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CHAPTER 1 Introduction

1.1 Introduction

With a surging increase in demand for personal wireless radio communications within the past decade, there is a grow-
ing need for technological innovations to satisfy these demands. Future technology must be able to allow users to effi-
ciently share common resources, whether it involves the frequency spectrum, computing facilities, databases, or storage
facilities. As with mobile cellular telephony, the driving forces behind this demand includes the mobility and flexibility
that this technology provides. In contrast to wired communications, future personal communication networks will allow
users the connection to a multitude of resources while enjoying the freedom of mobility. A particular area of growing
interest is indoor wireless communications.

In an indoor environment, the use of a wircless communication link removes any need for wiring. Besides the
removal of the costs associated with wiring, wireless links allow the network to operate undisturbed while new users are
added.

While there is a strong desire for this technology, there are many obstacles and issues that need to be addressed. The
issue of portability places constraints on the size and on the power consumption of the terminals. In addition, transmis-
sions in an indoor environment face the harsh degradations of multipath channels.

In this document, a novel digital modulation and multiple access scheme called Multi-Carrier CDMA (MC-
CDMA) [1] [2] [3] is analyzed. Although this modulation technique in this report is applied primarily to an indoor wire-
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Introduction

less radio network, this transmission scheme may have other applications. One possible application is vehicle-to-vehicle
communications for Intelligent Highway Vehicle Systems (IHVS). The deciding factors on whether this technique is fea-
sible for a certain application depends largely on the physical channel and the baud rates of interest. Under appropriate
conditions, MC-CDMA signals will propagate through multipath channels with little distortion!.

Although MC-CDMA resembles the signal structure for OFDM when the subcarriers are spaced as closely as possible,
the manner in which the subcarriers are utilized is very different. In [4] [5], OFDM is discussed as a means of decreasing
the effective baud rate by transmitting different data symbols on different subcarriers. With MC-CDMA, the same data bit
is transmitted over all subcarriers without changing the original baud rate.

In [3], a bound on the bit error rate for convolutionally-coded MC-CDMA is presented. In this scheme, a maximum-
likelihood detection is performed on the received signal where all signals including the interference are considered in the
decision making process. For the MC-CDMA system that we are analyzing, the receiver is assumed to be of a much sim-
pler form, detecting only for the desired signal using classical diversity theory.

The general organization of this document is as follows. The discussion begins with the review of multipath channels
and its implications on wireless communications. In Chapter 3, MC-CDMA is described in detail. It is compared to other
conventional modulation techniques; differences and similarities are pointed out. In the process, motivations for this new
technique are discussed. Next, implementation of this modulation scheme will be discussed with a possible transmitter
and receiver model. In the receiver model, different frequency equalization techniques are considered. In Chapter 4, the
performance of this technique in an indoor wireless environment is evaluated for Rayleigh and Rician fading channels.

Numerical results are presented and discussed in Chapter 5.

1. In this report, "distortion" means linear distortion or dispersion.
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CHAPTER 2 Multipath Channels

2.1 Multipath Channels

When a binary phase-shift keying (BPSK) modulated signal is transmitted over a wireless channel, the transmitted sig-
nal decomposes into multiple copies of the original signal corresponding to multiple path reflections off of the surround-
ing environment. Each path will experience an attenuation, a phase delay and a time delay. At the receiver, the received
signal consists of the superposition of these paths. Because of the random nature of the channel effects mentioned above,
the paths may add destructively. This phenomenon creates an obstacle for wireless communications.

Two parameters that are often used to characterize multipath channels are the delay spread and the coherence
bandwidth [6]. The delay spread, T}, is a measure of the length of the impulse response of the channel. Delay spreads lead
to intersymbol interference (ISI) and consequently degrade the performance of the system and complicate the receiver
design. In indoor environments, the root mean square (r.m.s) delay spread is in general small with typical values in the

range of 10 - 50 ns. [7]. Also of interest is the number of resolvable paths, which is defined to be

T
L=|_"|+1
=] ™

where 7 is the maximum delay spread and T}, is the symbol duration. For narrowband communications, there is usually
only one resolvable path for transmission rates up to 1 Mbauds/sec.

As a measure of the correlation of the fading between frequencies, the coherence bandwidth is directly related to the
delay spread. For an exponentially distributed delay spread power profile, the coherence bandwidth is given as

1
BW, = T @)

Two frequencies lying within the coherence bandwidth are likely to experience correlated fading.
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Another channel phenomenon associated with wireless communications is the Doppler spread. While it may be inter-
preted as a measure of the variation of the shift in the carrier frequency, it is in some ways more intuitive to view it as a
measure of the rate at which the channel changes. Small doppler spreads imply a large coherence time or a slowly chang-
ing channel. Measurements indicate that Doppler shifts are relatively small and typically in the range of 0.3 to 6.1 Hz [8]
in the indoor environment. Thus, the channel may be assumed to be constant over the symbol duration, T, for baud rates
up to 1 Mbaud/sec.

Within a small time window in which the effects of the channel are relatively constant, the received signal consists of
the contribution from the paths that arrive within this interval. Each path may be treated as a vector with an amplitude and
phase. If the terminal is moving or the surrounding environment is changing, the effects of the channel will randomly
change with time. Thus, at some points in time, the paths may add destructively and in others constructively. Obviously,
the case that is undesirable is when the channel attenuates the signal. Two distributions that are commonly used to
describe the random amplitudes resulting from multipath channels are the Rayleigh and Rician distributions.

If there is no line-of-sight (LOS) component in the received signal, i.e, when the direct path is obstructed as with prop-
agation in an outdoor environment over long distances, the received signal consists only of scattered components due to
reflections with no dominant path. The received signal can be separated into an in-phase and a quadrature component
where each path will contribute an in-phase and a quadrature component. Assuming that there are a very large number of
paths, the in-phase and quadrature components can be assumed to be zero-mean Gaussian random variables by the Central
Limit Theorem (CLT). Thus, the overall amplitude of the signal that results from the vector addition of all components is
by definition Rayleigh distributed and the phase is uniformly distributed on the interval of [0,27].

The Rayleigh distribution of p is defined to be

pz
o Lo
L) =L =) @®
[¢)
where 02 is the variance of the in-phase and quadrature components. Two statistical quantities of interest are the mean

and the second moment of the Rayleigh random variable. They can be determined to be

Ep = ch Ep? = 202, )
If there is a direct LOS component, as in the case of indoor environments, the received signal will most likely consis-

tent of a dominant component corresponding to the LOS path and a scattered component due to reflections. Arbitrarily
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orienting the in-phase and quadrature components so that the LOS component is in-phase, the received signal amplitude,

p. has a Rician distribution given by

p*+b}
P T2a7 , (boP
1p®) = S 10(?) )

where o2 represents the power of the scattered in-phase and quadrature components, by is the amplitude of the LOS
component and /,(p) is the zeroth order modified Bessel function. The Rician distribution is often characterized by the
Rician K-factor, which is defined to be the ratio of the power of the LOS component to the power of the scattered compo-

nent and is given as

5
K= —,. 6!
202 (6)
Measurements of the indoor environments indicate that a Rician K-factor of 10 is a typical value for an open-office inte-
rior floor plan [9] [10]. A statistical quantity that is of interest is the mean of the Rician distribution which can be found to

be

Bp = & b [ +01(5) +k1, 5] m

where 1, (K) represents the first order modified Bessel function.
Many studies have been done on the channel modelling of indoor environments. The statistical models given
in [11] [12] may be more appropriate for wideband signals where there are many resolvable paths rather than in narrow-

band communications where there is usually one resolvable path (i.e., T, « T},).
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CHAPTER 3 P rinciples Of MC-CDMA

3.1 What is MC-CDMA?

Multi-carrier CDMA is a digital modulation technique where a single data symbol is transmitted at multiple narrow-
band subcarriers with each subcarrier encoded with a phase offset of 0 or n based on a spreading code. The narrowband
subcarriers are generated using BPSK modulated signals, each at different frequencies which at baseband are at multiples
of a harmonic frequency, 1/7,. Consequently, the subcarriers are orthogonal to each other at baseband, and the compo-
nent at each subcarrier may be filtered out by modulating the received signal with the frequency corresponding to the par-
ticular subcarrier of interest and integrating over a symbol duration. The orthogonality between subcarrier frequencies is
maintained if the subcarrier frequencies are spaced apart by multiples of F/7, where F is an integer. Throughout this
document, F, which will be used to describe the spacing between subcarrier frequencies for an MC-CDMA signal, will be
referred to as the F-parameter. An example of an MC-CDMA signal in the frequency domain for F = 6 is shown in Fig.
1c.

The phase at each subcarrier corresponds to one element of the spreading code. For a spreading code of length N,
there are N subcarriers. Throughout this paper, N will be referred to as the spreading factor. This modulation scheme is
also a multiple access technique in the sense that different users will use the same set of subcarriers but with a different
spreading code that is orthogonal to the code of all other users. Thus, it is important to point out that there exist two levels
of orthogonality. While the subcarriers frequencies are orthogonal to each other, and the spreading codes are also orthog-
onal to each other.

Upon careful examination, the discrete-time version of the signal can be viewed as the Discrete Fourier Transform

(DFT) of a Direct Sequence - Code Division Multiple Access (DS-CDMA) signal, i.e., the signal is CDMA-coded in fre-
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quency. This scheme can also be considered as a spread spectrum technique since the signal is spread over a larger band-

width than necessary in order to achieve frequency diversity.

