♥t❡r✱ ❊❞✇❛r❞s✱ ❈❛❧✐❢♦r♥✐❛✳

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ✐♥❞❡♥t✐✜❛❜✐❧✐t② ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ ♣❡r❢♦r♠✐♥❣ s✐♠✉❧t❛♥❡♦✉s ♣❛r❛♠❡t❡r ❡st✐✲
♠❛t✐♦♥ ❢♦r ❛❧❧ t❤r❡❡ ❛①❡s ♦❢ ♠♦t✐♦♥ ✉s✐♥❣ ❛ s✐♥❣❧❡✲s✉r❢❛❝❡ ♠❛♥❡✉✈❡r✳ ❙✉❝❤ ♠❛♥❡✉✈❡rs ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s
✏♠✉❧t✐✲❛①✐s✑ ♠❛♥❡✉✈❡rs✳ ▼✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ❝❛rr② t❤❡ ❜❡♥❡✜t ♦❢ ❞❡❝r❡❛s❡❞ ✢✐❣❤t✲t❡st t✐♠❡ r❡q✉✐r❡❞✱ s✐♥❝❡
♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ s♦❧✈❡❞ ❢♦r ✉s✐♥❣ t❤❡ s❛♠❡ ♠❛♥❡✉✈❡r✳ ❚❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ r❡❞✉❝❡❞ ✢✐❣❤t✲t❡st
t✐♠❡ ❛♥❞ ♠♦❞❡❧ ❛❝❝✉r❛❝② ✐s ❛ss❡ss❡❞ ✐♥ t❤✐s st✉❞② ❢♦r t❤❡ ✐♥♥❡r✱ ❡❧❡✈♦♥✲❧✐❦❡ s✉r❢❛❝❡s ♦❢ t❤❡ ❳✲✹✽❇ ❇❧❡♥❞❡❞
❲✐♥❣ ❇♦❞②✳

❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ ✢✐❣❤t✲t❡st t✐♠❡ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ q✉❛❧✐t② ♠❛② ❜❡ ♦❢ ✐♥t❡r❡st
t♦ ✢✐❣❤t ♣r♦❣r❛♠s ❢♦r ✇❤✐❝❤ t❤❡ ❛♠♦✉♥t ♦❢ t♦t❛❧ t❡st✐♥❣ ✐s ❝♦♥str❛✐♥❡❞ ❜❡❧♦✇ t❡❝❤♥✐❝❛❧❧② ❞❡s✐r❛❜❧❡ ❧❡✈❡❧s ❜②
✜♥❛♥❝✐❛❧ ♦r ♦♣❡r❛t✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳

■■✳ ❆✐r❝r❛❢t ❉❡s❝r✐♣t✐♦♥

❚❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ✐♥❝♦r♣♦r❛t❡s ❛ ✉♥✐q✉❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♦✉t❡r ♠♦❧❞ ❧✐♥❡✳ ■♥str✉♠❡♥ts r❡❧❡✈❛♥t t♦
♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐♥❝❧✉❞❡ ❞✉❛❧ ❛✐r❞❛t❛ ♣r♦❜❡s t♦ ♠❡❛s✉r❡ ❛✐rs♣❡❡❞✱ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✱ ❛♥❞ ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣✳
❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❛✐r❝r❛❢t ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ■♥❡rt✐❛❧ ▼❡❛s✉r❡♠❡♥t ❯♥✐t ✭■▼❯✮ ❛♥❞ ●❧♦❜❛❧ P♦s✐t✐♦♥✐♥❣
❙②st❡♠ ✭●P❙✮ t❤❛t ♣r♦✈✐❞❡s ❧✐♥❡❛r ❛❝❝❡❧❡r❛t✐♦♥✱ ❛♥❣✉❧❛r r♦t❛t✐♦♥ r❛t❡s✱ ❊✉❧❡r ❛♥❣❧❡s✱ ❛♥❞ ♣♦s✐t✐♦♥✳ ❚✇❡♥t②
❛❝t✉❛t✐♥❣ ❛❡r♦❞②♥❛♠✐❝ s✉r❢❛❝❡s✱ ❡✐❣❤t❡❡♥ ♦❢ ✇❤✐❝❤ ❛r❡ ❝♦♣❧❛♥❛r✱ ❛r❡ ✉s❡❞ t♦ ♣r♦✈✐❞❡ ❛✐r❝r❛❢t ❝♦♥tr♦❧✳

❚❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ❝❛♥ ❜❡ ❝♦♥✜❣✉r❡❞ ✇✐t❤ t❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ s❧❛ts ❡①t❡♥❞❡❞ ♦r r❡tr❛❝t❡❞❀ ❤♦✇❡✈❡r✱ t❤❡②
❝❛♥♥♦t ❜❡ ❛❞❥✉st❡❞ ✐♥ ✢✐❣❤t✳ ❚❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② ❝❛♥ ❜❡ ❛❞❥✉st❡❞ ♦♥ t❤❡ ❣r♦✉♥❞ ❜❡t✇❡❡♥ ❢♦r✇❛r❞ ❛♥❞
❛❢t ❝♦♥✜❣✉r❛t✐♦♥s✳ ❆❧❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ s✉r❢❛❝❡s ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷ ✇✐t❤ s✉r❢❛❝❡ ♣❛✐rs ♥✉♠❜❡r❡❞ ❢♦r
r❡❢❡r❡♥❝❡✳ ❚❤❡ ✐♥♥❡r s✉r❢❛❝❡s ✭✶ t❤r♦✉❣❤ ✺✮ ❛r❡ ❡❧❡✈♦♥s✳ ❙✉r❢❛❝❡s ✻ ❛♥❞ ✼ ❛r❡ s♣❧✐t ❛✐❧❡r♦♥s✱ ♦r ✏❝❧❛♠s❤❡❧❧✑
s✉r❢❛❝❡s✿ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ s✉r❢❛❝❡ ❝❛♥ ❜❡ ♠♦✈❡❞ t♦❣❡t❤❡r t♦ ♣r♦❞✉❝❡ r♦❧❧ ♠♦♠❡♥ts ♦r t❤❡② ❝❛♥ ❜❡ s♣❧✐t
t♦ ♣r♦❞✉❝❡ ❛ ②❛✇ ♠♦♠❡♥t t❤r♦✉❣❤ ❞✐✛❡r❡♥t✐❛❧ ❞r❛❣✳ ❘✉❞❞❡rs ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ✇✐♥❣❧❡ts t♦ ♣r♦✈✐❞❡
❛❞❞✐t✐♦♥❛❧ ②❛✇ ❝♦♥tr♦❧ ❛♥❞ st❛❜✐❧✐t②✳

❈♦♥tr♦❧ s✉r❢❛❝❡ ♣♦s✐t✐♦♥s ❛r❡ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ❛❝t✉❛t♦r ♣♦s✐t✐♦♥ ❛♥❞ ❛r❡ ♥♦t ♠❡❛s✉r❡❞ ❞✐r❡❝t❧②✳
❚❤❡ ❝♦♥tr♦❧ s✉r❢❛❝❡ ❛❝t✉❛t✐♦♥ ♦♥ t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ❝♦♥s✐sts ♦❢ ❛♥ ❡❧❡❝tr♦✲♠❡❝❤❛♥✐❝❛❧ s❡r✈♦ t❤❛t ♠♦✈❡s t❤❡
❝♦♥tr♦❧ s✉r❢❛❝❡ t❤r♦✉❣❤ ❛ ❧✐♥❦❛❣❡✳ P♦s✐t✐♦♥ ♠❡❛s✉r❡♠❡♥t ✐s t❛❦❡♥ ❛t t❤❡ ♦✉t♣✉t s❤❛❢t ♦❢ t❤❡ s❡r✈♦❀ t❤✉s✱
❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ s✉r❢❛❝❡ ♣♦s✐t✐♦♥ ❛♥❞ ❛❝t✉❛t♦r ♣♦s✐t✐♦♥ ♠❛② ❜❡ ❞✉❡ t♦ ❧✐♥❦❛❣❡ ❜❡♥❞✐♥❣ ♦r ❣❡❛r s❧♦♣✳
◆♦ ❝♦rr❡❝t✐♦♥s ✇❡r❡ ♠❛❞❡ t♦ t❤❡ ❝♦♥tr♦❧ s✉r❢❛❝❡ ❞❛t❛ ❜❡❝❛✉s❡ ❞❛t❛ ♦r ♠♦❞❡❧s ♥❡❝❡ss❛r② ❢♦r ❝♦rr❡❝t✐♦♥s ✇❡r❡
♥♦t ❛✈❛✐❧❛❜❧❡✳

❲❤✐❧❡ t❤❡s❡ ❢❛❝t♦rs ❝♦♠♣❧✐❝❛t❡ ❛♥② ❛tt❡♠♣t t♦ ♠❛❦❡ ❛❜s♦❧✉t❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs✱
♠✉❝❤ ✇♦r❦ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ st✉❞②✐♥❣ t❤❡ r❡❧❛t✐✈❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡
❛ss♦❝✐❛t❡❞ ♠♦❞❡❧ str✉❝t✉r❡✳ Pr❡s❡♥t ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦ ❜② ◆❆❙❆ ✐s ♦♥❣♦✐♥❣ t♦ ❛tt❡♠♣t t♦ q✉❛♥t✐❢② t❤❡
✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❝♦♥tr♦❧ s✉r❢❛❝❡ ♣♦s✐t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣r♦♣❛❣❛t❡❞ ❡✛❡❝t ✐♥t♦ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✳
❚❤✐s ♣❛♣❡r ❛♣♣❧✐❡s t❤❡ ♠♦❞❡❧s s✉❣❣❡st❡❞ ❜② st❡♣✇✐s❡ r❡❣r❡ss✐♦♥ t♦ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t ❞❛t❛ ❢♦r t❤❡ ❳✲✹✽❇
❛✐r❝r❛❢t✱ ❛♥❛❧②③❡s tr❡♥❞s ✐♥ t❤❡ ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s✱ ❛ss❡ss❡s t❤❡ ✜t ♦❢ st❛t❡✲✈❛r✐❛❜❧❡ t✐♠❡ ❤✐st♦r② r❡✲
❝♦♥str✉❝t✐♦♥s ❢r♦♠ t❤❡ s♦❧✈❡❞ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ✈❡r✐✜❡s t❤❡ st❡♣✇✐s❡ r❡❣r❡ss✐♦♥ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❜② ❝♦♠♣❛r✐s♦♥
t♦ ♣♦ss✐❜❧❡ ❛❧t❡r♥❛t✐✈❡s✳

✸ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❋✐❣✉r❡ ✷✳ ❈♦♥tr♦❧ s✉r❢❛❝❡ ♥✉♠❜❡r✐♥❣ ❛♥❞ ❛①✐s ❛❧❧♦❝❛t✐♦♥ ❢♦r t❤❡ ❳✲✹✽❇ ❇❧❡♥❞❡❞ ❲✐♥❣ ❇♦❞②✳

■■■✳ ▼❡t❤♦❞

P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ❜r♦❛❞❡r ✜❡❧❞ ♦❢ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❤❡r❡✐♥ t❤❡ ❜❛s✐❝ t❛s❦ ♦❢
t❤❡ ❡♥❣✐♥❡❡r ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥❛t✉r❡ ♦❢ ❛ s②st❡♠ ✉♥❞❡r st✉❞② t❤r♦✉❣❤ ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡
♦✉t♣✉ts ❣❡♥❡r❛t❡❞ ❜② ❛ ❝♦♥tr♦❧❧❡❞ s❡t ♦❢ ✐♥♣✉ts✳✸ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛ss✉♠❡s t❤❛t t❤❡ s②st❡♠ ✐♥ q✉❡st✐♦♥
♠❛② ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ♣❛r❛♠❡tr✐③❡❞ s❡t ♦❢ ❡q✉❛t✐♦♥s✱ ♦❢ ✇❤✐❝❤ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ♦r ♣❛r❛♠❡t❡rs✱ ❛r❡ t❤❡ ♦❜❥❡❝t✐✈❡
♦❢ t❤❡ ❛♥❛❧②s✐s✳

