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ABSTRACT 

Thls paper presents a network model f o r  the ana lys is  of waste management 

systems. I n  the  "waste management network" t h a t  we develop waste-aenerat ino 

a c t i v i t i e s  correspond t o  sources, each node corresponds t o  a s p e c i f i c  f l o w  

(waste) form, and each arc  t o  a f l o w  t ransformat ion;  a cha in  from a source t o  

a d e s t i n a t i o n  represents i n  t u r n  waste generat ion, treatment,  and disposal, 

wh i l e  a f e a s i b l e  f l ow  p a t t e r n  c o n s t i t u t e s  a poss ib le  waste management system. 

The model resembles t h e  maximal multi-commodity f l o w  model w i t h  p o s i t i v e  gains 

( s i n g l e  t rans format ion)  a long the  arcs, b u t  i n  a d d i t i o n  i t  admits m u l t i -  

transformations, i n t e r r e l a t i o n s  among a r c  f lows,  and flow-dependent budget 

r e s t r i c t i o n s .  The problem i s  formulated as a l i n e a r  program where each column i n  

the c o n s t r a i n t  ma t r i x  corresponds t o  a cha in  i n  the  network. The s o l u t i o n  procedure 

uses a column-generation scheme based on a s h o r t e s t  r o u t e  a l g o r i t h m  adapted 

f o r  mu l t i - t rans formed f lows.  Recycl ing, d ischarge and e f f l u e n t  standards. 

charges, damage costs and var ious  budgeting schemes can be handled. An 

i l l u s t r a t i v e  hypo the t i ca l  example i s  g iven.  



1. Introduction 

The capacity of a  s i t e  t o  environmentally susta in  a  number of waste 

generating a c t i v i t i e s  ( i n j u s t r i a l ,  commercial, consumptive) i s  a  function of 

i t s  environmental charac te r i s t i cs ,  the desired environmental qua l i ty ,  and the  

management of the generated wastes. A solution to the waste manaqement problem 

attempts t o  s t r i k e  a  balance amonq pol 1 ution leve ls ,  waste manaqement budaet, 

and benefits  from ( o r  levels  o f )  the waste generating a c t i v i t i e s .  In other  

words, i t  aims a t  an e f f i c i e n t  a l locat ion of the limited waste absorbinq capacity 

of the s i t e  t o  the various a c t i v i t i e s  on the basis of some merit ,  which could be 

e i t h e r  maxirtum level of generated benefits  fo r  a  fixed budqet o r  minimum waste 

managerent spending fo r  fixed levels  of a c t i v i t i e s  operations. This a l locat ion 

takes place via a  waste management system consist ing of rules and processes 

fo r  generation control ,  treatment, and discharge of wastes. The many avai lable  

rules and processes y ie ld  a  large number of a1 ternat ive  systems. Most of the 

exis t ing methodologies fo r  choosinq among such systems deal with spec i f ic  tyoes 

of wastes or  par t i cu la r  forms of pollution,  often leadina t o  unbalanced environ- 

mental burdens (e.g. high water pollution along with very c lear  a i r ) .  This 

paper suggests a  total-system waste managerent model along with a  model 

optimization procedure as a  potential  wthod fo r  ident i fyino the most e f f i c i e n t  

balanced waste managelrent system and f o r  developing trade-offs amona benefits .  

pollution,  and spending. 

A total-system analysis requires assesssent of the impact of each waste 

generating ac t i v i t y  on ( a )  the to ta l  environment, (b )  each ohase of the waste 

management e f f o r t ,  and ( c )  the other a c t i v i t i e s ;  t h i s  in turn requires 

ident i f icat ion of Waste transformation sequences from each waste source t o  

ultimate discharge. Through controls ,  regulations,  and charges alona the 

way the impact can be e f fec t ive ly  controlled. The formulation of the  model here 

i s  based on the above outlook of the  waste managentent problem. 



2. A Waste Mana~ement Network Model 

The model i s  presented through the  simple, hypothetical case of Figure 1 

and Table 1 ,  along with an out l ine  of the  model fo r  the general case. There 

i s  one source node fo r  each a c t i v i t y ,  with a s ingle  outgoing arc  representing 

the ac t i v i t y  operation and yielding wastes a t  levels  proportional t o  the 

operat ion 's  level ; in Figure 1 ,  population (node 1 )  i s  the  only waste 

generating ac t i v i t y .  From generation t o  discharge wastes go through sequences 

of transformation processes. A node corresponds t o  a spec i f ic  waste form, an 

arc  t o  a transformation process; the  leve ls  of a l l  processes a re  expressed i n  

a uniform time ra te .  Differentiat ion of forms of wastes i s  based on cos t s ,  

types, and products of fur ther  processing. A s ingle  sink node corresponds t o  
. . 