3.2 The F-parameter

In order to obtain a compact signal in frequency, it would be desirable to space the subcarriers as closely together as
possible. The closest possible spacing between subcarriers is 1/7, where F = I. With this particular spacing, the struc-

ture of the signal is exactly that of Orthogonal Frequency Division Multiplexing (OFDM) [4] [5].

3.2.1 F=1and OFDM

Although OFDM and MC-CDMA have the same signal structure, they are very different in how the subcarriers are
actually used to transmit data. With OFDM, different data symbols are transmitted at different subcarriers. These sets of
data symbols can be encoded with error correction or detection codes to compensate for the loss of individual subcarriers
and their corresponding data symbols. The goal of OFDM is to reduce the effective transmission rate and consequently
increase the symbol duration. As a result, the OFDM signal is affected less by delay spreads and ISI because of the longer
symbol duration. In addition, if the channel changes rapidly, i.e., when there are large Doppler shifts, the longer symbol
duration helps to average out the signal over these fluctuations and occurrences of deep fades in time. The implementa-
tion of multiple access in OFDM is different from that of MC-CDMA in that different users do not use the same set of
subcarriers. Multiple access in OFDM may be implemented by having different users transmit on different sets of subcar-
riers (frequency division multiplexing) or to have different users contribute to a data set that will be assigned to the same
OFDM signal. Thus, as it can be seen, OFDM and MC-CDMA differ greatly in the utilization of the subcarriers.

Since MC-CDMA has the same signal structure for F = I as OFDM, some conclusions and results about OFDM can
be applied to MC-CDMA for F = 1. One conclusion is that MC-CDMA for F = 1 is spectrally efficient. Since the subcar-
riers are spaced closely together, an efficient bits/Hz ratio is obtained [5]. In addition, since the edges of the signal in fre-
quency are formed by narrowband sinc( ) functions, the drop off of the MC-CDMA (F = I) signal spectrum at its edges is
very sharp. Consequently, the spectral leakage into adjacent frequency bands is small. Another conclusion that can be
drawn from the similarity with OFDM will be brought up when the implementation aspects of MC-CDMA are discussed.

Multi-Carrier CDMA 7
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3.2.2 F very Large

While one would desire a spectrally compact and efficient signal, there is also the conflicting goal of frequency diver-
sity. By transmitting the signal at multiple subcarriers, it is hoped that only a few of the subcarriers will be severely atten-
uated with the majority of the subcarriers passing through the channel with little distortion. The degree to which this goal
coincides with the physical channel depends on the coherence bandwidth, BW,_, of the channel. If several subcarriers lie
.within the coherence bandwidth, then it is statistically likely that the loss of one subcarrier implies the loss of all the sub-
carriers within BW_. In this case, frequency diversity is not achieved.

Consequently, depending on the actual physical channel, one may desire to space the subcarriers as far apart as possi-
ble, corresponding to a large F-parameter, in order to obtain frequency diversity. This implies that frequency diversity can
be achieved with a relatively small spreading factor with MC-CDMA using an appropriate value for F. While this may
not make the MC-CDMA signal spectrally compact, a possible solution is to have other programs or applications (not

necessarily constructed of MC-CDMA signals) assigned to the gaps between the narrowband subcarriers.

3.3 Comparison with Conventional Modulation Techniques

In order to understand the motivations for MC-CDMA, it is helpful to compare it with other conventional modulation

techniques.

3.3.1 Narrowband (BPSK) signals

Narrowband communications [13] has the desirable quality of being relatively immune to intersymbol interference in
an indoor environment as the symbol duration is greater than the delay spread (7, << T,). However, this same condition
implies that the signal bandwidth is smaller than the coherence bandwidth. Consequently, a narrowband signal will expe-
rience the undesirable effect of experiencing flat fading. Depending on the location of the receiver, the entire signal may

be located in a deep fade that significantly attenuates the entire signal (see Fig. 1a).

3.3.2 Direct Sequence - Spread Spectrum Code Division Multiple Access

To combeat the effect of flat fading, conventional DS-CDMA Spread Spectrum [14] [15] may be applied so that the sig-
nal bandwidth is spread over a bandwidth larger than the coherence bandwidth. A DS-CDMA signal is generated by mul-
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Fig. 1 Spectrum of a) Narrowband signal, b) DS-CDMA signal, ¢) MC-CDMA signal
before the channel, and d) MC-CDMA after the channel. The (---) represents
the channel while the solid line represents the signal.

tiplying each user data symbol by a fast binary antipodal sequence where the chip duration is T,/N. These faster
variations in time increase the bandwidth of the signal. Consequently, if the spreading factor is sufficiently large, the sig-
nal experiences frequency-selective fading, and it is unlikely that the entire signal will be lost to fades in frequency (see
Fig 1b).

In the process of generating this signal, the resolution in time at the receiver is increased by a factor of N, and the sig-
nal is more susceptible to inter-chip interference. This inter-chip interference results in complexity in the design of the
recejver and synchronization issues that must address the increase in the number of resolvable paths. One method of
implementing the receiver is with a Rake receiver where the receiver consists of multiple branches of receivers, each syn-
chronized in time to a resolvable path. If 7,/N is very small compared to T,, then the number of branches (resolvable
paths) in the Rake receiver will be prohibitively large.

Although the implementation of the Rake receiver is possible, there are complications and limitations that arise for
certain applications. With indoor wireless office communications, there is the issue of power consumption. The portable

terminals are designed under a low power consumption constraint. Measurements of the indoor wireless radio channel
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have shown that some bands of frequency, such as the deregulated ISM band, have a relatively flat channel and a large
coherence bandwidth. In order to achieve frequency diversity with a DS-CDMA system in such an environment, very
large spreading factors would be required. This large spreading factor translates to a prohibitively large power consump-
tion due to signal processing and synchronization. In addition, large spreading factors would imply the usage of a large

physical bandwidth and consequently a spectrally inefficient allocation of resources.

3.3.3 MC-CDMA

MC-CDMA addresses the issue of how to spread the signal bandwidth without increasing the adverse effect of the
delay spread. As a MC-CDMA signal is composed of N narrowband subcarrier signals each of which has a symbol dura-
tion much larger than the delay spread, a MC-CDMA signal will not experience an increase in susceptibility to delay
spreads and ISI as does DS-CDMA. In addition, since the F-parameter can be chosen to determine the spacing between
subcarrier frequencies, a smaller spreading factor than one required by DS-CDMA can be used to make it unlikely that all

of the subcarriers are located in a deep fade in frequency and consequently achieve frequency diversity (see Fig. 1¢ and d).

3.4 The Indoor Environment and MC-CDMA

In an indoor environment, the characteristics of the channel allow for an MC-CDMA signal to experience relatively
little distortion. As mentioned in the section on multipath channels, indoor wireless radio channels are typically charac-
terized by small delay spreads and small doppler shifts. As mentioned above, MC-CDMA signals are composed of nar-
rowband subcarrier signals with a symbol duration greater than the delay spread. Equivalently, the signal bandwidth is
smaller than the coherence bandwidth. Thus, the channel that each subcarrier experiences can be approximated as fiat
fading which only attenuates the entire signal leaving the general shape of the signal undistorted. Thus, this reasoning
implies that the lengthening or dispersion of the signal in time is negligible. Small doppler shifts are desirable for MC-
CDMA signals since doppler shifts larger than or on the order of the bandwidth of the narrowband signals would make
the reception of these signals very difficult.

10 Muiti-Carrier CDMA
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3.5 The Codes

Up until now, we have been very vague about the specific spreading codes that may be used. In this section, we will
discuss possible codes that may be used. The length of the codes are assumed to be equal to the number of subcarriers, N.
The individual elements of the code will be referred to as chips. Each chip of a code belongs to the set {1,-1}. The
property of the codes that is desired is for the codes of different users to be orthogonal, i.e.,

N-1

Y clilc,lil = N5, . ®)
im0

One possible set of codes are the pseudo-random codes (pn-codes) generated by shift registers. These codes are called
pseudo-random because they appear to be random with a balanced run of -1°s and 1's. Using a shift register of length n,
the length of the code that is generated is 2" - 1. Thus, only odd length codes can be generated. This observation implies
that the codes are not perfectly orthogonal since there is not a perfect balance between -1's and 1°’s. To be precise, the
inner product between any two different pn-codes is -1. In addition, if the transmitter is to be implemented with an FFT,
the code length should be a multiple of 2, which is not possible with pn-codes.

Another possible set of codes are the Walsh-Hadamard codes. These codes are generated by matrix operations. The

basic matrix unit of Walsh-Hadamard code generation is

Hy = B _ﬂ. ©)

Walsh codes of length 2" can be generated with the following recursive matrix operation

Hn = [Zn-l -]:l-l:l (10)

n=1 n-1

where the matrix, H,,, of size 2" x 2" is formed using the matrix, H, _,, of size 2"~!x2"~! with H, given in Eq. (9).
Each row of the matrix, H,,, gives the code for one user. It can be verified that these codes are perfectly orthogonal in the

sense that the inner product between any two different codes (rows of the matrix) is zero.

3.6 Transmitter model

Shown in Fig. 2 is a model of the transmitter for one possible implementation of an MC-CDMA system. The input
data symbols, a,,[k], are assumed to be binary antipodal where k denotes the kth bit interval and m denotes the mth user. In
the analysis, it is assumed that a,,/k] takes on values of -1 and 1 with equal probability. The generation of an MC-CDMA

Multi-Carrier COMA 11
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signal can be described as follows. A single data symbol is replicated into N parallel copies. The ith branch (subcarrier) of
the parallel stream is multiplied by a chip, c,, [i] , from a pseudo-random (PN) code or some other orthogonal code of
length N and then BPSK modulated to a subcarrier spaced apart from its neighboring subcarriers by F/T,, where F is an
integer number. The transmitted signal consists of the sum of the outputs of these branches. This process yields a multi-

carrier signal with the subcarriers containing the PN-coded data symbol.