❚❤❡ ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❡❞ st❛♥❞❛r❞ ♠❡t❤♦❞ ♦❢ ♣❡r❢♦r♠✐♥❣ ♠❛♥❡✉✈❡rs ❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛r❡ t❤❡
tr❛❞✐t✐♦♥❛❧ ❞♦✉❜❧❡t ♦r tr✐♣❧❡t ✐♥♣✉ts✳ ❚❤❡ ♣✐❧♦t ✐♥♣✉ts ❛ s✐♠♣❧❡ sq✉❛r❡ ✇❛✈❡ ❝♦♠♠❛♥❞ ♦❢ ❝♦♥tr♦❧❧❡❞ ♠❛❣♥✐t✉❞❡
✐♥ ❛ ♣❛rt✐❝✉❧❛r ❛①✐s✱ ❛♥❞ t❤❡ ♦✉t♣✉t ❞②♥❛♠✐❝s t❤❛t r❡s✉❧t ❢r♦♠ t❤✐s ✐♥♣✉t ❛r❡ ❛♥❛❧②③❡❞ ❢♦r ❛ ♠❛t❤❡♠❛t✐❝❛❧
r❡❧❛t✐♦♥s❤✐♣✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ s✉r❢❛❝❡s ❛✛❡❝t✐♥❣ t❤❡ s❛♠❡ ❛①✐s✱ ✐♥ t❤❡♦r②✱ ❡❛❝❤ s✉r❢❛❝❡ ❛♥❞ ❛ss♦❝✐❛t❡❞
s✉r❢❛❝❡ ✭✐ts ♦♣♣♦s✐t❡ ♣❛✐r ♦♥ t❤❡ ♦t❤❡r ✇✐♥❣✱ ❛s ✇❡❧❧ ❛s ❛❞❥❛❝❡♥t s✉r❢❛❝❡s t❤❛t ♠❛② ♣r♦✈✐❞❡ ✐♥t❡r❢❡r❡♥❝❡ ❡✛❡❝ts✮
♠✉st ❜❡ t❡st❡❞ ✐♥ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ❢♦r ❝♦♠♣r❡❤❡♥s✐✈❡ ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥✳ ❖♥ ❛✐r❝r❛❢t ✇✐t❤ ❛ ❤✐❣❤
♥✉♠❜❡r ♦❢ s✉r❢❛❝❡s✱ t❤✐s ❝❛♥ ❜❡ q✉✐t❡ t✐♠❡✲❝♦♥s✉♠✐♥❣✳

❆✳ ▲✐♥❡❛r ❘❡❣r❡ss✐♦♥ ❢♦r P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥

▲✐♥❡❛r r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐s ❛ t❡❝❤♥✐q✉❡ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❛♥ ❛ss✉♠❡❞ ❧✐♥❡❛r r❡❧❛t✐♦♥✲
s❤✐♣ ❜❡t✇❡❡♥ ❦♥♦✇♥ ✐♥♣✉ts ❛♥❞ ♦❜s❡r✈❡❞ ♦✉t♣✉ts ❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❧❡❛st✲sq✉❛r❡❞ ✜ts✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥
♦♥ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❑❧❡✐♥ ❛♥❞ ▼♦r❡❧❧✐✳✹ ▲✐♥❡❛r r❡❣r❡ss✐♦♥
✐s ♦❢t❡♥ ❝♦♠♣❛r❡❞ t♦ ♦✉t♣✉t✲❡rr♦r t❡❝❤♥✐q✉❡s✱ ✇❤✐❝❤ ❛❝t✉❛❧❧② ✐♥t❡❣r❛t❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛♥❞ ❝♦♠♣❛r❡
t❤❡ st❛t❡ ♦✉t♣✉ts t♦ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs✳ ■♥ t❤✐s s❡♥s❡✱ ❧✐♥❡❛r r❡❣r❡ss✐♦♥
✐s ♠❛t❤❡♠❛t✐❝❛❧❧② s✐♠♣❧❡r ❛♥❞ t❤❡r❡❢♦r❡ q✉✐❝❦❡r ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛♥❞ ❝♦♠♣❧❡①✐t②✳ ❚❤❡ ❢✉❧❧
❞❡r✐✈❛t✐♦♥ ♦❢ s✉❝❤ t❡❝❤♥✐q✉❡s ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦✉t♣✉t✲❡rr♦r ❛♥❞ ♠❛①✲
✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠❛♥② ❛✈❛✐❧❛❜❧❡ r❡❢❡r❡♥❝❡s ♦♥ t❤❡ s✉❜❥❡❝t✳✸✱✺✕✽ ❙✐♠✐❧❛r❧②✱ t❤❡r❡
❛r❡ ♠❛♥② r❡❢❡r❡♥❝❡s✾✕✶✺ t❤❛t ❞❡s❝r✐❜❡ ♣r✐♦r ✇♦r❦ t♦ ❞❡❝♦rr❡❧❛t❡ ❝♦♥tr♦❧ s✉r❢❛❝❡s✱ ✐♥❝❧✉❞✐♥❣ s✉❜st❛♥t✐❛❧ ✇♦r❦
❜② ▼♦r❡❧❧✐ ❛♥❞ ❤✐s ❝♦❧❧❡❛❣✉❡s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♦♣t✐♠❛❧ ✐♥♣✉t ❞❡s✐❣♥✳

❆ t♦♦❧ ♦❢t❡♥ ✉s❡❞ t♦ q✉❛♥t✐❢② t❤❡ r❡❧❛t✐✈❡ st❛t✐st✐❝❛❧ ❝♦♥✜❞❡♥❝❡ ♦❢ ❛ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ✐s t❤❡ ❈r❛♠ér✲
❘❛♦ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡ ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞ r❡♣r❡s❡♥ts t❤❡ ❧♦✇❡st ♠❛❣♥✐t✉❞❡ ❧✐♠✐t ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢
❛♥ ❡st✐♠❛t♦r ✇✐t❤ ❛ ❣✐✈❡♥ ❜✐❛s✶✻ ✳ ❯♥✲♠♦❞❡❧❡❞ ❞②♥❛♠✐❝s ❝❛♥ ♠❛❦❡ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡
❡st✐♠❛t♦r ♠✉❝❤ ❤✐❣❤❡r✳ ■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ✇❤❡r❡ t❤❡ ✈❛r✐❛♥❝❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✉♥❜✐❛s❡❞ ❛♥❞ ❤❛✈❡ ❛ ♥♦r♠❛❧
❞✐str✐❜✉t✐♦♥✱ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞ ❜❡❝♦♠❡s s✐♠♣❧② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋✐s❤❡r ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ M(ξt)✱
✇❤✐❝❤ ✐s ❛ ♠❡tr✐❝ ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ✉s❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥t ✐♥ ❛ s❡t ♦❢ ❞❛t❛✳ ❈❤♦♦s✐♥❣ ✐♥♣✉t
❞❡s✐❣♥ ♠❡t❤♦❞s ❛♥❞ ✢✐❣❤t✲t❡st t❡❝❤♥✐q✉❡s t❤❛t ❧♦✇❡r t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞s ✐s ❛♥ ❡✛❡❝t✐✈❡ ❛♣♣r♦❛❝❤ t♦

✹ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❝❤♦♦s✐♥❣ ✐♥♣✉ts t❤❛t ♠❛①✐♠✐③❡ t❤❡ ✉s❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥t ♦❢ t❤❡ ✢✐❣❤t ❞❛t❛✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞ ❛ss✉♠❡s t❤❛t t❤❡ r❡s✐❞✉❛❧s ❝♦♥s✐st s♦❧❡❧② ♦❢ ✇❤✐t❡ ♥♦✐s❡✳ ■♥

♣r❛❝t✐❝❡✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❆s ❛ r❡s✉❧t✱ tr❛❞✐t✐♦♥❛❧❧②✲❝♦♠♣✉t❡❞ ❜♦✉♥❞s ❝❛♥ ❜❡ ✐♥❛❝❝✉r❛t❡✳ ❚❤❡ ❈r❛♠ér✲
❘❛♦ ❜♦✉♥❞s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s r❡♣♦rt ❤❛✈❡ ❜❡❡♥ ❛❞❥✉st❡❞ t♦ ❛❝❝♦✉♥t ❢♦r ❢r❡q✉❡♥❝② ❝♦♥t❡♥t ✐♥ t❤❡ r❡s✐❞✉❛❧s✱
✉s✐♥❣ ❛ t❡❝❤♥✐q✉❡ ❢r♦♠ ❑❧❡✐♥ ❛♥❞ ▼♦r❡❧❧✐✳✹

❇✳ ❉❛t❛ ❙♦✉r❝❡s

❚✐♠❡ ❤✐st♦r✐❡s ♦❢ t❤❡ ❛✐r❝r❛❢t ❛♥❣✉❧❛r r❛t❡s✱ ❛✐r ❞❛t❛✱ ❝♦♥tr♦❧ s✉r❢❛❝❡ ♣♦s✐t✐♦♥✱ ❛♥❞ ♦t❤❡r ♣❡rt✐♥❡♥t ✐♥❢♦r♠❛t✐♦♥
❢♦r ♣❡r❢♦r♠✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t✇♦ s♦✉r❝❡s✿ t❤❡ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥
♣r♦✈✐❞❡❞ ❜② ❚❤❡ ❇♦❡✐♥❣ ❈♦♠♣❛♥② ✭❈❤✐❝❛❣♦✱ ■❧❧✐♥♦✐s✮✱ ❛♥❞ r❡❝♦r❞❡❞ ❞❛t❛ ❢r♦♠ t❤❡ P❤❛s❡ ✶ ❛♥❞ P❤❛s❡ ✶✳✺
s❡r✐❡s ♦❢ ✢✐❣❤t t❡sts ♦❢ t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ❛t ◆❆❙❆ ❉❋❘❈✳ ❋♦r ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t✱ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t
❝♦❡✣❝✐❡♥ts ✇❡r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ♦❜s❡r✈❡❞ ❛✐r ❞❛t❛ ❛♥❞ ✢✐❣❤t ❞②♥❛♠✐❝s ✉s✐♥❣ st❛♥❞❛r❞ ❛✐r❝r❛❢t ❡q✉❛t✐♦♥s
♦❢ ♠♦t✐♦♥✳

❆✳ ▼❛♥❡✉✈❡r ❉❡s❝r✐♣t✐♦♥

❋♦r t❤❡ st❛♥❞❛r❞✱ s✐♥❣❧❡✲❛①✐s ♠❛♥❡✉✈❡rs✱ ❛ s❡r✐❡s ♦❢ s②♠♠❡tr✐❝ ✭❡q✉❛❧ ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱
✐♥❞✉❝✐♥❣ ♣✉r❡ ♣✐t❝❤✮ ♦r ❛♥t✐s②♠♠❡tr✐❝ ❞♦✉❜❧❡ts ✭❡q✉❛❧ ♠❛❣♥✐t✉❞❡ ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s✱ ✐♥❞✉❝✐♥❣ ♣✉r❡ r♦❧❧✮
✇❛s ♣❡r❢♦r♠❡❞ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ st✉❞✐❡s✱ t❤❡ s✉r❢❛❝❡ ♠♦t✐♦♥s ❝♦✉❧❞ ❜❡
♣❡r❢♦r♠❡❞ s❡r✐❛❧❧② ✐♥ ❛ s✐♥❣❧❡ ❝♦♠❜✐♥❡❞ ♠❛♥❡✉✈❡r t❡r♠❡❞ ❛ s✉♣❡r♠❛♥✉❡✈❡r✱ ♦♥ ✇❤✐❝❤ r❡❣r❡ss✐♦♥ ❝♦✉❧❞ ❜❡
♣❡r❢♦r♠❡❞✳ ❆♥ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳

❋✐❣✉r❡ ✸✳ ▼✉❧t✐✲s✉r❢❛❝❡ s✉♣❡r♠❛♥❡✉✈❡r ❢♦r t❡♠♣♦r❛❧ s❡♣❛r❛t✐♦♥✳

■t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♥♦t❡ t❤❛t t❤❡ ✉s❡ ♦❢ s✉♣❡r♠❛♥❡✉✈❡rs ♠❡❛♥s t❤❛t ❡✈❡r② s✉r❢❛❝❡ ❡①❝✐t❛t✐♦♥ ✐♥ ❛ s❡q✉❡♥❝❡
✐s ♣r❡s❡♥t ✐♥ t❤❡ ❞❛t❛s❡t ❢♦r ❛❧❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ r❡❣r❡ss✐♦♥ s♦❧✉t✐♦♥s✱ r❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤ ♣❛r❛♠❡t❡rs ❛r❡
t❤❡ ❢♦❝✉s ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧ ❜❡✐♥❣ s♦❧✈❡❞✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ s✐♥❣❧❡✲❛①✐s ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥
♠❡t❤♦❞ ❛♥❞ r❡s✉❧ts ❢♦r t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t✱ s❡❡ ❚❛②❧♦r ❛♥❞ ❘❛t♥❛②❛❦❡✶ ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ r❡s✉❧ts✱ ❛♥❞
❘❛t♥❛②❛❦❡✱ ❲❛❣❣♦♥❡r✱ ❛♥❞ ❚❛②❧♦r✷ ❢♦r t❤❡ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ r❡s✉❧ts✳

❋♦r ♠✉❧t✐✲❛①✐s ✴ s✐♥❣❧❡✲s✉r❢❛❝❡ ♠❛♥❡✉✈❡rs✱ s✐♠✐❧❛r s✉♣❡r♠❛♥✉❡✈❡rs ✇❡r❡ ❝♦♥str✉❝t❡❞ ❢♦r t❤❡ ✐♥♥❡r ✜✈❡
s✉r❢❛❝❡s✱ ❜✉t ✉s✐♥❣ ♦♥❧② ❛ s✉r❢❛❝❡ ♦♥ ♦♥❡ ✇✐♥❣ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ♣❛✐r❡❞ s②♠♠❡tr✐❝ ♦r ❛♥t✐s②♠♠❡tr✐❝ ♠❛♥❡✉✈❡rs✳
❚❤✐s ❛s②♠♠❡tr② ✐♥❞✉❝❡s ♠♦t✐♦♥ ✐♥ ♠✉❧t✐♣❧❡ ❛①❡s s✐♠✉❧t❛♥❡♦✉s❧②✳ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❢♦r ❛❧❧ s✉r❢❛❝❡s ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥ ✇❛s t❤❡♥ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ s✐♥❣❧❡ ❝♦♠❜✐♥❡❞ s✉♣❡r♠❛♥❡✉✈❡r✳

❇✳ ❋❧✐❣❤t✲❚❡st✐♥❣

❋❧✐❣❤ts ✻✺✱ ✻✻✱ ❛♥❞ ✻✼ ❢r♦♠ P❤❛s❡ ✶ ♦❢ t❤❡ ❳✲✹✽❇ ✢✐❣❤t✲t❡st ♣r♦❣r❛♠ ✐♥❝❧✉❞❡❞ st❛♥❞❛r❞✱ s✐♥❣❧❡✲❛①✐s✱ ❞♦✉❜❧❡t
❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ t❡st ♣♦✐♥ts ❢♦r t❤❡ ♣r❡s❡♥t ❛♥❛❧②s✐s✱ ❛t ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ ♦❢ ✻ ❞❡❣✱ ✽
❞❡❣✱ ❛♥❞ ✶✵ ❞❡❣✱ r❡s♣❡❝t✐✈❡❧②✳ ❋❧✐❣❤ts ✽✺ ❛♥❞ ✽✾ ❢r♦♠ P❤❛s❡ ✶✳✺ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐♥❝❧✉❞❡❞ s✐♥❣❧❡✲s✉r❢❛❝❡ ✴
♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ❛t t❤❡ s❛♠❡ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦✳ ❚❤❡ r❛♥❣❡ ♦❢ ❛❧t✐t✉❞❡s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ tr✐♠ s♣❡❡❞s
❢♦r t❤❡s❡ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ ❞♦ ♥♦t ✈❛r② ❡♥♦✉❣❤ ❢♦r ❛ s❡❝♦♥❞ ✈❛r✐❛❜❧❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❞❡✜♥✐♥❣ t❤❡ ✢✐❣❤t

✺ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❝♦♥❞✐t✐♦♥✳ ■♥❞✐✈✐❞✉❛❧ s✉r❢❛❝❡ ♣❛✐r ♠❛♥❡✉✈❡rs ✇❡r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❛♥❛❧②s✐s✳ ❊❛❝❤ ♠❛♥❡✉✈❡r ✇❛s ♣❡r❢♦r♠❡❞
t❤r❡❡ t✐♠❡s ✐♥ ✢✐❣❤t ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❡rr♦r ❛♥❞ q✉❛♥t✐❢② t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞❛t❛s❡t✳

❲❤✐❧❡ s♠♦♦t❤✐♥❣ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣♦✐♥ts t♦ ❡❧✐♠✐♥❛t❡ ❛♥② ❞✐s❝♦♥t✐♥✉✐t✐❡s✱ t✇♦ ❛❞❞✐t✐♦♥❛❧
❢❛❝t♦rs ❛♠❡❧✐♦r❛t❡❞ t❤❡ ❡✛❡❝t ♦❢ s♣❧✐❝✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳ ❋✐rst✱ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✱ ❛s ❛♥
❡q✉❛t✐♦♥✲❡rr♦r t❡❝❤♥✐q✉❡✱ ❞♦❡s ♥♦t r❡❧② ♦♥ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛s ✐♥ ♦✉t♣✉t✲❡rr♦r t❡❝❤♥✐q✉❡s✳
❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❡♥s✉r❡ t❤❛t ✐♥t❡❣r❛t♦rs ❛r❡ ♣r♦♣❡r❧② r❡s❡t ❛♥❞ t❤❛t ❞❛t❛ ✐s ❡①❛❝t❧②
❛❧✐❣♥❡❞ ❛t t❤❡ s♣❧✐❝✐♥❣ ♣♦✐♥ts ❢♦r t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✭t❤♦✉❣❤ ✐t ✐s r❡q✉✐r❡❞ ❧❛t❡r ❢♦r t✐♠❡✲❤✐st♦r②
r❡❝♦♥str✉❝t✐♦♥✮✳ ❙❡❝♦♥❞✱ t❤❡ r❛♥❣❡ ♦❢ ✢✐❣❤t ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣♦ss✐❜❧❡ tr✐♠ st❛t❡s ❢♦r t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ✐s
❧✐♠✐t❡❞ ❡♥♦✉❣❤ t❤❛t s✐❣♥✐✜❝❛♥t ❞✐s♣❛r✐t✐❡s ✐♥ st❛t❡ ✈❛r✐❛❜❧❡s ❢♦r t❤❡ s❛♠❡ tr✐♠ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ❛r❡ ✉♥❧✐❦❡❧②✳

◆♦✐s❡ ♣r❡s❡♥t ✐♥ t❤❡ ✢✐❣❤t ❞❛t❛ ✇❛s r❡♠♦✈❡❞ ✉s✐♥❣ ❛ t❤✐r❞✲♦r❞❡r✱ t✇♦✲✇❛② ❇✉tt❡r✇♦rt❤ ✜❧t❡r ❛♣♣❧✐❡❞ ✇✐t❤
❛ ❝♦r♥❡r ❢r❡q✉❡♥❝② ♦❢ ✺ ❍③✱ ❜❡❝❛✉s❡ t❤✐s ❝✉t♦✛ ❛♣♣❡❛r❡❞ t♦ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♥t❡r❡st ✇❤✐❧❡ ❡①❝❧✉❞✐♥❣
t❤❡ ❜✉❧❦ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ♣❤②s✐❝❛❧ ♥♦✐s❡✳ ❈♦rr❡❝t✐♦♥s ✇❡r❡ ❛❧s♦ ♠❛❞❡ t♦ ♠❡❛s✉r❡❞ ❛✐r ❞❛t❛ ❛s ✇❡❧❧
❛s tr❛♥s❧❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❛✐r❝r❛❢t ❝❡♥t❡r ♦❢ ❣r❛✈✐t② t♦ t❤❡ r❡s♣❡❝t✐✈❡
♠❡❛s✉r❡♠❡♥t ♣♦✐♥ts✳ ❚❤❡ ❛✐r❞❛t❛ ✐s t❤✉s ❝♦rr❡❝t❡❞ ❢♦r ✉♣✇❛s❤ ❛♥❞ s✐❞❡✇❛s❤ ✐♥❞✉❝❡❞ ❜② t❤❡ r♦t❛t✐♦♥ r❛t❡s
♦❢ t❤❡ ❛✐r❝r❛❢t✳

❈✳ ◆♦♥❧✐♥❡❛r ❙✐♠✉❧❛t✐♦♥

❚❤❡ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ✇❛s ❞❡s✐❣♥❡❞ ❜② ❚❤❡ ❇♦❡✐♥❣ ❈♦♠♣❛♥② ❛♥❞ ✐s ✐♠♣❧❡♠❡♥t❡❞
✐♥ ❙✐♠✉❧✐♥❦➤ ✭❚❤❡ ▼❛t❤❲♦r❦s✱ ◆❛t✐❝❦✱ ▼❛ss❛❝❤✉s❡tts✮✳ ❚❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✉s❡❞ ❢♦r t❤✐s ♣❛♣❡r
✇❛s ✹✳✸✳✶✱ ✉s✐♥❣ ❱❡❤✐❝❧❡ ▼❛♥❛❣❡♠❡♥t ❙②st❡♠ ✭❱▼❙✮ ✈❡rs✐♦♥ ✹✳✸ ❛♥❞ ❛❡r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ✷✵✶✵✵✺✷✼✳ ◆♦t❡
t❤❛t t❤✐s ✐s ❛ ♠♦r❡ r❡❝❡♥t ❛❡r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ✈❡rs✐♦♥ t❤❛♥ ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦ t❤❛t ✇❛s ♣❡r❢♦r♠❡❞ ♦♥
P❤❛s❡ ✶ ❞❛t❛ ♦♥❧②✳✶✱✷

❚❤♦✉❣❤ ✢✐❣❤t ✐s t❤❡ ♦♥❧② ❛❡r♦♥❛✉t✐❝❛❧ r❡❛❧✐t②✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❝♦♥❞✉❝t✐♥❣ s✐♠✉❧❛t✐♦♥ st✉❞✐❡s ✐s t❤❛t
✈❛r✐♦✉s r❡❛❧✲✇♦r❧❞ ❡✛❡❝ts ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ♦r ❛r❡ ♦❢t❡♥ s✐♠♣❧② ♥♦t ♠♦❞❡❧❡❞✱ ❛♥❞ t❤❡ ✐s♦❧❛t❡❞ ❡✛❡❝ts ♦❢
✈❛r✐♦✉s ❡①t❡r♥❛❧ ❢❛❝t♦rs ♦♥ t❤❡ r❡s✉❧ts ❝❛♥ ❜❡ ❡①♣❧♦r❡❞✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts s❤♦✇♥ ✐♥ t❤✐s ♣❛♣❡r ✇❡r❡ ❢♦r
s✉♣❡r♠❛♥❡✉✈❡rs ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ✢✐❣❤t ❝♦♥tr♦❧ ❧❛✇s ❢♦r❝❡❞ ✐♥t♦ ❛♥ ♦♣❡♥✲❧♦♦♣ ♠♦❞❡✳ ❋✉rt❤❡r✱ t❤❡ ♥♦r♠❛❧
❝♦♥tr♦❧ s✉r❢❛❝❡ ❛❧❧♦❝❛t♦r ✇❛s ❜②♣❛ss❡❞ ✐♥ ♦r❞❡r t♦ ✐♥s❡rt s♣❡❝✐✜❝ ✐♥♣✉t ❝♦♠❜✐♥❛t✐♦♥s t❤❛t ✇❡r❡ ♥♦t ❛✈❛✐❧❛❜❧❡
✐♥ t❤❡ ♥♦r♠❛❧ ❝♦♥tr♦❧ ❧❛✇s✳ ❆♣♣❧②✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❞❛t❛ ❛❧s♦ ❛❧❧♦✇s
❢♦r ❝♦♥s✐st❡♥❝② ❝❤❡❝❦s ♦♥ t❤❡ ♠❡t❤♦❞✳