the wastesabsorbed by the environment; the arcs terminating a t  the  sink a r e  

dummy processes conveniently inser ted t o  allow for  arc-capacity-type r e s t r i c t i ons  

on the waste level accumulated a t  each a r c ' s  originating node. Here, SA and 

SR are  the  l imi t s  on discharges of par t i cu la tes  and Biochemical Oxygen Demand 

( B O D ) ,  respectively;  S i s  a l im i t  on the landf i l l ing  ra te .  L 
Each a rc  ( i , j )  i s  assigned three  parameters: ( 1 )  cost  Fi  as a (normally 

nonlinear) function of process l eve l ;  ( 2 )  arc  capacity b . .  2 0 arisling from 
1J  

physical, technological, soc i a l ,  or legis la ted l imita t ions  on the  process; and 

( 3 )  the transformation coeff ic ient  t i j  > 0 defined as the amount of form j 

generated along ( i  , j )  per unit  flow of form i directed towards j. The flow 

transformation occurs a t  node i and the flow throughout ( i , j )  i s  of form j; 

along a chain i ,  ( i . j ) ,  j. ( j , k ) ,  k ,  the  flow in  ( j , k )  equals the  flow in ( i , j )  

times t .  
~ k '  

When a process yields jo in t ly  two or more waste forms, l i ke  " l iv ing" 

yielding so l id  wastes and sewage in the sample case, dummy nodes ca l led  

s p l i t t i n 2  o r  secondary sources a re  inserted as shown i n  Figure 2: A t ransfor-  



rnation of form ro yields jointly forms r l , r 2  and r 3  in amounts proportional 

t o  tO1, tO2, and tO3, respectively. This i s  reduced to the single trans- 

formation case as follows: r 2  i s  viewed as a byproduct of the transformation 

o f r O  into r l ,  and r3  as a byproduct of the generation of r2 .  For each by- 

product one secondary source i s  inserted (triangular node) having two arcs 

leaving i t ,  the primary and the secondary; the secondary arc corresponds t o  

the generation process ofthe byproduct. I n  Figure 2 ,  i f  r 2  were the only 

byproduct, the secondary arc of s l  would be ( s  .r ); byproduct r 3 ,  however. 1 2  
requires a second secondary source s2 .  Form r2  i s  now generated along ( s l  ,s2)  

and "pushed" o n t o  the primary arc ( s2 , r2 )  while r3  i s  produced along secondary 

arc (s2 , r3) .  For flow consistency, i t  i s  required that ,  

(1 (level of production of r i )  = g i  (level of production of r i + l )  

where g i  i s  the spl i t t ing  coefficient of secondary source s i ;  accordingly, 

g1 = tO1/to2 and g 2  = tO2/to3. For the optimization of the model i t  i s  

more convenient t o  relate flow in the primary arc with flow in the secondary 

arc of a secondary source s i ;  the assignment of t . . ' s  in Figure 2 i s  such that  
1J  

( 2 )  (flow in primary arc of s i )  = g i  (flow in secondary arc of s i )  . 

T ~ U S ,  for a unit flow in ( rO , s1 ) ,  flow in ( s l  , r l )  i s  tO1, in ( s l  , s2 )  i t  i s  
t /g = tO2, in ( s  . r )  i t  i s  tO2' ts  r = f 0 2 ,  
01 1 2 2 2 2 and in (s2 , r3)  i t  i s  tO2/g2  = 

in consistence with the requirement that tO1, tO2, and to3 units be generated 

of forms r , r  and r3 ,  respectively. 1 2  
The detail and size of the network depends on the scope of the analysis. 

The model can be used for  a particular waste management subsystem (e.g 

solid wastes) or for an integrated total system, whereby interfaces among 

subsystems are identified and assessed. ( I n  Figure 1 ,  the lower part of the 

network corresponds t o  a liquid waste subsystem, the upper part t o  a solid 

waste one). Recycling i s  handled by actual cycling in the network. Pollution 

damages can be assigned as costs on the final arcs. When ambient standards are used, 



appropr ia te  t rans format ion  c o e f f i c i e n t s  obta ined through d i s p e r s i o n / d i f f u s i o n  

models are assigned t o  the f i n a l  arcs. A l a rge r ,  more complicated model i s  

presented i n  [91. 

For t h e  mathematical programming fo rmula t ion ,  a d i r e c t e d  network i s  

considered w i t h  nodes i ,j.. . . ,T; each arc  ( i  ,j) i s  assigned parameters Fi j, 

tij , and bij. L e t  P = [p] be t h e  s e t  o f  the  source nodes corresponding t o  

waste generat ing a c t i v i t i e s ;  c a l l  them pr imary  sources. L e t  S = { s j  be the  

s e t  o f  secondary sources; Q = P + S = f q j  . L e t  C: be t h e  kth cha in  o f  a rcs  

j o i n i n g  source q w i t h  the network s ink  T. A chain throuoh a s p l i t t i n g  node 

fo l l ows  the pr imary arc; the  f i r s t  a rc  on C; i s  the  secondary a rc  o f  source s. 