—»(; (T} -
(0] cos(2nfct)
ap (k] —‘FC} > X 4 — Sm(®)
— 1 f )y -
Call] cos(2nf ¢ + 2nFYTD)
[ ]
[ ]
b .
— (X »( x >
CniN-1] cos(2nf ¢t + 2nF(N-1YT,)

Fig. 2 Transmitter Model

Observing the model of the transmitter in Fig. 2, the implementation of an MC-CDMA transmitter appears prohibitive
with the bank of oscillators, one for each of the subcarriers. However, it should be noted for the case of F = 1, as men-
tioned above, the MC-CDMA signal shares the same signal structure as OFDM. The analysis of OFDM has shown that
the discrete-time version of the OFDM transmitter is simply a Discrete Fourier Transform (DFT). Thus, the transmitter
model of MC-CDMA in Fig.2 may simply be replaced by an FFT operation for F = 1. In the analysis, we will assume a
continuous-time receiver model as shown in Fig. 2. This model 'makes the analysis simpler and more instructive,

As illustrated in Fig. 2, the transmitted signal corresponding to the kth data bit of the mth user is

12 Multi-Carrier CDMA
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N=1
. F
s, (D) = 'Zocm [ila,, [k] cos (2nf, s+ 2"“77"')1’1',,(" kT,) )
im
e, lil € {-1,1}
where ¢,[0], ¢pf1], ..., 6,[N-1] represents the spreading code of the mth user and pr, (D) is defined to be an unit amplitude

pulse that is non-zero in the interval of [0, T},).

3.7 Channel Model

In Chapter 2, multipath channels were discussed and the common distribution functions encountered when character-
izing the random amplitude effects of the channel were described. A more detailed discussion of the channel model that is
appropriate for MC-CDMA systems in an indoor environment will follow.

In this document, we will focus on a frequency-selective channel with 1/T), << BW, << F/T,,. For the symbol rates of
interest, this model implies that each modulated subcarrier with transmission bandwidth of 1/T}, does not experience sig-
nificant dispersion (T, >> T,;) and overlapping between adjacent data symbols (ISI). It is also assumed that the amplitude
and phase remain constant over a symbol duration, T}, (i.e., Doppler shifts due to the motion of terminals and the sur-
rounding environment are negligible) which as mentioned earlier is a reasonable assumption. The condition BW,. << FIT},
implies that for different subcarriers the fading is assumed to be independent. For symbol rates on the order of 1 Mbauds/
sec, this assumption is reasonable since the symbol duration of 1x 1075 secs is much larger that the typical rm.s delay
spreads of 50 ns.

Assuming flat fading at the subcarriers, the effects of the channel for a signal subcarrier can be characterized by 2
parameters: an amplitude scaling and a phase distortion. The transfer function of the continuous-time fading channel

assumed for the mth user in the indoor environment can be represented as

H,, [fc * 'Tﬁb] =Pyl (12)
where p, ; and 6, ; are the random amplitude and phase effects of the channel of the mth user at frequency Je+i(FITy). In
addition, as mentioned above, it is assumed that the Pp,; nd 6, , remain approximately constant over the symbol dura-
tion, T,

The local-mean power at the ith modulated subcarrier of the mth user is defined to be

— F 2
Py = E[pm,‘.cos (nft+ 2miz- 1+, i)] = 3E0%, (13)
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where the iid assumptions imply that the local-mean powers, m. of all subcarriers are equal. Thus, the total local-mean
power of the mth user is defined to be p,, = Np,, ;.
An important distinction to make in the channel model is the difference between uplink and downlink transmissions.

Transmissions in these different directions lead to very different effects on the transmitted signal.

3.7.1 Uplink

With uplink transmissions, i.e., transmissions from the terminals to the base station, the base station receives the sig-
nals from different terminals through different channels. Thus, there is a set of random amplitudes, P} f’_‘ol , and a set
of random phases, {em, 3 ?’_'01 , associated with each user form = 0, 1, ..., M-1. In the analysis, it is assumed that these
random variables are independent between users. This assumption implies that any amplitude or phase correction per-
formed on the desired signal of the received signal does not simultaneously correct for the amplitude and phase of the

interference.

3.7.2 Downlink

For transmissions in the downlink, i.e., transmissions from the base station to the terminals, a terminal receives inter-
fering signals designated for other users (m = 1, 2, ..., M-I) through the same channel as the wanted signal (m = 0). Thus,
there is only one set of amplitudes and phases describiné the channel for all user signals. This observation can be
included in the notation by repressing the user index in the channel variables for downlink transmissions

Pm,i = Po,i Bp,i = O, Vm. (14)
This observation implies that when amplitude or phase correction is applied on the wanted signal, the amplitude and phase

of the interfering signals will also be corrected.

3.8 Receiver Model

When there are M active users, the received signal is

M-1N=-1 F
r@) = Z E P, im [ a, [k]cos(an;t+2nii,-;t+6m.i) +n(t) (15)

meaQi=m0

where the effects of the channel have been included in P, ; and em', and n(1) is additive white Gaussian noise (AGWN)

with a one-sided power spectral density of N,. Assuming the transmitter model of Fig. 2, a possible implementation of
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the receiver is shown in Fig. 3 where it has been assumed that m = 0 corresponds to the desired signal. With this model,
there are N matched filters with one matched filter for each subcarrier. The output of each filter contributes one compo-
nent to the decision variable, v,. Each matched filter consists of an oscillator with a frequency corresponding to the fre-
quency of the particular BPSK modulated subcarrier that is of interest and an integrator. In addition, a phase offset equal
to the phase distortion introduced by the channel, 8y, ;» is included in the oscillator to synchronize the receiver to the
desired signal in time. To extract the desired signal’s component, the orthogonality of the codes is used. For the ith sub-
carrier of the desired signal, the corresponding chip, ¢, [i] , from the desired user's code is multiplied with it to undo the

code. If the signal is undistorted by the channel, the interference terms will cancel out in the decision variable due to the

doo
—{ X } D@; >
2/Tycos(2nft +0y0) €ol0) do,s
Vo
J X >
() X > Z — INTEG —/
—>
2/Tycos(2nftd 2nFTb+0g))  col1] . .
° [ ] [ ]
. ¢ don-1 ¢
A

2/Tycos(2nft + 2rF(N-1)YT, + Bgx.;) ColN-1]

Fig. 3 Receiver Model

orthogonality of the codes. This comment will be discussed in detail in the next paragraph. As the channel will distort the
subcarrier components, an equalization gain, d,, ;, may be included for each matched filter branch of the receiver.

Applying the receiver model of Fig. 3 to the received signal given in Eq. (15) yields the following decision variable for

the kth data symbol assuming the users are synchronized in time

M-1N-1 5 (k+DT, F F
v, =Y Y e, cnli doliam[k]ﬁ [ cos (2nj;t+21tiﬁt+em' ) cos(2nfct+2niﬁt+§0',-)dt+n (16)
mm0i=m0 kT,
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where 8, ; denotes the receiver’s estimation of the phase at the ith subcarrier of the desired signal and the corresponding
AWGN term, 1, is given as

Noq (k+DT,

n= Z J‘ n(t)zdo ;€08 (2nfc:+2m‘£r+éo pdt. (17
. Tb J Tb »
i=0 &7,

Assuming perfect phase correction, i.e., 60. i = 0, ;» the decision variable reduces to

N-1 M-1N-1 -
vo = ag, L£] Z pO,idO.i+ Z E %m (k] m U € (1 pm.idO.icosem.i+n (18)
im0 melim0

where 6,,,. i=6y,;-6, ;. Note thatif 8, and 6, , are iid uniform r.v.s on the interval [0, 2n], then 5,,,. ; is also uni-
formly distributed on the interval [0, 2n]. Note that the decision variable consists of three terms. The: first term corre-
sponds to the desired signal’s component, the second corresponds to the interference and the last corresponds to a noise
term.

To illustrate the desired effect of the codes, consider the case of a perfect channel where Pmy=1and8 ,=0.Ina
perfect channel, the decision variable is given as

M-1 N-1
v, = Nay [K] + ¥ a, [km +n (19)
im0

mm1

where all interference terms cancel out because of the orthogonality of the codes. Unfortunately, in real multipath chan-
nels, this is unlikely to happen and each subcarrier will experience fading. This leads to the question of what form of
equalization should be performed.

3.9 Equalization

The question of what equalization technique should be used must address different issues. The underlying goal of
these techniques should be to reduce the effect of the fading and the interference while not enhancing the effect of the
noise on the decision of what data symbol was transmitted. Whenever there is a diversity scheme involved whether it may
involve receiving multiple copies of a signal from time, frequency or antenna diversity, the field of classical diversity the-
ory can be applied. These equalization techniques may be desirable for their simplicity as they involve simple multiplica-
tions with each copy of the signal. However, they may not be optimal in a channel with interference in the sense of
minimizing the error under some criterion. In some ways, these equalization scheme appear "ad hoc" as they are not

derived under some clear procedure.
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It should be noted that while there are some decision making techniques, such as Viterbi decoding and Wiener filter-
ing, that are optimal in the sense that they minimize the mean-squared error, the actual implementation of these methods
may be prohibitive complex for a channel equivalent to the one that is being analyzed in this document. By assuming that
the fading at the N subcarriers are independent, it is assumed that there are N degrees of freedom in one form or another.
This channel assumption could imply that there are N resolvable paths in a DS-CDMA rake receiver. It could mean that
there are N taps in the impulse response of the channel and a very large number of states in a Viterbi decoder for large N.
It could also mean there are N taps in a LMS implementation of a Wiener filter.