❚❤❡ s✐♠✉❧❛t✐♦♥ ♠❛♥❡✉✈❡rs ✇❡r❡ ✐♥✐t✐❛❧❧② ♣❧❛♥♥❡❞ ❢♦r t❤❡ s❛♠❡ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ ❛s t❤❡ ✢✐❣❤t ❞❛t❛✳ ■t
❜❡❝❛♠❡ ♥❡❝❡ss❛r②✱ ❤♦✇❡✈❡r✱ t♦ ♠♦✈❡ t❤❡ s✐♠✉❧❛t✐♦♥ ♣♦✐♥ts t♦ t❛❦❡ ♣❧❛❝❡ ❛t tr✐♠ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ ♦♥ t❤❡ ❤❛❧❢✲
❛♥❣❧❡ ✭❢♦r ❡①❛♠♣❧❡✱ ✻✳✺ ❞❡❣✱ ✼✳✺ ❞❡❣✱ ❡t ❝❡t❡r❛✮ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❜r❡❛❦♣♦✐♥ts ✐♥ t❤❡ ❛❡r♦❞②♥❛♠✐❝ ♠♦❞❡❧✱ ✇❤✐❝❤
✇❡r❡ ♣r❡s✉♠❛❜❧② ❛rt✐❢❛❝ts ❢r♦♠ t❤❡ ✇✐♥❞✲t✉♥♥❡❧ t❡st ♣r♦❝❡❞✉r❡✳ ❚❤❡s❡ ❜r❡❛❦♣♦✐♥ts ♠❛❞❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ t❤❡✐r ✈✐❝✐♥✐t② ❞✐✣❝✉❧t✱ ✇❤✐❝❤ ❛✛❡❝ts r❡❧❛t❡❞ r❡s❡❛r❝❤ t❤❛t ✇♦✉❧❞ ✉s❡ t❤❡ s❛♠❡ ❞❛t❛✳

❈✳ ❊✛❡❝t♦r ❉❡✜♥✐t✐♦♥s

❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t ❛❧❧♦✇s ❢♦r s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ❡✛❡❝t♦r r❡❣r❡ss♦r
❢✉♥❝t✐♦♥s ❞✉❡ t♦ t❤❡ s♣❧✐t ♥❛t✉r❡ ♦❢ t❤❡ ❝❧❛♠s❤❡❧❧ s✉r❢❛❝❡s✳ ❇❡❝❛✉s❡ t❤❡ ❝❧❛♠s❤❡❧❧ s✉r❢❛❝❡s ❝❛♥ ♠♦✈❡ ✐♥ ✉♥✐s♦♥
♦r ♦♣♣♦s✐t❡❧②✱ t❤❡ s❛♠❡ ❝❧❛♠s❤❡❧❧ ✉♣♣❡r ❛♥❞ ❧♦✇❡r s✉r❢❛❝❡ ❝❛♥ ❜❡❤❛✈❡ ❧✐❦❡ ❛ tr❛❞✐t✐♦♥❛❧ ❛✐❧❡r♦♥ ✭♣r✐♠❛r✐❧②
❛✛❡❝t✐♥❣ r♦❧❧✮✱ ♦r s♣❧✐t ♦♣❡♥ ✐♥ ❛ ❞r❛❣✲r✉❞❞❡r ②❛✇ ♠♦❞❡✳

❉❡✢❡❝t✐♦♥ ♦❢ ❛♥② ✐♥❞✐✈✐❞✉❛❧ s✉r❢❛❝❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s δs❀ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ✐♥♥❡r s✉r❢❛❝❡s
✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② δs1 t❤r♦✉❣❤ δs5✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✉r❢❛❝❡ ♥✉♠❜❡r s❤♦✇♥ ✐♥ ❋✐❣✳
✷✳ ❲❤❡♥ tr❡❛t❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✱ t❤❡ ✐♥❜♦❛r❞ ❝❧❛♠s❤❡❧❧ ✉♣♣❡r ❛♥❞ ❧♦✇❡r s✉r❢❛❝❡s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s δs6u ❛♥❞
δs6l✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♦✉t❜♦❛r❞ ❝❧❛♠s❤❡❧❧ ✉♣♣❡r ❛♥❞ ❧♦✇❡r s✉r❢❛❝❡s ✇✐❧❧ ❜❡ s✐♠✐❧❛r❧② ❞❡♥♦t❡❞ δs7u ❛♥❞ δs7l✳
❚❤❡ ✇✐♥❣❧❡t r✉❞❞❡rs ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ✇✐♥❣t✐♣s ❛♥❞ ❜❡❤❛✈❡ ❛s ♥♦r♠❛❧ r✉❞❞❡rs ✭❛✛❡❝t✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥❛❧
❛①✐s ♦♥❧②✮✳ ❚❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ✇✐♥❣❧❡t r✉❞❞❡rs ✐s ❞❡♥♦t❡❞ δr✳ ❲❤❡♥ ❛♥ ✐♥♥❡r s✉r❢❛❝❡ ✐s ❝♦✉♣❧❡❞ ✐♥t♦
❛♥ ❛♥t✐✲s②♠♠❡tr✐❝ ♣❛✐r ✇✐t❤ ✐ts ❝♦✉♥t❡r♣❛rt ♦♥ t❤❡ ♦♣♣♦s✐t❡ ✇✐♥❣ ♦❢ t❤❡ ❛✐r❝r❛❢t✱ t❤❡ ❛✐❧❡r♦♥✲❧✐❦❡ ❝♦♠❜✐♥❡❞
❞❡✢❡❝t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♥❣❧❡ ❛❜str❛❝t❡❞ ❡✛❡❝t♦r✱ δa✱ ❛s s❤♦✇♥ ✐♥ ❊q✳ ✭✶✮ ✳ ❆ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥ ❢♦r
s②♠♠❡tr✐❝✱ ❡❧❡✈❛t♦r✲❧✐❦❡ ♠♦t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✷✮✳

δaj = δsj,left − δsj,right ✭✶✮

δej = δsj,left + δsj,right ✭✷✮

✻ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❉✳ ▼♦❞❡❧ ❙tr✉❝t✉r❡

❚❤❡ ♠✉❧t✐✲❛①✐s ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ s❡❡❦s t♦ ✜♥❞ t❤❡ ❧✐♥❡❛r ♣❛r❛♠❡t❡rs t❤❛t✱ ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜②
t❤❡✐r r❡s♣❡❝t✐✈❡ r❡❣r❡ss♦r ❢✉♥❝t✐♦♥s✱ ❝♦♠♣✉t❡ ❛❝❝✉r❛t❡ ✈❛❧✉❡s ❢♦r ❛①✐❛❧ ❢♦r❝❡ ✭CA✮✱ ♥♦r♠❛❧ ❢♦r❝❡ ✭CN ✮✱ s✐❞❡
❢♦r❝❡ ✭CY ✮✱ r♦❧❧✐♥❣ ♠♦♠❡♥t ✭Cl✮✱ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t ✭Cm✮✱ ❛♥❞ ②❛✇✐♥❣ ♠♦♠❡♥t ✭Cn✮✳ ❚❤❡ ❛ss✉♠❡❞ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ t❤❡ r❡❣r❡ss♦r ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ♦✉t♣✉t ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ✐s t❤❡ ♠♦❞❡❧ str✉❝t✉r❡✳ ❚❤❡
♣r✐♠❛r② ♠❡tr✐❝s ❢♦r ❝♦♠♣❛r✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ♠❛❞❡ ❜② tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ✈❡rs✉s
♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s ❛r❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡s✱ t❤❡ ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s✱ ❛♥❞ t❤❡ t✐♠❡ ❤✐st♦r②
r❡❝♦♥str✉❝t✐♦♥s✳

❚❤❡ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ❛r❡ ❛♥❛❧②③❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❜♦t❤ ❧♦♥❣✐t✉❞✐✲
♥❛❧ ❛♥❞ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ ♣❛r❛♠❡t❡rs s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ ❛♥❛❧②s❡s ❛r❡ t❤❡♥ ❝♦♠♣❛r❡❞ t♦
♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♥❣❧❡✲❛①✐s ♠❛♥❡✉✈❡rs✱ ✇❤✐❝❤ ❛r❡ ❛♥❛❧②③❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ❢♦r
t❤❛t ❛①✐s ♦♥❧②✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♥ ✐s ❜❡t✇❡❡♥ t❤❡ s✐♥❣❧❡✲❛①✐s ✭tr❛❞✐t✐♦♥❛❧✮ ♠❛♥❡✉✈❡rs ✇❤✐❝❤ ✐s♦❧❛t❡ ♠♦t✐♦♥
❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ✐♥t♦ ✐❞❡❛❧❧② ♣✉r❡ r♦❧❧✱ ♣✐t❝❤✱ ♦r ②❛✇✱ ❛♥❞ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ✇❤✐❝❤ ❛tt❡♠♣t t♦ ❡①❝✐t❡
❛❧❧ ❛①❡s ❛t t❤❡ s❛♠❡ t✐♠❡✳

❋♦r ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❛♥❛❧②s✐s✱ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ✐s s❤♦✇♥ ✐♥ ❊q✳ ✭✸✮✳

z = XΘ̂, ✭✸✮

■♥ ❊q✳ ✭✸✮✱ z ✐s t❤❡ ❝♦❧✉♠♥ ❛rr❛② ♦❢ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts✱ X ✐s t❤❡ ♠❛tr✐① ♦❢ r❡❣r❡ss♦r ❢✉♥❝t✐♦♥s
✭✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧ ❡q✉❛t✐♦♥s ❛rr❛♥❣❡❞ ✐♥ r♦✇s✮✱ ❛♥❞ Θ̂ ✐s t❤❡ ❝♦❧✉♠♥ ❛rr❛② ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳
❚❤❡ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❦♥♦✇♥ ♦r ♠❡❛s✉r❡❞ ❛✐r❝r❛❢t ❞②♥❛♠✐❝s s✉❝❤ ❛s ❧✐♥❡❛r
❛♥❞ r♦t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥✱ ✐♥st❛♥t❛♥❡♦✉s ❝❡♥t❡r ♦❢ ❣r❛✈✐t②✱ ❛♥❞ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛✳ ❚❤❡ r❡❣r❡ss♦r ❢✉♥❝t✐♦♥s
❛r❡ ❦♥♦✇♥ ♦r ❝♦♥str✉❝t❡❞ ❢r♦♠ ❛✐r❝r❛❢t st❛t❡ ♠❡❛s✉r❡♠❡♥ts✱ s✉❝❤ ❛s t❤❡ ❛♥❣❧❡s ♦❢ ❛tt❛❝❦ ❛♥❞ s✐❞❡s❧✐♣✱ s✉r❢❛❝❡
♣♦s✐t✐♦♥s✱ ❛♥❞ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❞②♥❛♠✐❝ r❛t❡s✳ ❙♦❧✈✐♥❣ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ②✐❡❧❞s ❊q✳ ✭✹✮✿

Θ̂ = (XTX)−1XT z ✭✹✮

❋♦r s✐♥❣❧❡✲❛①✐s ♠❛♥❡✉✈❡rs✱ t❤❡s❡ ❡q✉❛t✐♦♥ s❡ts ❛r❡ s♦❧✈❡❞ ❢♦r ✐♥✲❛①✐s ❞❡r✐✈❛t✐✈❡s ♦♥❧②✱ ✐♥ r❡s♣♦♥s❡ t♦ ♣✉r❡
❛①✐s ✐♥♣✉ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❧❡❢t s✉r❢❛❝❡ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ r✐❣❤t s✉r❢❛❝❡ ♠♦✈✐♥❣ ❛♥t✐✲s②♠♠❡tr✐❝❛❧❧② ✇♦✉❧❞
♣r♦❞✉❝❡ ✭✐❞❡❛❧❧②✮ ❛ ♣✉r❡ r♦❧❧ ✐♥♣✉t✱ ❛♥❞ ❛ r❡s♣♦♥s❡ ❢r♦♠ t❤❡ ❛✐r❝r❛❢t t❤❛t s❤♦✉❧❞ ❜❡ ❞♦♠✐♥❛t❡❞ ❜② r♦❧❧✲❛①✐s
❞②♥❛♠✐❝s✳ ❆♥ ❡①❛♠♣❧❡ ❡q✉❛t✐♦♥ ❢♦r ❝♦❡✣❝✐❡♥t ♦❢ r♦❧❧✐♥❣ ♠♦♠❡♥t ✇♦✉❧❞ ❜❡ ❊q✳ ✭✺✮✿