In the analysis, three equalization techniques will be evaluated: Equal Gain Combining (EGC), Maximal Ratio Com-
bining (MRC) and Controlled Equalization (CE). These techniques may be associated with classical diversity theory as
they involved multiplying each copy of the signal by some gain factor as shown in Fig. 3. As it can be seen from Eq. (17),
each of the equalization techniques will affect the distribution of the noise component differently. In Appendix A, the sta-

tistical characteristics of the noise for the different equalization techniques are discussed.

3.9.1 EGC
With EGC, the gain factor of the ith subcarrier is chosen to be

dy; =1, (20)
that is, this technique does not attempt to equalize the effect of the channel distortion in any way. This technique may be

desirable for its simplicity as the receiver does not require the estimation of the channel’s transfer function. Using this

scheme, the decision variable of Eq. (18) is given as

N-1 M-1 N-1 _
v, = a, [k] E Poit Z a, [k] Z i cgli pm,‘cosem‘ﬁn (21)
i=0 mm=1 im0

where the noise can be approximated by a zero-mean Gaussian random with a variance of

NO
o} =NTb. (22)

3.9.2 MRC
With MRC, the scheme squares the amplitude of each copy of the signal by using a gain factor for the itk subcarrier of

do. i = Po,i (23)
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The motivation behind Maximal Ratio Combining is that the components of the received signal with large amplitudes are
likely to contain relatively less noise. Thus, their effect on the decision process is increased by squaring their amplitudes.

The cormresponding decision variable is

N-1 M-1 N-1
v, =ag (K] ) pg,‘.+ E a, [k] E Cnlilcolilp,, Pg, €058, i +1 (24)
im0 me] im0

where the noise can be approximated by a zero-mean Gaussian random variable with variance

No
o2 = 2
2= N_T Epw. (25)

3.9.3 Controlled Equalization

While EGC may be desirable for its simplicity and MRC for its noise combating capability, neither of these techniques
directly address the interference and the exploitation of the coding at the subcarriers. As one of the goal of mobile radio
communication systems is to multiplex as many users as possible to share the same resources, the channel models for
these communication systems are moving from noise-limited channels to interference-limited channels. With CE, an
attempt at restoring the orthogonality between users is made by normalizing the amplitudes of the subcarriers. As the
orthogonality of the users is encoded in the phase of the subcarriers, this method appears to be primarily beneficial in the
downlink where phase distortion for all users may be more easily corrected rather than in the uplink. For Controlled

Equalization, the gain factor the ith subcarrier is

1
do.i = p_x'u (po.l - ptkrc.th) (26)
where u(p,, ;) is the unit step function. Thus, only subcarriers above a certain threshold will be equalized and retained.
This constraint is added to prevent the over amplification of subcarriers with small amplitudes that may be dominated by a

noise component. Given that there are n,, subcarriers above the threshold, the corresponding decision variable is

M-1
V| g = ag [klng+ Y @ [1Y" ey Ll o] +7 @7
mm=] J

where the inner sum of the interference term (indexed by j) is c.an'ied over the n, terms corresponding to the subcarriers

above threshold and
(k+1)T, ) -
n= ;do'j J‘ n(t)Fbcos (2nf 1+ 2njﬁt+90‘j)dt. (28)
AT,
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The noise can be approximated by a zero-mean Gaussian random variable with a variance of

N, (4]
- 2
ofu ny = noﬁsdq i (29)

Multi-Carrier CDMA 19



Analysis of the Performance of MC-CDMA In Rayleigh and Riclan Fading Channels

CHAPTER 4 Analysis of the Performance of
MC-CDMA in Rayleigh and
Rician Fading Channels

4.1 Rayleigh Fading

4.1.1 Channel Model

In this section, the scalings of the amplitude are assumed to be independent and identically distributed (IID) Rayleigh ran-

dom variables of the form

Pri
_ pm,i -(20'_:',]
fpm'l(Pm’i) - oTle

mi

(30)

where the indexes m and i have been added to differentiate between the mth user and the ith subcarrier. This corresponds
to the case in which the LOS path from the transmitter to the receiver is obstructed by a person or an object. The phase
effects, 8, , fori =0, 1, ... N-1, introduced by the channel are assumed to be IID random variables uniformly distributed
on the interval [-n, n] for all subcarriers. As summarized in Eq. (13), the local-mean power of one subcarrier is assumed
to be

m,i

1.2
Pp,i = ispm.i = o2
N, m. i

with each user having a total local-mean power of p,, = Np,
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4.1.2 Uplink

For uplink transmissions, we will consider only EGC and MRC for the following reason. As mentioned above, for
uplink transmissions, phase correction is not simultaneously applied to the interference when it is applied to the desired
signal. Examining the interference component of the decision variable for EGC and MRC in Eq. (21) and in Eq. (24), the
phase distortion results in the multiplicative term cos 6,,,, ;- This term can add a phase of 0 or n depending on the value of
ém,i which happens to be random. As the code is encoded in the phase, the phase distortion will randomize the phase and
consequently cancel the effect of the orthogonal coding unless predistortion is applied in the transmitters of the interfering

signals.

4.1.21 EGC
For EGC in the uplink, as explained below, the interference term
M-1 N-1

B = ¥ nl8] T, li)cylilp,, 05, )]

mel i=Q

is a Gaussian r.v. Since the in-phase component of a Rayleigh random variable, P, ‘cosém. ;» is Gaussian and
a, [Kle,[ilcglil € {-1,1}, B,,, consists of the sum of (M -1) xN iid Gaussian r.v.’s. Thus, B;n, is Gaussian with a

mean and variance (as calculated in Appendix B) of

EBp, =0  of = (M=1)p, (32)
Examining Eq. (21), the probability of making a decision error conditioned on the amplitudes of the desired signal,
{p,,;} -} . and the local-mean interference power, og , given ay[k] = -1 is
» - in

-1
Pr(error| {po,i} :,v"ol,c%m) = Pr Z po’i<Bm+1’|). (33)
im0

Note that since a,, [k] is assumed to take on values of 1 and -1 with equal probability, the average probability of making a
decision error is equal to the bit error rate (BER). As the interference term and the noise term are independent and Gaus-
sian, the sum to the right of the inequality has a zero-mean Gaussian distribution with a variance equal to the sum of their
variances. Using this observation, the probability of a decision error can be found to be
—r
= 1 { 2 (o;ww:)}

Pr(error| {p,, ;} :v_'ol, ogm) = _ ¢ dy. (34)
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Performing a change of variables results in

(114 V)
— 1 2( Lo ')
Pr(error| {p, ;} :I-ol' Pm) = 5erfc —'-OW (35)
(M=1)p, +—
Ty
where the complementary error function is defined to be
2. 2
erfc(x) = J—;Ie dt. (36)
X

To obtain an expression for the average probability of making a decision error, Eq. (35) must be averaged over the distri-
bution of the instantaneous amplitudes { Po.i} f’_—g .
Finding the distribution of the sum of iid Rayleigh random variables
N-1
Po= Y Po (37
i=0
has historically been a difficult problem. In (16), Beaulieu offers an infinite series representation of this sum that has some
computational advantages. In this paper, three approximations of the distribution will be compared: a Law of Large Num-

bers (LLN) approximation, a small parameter approximation [16], and a Central Limit Theorem (CLT) approximation.

1. LLN N-1
In the limiting case of a large number of subcarriers, E Py, ; can be approximated by the LLN to be the constant NEp,, ;.
im0

The advantage of using the LLN is that it requires low computational complexity. Using the LLN simplifies the expres-

sion for the probability of error to

1
( 5N 25290, iTy \

Pr(error| Ep, pP_m) -] 1erfc 2 — . (38)
' 2 (M=-1)p,T,+NN,

Applying the statistical properties of Rayleigh distributions given in Eq. (4), the probability of error simplifies to

_ n PT, )
Pr(error|po, p,,) ﬁ%erfct 3—+— . (39)
Pn

2. Small Argument Approximation
For small values of p,, the distribution of p, can be approximated by
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"o
2N 2b

flpglp = (40)

_ 2N ‘b” (N=-1)!
where b = % [(2N-1)!1"] N In contrast to the LLN approximation, p,, is considered to be a random variable instead of
a deterministic constant. Thus, the average probability of making a decision error may be approximated by averaging

over Eq. (40) to yield

Py

= pN-l, " 2b : ( %pgTb )
Preeono ) ® vt e ey -
3. CLT
A third possible approximation can be obtained by applying the CLT for the limiting case of large N. Using the CLT
results in a BER of
2
-(Po-p"o) 1 "
Pr(error| b ) o Loy LI
r(error| Po’ p o =erfc — P (42)
" I /2,,0 2 t (M- 1)p,,,1,,+NN°J °
where p = 1‘N}T ando? = (2- E) po- This expression may be simplified by exchanging the order of the integrals to
Po 270 Po 2’70
yield
- o,
Pr(error| py py) %erfc :-; o : (43)
(2——) Tb+ (M- 1)-—T +N,

Thus, the randomness of the desired signals’ amplitudes may be reflected as an addition to the power of the interference

and noise and consequently is a more conservative approximation than the LLN approximation.

4.1.2.2 MRC
For MRC, the interference component is given as

M-1 N-1
ﬁint Z a [k] E C [i] Co [I]D 1p0 ,cosem i* (44)
mel im0

Comparing Eq. (44) with Eq. (31), it can be seen that for MRC and EGC, the interference components have similar forms.