Cl = Clo + Clβ · β + Clp ·
pb

2V
+ Clr ·

rb

2V
+ [Cl,surfaces] ✭✺✮

❚❤❡ ✜rst ❢♦✉r t❡r♠s ♦❢ ❊q✳ ✺ ❛r❡ q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞❀ t❤❡ r♦❧❧✐♥❣ ♠♦♠❡♥t s❤♦✉❧❞ ❞❡♣❡♥❞ ♦♥ s♦♠❡ ❜❛r❡✲
❛✐r❢r❛♠❡ ❞❛♠♣✐♥❣ t❡r♠ ✭t❤❡ r❡❣r❡ss♦r ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ ✐s s✐♠♣❧② ✶✮✱ t❤❡ ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣✱ ❛♥❞ t❤❡ r♦❧❧ ❛♥❞
②❛✇ r❛t❡s ♦❢ t❤❡ ❛✐r❝r❛❢t✳ ❚❤❡s❡ ❛❡r♦❞②♥❛♠✐❝ st❛❜✐❧✐t② ❛♥❞ ❞❛♠♣✐♥❣ t❡r♠s ✇✐❧❧ ❜❡ ❝♦♠❜✐♥❡❞ ❛♥❞ r❡❢❡rr❡❞ t♦
❛s Cl,aero ✭❛♥❞ ❧✐❦❡ ♠❛♥♥❡r ❢♦r t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts✮ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r❀ ❤♦✇❡✈❡r✱ ✐t s❤♦✉❧❞
❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❢♦✉r ❞❡s❝r✐❜❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ Cl,aero ❛r❡ s♦❧✈❡❞ ❢♦r ✐♥❞✐✈✐❞✉❛❧❧② ❛s t❤❡✐r ♦✇♥ r❡❣r❡ss♦r
❢✉♥❝t✐♦♥s✳ ❆♥ ❛♥❛❧♦❣♦✉s ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢♦r s②♠♠❡tr✐❝ ♠❛♥❡✉✈❡rs ❛❝t✐♥❣ ♣✉r❡❧② ♦♥ t❤❡ ♣✐t❝❤ ❛①✐s✱
♦r s②♠♠❡tr✐❝ r✉❞❞❡r ♠❛♥❡✉✈❡rs ❛❝t✐♥❣ ♣✉r❡❧② ♦♥ t❤❡ ②❛✇ ❛①✐s✳

■♥ t❤❡ ❝❛s❡ ♦❢ s✐♥❣❧❡✲s✉r❢❛❝❡✱ ♠✉❧t✐✲❛①✐s ❡①❝✐t❛t✐♦♥s✱ t❤❡ ✐♥♣✉ts ❛r❡ ♥❡✐t❤❡r s②♠♠❡tr✐❝ ♥♦r ❛♥t✐s②♠♠❡tr✐❝✳
■♥st❡❛❞✱ ❛ s✐♥❣❧❡ s✉r❢❛❝❡ ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❛✐r❝r❛❢t ✐s s✉❜❥❡❝t❡❞ t♦ ❛ ❞♦✉❜❧❡t ✐♥♣✉t✱ ❛♥❞ t❤❡ ❛s②♠♠❡tr②
r❡s✉❧ts ✐♥ ❛♥ ❡①❝✐t❛t✐♦♥ ✐♥ t❤❡ ♣✐t❝❤✱ r♦❧❧✱ ❛♥❞ ②❛✇ ❛①❡s s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✉s✱ t❤❡ r♦❧❧✐♥❣ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t
❡q✉❛t✐♦♥ ❜❡❝♦♠❡s ❊q✳ ✭✻✮✿

Cl,aero = Clo + Clα · α+ Clβ · β + Clp ·
pb

2V
+ Clq ·

qc

2V
+ Clr ·

rb

2V
✭✻✮

■♥ ❊q✳ ✻✱ ❧♦♥❣✐t✉❞✐♥❛❧ r❡❣r❡ss♦rs ❢♦r ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ❛♥❞ ♣✐t❝❤ r❛t❡ ❛r❡ ❛❞❞❡❞ t♦ ❝❛♣t✉r❡ ♠✉❧t✐✲❛①✐s
❞②♥❛♠✐❝s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ Cl,surfacest❡r♠ ✇♦✉❧❞ t❤❡♥ ❝♦♥s✐st ♦❢ t❤❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ s✉r❢❛❝❡ ♠♦t✐♦♥s✱ ❛s
❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✼✳

Cl,surfaces =
∑

j

Clδsj � dsj ✭✼✮

❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ s♦❧✈❡❞ ❢♦r ✉s✐♥❣ ❛♥❛❧♦❣♦✉s ❡q✉❛t✐♦♥s ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts
❛t ❡❛❝❤ t✐♠❡ ❢r❛♠❡ ♦❢ t❤❡ ❞❛t❛✳ ❚❤❡ ♠❡❛s✉r❡❞ ✐♥♣✉t ❞❛t❛ ❝❛♥ ❜❡ ♣❛ss❡❞ t❤r♦✉❣❤ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥s ✭✉s✐♥❣

✼ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✮ t♦ ❛rr✐✈❡ ❛t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ❛✐r❝r❛❢t✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ✐♥t❡❣r❛t❡❞ t♦
❛rr✐✈❡ ❛t t✐♠❡ ❤✐st♦r② r❡❝♦♥str✉❝t✐♦♥s ♦❢ ❦❡② st❛t❡ ✈❛r✐❛❜❧❡s✱ s✉❝❤ ❛s ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✳ ❚❤❡s❡ r❡❝♦♥str✉❝t✐♦♥s
❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❡❛s✉r❡❞✱ r❡❛❧✲t✐♠❡ ❤✐st♦r✐❡s t♦ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❙❡❡
❑❧❡✐♥ ❛♥❞ ▼♦r❡❧❧✐✹ ♦r ▼❛✐♥❡ ❛♥❞ ■❧✐✛✼ ❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥s ♦❢ r❡❝♦♥str✉❝t✐♥❣ t❤❡ t✐♠❡ ❤✐st♦r✐❡s
✉s✐♥❣ ❛✐r❝r❛❢t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ❛s ✇❡❧❧ ❛s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ✉s❡❞ ✐♥
t❤✐s ♣❛♣❡r✳

❊✳ ❙t❛t✐st✐❝❛❧ ❆♥❛❧②s❡s

❙t❛t✐st✐❝❛❧ ❛♥❛❧②s❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ r❡♣r❡s❡♥t❛t✐✈❡ s❛♠♣❧❡s ♦❢ ✢✐❣❤t ❞❛t❛ t♦ ❞❡t❡r♠✐♥❡ t❤❡ r❡❧❛t✐✈❡ ❡①♣❡❝t❡❞
♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s✐♥❣❧❡✲❛①✐s ✈❡rs✉s t❤❡ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧✳ ❋♦r t❤❡ ♦✈❡r❛❧❧ ♠♦❞❡❧ ❡q✉❛t✐♦♥s✱ t❤❡ t♦♦❧s ✉s❡❞
✇❡r❡ t❤❡ ♠♦❞❡❧ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ✭r2✮ ❛♥❞ t❤❡ ✜t ❡rr♦r ✭s✮✱ ❞❡✜♥❡❞ ✐♥ ❊qs✳ ✭✽✮ ❛♥❞ ✭✾✮✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❛✈❡r❛❣❡ r❡s✉❧ts ❢♦r s✐♥❣❧❡✲ ❛♥❞ ♠✉❧t✐✲❛①✐s ✢✐❣❤t ❞❛t❛ t❛❦❡♥ ❛t ❛♥ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦ ♦❢ ✻ ❞❡❣ ❛r❡ s❤♦✇♥ ✐♥
❚❛❜❧❡ ✶✳

r2 =
Θ̂TXT z −Nz̄2

zT z −Nz̄2
✭✽✮

s =

√

∑

(zi − ŷi)2

N − p
✭✾✮

▼♦❞❡❧ ❙tr✉❝t✉r❡ r2 s

Cl ❙✐♥❣❧❡✲❛①✐s ✾✷✳✶✵✪ ✷✼✳✽✵✪

▼✉❧t✐✲❛①✐s ✾✵✳✻✻✪ ✸✵✳✸✻✪

Cm ❙✐♥❣❧❡✲❛①✐s ✾✸✳✽✸✪ ✷✹✳✼✼✪

▼✉❧t✐✲❛①✐s ✾✷✳✻✾✪ ✷✻✳✾✼✪

Cn ❙✐♥❣❧❡✲❛①✐s ✾✵✳✹✹✪ ✸✵✳✼✾✪

▼✉❧t✐✲❛①✐s ✾✵✳✹✷✪ ✸✶✳✺✵✪

❚❛❜❧❡ ✶✳ ❆✈❡r❛❣❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ✭r2✮ ❛♥❞ ✜t ❡rr♦r ✭s✮ ❢♦r s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧ str✉❝✲
t✉r❡s✱ ♣❡r❢♦r♠❡❞ ♦♥ t❤r❡❡ r❡♣❡t✐t✐♦♥s ♦❢ r❡♣r❡s❡♥t❛t✐✈❡ ✢✐❣❤t ❞❛t❛ ❛t ✻ ❞❡❣ tr✐♠ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✶ ❛r❡ ❢♦r ❡❛❝❤ ♠♦❞❡❧ ❛s ❛♣♣❧✐❡❞ t♦ ❛ s✉♣❡r♠❛♥❡✉✈❡r ❝♦♥str✉❝t❡❞
❢r♦♠ s✉❜✲♠❛♥❡✉✈❡rs t❤❛t ✇❡r❡ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ♠♦❞❡❧ ✐♥ q✉❡st✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧
s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧ ✇❛s ❛♣♣❧✐❡❞ t♦ ❛ s✉♣❡r♠❛♥❡✉✈❡r ♦❢ ❛♥t✐✲s②♠♠❡tr✐❝ ❞♦✉❜❧❡ts✱ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ s✐♥❣❧❡✲❛①✐s
♠♦❞❡❧ ✇❛s ❛♣♣❧✐❡❞ t♦ ❛ s✉♣❡r♠❛♥❡✉✈❡r ♦❢ s②♠♠❡tr✐❝ ❞♦✉❜❧❡ts✱ ❛♥❞ t❤❡ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧ ✇❛s ❛♣♣❧✐❡❞ t♦ ❛
s✉♣❡r♠❛♥❡✉✈❡r ♦❢ ❛s②♠♠❡tr✐❝✱ s✐♥❣❧❡✲s✉r❢❛❝❡ ❞♦✉❜❧❡ts✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ❛♥❞ t❤❡ ✜t ❡rr♦r ❛r❡ ♠❡tr✐❝s t❤❛t ❛♣♣❧② t♦ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥ ❛s ❛
✇❤♦❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ F0✲st❛t✐st✐❝ ♠❛② ❜❡ ✉s❡❞ t♦ ❛ss❡ss t❤❡ r❡❧❛t✐✈❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ♦❢ ✐♥❞✐✈✐❞✉❛❧
♣❛r❛♠❡t❡rs ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ✜t✳ ❚❤❡ F0✲st❛t✐st✐❝ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✳ ✭✶✵✮✱ ✐♥ ✇❤✐❝❤ s2 ✐♥ t❤✐s ❝❛s❡ ✐s t❤❡
♣❛r❛♠❡t❡r ✈❛r✐❛♥❝❡ ❬♥♦t ❡①♣❧✐❝✐t❧② r❡❧❛t❡❞ t♦ t❤❡ ✜t ❡rr♦r ✐♥ ❊q✳ ✭✾✮❪✳

F0 =
θ̂2j

s2(θ̂j)
✭✶✵✮

❚❛❜❧❡s ✷ ❛♥❞ ✸ s❤♦✇ t❤❡ ❋✲r❛t✐♦ ❢♦r r♦❧❧✐♥❣ ❛♥❞ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t ❞❡r✐✈❛t✐✈❡s✱ r❡s♣❡❝t✐✈❡❧②❀ t❤❡② ✇❡r❡
❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞✲s♣❡❝✐✜❝ s❛♠♣❧❡s ♦❢ ✢✐❣❤t ❞❛t❛ ❛s ✐♥ t❤❡ ❛♥❛❧②s❡s ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡t❡r♠✐✲
♥❛t✐♦♥ ❛♥❞ t❤❡ ✜t ❡rr♦r✳ ■♥ t❤❡s❡ t❛❜❧❡s✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ t❤❡ ❋✲r❛t✐♦ ❝♦♥♥♦t❡s ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ s✐❣♥✐✜❝❛♥❝❡
t♦ t❤❡ r❡❣r❡ss✐♦♥ ✜t✳

❋♦r ❜♦t❤ t❤❡ r♦❧❧ ❛♥❞ t❤❡ ♣✐t❝❤ ❛①❡s✱ t❤❡ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧ ✐s s❤♦✇♥ t♦ ❡①❤✐❜✐t ❋✲r❛t✐♦s ❢♦r t❤❡ s✉r❢❛❝❡
❞❡r✐✈❛t✐✈❡s t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧✱ t❤♦✉❣❤ ♥♦t❛❜❧② ❧❡ss ✐♥ ✈❛❧✉❡✳
❖✈❡r❛❧❧✱ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ✈❛❧✉❡s ❛♣♣❡❛r ❤✐❣❤❀ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♠❛♥✉❡✈❡rs ✐♥ t❤❡ ✢✐❣❤t ❞❛t❛ ✉s❡❞
❢♦r t❤❡ ❛♥❛❧②s✐s ✇❡r❡ ❞❡s✐❣♥❡❞ s♣❡❝✐✜❝❛❧❧② ❢♦r t❤❡s❡ ♠♦❞❡❧s✳

❆❧❧ t❤r❡❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s❡s s✉❣❣❡st ❛ ♣r✐♦r✐ t❤❛t ♠✉❧t✐✲❛①✐s ♠♦❞❡❧s ❛r❡ ❧✐❦❡❧② t♦ ♣❡r❢♦r♠ s❧✐❣❤t❧② ✇♦rs❡
t❤❛♥ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧s ✇✐t❤ r❡s♣❡❝t t♦ ♠♦❞❡❧ ❛❝❝✉r❛❝②✳

✽ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



Cl δa δs

❙❢❝ ✷ 3.51 · 104 1.25 · 104

❙❢❝ ✸ 4.58 · 104 1.69 · 104

❙❢❝ ✹ 3.24 · 104 1.63 · 104

❙❢❝ ✺ 4.89 · 104 1.74 · 104

❚❛❜❧❡ ✷✳ P❛rt✐❛❧ ❋✲r❛t✐♦ ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ r♦❧❧✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ s✐♥❣❧❡✲❛①✐s ✭δa✮ ❛♥❞
♠✉❧t✐✲❛①✐s ✭δs✮ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥✳

Cm δe δs

❙❢❝ ✷ 2.19 · 104 1.85 · 104

❙❢❝ ✸ 2.28 · 104 1.83 · 104

❙❢❝ ✹ 2.39 · 104 1.65 · 104

❙❢❝ ✺ 2.41 · 104 1.63 · 104

❚❛❜❧❡ ✸✳ P❛rt✐❛❧ ❋✲r❛t✐♦ ❢♦r ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦❡✣❝✐❡♥t ♦❢ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ s✐♥❣❧❡✲❛①✐s ✭δe✮ ❛♥❞
♠✉❧t✐✲❛①✐s ✭δs✮ s✉r❢❛❝❡ ❞❡✢❡❝t✐♦♥✳

■❱✳ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s✳ ❉✉❡ t♦
t❤❡ ♣r♦♣r✐❡t❛r② ♥❛t✉r❡ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❞❛t❛ ♦❢ t❤❡ ❳✲✹✽❇ ❛✐r❝r❛❢t✱ ❛❧❧ ♣❧♦ts ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ♣r♦✈✐❞❡❞
✇✐t❤♦✉t q✉❛♥t✐✜❝❛t✐♦♥ ♦♥ t❤❡ ♦r❞✐♥❛t❡ ❛①✐s✳ ❚❤❡ ✢✐❣❤t✲❞❛t❛ r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞ ✇✐t❤ ❡rr♦r ❜❛rs✱ ✇❤✐❝❤
r❡♣r❡s❡♥t t❤❡ ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ❞❛t❛ ♣♦✐♥ts✳

▼❛♥② ♦❢ t❤❡ ♣r♦✈✐❞❡❞ r❡s✉❧ts ❞❡♣✐❝t tr❡♥❞s ❢♦r s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t t❤❛t ❞♦ ♥♦t ❛❣r❡❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ✐♥
s❧♦♣❡ ♦r ♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝s✳ ❲❤✐❧❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t r❡s✉❧ts ✇✐❧❧ ❜❡ ❧♦♦s❡❧② ❝♦♠♣❛r❡❞ ❛s ❛ s❛♥✐t②
❝❤❡❝❦ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r ✢✐❣❤t ❞♦ ♥♦t ✇✐❧❞❧② ❞❡✈✐❛t❡ ❢r♦♠ ❡①♣❡❝t❡❞ ✈❛❧✉❡s✱
✐t ✐s ♥♦t t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r t♦ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❇♦❡✐♥❣ ♥♦♥❧✐♥❡❛r s✐♠✉❧❛t✐♦♥ ♦r ❛❡r♦❞②♥❛♠✐❝
♠♦❞❡❧ ✇✐t❤ r❡s♣❡❝t t♦ ✢✐❣❤t✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s r❛t❤❡r t♦ ❝♦♠♣❛r❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s
♠♦❞❡❧ ♦♥ ♠✉❧t✐♣❧❡ ❍❲❇ ❛✐r❝r❛❢t ❞❛t❛s❡ts✳

❚❤❡ ❜❡st ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛ ♠♦❞❡❧ ❧✐❡s ✐♥ ✐ts ❛❜✐❧✐t② t♦ ♠♦r❡ ❛❝❝✉r❛t❡❧② r❡❝♦♥str✉❝t ♦❜s❡r✈❡❞
st❛t❡✲✈❛r✐❛❜❧❡ t✐♠❡ ❤✐st♦r✐❡s✳ ■♥ ❞♦✐♥❣ s♦✱ t❤❡ ❜❡st ♠♦❞❡❧ s❤♦✉❧❞ ❛❧s♦ ♣❡r❢♦r♠ ✇✐t❤ ❧♦✇❡r ❈r❛♠ér✲❘❛♦ ❜♦✉♥❞s
t❤❛♥ ❞♦ ♦t❤❡r ♠♦❞❡❧s ❢♦r t❤❡ s❛♠❡ ❞❛t❛s❡t✳ ❚❤❡ ♠♦❞❡❧s ❛r❡ ❤❡r❡ ❛♣♣❧✐❡❞ t♦ t✇♦ ❞✐✛❡r❡♥t ❞❛t❛s❡ts ❢♦r t❤❡
❳✲✹✽❇ ❛✐r❝r❛❢t✿ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t✳ ❆♥② ❞✐s♣❛r✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ r❡s✉❧ts s✉❣❣❡sts t❤❛t t❤❡
❛❡r♦❞②♥❛♠✐❝ ♠♦❞❡❧ ✐♥❛❞❡q✉❛t❡❧② ❝❛♣t✉r❡s ❝❡rt❛✐♥ ❛❡r♦❞②♥❛♠✐❝s ♦❢ t❤❡ ✢✐❣❤t ✈❡❤✐❝❧❡❀ ✐t ❞♦❡s ♥♦t ❛✛❡❝t t❤❡
❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♠♦❞❡❧s✳

❘❡s✉❧ts ❛r❡ ♥♦t s❤♦✇♥ ❢♦r t❤❡ ✐♥♥❡r♠♦st s✉r❢❛❝❡ ♣❛✐r✱ s✉r❢❛❝❡s ✶✱ s✐♥❝❡ t❤❡ ❳✲✹✽❇ ✢✐❣❤t ❝♦♥tr♦❧ ❧❛✇s ❞♦
♥♦t ♣❡r♠✐t ❛ ❧❛t❡r❛❧ r♦❧❧ ✐♥♣✉t ✉s✐♥❣ t❤✐s s✉r❢❛❝❡ ♣❛✐r❀ t❤❡② ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r ♣✐t❝❤ ❝♦♥tr♦❧ ♦♥❧②✳

❆✳ ❆❡r♦❞②♥❛♠✐❝ ❉❡r✐✈❛t✐✈❡s

❘❡♣r❡s❡♥t❛t✐✈❡ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s ❢♦r ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ✐♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❞ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ ❛①❡s
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✹ ❛♥❞ ✺✳

❚❤❡ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s ❞❡❧✐✈❡r ❡st✐♠❛t❡s ♦❢ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s t❤❛t ❢♦❧❧♦✇ s✐♠✐❧❛r tr❡♥❞s t♦ t❤❡
s✐♥❣❧❡✲❛①✐s ❡st✐♠❛t❡s✳ ❚❤❡ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞✱ ❤♦✇❡✈❡r✱ ✐s s❤♦✇♥ t♦ ❡①❤✐❜✐t ❣r❡❛t❡r s♣r❡❛❞ ✭❝♦rr❡s♣♦♥❞✐♥❣
t♦ r❡❞✉❝❡❞ ❝♦♥s✐st❡♥❝②✮ ❛♥❞ ✇✐❞❡r ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥❝r❡❛s❡❞ ✉♥❝❡rt❛✐♥t②✮ t❤❛♥
t❤❡ s✐♥❣❧❡✲❛①✐s ♠❡t❤♦❞✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ♣❡r❝❡♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡r
❡st✐♠❛t❡s ❝❛♥ t♦ ❜❡ q✉✐t❡ ❤✐❣❤✱ ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳

CY β ✐♥ ♣❛rt✐❝✉❧❛r ❛♣♣❡❛rs t♦ ❜❡ ❡st✐♠❛t❡❞ ♣♦♦r❧②✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞✱ ❤♦✇❡✈❡r✱ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s t❤❡
♠❛❣♥✐t✉❞❡s ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ q✉✐t❡ s♠❛❧❧✳ ❚❤✉s✱ ❛ s♠❛❧❧✲♠❛❣♥✐t✉❞❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❡st✐♠❛t❡s ❝❛♥ ❧❡❛❞
t♦ r❡❧❛t✐✈❡❧② ❤✐❣❤ ♣❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡s✳ ❆s ❛♥♦t❤❡r ♣❡rs♣❡❝t✐✈❡ ♦♥ t❤❡ ❡rr♦r✱ ❢♦r CY β ✱ t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ ♠❡t❤♦❞s ✐s ❛♣♣r♦①✐♠❛t❡❧② ✻ t✐♠❡s t❤❡ s♣❛♥ ♦❢ t❤❡ ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡ ✇❡❛❦♥❡ss ✐♥ t❤❡
♠♦❞❡❧✐♥❣ ♦❢ CY β ❜② t❤❡ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞ ✐s ♣r❡s✉♠❡❞ t♦ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ✉♥✐q✉❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❳✲✹✽❇

✾ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s
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✭❛✮ ❈♦❡✣❝✐❡♥t ♦❢ ♥♦r♠❛❧ ❢♦r❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ ❛t✲
t❛❝❦✳
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Angle of attack, deg
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✭❜✮ ❈♦❡✣❝✐❡♥t ♦❢ ♣✐t❝❤✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢
❛tt❛❝❦✳

❋✐❣✉r❡ ✹✳ ❘❡♣r❡s❡♥t❛t✐✈❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s ❢♦r s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ✢✐❣❤t ❞❛t❛✳
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Angle of attack, deg
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✭❛✮ ❈♦❡✣❝✐❡♥t ♦❢ s✐❞❡ ❢♦r❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢ s✐❞❡s❧✐♣✳
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Angle of attack, deg
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✭❜✮ ❈♦❡✣❝✐❡♥t ♦❢ ②❛✇✐♥❣ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥❣❧❡ ♦❢
s✐❞❡s❧✐♣✳

❋✐❣✉r❡ ✺✳ ❘❡♣r❡s❡♥t❛t✐✈❡ ❧❛t❡r❛❧✲❞✐r❡❝t✐♦♥❛❧ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s ❢♦r s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ✢✐❣❤t ❞❛t❛✳

❉❡r✐✈❛t✐✈❡ ❉✐✛✳

CNα ✶✻✳✼✽✪

Cmα ✶✽✳✽✷✪

CY β ✽✷✳✾✽✪

Cnβ ✶✸✳✺✶✪

Clβ ✹✽✳✹✺✪

❚❛❜❧❡ ✹✳ ❆✈❡r❛❣❡ ❛❜s♦❧✉t❡ ♣❡r❝❡♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠✉❧t✐✲❛①✐s ❛♥❞ s✐♥❣❧❡✲❛①✐s ❡st✐♠❛t❡s ♦❢ s❡❧❡❝t❡❞ ❛❡r♦❞②✲
♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s✳
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❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