Thus, the analysis for MRC should follow the analysis of EGC. Since B. _ consists of (M- 1) xN iid r.v.’s with respect

int

tom and i, it can be approximated by a zero-mean Gaussian r.v, with a variance as determined in Appendix B of
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M-1)——
4, =25 “

Using Eq. (24) Eq. (25) Eq. (45), the conditioned instantaneous BER for MRC can be calculated to be

(1 1,y )
) 3 Zpg.i)
Pr(error| {py, Y} 0P Pm) = 5erfc = (46)
= R A
N PmPo* T
1. Exact N-1

2
Fortunately, the distribution of the sum of exponentially distributed random variables r = Z 3P is known to have the
0,i

gamma distribution which has the following closed form distribution

1 r N-1 2
f(ripy) = ____(p_) e "o, @n
Py, i (N=-1)!

Unconditioning Eq. (46) over Eq. (47) results in the following exact expression for the average probability of error using

MRC

r
= N-1 "=
Pr(error| po,p,) = _—1 L e P°"lerfc{ ’Ty \dr. (48)
! 2 (M 1)
oPo,i(N=D!po, L PmPoTb"'PoNoJ

2. LLN
Using Eq. (48) as a basis of comparison, the expressions of the probability of error for the LLN and CLT will be included

so that the effectiveness of the EGC approximations can be judged. Using the LLN, the probability of error is given as

- —. 1 ( ;OTb \
Pr(error| py p,,) & ierfc -D—— |’ (49)
—'N_Pme +Ng
3. CLT ;2
Using the CLT approximation with |t = 2p, and 02= 4% , the probability of error can be found to be
2o, )
. (50)

Pr(errori p,p,,) & %erfc —
(M 1)—
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4.1.3 Downlink

As discussed earlier, downlink transmissions designated for different users arrive at one particular receiver through the
same channel. Thus, in this section, we will use the notation of Eq. (14) and assume perfect phase correction for the inter-

ference. The generalized decision variable given in Eq. (18) simplifies to

N-1 M-IN-1
v, = a0 K] ¥ g doi+ T Y aplklc, il co [i]pg, do, #10- 1)
imQ mmli=s0

Note that in contrast to the uplink, the sign reversals due to phase distortions are no longer present in the interference term.

Thus, the effect of the subcarrier coding is not invalidated by the channel and can be included in the analysis. Let

Qi = ¢lilc,li]. (52)
Note that the orthogonality of the codes described in Eq. (8)

N-1

Y el =0 (53)

im0
for /#m and the fact that Q[i] € {-1,1} imply that the set A = {Q[i] }f'_‘ol consists of exactly %v elements that are

equal to "1" and exactly ; elements that equal to "-1". Let the elements of set A that are equal to "1" be indexed by a j

and the elements that are equal to "-1" be indexed by b; forj=0,1,.., g- 1 such that

Q[aj] =1 Q[bj] = -1

. 54
{aj} v {bj} ={0,1,..,N-1} 9
Using this notation, the generalized decision variable in the downlink may be written as
N N
N-1 M-1 (31 37! )
0, = a0 [ ¥ 0y do,i+ ¥ 0, K [ Y. Poooq= ¥ Po,sdb, "’J +n. (s5)
im0 mm ] j=0 Jj=0
4.1.3.1 EGC
Using Eq. (55), the decision variable for EGC is given as
N
N-1 M-1 77! 77!
Y, =G [k} P+ Y anlkl| ¥ o 0= ¥ Poy |+ 56)
im0 mm1 j=0 j=0
where the interference now has a variance of
2 - - P
o =2M-1) [1 ::Ipo. &N
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Following an analysis similar to that of the uplink and using Eq. (22) and Eq. (57), the average BER for EGC in the down-

link can be obtained for the following approximations

1. LLN
( PoT )
- 1 n Poty
Pr (error| py) Eierfc ST — (58)
2. Small Argument
P
Pr(error| pg) } ety f( 7 \d (59)
r(error| py) = —IN—-—erc — Po
o2 T -1)12 l 2(M-1)(1-z)poTb+NNoJ
3. CLT
With = ;NFO and oio = (2-;)170.the BER can be expressed as
\
(60)

Pr(error| p,) = -ierfc y
[1 - ":] PoT, +Ny

Comparing Eq. (58) with Eq. (60), it can be seen that using the CLT approximation is more conservative, resulting in "1"

additional interfering power compared to the LLN approximation.

4.1.3.2 MRC
The decision variable for MRC in the downlink is
N
N-1 M-1 2! 77!
v, -ao[kl):po+):a[k] ):,Po,a Zpu +1 (61)
im0 me 1 j=0 !
where from Appendix B the interference has a variance of
a? (_M l)4'2 (62)

pIll
Following an analysis similar to that of the uplink and using Eq. (25) and Eq. (62), the average BER for MRC in the

downlink can be obtained for the following approximations

1. Exact

oPo,i(N=1)!

o N-1"=
Pr(erroripy) = J’ :—l— - e p“‘lerfc( rsz \dr (63)
YA i)

2. LLN
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4 pT, ) .
Pr(error| py) Eierfc -1 (64)
2———PoTy+ Ny
3. CLT ;2
Using the CLT approximation with j = 2170 and o? = 4% , the probability of error can be found to be
_ poT,
Pr (error| py) & %erfc { M—L\ . (65)
2ﬁ Polp+ N,

4.1.3.3 Controlled Equalization (CE)
Examining Eq. (27), the probability of making a decision error conditioned the number of subcarriers above the

threshold, n,, and the interference component, B ine BiVED G [K] = -1 is

_ 7
Pr(errorin,, B, ) = ; 1 e 2 "odx (66)
0 Fint
"0'5,,,, ’21‘&0‘2" 7,
where the variance of the noise, 0‘2“ o' is given in Eq. (A-10) as
o2 =n N1 1 E (ptzhresh) (67)
=Py T—, . & —
| ny T, 2Po,: Pro, 21’0,:'
where E, (p) is the exponential integral defined as
L] e-‘
E (p) = det (68)
[J
and the probability that a subcarrier is above the threshold for Rayleigh fading is
ptzluuh
Pron=e . (69)

The distribution of the number of subcarriers above the threshold, n,), is described by the following binomial distribution

N -
Pno(no) = (noJ {pron}no{l—pron}N "0 (70)
forn,=0,1,2,..,N. Asmentioned earlier, note that the orthogonality of the codes, given by the following condition

N-1

z ¢nlileglil = N§, ., (71)
i=0

imply that half of the inner products, c,, [i] ¢, [i] , are positive while the other half are negative. Denote the inner sum of

the interference term of Eq. (27) by
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2m=zl:cm[j]co[i]. (72)

Using this notation, the distribution of the inner sum given that there are n, subcarriers above threshold is

((nof gi) /2) ((no ¥ gi) /2J

Pr) ny (B 1) = G ] @3)

R

where —min {ng, N —ng} <X, <min{ng N-ny} and L, can only assume even (0dd) values if n, is even (odd). The exact
distribution of the interference term, B, , given n, depends on the spreading code, {c,li]} fori=0,1,..,N-1. In this
analysis, it is assumed that each of the inner sums acts as an independent r.v., and that the pdf of the interference is given

as the convolution of the pdfs of £, form = 1, 2, ..., M-1. Combining the results given above yield the following expres-

sion for the bit error rate
N
1 nO-Bl'nl
BER= Y p, (n) Y'Pg |, (By] 7o) 5erfc : 4
"oz'o o Z,": Bl o Pird 7003 (ﬁ"m no) @

4.2 Rician Fading

In an indoor environment, the direct path from the transmitter, which most likely is located on the ceiling, to the
receiving terminal is usually unobstructed. Thus, the Rician distribution given in Eq. (5) is more appropriate when
describing of the amplitude scalings, Py, ; Of the channel. To conform to the multi-carrier and multi-user notation, the

Rician distribution is rewritten as

P?,,]"’b:
Pmi 202,  (boPp,i
fp (pm,i) = ’: e m,i IO 2m: @s)
m,i o o
m, i m,i

where the indexes i and m have been added to differentiate between the ith subcarrier at the frequency fot FTL; and the
mth user. As the notation suggests, the dominant LOS component, b, is assumed to equal for all subcarriers and all users.
With BPSK modulation, the power of the LOS component for "1" subcarrier is %bg. The scattered power, ofn, pisalso
assumed to be equal with respect to user m and subcarrier i. As a consequence, the Rician K-factor given in Eq. (6) and
rewritten here using the user/subcarrier notation

5
202 '

is equal for users and subcarriers. The mean given in Eq. (7) can be rewritten as

K=

(76)
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Ep, = ¢ ’2(K+l)p0,[(l+K)lo( 3) +KI, (3 )] )

Assuming BPSK modulation, the local-mean power of the ith subcarrier of the mth user consisting of a contribution from

the scattered component and the LOS component is defined to be

p.=E 2 mifere 312 = Lgp? =2 +lp2 8
Pm,i = I:pm.t°°s( nf t+ ’“Tb”‘ m,i):l = 35Pm,i = Om,it3%: (79)

In terms of the Rician K-factor and the local-mean power, the power of the dominant and scattered components can be

rewritten as

1, K - s _ Pmi
2% geifmt Omi T Rl @)

Consequently, the Rician pdf may be rewritten in terms of the K-factor as

_k+1,

—pnl
- i, 2 2K(K+1)
fp P, K P, Pm ) = (K+1)e* 22 Pty 2P 10(%,: ’—”—‘——-) (80)
Pm,i Pp,i

The method for obtaining the BER with Rician fading is identical to that of Rayleigh fading with the same decision

4.2.1 Uplink

variables being used. The only factors that change in the expressions are the replacement of the statistical properties of
Rayleigh fading with Rician fading. The calculation of the statistical properties of the interference assuming Rician fad-
ing are included in Appendix B. To obtain the average BER, the conditional expressions that are obtained must be aver-
aged over the sum of Rician r.v.’s or of Rician-squared r.v.’s. Again, the difficulty of finding closed form expressions for
the distribution of these r.v.’s are encountered. Again, the LLN and CLT will be used to approximate the average BER.
While it is theoretically possible to synchronize the transmitters in time so that the LOS components will maintain their
orthogonality and cancel out of the decision variable, it can be shown that this scenario would require a time synchroniza-

tion of within T,/N which may not be feasible for high bit rates or large N. Thus, this case is not considered.