❛✐r❝r❛❢t✱ ✇❤✐❝❤ ✐s r❡❧❛t✐✈❡❧② ✢❛t ✐♥ t❤❡ ❳❨ ♣❧❛♥❡❀ ❤❡♥❝❡ ✐t ❤❛s ❞✐r❡❝t✐♦♥❛❧ ♣r♦✜❧❡ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡
s✐❣♥✐✜❝❛♥t❧② ✇✐t❤ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ s✐❞❡s❧✐♣ ❛♥❣❧❡✳

❇✳ ❙✉r❢❛❝❡ ❉❡r✐✈❛t✐✈❡s

❊①❛♠♣❧❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢♦r t❤❡ ♣✐t❝❤ ❛♥❞ r♦❧❧ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ✐♥♥❡r s✉r❢❛❝❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣s✳ ✻
t❤r♦✉❣❤ ✾✳ ■♥ t❤❡s❡ ✜❣✉r❡s✱ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ✇❡r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ✭❞❡s✐❣♥❛t❡❞
✏▼❆✑✮ ✇❡r❡ s♦❧✈❡❞ ❢♦r ✉s✐♥❣ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥s t❤❛t ✐♥❝❧✉❞❡❞ t❤❡ ❢✉❧❧ s❡t ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❞ ❧❛t❡r❛❧✲
❞✐r❡❝t✐♦♥❛❧ t❡r♠s✳ ❚❤❡ s✐♥❣❧❡✲❛①✐s ♠❛♥❡✉✈❡rs ✭❞❡s✐❣♥❛t❡❞ ✏❙❆✑✮ ✇❡r❡ s♦❧✈❡❞ ❢♦r ✉s✐♥❣ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥s
t❤❛t ✐s♦❧❛t❡❞ ❡❛❝❤ ❛①✐s✱ ❛♥❞ ✉s❡❞ ❞❛t❛ s❡ts ❢r♦♠ s❡♣❛r❛t❡ s✐♥❣❧❡✲❛①✐s ♠❛♥❡✉✈❡rs✳
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✭❜✮ P✐t❝❤ ❡✛❡❝t✐✈❡♥❡ss✳

❋✐❣✉r❡ ✼✳ ❊st✐♠❛t❡s ♦❢ s✉r❢❛❝❡ ✸ ♣✐t❝❤ ❛♥❞ r♦❧❧ ♠♦♠❡♥t ❡✛❡❝t✐✈❡♥❡ss✳

❙✐♠✐❧❛r t♦ t❤❡ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛t✐✈❡s✱ t❤❡ ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s ❞❡❧✐✈❡r ❡st✐♠❛t❡s ♦❢ ❛❡r♦❞②♥❛♠✐❝ ❞❡r✐✈❛✲
t✐✈❡s t❤❛t ❢♦❧❧♦✇ s✐♠✐❧❛r tr❡♥❞s t♦ t❤❡ s✐♥❣❧❡✲❛①✐s ❡st✐♠❛t❡s✳ ❚❤❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ♣❡r❝❡♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡
✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✺✳

❉❡r✐✈❛t✐✈❡ ❉✐✛✳✱ ❙❢❝ ✷ ❉✐✛✳✱ ❙❢❝ ✸ ❉✐✛✳✱ ❙❢❝ ✹ ❉✐✛✳✱ ❙❢❝ ✺

Clδs ✻✳✽✽✪ ✶✻✳✽✻✪ ✷✺✳✷✻✪ ✸✵✳✸✽✪

Cmδs ✶✸✳✺✾✪ ✶✹✳✶✶✪ ✼✳✵✻✪ ✺✳✻✶✪

❚❛❜❧❡ ✺✳ ❆✈❡r❛❣❡ ❛❜s♦❧✉t❡ ♣❡r❝❡♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠✉❧t✐✲❛①✐s ❛♥❞ s✐♥❣❧❡✲❛①✐s ❡st✐♠❛t❡s ♦❢ s❡❧❡❝t❡❞ s✉r❢❛❝❡
❞❡r✐✈❛t✐✈❡s✳

❚❤❡ ♣✐t❝❤ ❛①✐s ♣❛r❛♠❡t❡rs ❛r❡ ✐♥ ❣❡♥❡r❛❧ t✐❣❤t❧② ❝❧✉st❡r❡❞ ✇✐t❤✐♥ ❡❛❝❤ ♦t❤❡r✬s ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s
❢♦r ❜♦t❤ s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧s✱ t❤♦✉❣❤ t❤❡② ❛♣♣❡❛r t♦ ❤❛✈❡ ❧❛r❣❡r ❈r❛♠ér✲❘❛♦ ❧♦✇❡r ❜♦✉♥❞s
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♦✈❡r❛❧❧✳ ❚❤❡ ♠✉❧t✐✲❛①✐s ❡st✐♠❛t❡s ❢♦r r♦❧❧✐♥❣ ♠♦♠❡♥t s✉r❢❛❝❡ ❞❡r✐✈❛t✐✈❡s✱ ❤♦✇❡✈❡r✱ ❛❣r❡❡ ❧❡ss ✇✐t❤ t❤❡ ♠♦r❡✲
❡st❛❜❧✐s❤❡❞ s✐♥❣❧❡✲❛①✐s ♠❡t❤♦❞ ❛s ♦♥❡ ♠♦✈❡s ❢✉rt❤❡r ♦✉t✇❛r❞ ♦♥ t❤❡ ✇✐♥❣✳ ❚❤❡ ♠✉❧t✐✲❛①✐s ❡st✐♠❛t❡s ❢♦r
♣✐t❝❤✐♥❣ ♠♦♠❡♥t s✉r❢❛❝❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ❣❡♥❡r❛❧ ❛♣♣❡❛r t♦ ❛❣r❡❡ ♠♦r❡ ✇✐t❤ t❤❡ s✐♥❣❧❡✲❛①✐s ♠❡t❤♦❞s ❛s ♦♥❡
♠♦✈❡s ❢✉rt❤❡r ♦✉t✇❛r❞ ♦♥ t❤❡ ✇✐♥❣✳

❈✳ ❚✐♠❡ ❍✐st♦r② ❘❡❝♦♥str✉❝t✐♦♥

❚✐♠❡ ❤✐st♦r② r❡❝♦♥str✉❝t✐♦♥ ♦❢ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❞✐r❡❝t ♠❡t❤♦❞s ♦❢
❛ss❡ss✐♥❣ t❤❡ q✉❛❧✐t② ♦❢ ❛ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♠♦❞❡❧✳ ❲❤❡♥ ❞r✐✈❡♥ ✇✐t❤ t❤❡ s❛♠❡ ✐♥♣✉ts ❛s s✐♠✉❧❛t✐♦♥ ♦r
✢✐❣❤t✱ t❤❡ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ❛❝❝✉r❛t❡❧② r❡❝♦♥str✉❝t t❤❡ ♦❜s❡r✈❡❞ ♦✉t♣✉ts ♦❢ t❤❡ s②st❡♠ ✉♥❞❡r st✉❞②✳
❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❢♦r s✐♠✉❧❛t✐♦♥ ❛♥❞ ✢✐❣❤t✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡r❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣
❊qs✳ ✭✶✶✮ t❤r♦✉❣❤ ✭✶✸✮✳

q̄Sb

Ixx
Cl = ṗ−

Ixz

Ixx
ṙ +

Izz − Iyy
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Ixz

Ixx
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q̄Sc

Iyy
Cm = q̇ +

Ixx − Izz

Iyy
pr +

Ixz

Iyy
(p2 − r2)−

Ip

Iyy
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q̄Sb
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Cn = ṙ −

Ixz
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ṗ+

Iyy − Ixx
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pq +

Ixz

Izz
qr +
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Izz
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❚❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❢r♦♠ ❡❛❝❤ ♠♦❞❡❧ ✇❡r❡ ✉s❡❞ t♦ r❡❝♦♥str✉❝t ❡st✐♠❛t❡s ♦❢ t❤❡ ❛❜♦✈❡ ❡①♣❡r✐♠❡♥t❛❧
✈❛❧✉❡s ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ❡q✉❛t✐♦♥s ❛s ✐♥ ❊qs✳ ✺ ❛♥❞ ✻✳ ❚❤❡ t✐♠❡ ❤✐st♦r✐❡s ♦❢ t❤❡s❡ ✇❡r❡ t❤❡♥ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❝❛❧❝✉❧❛t❡❞ ✭s✐♠✉❧❛t✐♦♥✮ ♦r ♦❜s❡r✈❡❞ ✭✢✐❣❤t✮ t✐♠❡ ❤✐st♦r✐❡s✳ ❚❤❡ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ❝❛♥ t❤❡♥
❜❡ ✐♥t❡❣r❛t❡❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ t♦ ❛rr✐✈❡ ❛t t❤❡ ❛✐r❝r❛❢t st❛t❡ ✈❛r✐❛❜❧❡s✱ s✉❝❤ ❛s ✇✐♥❞ ❛♥❣❧❡s ❛♥❞
r♦t❛t✐♦♥❛❧ r❛t❡s✳

❆✳ ❙✐♠✉❧❛t✐♦♥

❊①❛♠♣❧❡ t✐♠❡ ❤✐st♦r② r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ r♦❧❧✐♥❣✱ ♣✐t❝❤✐♥❣✱ ❛♥❞ ②❛✇✐♥❣ ♠♦♠❡♥ts ❢♦r s✐♠✉❧❛t✐♦♥ ❞❛t❛ ❛r❡
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❘❡❝♦♥str✉❝t✐♦♥s ❢♦r t❤❡ r♦❧❧✱ ♣✐t❝❤✱ ❛♥❞ ②❛✇ ❛①✐s ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ❢♦r ✢✐❣❤t ❞❛t❛ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳
✶✸ t❤r♦✉❣❤ ✶✺✳ ❆s ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ♠❛♥❡✉✈❡rs✱ ❜♦t❤ t❤❡ s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ✇❡r❡
♣❡r❢♦r♠❡❞ s❡♣❛r❛t❡❧②✳ ❯♥❧✐❦❡ ✐♥ s✐♠✉❧❛t✐♦♥✱ ❤♦✇❡✈❡r✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ♥♦t ❛s ❝♦♥tr♦❧❧❡❞ ❛s ✐♥ ✢✐❣❤t✱ ❛♥❞
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♣❡r❢♦r♠ ❝❧♦s❡ t♦ t❤❡ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧ ✐♥ t❡r♠s ♦❢ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t r❡❝♦♥str✉❝t✐♦♥✱ ❛❝❤✐❡✈✐♥❣ ✜t ❡rr♦rs ♦❢
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MA Model

✭❜✮ ▼✉❧t✐✲❛①✐s ♠♦❞❡❧✱ ✽ ❞❡❣ tr✐♠ ❛♥❣❧❡ ♦❢ ❛tt❛❝❦✳

❋✐❣✉r❡ ✶✾✳ ❨❛✇ r❛t❡ ❢♦r s✐♥❣❧❡✲❛①✐s ❛♥❞ ♠✉❧t✐✲❛①✐s ♠♦❞❡❧s✱ ✐♥t❡❣r❛t❡❞ ❢r♦♠ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥t
r❡❝♦♥str✉❝t✐♦♥s ♦♥ ✢✐❣❤t ❞❛t❛✳

✶✼ ♦❢ ✶✾

❆♠❡r✐❝❛♥ ■♥st✐t✉t❡ ♦❢ ❆❡r♦♥❛✉t✐❝s ❛♥❞ ❆str♦♥❛✉t✐❝s



♠❛♥❛❣❡s t♦ ❝❛♣t✉r❡ t❤❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦t✐♦♥✳ ❙✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ♠❛② ❜❡ ❞r❛✇♥ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥
♦❢ t❤❡ ♣✐t❝❤ r❛t❡ r❡❝♦♥str✉❝t✐♦♥s ✐♥ ❋✐❣✳ ✶✽✳ ◆♦ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ q✉❛❧✐t② ♦❢ r❡❝♦♥str✉❝t✐♦♥✱
❤♦✇❡✈❡r✱ ♠❛② ❜❡ r❡❛❞✐❧② ❞r❛✇♥ ❢r♦♠ t❤❡ ♣❧♦ts ♦❢ ❝❛❧❝✉❧❛t❡❞ ②❛✇ r❛t❡ ✐♥ ❋✐❣✳ ✶✾✳

❱✳ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

▼✉❧t✐✲❛①✐s ♠❡t❤♦❞s ♣r♦✈✐❞❡❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s t❤❛t ✇❡r❡ ❣❡♥❡r❛❧❧② s✐♠✐❧❛r t♦ s✐♥❣❧❡✲❛①✐s ♠❡t❤♦❞s ✐♥
t❡r♠s ♦❢ tr❡♥❞s✱ ❜✉t ✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡rs ✇❡r❡ ♦❢t❡♥ q✉✐t❡ ❞✐✛❡r❡♥t ❜② ❛ t②♣✐❝❛❧ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ ❡rr♦r ♦❢
r♦✉❣❤❧② ✶✺✲✷✵✪✱ ✇✐t❤ ❞❡❝r❡❛s❡❞ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡✳ ❘❡❣r❡ss✐♦♥ ♦♥ ✢✐❣❤t ❞❛t❛ ✐♥❞✐❝❛t❡❞ t❤❛t ❛ ♠✉❧t✐✲❛①✐s
♠♦❞❡❧ ❡①❤✐❜✐t❡❞ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♦✈❡r❛❧❧ ✜t ❡rr♦r ♦❢ r♦✉❣❤❧② ✶✲✺✪ ❢♦r t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❡st✐♠❛t❡s ♦❢ t❤❡
❢♦r❝❡ ❛♥❞ ♠♦♠❡♥t ❝♦❡✣❝✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣❧❡✲❛①✐s ♠♦❞❡❧✳ ❚❤❡s❡ ❡rr♦rs ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❛♣♣❧✐❡❞
t♦ ✢✐❣❤t ❞❛t❛ ❞❡s✐❣♥❡❞ ❢♦r ❡❛❝❤ ♠❡t❤♦❞✳ ▼✉❧t✐✲❛①✐s r❡❝♦♥str✉❝t✐♦♥s ♦❢ ❛✐r❝r❛❢t st❛t❡ ✈❛r✐❛❜❧❡s ✇❡r❡ s❤♦✇♥
t♦ ❜❡ ♥♦t✐❝❡❛❜❧②✱ ❜✉t ♥♦t s✐❣♥✐✜❝❛♥t❧②✱ ♣♦♦r❡r t❤❛♥ s✐♥❣❧❡✲❛①✐s r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ s❛♠❡ ✇✐♥❞ ❛♥❣❧❡s ❛♥❞
r♦t❛t✐♦♥❛❧ r❛t❡s✳

❙✐♥❝❡ t❤❡ ♠✉❧t✐✲❛①✐s ♠❛♥❡✉✈❡rs ❝❛♣t✉r❡❞ s✐♠✐❧❛r ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛s ❜♦t❤ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❞ ❧❛t❡r❛❧✲
❞✐r❡❝t✐♦♥❛❧ ♠❛♥❡✉✈❡rs ❝♦♠❜✐♥❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ✢✐❣❤t✲t❡st ♣♦✐♥ts ❢♦r t❤❡ ✐♥♥❡r s✉r❢❛❝❡s ❝♦✉❧❞ ❤❛✈❡ t❤❡♦r❡t✐✲
❝❛❧❧② ❜❡❡♥ r❡❞✉❝❡❞ ❜② ✺✵✪✳ ❚❤✐s r❡❞✉❝t✐♦♥✱ ❤♦✇❡✈❡r✱ ❝❛♠❡ ❛t t❤❡ ❝♦st ♦❢ ♠♦❞❡r❛t❡❧② ❞❡❣r❛❞❡❞ ❛❝❝✉r❛❝② ✐♥
✐♥❞✐✈✐❞✉❛❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ s❧✐❣❤t❧② ❞❡❣r❛❞❡❞ ❛❝❝✉r❛❝② ✐♥ ♦✈❡r❛❧❧ ♠♦❞❡❧ ✜t ❡rr♦r✳ ❆❞❞✐t✐♦♥❛❧❧②✱ r❡✲
♠♦✈❛❧ ♦❢ ❤❛❧❢ ♦❢ t❤❡ r❡q✉✐r❡❞ t❡st ♣♦✐♥ts ✇✐❧❧ ♥♦t ♥❡❝❡ss❛r✐❧② r❡❞✉❝❡ t❤❡ ♦✈❡r❛❧❧ ✢✐❣❤t t✐♠❡ ❜② t❤❡ s❛♠❡ ❛♠♦✉♥t✱
❛s t❤❡ ♦✈❡r❤❡❛❞ ✐♥✈♦❧✈❡❞ ✐♥ ♦♣❡r❛t✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✭✐♥❝❧✉❞✐♥❣ ❣❡tt✐♥❣ ♦♥✲❝♦♥❞✐t✐♦♥✱ ❢✉❡❧✐♥❣✱ t✉r♥s t♦ st❛②
✇✐t❤✐♥ ❜♦✉♥❞❛r✐❡s✱ ❡t ❝❡t❡r❛✮ ❞♦❡s ♥♦t s❝❛❧❡ ❧✐♥❡❛r❧② ❛♥❞ ✐s ✉s✉❛❧❧② ❤✐❣❤❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡
t❡st ♠❛tr✐①✳

❚❤❡ ✐♥♥❡r s✉r❢❛❝❡s ♦❢ t❤❡ ❳✲✹✽❇ ❇❧❡♥❞❡❞ ❲✐♥❣ ❇♦❞②✱ ♦♥ ✇❤✐❝❤ t❤✐s st✉❞② ✇❛s ❢♦❝✉s❡❞✱ ❛r❡ r❡❧❛t✐✈❡❧②
str❛✐❣❤t❢♦r✇❛r❞ ✐♥ t❡r♠s ♦❢ ❢✉♥❝t✐♦♥ ❛♥❞ ♠♦t✐♦♥❀ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♠✉❧t✐✲❛①✐s t❡❝❤♥✐q✉❡s t♦ t❤❡ ♠♦r❡ ❝♦♠♣❧❡①
♦✉t❡r s✉r❢❛❝❡ ❝❧❛♠s❤❡❧❧ ♠♦t✐♦♥ ❝♦✉❧❞ r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t ♣❡r❢♦r♠❛♥❝❡ ❢♦r ♠✉❧t✐✲❛①✐s ♠❡t❤♦❞s✳ ❋✉t✉r❡ ♣❛r❛♠❡t❡r
❡st✐♠❛t✐♦♥ r❡s❡❛r❝❤ ❛t t❤❡ ◆❆❙❆ ❉r②❞❡♥ ❋❧✐❣❤t ❘❡s❡❛r❝❤ ❈❡♥t❡r ✭❊❞✇❛r❞s✱ ❈❛❧✐❢♦r♥✐❛✮ ♠❛② ❞❡❧✈❡ ✐♥t♦ t❤❡s❡
♣r♦❜❧❡♠s ♦❢ ✐♥t❡r❡st ❢♦r ❤②❜r✐❞✲✇✐♥❣✲❜♦❞② t②♣❡ ❛✐r❝r❛❢t✳

❘❡❢❡r❡♥❝❡s

1❚❛②❧♦r✱ ❇✳❘✳ ❛♥❞ ❘❛t♥❛②❛❦❡✱ ◆✳❆✳✱ ✏❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❋❧✐❣❤t ❊✈❛❧✉❛t✐♦♥ ♦❢ ❛ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥ ■♥♣✉t
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Problem	  Statement	  

•  Hybrid-‐Wing	  Body	  aircraL	  such	  as	  
the	  Boeing	  X-‐48B	  BWB	  are	  
poten$ally	  the	  future	  of	  highly	  
efficient	  air	  transport	  

•  New	  systems	  will	  possibly	  require	  
new	  ways	  of	  approaching	  the	  
system	  iden$fica$on	  problem	  
–  Math	  is	  the	  same,	  but…	  

–  New	  configura$ons	  =	  new	  issues	  

•  Iden$fiability!	  
–  Many	  co-‐planar	  surfaces	  

–  Complex	  outer	  surface	  mo$on	  
(clamshell)	  

•  This	  paper:	  tradeoff	  on	  accuracy	  
when	  using	  asymmetric	  
maneuvers	  to	  aZempt	  to	  
es$mate	  mul$ple	  axes	  at	  once	  
($me	  savings)	  

NASA	  /	  Tony	  Landis	  (ED06-‐0198-‐37	  )	  

Mul9-‐axis	  versus	  single-‐axis…	  how	  to	  they	  compare?	  



Surface	  Defini$ons	  

•  Surfaces	  1:	  elevator	  
mo$on	  

•  Surfaces	  2-‐5:	  elevon	  
mo9on	  

•  Surfaces	  6/8	  and	  7/9:	  
clamshell	  mo$on	  

–  Aileron-‐like	  for	  roll	  

–  Split	  mo$on	  for	  drag	  
rudder	  mode	  

•  Winglet	  rudders	  



Supermaneuver	  

•  Individual	  doublets	  are	  
spliced	  together	  into	  a	  
single	  data	  file	  for	  
combined	  analysis	  

•  2	  sec	  $me	  frame	  skip	  to	  
reset	  integrators	  

•  Single-‐axis	  (pitch):	  
symmetric	  mo$on	  

•  Single-‐axis	  (roll):	  
an$symmetric	  mo$on	  

•  Mul$-‐axis	  (pitch	  and	  roll):	  
asymmetric	  mo$on	  



Data	  Sources	  

•  Simula$on	  
–  Boeing	  nonlinear	  sim	  v4.3,	  

VMS	  v4.3.1,	  aero	  model	  
20100527,	  implemented	  in	  
Simulink	  

–  PID/OBES	  and	  control	  
allocator	  modified	  by	  DFRC	  
for	  maneuver	  defini$on	  and	  
forcing	  open-‐loop	  

•  Flight	  
–  Flights	  65,	  66,	  67,	  85,	  89	  

–  Flight	  data	  filtered	  though	  3rd	  
Order	  BuZerworth	  filter,	  5	  Hz	  
corner	  frequency	  

NASA	  /	  Tony	  Landis	  (ED10-‐0056-‐32)	  



Linear	  Regression	  for	  PID	  

•  Model	  form	  is	  assumed	  
to	  be	  linear	  (though	  
regressors	  may	  be	  
nonlinear)	  

•  Use	  sta$s$cal	  tools	  to	  
assess	  model	  quality	  
and	  parameter	  
significance	  

•  Es$mate	  uncertainty	  
from	  Cramér-‐Rao	  
bounds	  

Outputs	  =	  Regressors	  *	  Parameters	  



Sta$s$cal	  Analysis	  

•  Analysis	  of	  coefficient	  of	  

determina$on,	  fit-‐error,	  

and	  significance	  suggest	  

a	  priori	  that	  the	  mul$-‐

axis	  model	  is	  likely	  to	  

perform	  worse	  than	  the	  

single-‐axis	  model	  

•  Confirms	  intui$on	  	   Par$al	  	  

F-‐ra$o	  



Selected	  Aerodynamic	  Derivs	  



Roll/pitch	  derivs.	  (Sfcs	  2,3)	  



Roll/pitch	  derivs.	  (Sfcs	  4,5)	  



Time	  History	  Reconstruc$ons	  

CN	  

β	  



Conclusions	  

•  Trends	  in	  mul$-‐axis	  parameter	  es$mates	  were	  
quite	  similar	  to	  single-‐axis	  

•  Typical	  absolute	  average	  difference	  in	  
individual	  parameters:	  15-‐20%	  

•  Typical	  mul$-‐axis	  method	  increase	  in	  model	  fit	  
error:	  +1-‐5%	  

•  Mul$-‐axis	  method	  exhibited	  greater	  CRB/
scaZer	  at	  higher	  angles	  of	  aZack	  

•  Mul$-‐axis	  method	  (as	  studied	  here)	  could	  
have	  reduced	  flight	  test	  points	  by	  50%	  



Ques$ons?	  

NASA	  /	  Tony	  Landis	  (ED10-‐0056-‐28	  )	  