4.21.1 EGC
With EGC in a Rician fading channel, the variance of the interference is given in Appendix B as

op, = (M-1)p,. 1)
The average BER for the LLN and CLT approximations are

1. LLN
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poT
Pr(error| py, K) = %erfc( %—\
l (T)Pmrb"'NOJ

where

n X K K92
Y= Z(m) [(l"'K)IO(E) ""Kl] (‘i):l .

2.
Applying the CLT with , = 2Nyp, and ago = 2(1-7) p, results in

__ poT )
Pr(error| py, p,,, K) & 1erfc — Yo' .
2 Po,, M-1
2[1 -v] ﬁTb+TPme+NO

4.21.2 MRC

With MRC in the uplink of a Rician fading channel, the variance of the interference is given in Appendix B as

(M=) ——
O%Mu B 2 N P,,,Po-

The BER expressions that result are as follows.

1. LLN
poT
Pr(error| py, K) = lerfc( —Ob_‘
2 l M-1 " J
(T)Pm »*+No
2. cir 8K+4 Po
Applying the CLT with p_ = 2p; and o2 = =72 70 recultsin
pplying K, = 2pPg rTKe2 N
_ 1 PoT, )
Pr(error| py, K) & - erfec — .
2 4K+2 7Po.. M-1—.
[Gea] W7 oo
4.2.2 Downlink
422.1 EGC

Approximating the interference by a Gaussian distribution, the variance of B,,, can be determined to be

o5, = 2(M=1) (i=9po.

The corresponding average BER expressions are as follows.

1. LLN

(82)

(83)

(84)

(85)

(e6)

@7

(68)
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YhoT
Pr(error| py, K) & %erfc( P 0% 3 (89)
L 2(T) [I'Y]ﬁoTb*NoJ

2. CLT
Applying the CLT with K, = 2Nyp,, and o;‘;o = 2(1-17)p, results in

poT,
Pr(error| py, K) a%erfc( YPo's \\ (90)
l 25 [l—y]ﬁoTb+NoJ
4222 MRC
Approximating the interference by a Gaussian distribution, the variance of B;n; can be determined to be
2 M-1 8K+4
o = (——)——=p;-. 91
Bine N (K+ l)2p° (91)
The resulting average BER expressions are given below.
1. LLN
- 1 ( ﬁOTb \
Pr(error| py, K) Eierfcl (M-l) VTS o +NJ (92)
N [(ml)’] oo
2. CLT 8K +4 —2
Applying the CLT with p_ = 25 and 0? = —+% 7% recultsin
_ 1 [ I PoT, )
Pr(error| pg, K) eierfcuy v P J (93)
N[(KH)’] oL

Note that for all the average BER expressions obtained assuming Rician fading, the expressions for K = 0 reduce to that of
Rayleigh fading agreeing with earlier results.
4223 CE

With CE in a Rician fading channel, only two factors will change from the Rayleigh fading case. As mentioned in Appen-

dix A, the variance of the noise given that there are n,, subcarriers above threshold is now given as

Lod -—P
No 1 0,i

1 - 1 2 ' 2K(K+1)
Onin = MoF == [ K+DeF—=e ]0(90,-‘ /T)dpo,i (94)
b2pg ;P ony P,,iPo,i Po,;

thresh

where
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K+1
-]

‘:93,
_xPo,i 2 ' 2K(K+1)
Pron= [ (Kene¥Ze ™0 pp, /-——)"vo.,- )
Po,i Po,;

plhluh

The distribution of the number of subcarriers above the threshold, n,, remains a binomial distribution but with a different

binomial parameter, pr,,. The average BER expression remains the same as Eq. (74).
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CHAPTER 5 Numerical Results

In the analytical section, the only closed form expressions for the average BER were obtained with MRC. In this sec-
tion, approximations for the BER using the LLN and the CLT will be evaluated numerically. These results will be com-

pared to the exact results for MRC to measure the reliability of these approximations.

5.1 Rayleigh Fading

5.1.1 Uplink

Using the expressions for the BER obtained for uplink transmissions in a Rayleigh fading channel, the average BER
versus the number of co-channel interferers with a spreading factor of N = 128 is shown in Fig. 4. To calculate the BER,
it is assumed that the local-mean power of each interferer is equal to the local-mean power of the desired signal. The SNR,
which is assumed to be 10dB, is defined to be
PoT}

~
Eq. (39), Eq. (41), and Eq. (43) comespond to the BER expressions for the LLN, the small argument, and the CLT

SNR = (96)

approximations using EGC in the receiver. While Eq. (49) and Eq. (50) give the LLN and CLT approximations for
MRC, Eq. (48) gives an exact expression for the BER. As it can be seen in Fig, 4., the approximations for MRC give rel-
atively close results when compared to the exact result. Note that the exact results and the CLT approximation for MRC
are indistinguishable. This observation indicates that the CLT approximation may be better than the LLN. For EGC, all

of approximations give results that are close to the other approximations. For all approximations, it can be seen the MRC
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outperforms EGC in the uplink for any number of interferers. Using the LLN expressions, the improvement in perfor-
mance of MRC over EGC can be quantified by the following ratio

-
E% _ 2P _n @7
Ep> 2p 4
which corresponds to -1.05 dB.

BER

le-01 | — —

(1,23)

le-02 |— —

le-03 | — —

le-04 | _

le-05 | — (6) —_—

__ | | ]

0 50 100

# of interferers

Fig. 4 BER versus the number of interferers (m = 0, 1, ... , 127) for EGC in the uplink of a Rayleigh fading channel
for EGC using the small argument approx. (1), CLT (2), and LLN (3) and for MRC exact (4) and approx. using
CLT (5) and LLN (6). The SNR is 10dB and N = 128.

This difference in performance between equalization techniques can be explained as follows. Due to the phase distor-
tion of the channel, the effects of the orthogonal codes are invalidated. Thus, for all interference loads, the receiver does
not have the capability to combat the interference. Thus, it can only attempt to combat the noise. It can be shown MRC is
the optimum technique in a noise-only channel. It follows that the pesformance for MRC is better than that of EGC in the
uplink. If the acceptable BER is 10~ as in some video applications, using MRC over EGC translates into an increase in

CDMA user capacity of 60%.
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5.1.2 Downlink

Plots of the BER for downlink transmissions over a Rayleigh fading channel using EGC and MRC are shown in Fig. 5.
The SNR is assumed to be 10dB and the spreading factor is N = 128. Eq. (58), Eq. (59), and Eq. (60) correspond to the
BER expressions for EGC using the LLN, small argument, and CLT approximations. Eq. (63), Eq. (64), and Eq. (65) cor-

respond to the exact average BER expression and LLN and CLT approximations for MRC.

3 — | [ —
0 50 100 # of interferers

Fig. 5 BER versus the number of interferers (m =0, 1, ..., 127) in the downlink of a Rayleigh fading channel for EGC
using small argument approx. (1), CLT (2), and LLN (3) and for MRC exact (4), CLT (5), and LLN (6) N = 128.

Examining Fig. 5, it can be seen that for a small number of users (i.e., in a noise-limited channel) MRC outperforms
EGC. However, for a large number of users, EGC has a superior performance. This observation can be explained as fol-
lows. In the downlink, due to the greater degree of phase control of the interference, the orthogonal codes now have an
effect on combating interference. Is is desirable that the amplitudes at the subcarriers after equalization have the same
amplitudes so that the interference will cancel out because of the orthogonality of the codes. With MRC, the differences
between amplitudes is increased due to the squaring operation. Thus, MRC is a move away from orthogonality and con-

sequently does not perform as well in combating interference. However, with a low number of users, the channel remains
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a noise-limited channel and consequently, MRC performs better. Again, note that the exact results and the CLT approxi-
mation for MRC are indistinguishable.

In comparison to the uplink, the performance in the downlink is better when the same equalization technique is com-
pared. Comparing the performance of EGC in the uplink to the downlink at a bit error rate of 10”3, there is an increase in
capacity from 8 users to 20 users in the downlink. This improvement is due to the greater degree of phase control in the
downlink that allows for some of the benefits from the orthogonality of the codes to be utilized.

Plots of the BER for CE in the downlink of a Rayleigh fading channel for a SNR of 10dB and 20dB are shown in Fig.
6 and Fig. 7. The expression for the BER with CE is given in Eq. (74). The BER curves are calculated for different values
of the threshold power to local-mean power (TLR) per subcarrier, which is defined to be

1,

2 plhre:h
py/N
Note that for large N, a SNR of 10dB results in a very small SNR at each subcarrier and a threshold power lower than the

TLR =

(98)

power of the noise. Plots of the performance for EGC and MRC using the LLN approximation are included for compari-
son. With CE, the performance also depends on the local-mean power of the desired signal which was chosen to be
Py = O.1. '

As it can be seen from Fig. 6, there exists threshold levels, p ehresy i Which CE outperforms EGC and MRC for a high
number of users. This observation is due to the interference combating capability of CE. Note that there exists a p thresh
such that the BER versus the number of interferers is relatively flat, At this threshold level, there are a sufficient number
of subcarriers above the threshold such that orthogonality between users has been significantly restored. As the threshold
level is lowered past this point, no benefit occurs since "orthogonality" has been already been achieved and only noise
amplification results. For higher threshold values, the BER is affected by the number of interferers to a greater extent.
Note that for all threshold levels, CE performs worse than EGC or MRC for a low number of users. This degradation is
the trade-off between combating interference and combating noise. In restoring the orthogonality between users and com-
bating interferers, the noise has also been amplified.

Although CE outperforms EGC and MRC in the downlink, the BER that is achievable with CE in a Rayleigh fading
channel is still very high (on the order of 1072) for a SNR of 10dB. With a low SNR, CE suffers greatly from the amplifi-
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Fig. 6 BER versus the number of interferers (m =0, 1, ..., 127) in the downlink of a Rayleigh fading channel for
MRC (1), EGC (2), and CE for TLR =-16.3 dB (3), TLR =-13.8 dB (4), TLR =-10.3 dB (5), and TLR =-6.8 dB.

The SNR is 10dB, py = 0.1, and N = 128.
cation of the noise. If a SNR of 20dB is used, as shown in Fig. 7, acceptable BERs on the order of 10~% are obtainable.

With the larger SNR, CE suffers less from noise amplification.
In the downlink, the following trend is observed. For a very low number of users, MRC outperforms all equalization

techniques. This observation is in agreement with theory since MRC is the optimum equalization technique in a noise-
limited channel. As the number of users is increased, EGC becomes the best equalization technique out of all the methods

considered. Although the interference increases, the increase is not great enough to balance the adverse effects of noise
amplification that CE experiences. As the load is increased past a certain point, CE becomes the best equalization tech-

nique in the interference-limited channel.
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Fig. 7 BER versus the number of interferers (m = 0, 1, ..., 127) in the downlink of a Rayleigh fading channel
for MRC (1), EGC (2), and CE for TLR =-33.8 dB (3), TLR = -28.4 dB (4), TLR =-25.9 dB (5), and TLR =
-19.9 dB. (6). The SNR is 20dB, p0=0.1, and N = 128.

5.2 Rician Fading

5.2.1 Uplink
Plots of the average BER versus the number of interferers in the uplink of a Rician fading channel using EGC and

MRC are shown in Fig. 8 and Fig. 9 forK =0, 5, 10, 15, and 25. The BER expressions are given in Eq. (84) and Eq. (87).
Only the CLT approximations have been included to prevent the cluttering of the curves since the LLN results are almost

identical. Note that without the coding of the subcarriers (due to the lack of phase control in the uplink) the K-factor has

little effect in the uplink.

5.2.2 Downlink
Plots of the BER using EGC and MRC in the downlink of a Rician fading channel for various K-factors are shown in

Fig. 10 and Fig. 11. A third plot that combines the curves of EGC and MRC for K = 0 and K = 10 is included so that the
two frequency equalization techniques can be compared. The BER expressions for EGC using the LLN and CLT approx-
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Fig. 8 BER versus the number of interferers (m =0, 1, ..., 127) in the uplink of a Rician fading channel for EGC
using CLT approximations for (1) K=0, (2) K=5, (3) K=10, (4) K=15, (5) K=20, (6) K=25. N = 128.
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Fig. 9 BER versus the number of interferers (m =0, 1, ..., 127) in the uplink of a Rician fading channel for MRC
using CLT approximations for (1) K=0, (2) K=5, (3) K=10, (4) K=15, (5) K=20, (6) K=25.
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Fig. 10 BER versus the number of interferers (m = 0, 1, ..., 127) in the downlink of a Rician fading channel for EGC
using CLT and LLN approximations for (1) K=0, (2) K=5, (3) K=10, (4) K=15, (5) K=20, (6) K=25. N = 128,

imations are given in Eq. (89) and Eq. (90). The BER expressions for MRC using the LLN and the CLT approximations
are given in Eq. (92) and Eq. (93).

As it can be seen from Fig. 10 and 11, the performance of the equalization techniques in the downlink improves signif-
icantly as the K-factor increases. Examining Fig. 10, it can be seen that with EGC the average BER approaches the theo-
retical minimum (in a noise-limited channel) for high loads as X increases. Comparing Fig. 10 and Fig. 11, it can been
seen that the same trends that were observed with Rayleigh fading in the downlink, hold for all K-factors. This result can
be seen more clearly in Fig. 12. In general, MRC outperforms EGC for a low number of users with EGC outperforming
MRC with a large number of interferers. This observation again reflects how MRC combats noise while distorting the
orthogonality of the interference. In general, the improvement in the BER curves for increasing K-factors is greater with
EGC. As these curves are plotted versus the number of interferers, this agrees with intuition: EGC combats interference
better than MRC,

Plots of the BER for CE in the downlink for K =0, K = 5, and K=10 are shown in Figs. 6, 13, 14. The SNR was cho-

sen to be 10dB with p, = 0.1. These curves were generated using Eq. (74).
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Fig. 11 BER versus the number of interferers (m=0, 1, ..., 127) in the downlink of a Rician fading channel for MRC
using CLT and LLN approximations for (1) K=0, (2) K=5, (3) K=10, (4) K=15, (5) K=20, (6) K=25. N = 128.
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Fig. 12 BER versus the number of interferers (m = 0, 1, ..., 127) for different Rician K-factors using MRC:
K=0 (1) and K=10 (3) and EGC: K=0 (2) and K=10 (4). Curves are shown for both CLT and LLN approximations.
The SNR is 10dB and N = 128.

Multi-Carrier CDMA 41



Numerical Results

As it can be seen from the plots, excellent performance is obtained with CE at a SNR of 10dB for K = 10 with
TLR = -13.8. With this threshold, the BER versus the number of interferers is flat and close to the theoretical minimum
of the noise-only channel with MRC detection. It can be seen that as the K-factor increases, the performance of CE

approaches this limit.
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Fig. 13 BER versus the number of interferers (m =0, 1, ..., 127) in the downlink of a Rician fading channel for
MRC (1), EGC (2), and CE for TLR =-25.9dB (3), TLR =-13.8 dB (4), and TLR =-9.0dB (5). The SNR is
10dB,py=0.1,K =5, and N = 128.
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Fig. 14 BER versus the number of interferers (m = 0, 1, ..., 127) in the downlink of a Rician fading channel for
MRC (1), EGC (2), and CE for TLR =-7.8 dB (3), TLR =-25.9 dB (4), and TLR =-13.8 dB (5). The SNR is
10dB, pg=0.1, K =10, and N = 128.
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CHAPTER 6 Conclusion

In this document, a novel digital modulation technique called Multi-Carrier Code Division Multiple Access was intro-
duced and analyzed in both Rayleigh and Rician fading channels. The performance of this technique, gauged by the aver-
age bit error rate, was analytically and numerically evaluated for three equalization techniques that fall under classical
diversity techniques. These techniques, Equal Gain Combining, Maximal Ratio Combining, and Controlled Equalization,
perform equalization in the frequency domain, taking the component of each subcarrier (which represents the fading of
the channel at a corresponding frequency) and perfonmiﬁg a multiplicative operation on this component.

MC-CDMA appears to be a new promising spread spectrum-multiple access technique. It appears to be most effective
in the downlink where phase control is most easily implemented. In the downlink, it was found that CE outperforms EGC
and MRC in combating interference. It can also operate well in channels with large delay spreads: an assumption of inde-
pendent fading at the subcarriers corresponds to a DS-CDMA system in which the number of resolvable paths is equal to
the spreading factor. Since the F-parameter can be freely chosen, the spacing between subcarriers can be chosen so that
MC-CDMA will exploit frequency diversity without excessive spreading factors.

In the uplink of a MC-CDMA communications system, it was found that because of the lack of phase control the
codes and the orthogonality between users is invalidated. As the effectiveness of CE depends on restoring the orthogonal-
ity between users, it was not considered in the uplink. Thus, unless a remedy is applied to compensate for this deficiency,
the coding of the subcarriers has no effect and consequently, the equalization techniques that were considered have no
ability to combat the interference besides the redundancy in transmissions at multiple subcarriers. Thus, as one would
expect, MRC, which is the optimal equalization in a noise-only channel, outperforms EGC. A possible solution to the

phase distortion problem is predistortion in the transmitters. With this technique, each transmitter makes a measurement
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of the channel and modifies the signal that it transmits so that at the receiving end, the signal that is obtained is the original
signal that it intended to transmit.

For downlink transmissions, the following pattern was observed. For a very low number of users, MRC outperforms
all equalization techniques. This result agrees with intuition since this corresponds to a noise-limited channel. For inter-
ference-limited channels, CE outperforms all techniques. This results because CE makes a direct attempt at combating
interference. In between these two extremes, EGC performed the best for a "medium" load. While not distorting the
orthogonality between users as with MRC and while not over amplifying the noise as with CE, EGC finds the balance
between these extremes.

Thus, these equalization techniques have two conflicting goals: to combat noise and to combat interference. In the
process of combating one form of degradation, the receiver becomes more susceptible to the other. EGC may be desirable
for its simplicity, MRC in systems where a low number of users are expected, and CE for interference-limited channels. It
should be noted that future communication systems tend to be headed in the direction of interference-limited channels, as
they attempt to multiplex as many users as possible using the same resources.

While these techniques are not optimal in the sense that they do not address the minimization of some performance
parameter, they are noteworthy for their relative simplicity and their intuitive feel for the underlying effects of the coding
of the subcarriers. It should be noted that although CE is not optimal, it produces low BERs that are close to the theoreti-
cal minimum that are obtainable in a noise-only Rician fading channel (using MRC) with X = 10. A more formal (and
more complicated) approach may be taken with multi-signal/multi-user detection to minimize the interference plus noise
power in the decision process. With these schemes, each receiver considers the signals designated for all users simulta-

neously to decide what was transmitted from the desired user.
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Appendix A: Statistical Properties of the Noise at the Input of
the Slicer

0.1 EGC and MRC

The calculation of the statistical characterization of the noise at the input of the slicer for EGC and MRC are discussed
together because of their mathematical similarities. As given in Eq. (17), the noise component is given as

N1 (+DT,
= 24 2 F

n=Y j’ n () 7-do, jc0s (20 1 + 2mi-1+8,, ) dr. (A-1)
=0 i1, b b

Assuming that there are large number of subcarriers, i.e, N is large, the distribution of the n can be approximated by a
Gaussian distribution by the Central Limit Theorem (CLT). The mean of 1 is given as
0

0
Ne1(k+D)T, )
En = E I/Erf(g-ﬁEdoﬁ,E{cos(ancH Tbt+60.i)}dl=0. (A-2)
i=0 T,

The variance of ) can be determined as follows
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N-IN-1,
= —NOE{ 0, i 01
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where the following approximation and identity were used
k+1)T,
cos(4nft1+2nFT t,+60i+8 )dtleo (A-9)
kT,
N—m-n(“"“)r‘»l
j‘ 5c08 (2nF T, :,+e =6y ) = 0. (A-5)
i=m0j=0 T,
inj L
L LU FG+)
The approximation of Eq. (A-4) holds if —F "7 . This condition is satisfied with the carrier frequency (in the
b b

GHz range) and symbol rates (on the order of Mbauds/sec) of interest. Eq. (A-5) results from the integral over an integer

number of the period of a cosine wave with period T,/ [F(i-j)) fori=j.
0.1.1 EGC
For EGC in a Rayleigh or Rician fading channel, the variance of the noise is given as
op =N, (A-6)

0.1.2 MRC

For MRC in a Rayleigh or Rician fading channel, the variance of the noise is given as

= N—SEp? . = 2-° .
o; = NTbEpo',. = 2pr°. (A7)
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0.2 CE

The derivation of the distribution of the noise for CE is similar to that of EGC and MRC. Given that there are n,, sub-
carriers above the threshold indexed by j, the noise component in the decision variable is

k+1)T,

2 F
n= ;do, j J. n(o) T, cos (2nf,t + 21rj7—,b 148, )dt = ;,“o, Ao (A-8)
]

As the noise term is the sum of n, independent random variables (r.v.), where n,, will be large with a high probability for
the values of p,, ., of interest, the noise can be approximated by the CLT to be a zero-mean Gaussian r.v. with a variance

given in Eq. (A-3) as
ofu n = no-T—bEdo, j (A-9)

where N has been replaced by n,. For a Rayleigh fading channel, i.e., Po.i is Rayleigh distributed, the variance of the

noise is given as

2
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where 1?',. is the local-mean power of the ith subcarrier, E, (p) is the exponential integral defined as [17]

(A-10)
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with y = 0.5772157, and the probability that a subcarrier is above the threshold, pr_,, for Rayleigh fading is given as
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For Rician fading, the variance of the noise is given as
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Appendix B: Statistical Properties of the Interference (at the
Input to the Slicer)

The following statistical identities will be used

Ea, [ = %(-1) +%(1) =0  Ed[k] = %(-1)%%(1)2 =1

2n . (B-1)
2 _c 1 a oA 1
Ecos*(8,,-6,, ) = {ﬁm“e,,,,,de,,,,,,_i

0.1 Uplink

0.1.1 EGC
The interference component, B, . for EGC is given as
M-1 N-1 .
B, = Z a, (k1 Y cnlilcglilp, ;cos8y, ;. (8-2)
mem] im0

Since the in-phase component of a Rayleigh random variable, Ppm, iCOS 6,,,‘,-. is Gaussian and a,, [k) c,, [i]cy[i] € {-1,1},
B,,, consists of the sum of (M - 1) xN iid Gaussian r.v.’s. Thus, B;n, is Gaussian with a mean of

M~IN-1 -
EB,, = Y Y E{a,l[Kp, c,lilcylilcosb,, ;}

malimQ

M- N-1
=/Zgam K Y cnlileolilEp, W= 0 (8-3)
1 im0

me=s

and a variance of

O%’m = (M— l)NE {dm [k] pm','cm ['] Co [i] COSém’,-} 2
= (M-1)NE, i) &} [i] Ea% [K] Ep?, [Ecos™®,,

(M-1)NEp? , = (M~1)p,,. (B-9)

[ ST

If Po,; has a Rician distribution, then the interference can be approximated by the CLT as a Gaussian r.v. since it consists
of a sum of iid r.v.’s. Thus, B, will have the same mean and variance expression as in Eq. (B-3) and Eq. (B-4). Note that
this is true for the variance of the interference since the local-mean power for Rayleigh and Rician fading are defined by

the same quantity

— 1
Pm,i = 3EPn ;-
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Conclusion

0.1.2 MRC

For MRC, the interference component is given as

M-1 N=1

Bine = ¥ an (8] ¥ ¢ i1, [i1p,, o, €050y, (8-5)
mem l I-O

As B,,, is composed of (M ~—1) xN iid r.v.’s, it can be approximated by a Gaussian distribution using the CLT for both

Rayleigh and Rician fading with a mean of

EB,, = (M=1)NE{a, [Kp,, £ [i]c,li] cos,, ;}
= (M=1)NELa ¥R}, i1 o i1 Ep,, Ecosé ¥ = 0 (8-6)

and a variance of

o';m = (M-1)NE{a, [Kp,, pq €nlil coli] cos (8, ,~6, )}2

= (M=1)Ne2, [i] c] [i] B2, [K) Ep?, [Ep} Ecos® (8, -8, )

1 M-1)——
= i(M—l)NEp;‘:MEpg'i = 2( 5 )pmpo. (B-7)

0.2 Downlink

0.2.1 EGC

For downlink transmissions using EGC, the interference component is

M-1 (g" %l" )
Bine = Z a, [k] [z Po,a,~ Z Po, b,J (B-8)
me] j=0 j=0

Applying the CLT independently to both inner summations yields two identical Gaussian random variables. Thus, B,

nt
may be approximated by a zero-mean Gaussian r.v. with a variance of
o, = (M=DNG, = (M=1)N(Eo} ~E%p, ) = (M=1)N(2pq,;- 5pg,)
=2M-1) (1- D (8-9)
for Rayleigh fading and
b, = (M-DNo) =2(M-1)(1-1)p, (8-10)

O
By
for Rician fading, where
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Downlink

e

n K K K12 .
v= 3G [+ 0L kD] (B-11)

0.2.2 MRC

For MRC in the downlink, the decision variable is given as

N N
M-1 3-! 270 )
Bint = E a, (k] lz P%, a~ Z pg' b’J. (B-12)
mel Jj=0 j=0
Applying the CLT in the same manner as with EGC, the interference can be approximated by a zero-mean Gaussian r.v.
with a variance of
02 = (M=1)N[Ep? - (Ep2 )] = (M=1)N(8pg 2-4pg D) = (M=1)ap2 813
C Po,i~ (5Pp,) ] = Po,i ~4Po,i) = (—5—)4Pp (B-13)
for Rayleigh fading and
2 M-1 8K+4 _,
o%im = (M-1)N[Epg ;- (Epj )°] = () mpo (B-14)
for Rician fading,
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Conclusion

Appendix C: Simplification of CLT Expressions
Assume the conditional BER to have the following general form

12 - )'2
\' +0%)

2P } 1 2(q;
—_ | = [ ———e
o2 + a’J f 2
8., T%n) . [2n (c%m +07)

’u: n d
Assuming that p has a Gaussian distribution with mean y and variance o2, the average BER can be simplified as follows

pr(error|p) = %erfc l (c-1)

2

- (p-p’, R A
1 "0t 1 2(": *c'z'l)
BER = J'-—e I————-e ins dydp (C-2)
w2702 p J2n(a} +0,2.‘)
int
(-p)?  (x+p)’
® T2 2(a] +0))
! e COR dpdx

B '!J(Zn)’oz(ogm-fo:).u
. {n(op +op) -x0’}?

) }’ 1 . zaz(agmw;)[ o} +o3+a’
0,/2m %% (02 +o)

. ll(Of,' +a}) -xoh?
[ /o’ +olso¥pe—
had 20’1(0;’”"‘-03)[ L ,o_;l +c|’1+a’
Int

+p? (":‘m"“’:) +x’c{l
b 4

x j'e dpdx
. (u(ci,mw:) ~xg?}?
o - 2 1302
1 20% (o} _+0}) o +ol+d’ " (c;’n'+o;)+ ]
in (1]
=I = = =~ e dx
0J2n(op'“,+o“+o)
1 (xew?
® 2l +ci+0)
= ] Ie L dx
2 2,2
J2n (opm+o“+o ) o
! e"'zdt

_£

/2 (o;m-o- o", +0%)

(c-3)
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