I f  X: i s  the  f l ow  i n  t h e  f i r s t  a rc  o f  C: and vP i s  the  value her u n i t  f l o w  

leav ing  source p the  value o f  the  f l o w  leav ing  P i s  P, The problem p.k 'k 

considered i n  t h i s  paper i s  t o  f i n d  the  f l o w  p a t t e r n  which maximizes the  f l o w  

value whi le :  a. no arc  f l o w  exceeds the a rc  capac i ty ,  b. the  f lows l e a v i n g  

a secondary source s a t i s f y  ( 2 ) ,  c. any o t h e r  r e s t r i c t i o n s  on a rc  f lows are  

s a t i s f i e d ,  and d. t h e  t o t a l  f l o w  cos t  i s  w i t h i n  an a v a i l a b l e  budget. (For  the  

sample case, t h i s  would mean maximal popu la t ion  l e v e l  sus ta inab le  by 

environmental and budget r e s t r i c t i o n s ) .  A computational l y  equ iva len t  

problem i s  t o  f i n d  t h e  minimum cos t  f l o w  p a t t e r n  which s a t i s f i e s  (a ) .  (b ) ,  

and ( c )  above w h i l e  the f l o w  l e a v i n g  P o r  a r r i v i n g  a t  T i s  w i t h i n  a s p e c i f i e d  

range. C lea r l y ,  a  f e a s i b l e  f l o w  p a t t e r n  c o n s t i t u t e s  a poss ib le  waste 

managerent system. 

The f l o w  i n  an arc  along c:, and due t o  c:, i s  x: t imes every t .  from 
1 j 

q t o  t h i s  arc. (Notat ion:  tij tjk tkf = tijkf) L e t t i n g  

the  t o t a l  f l o w  i n  ( i , j )  i s  q,k aqk 1 J  x;. For t h e  arc  capac i t y  c o n s t r a i n t  



5. 

t h i s  f l ow  i s  l e s s  than o r  equal t o  bi j. For a  secondary source s, t he  f l o w  

i n  t h e  pr imary  a rc  (s,w) i s  r e l a t e d  t o  the f l o w  i n  the secondary a r c  (s,u) 

accord ing t o  

( 4 )  q 

A more general c o n s t r a i n t  i n t e r r e l a t i n g  the f lows i n  any two arcs ( i ,  j )  

and (m,n) i s ,  

where R: and d: a re  constants corresponding t o  t he  p a  [ i , ) ,  (m,n)]. 

The s e t  o f  a l l  such arc  p a i r s  i s  c a l l e d  H, w i t h  H1 t h e  s e t  o f  t he  f i r s t  arcs 

and H2 t h e  se t  o f  t h e  second arcs;  IHI = 1 ~ 1 1  = I H Z (  . Such a  c o n s t r a i n t  

a r i s e s  q u i t e  f r e q u e n t l y  from requirerncnts such as: the combined l e v e l  o f  two 

s i m i l a r  processes can no t  exceed a  s e t  l i m i t ,  a  process cannot beg in  u n t i l  

another has reached a  c e r t a i n  l e v e l ,  t h e  l e v e l  o f  an a c t i v i t y  i s  p r o p o r t i o n a l  

t o  t h e  l e v e l  o f  another,  f i x e d  arc  f lows,  o r  lower bounds on f lows.  

I n  genera l ,  a  budget cons i s t s  o f  a  f i x e d  p o r t i o n  B p lus  a  v a r i a b l e  p o r t i o n  

G per  u n i t  f l o w  value. For t h e  1  i n e a r  cos t  case w i t h  F. .= 
1 J 

where c . .  i s  t he  c o s t  per  u n i t  f l o w  through ( i , j ) ,  t h e  
1 J  

t he  oroblem b e c o ~ e s  

a?? c.  } ( 1  1 ,  { i  i J  i j  x  5 0 + GC~,~~P$ 
The more f requent  case o f  n o n l i n e a r i t y  cou ld  be reduced 

discussed i n  t he  nex t  sect ion.  

The problem has thus been 

budget c o n s t r a i n t  f o r  

t o  t h e  l i n e a r  case as 

cas t  i n t o  t h e  1  i n e a r  programming model. 

Maximize Epsk vPx; 



such t h a t .  

( 4 )  f o r  e x h  S E  S 

( 5 )  f o r  each p a i r  i n  H 

(6) 

and xqk2 0  f o r  a l l  c:. 

If Aq i s  t h e  column i n  ( 7 )  co r respond ing  t o  c!, i t  has m + I S  I + I H I  +1 
k  

components, where m i s  t h e  number o f  c a p a c i t a t e d  a r c s .  The Aqk component i n  

t h e  c a p a c i t y  c o n s t r a i n t  o f  a r c  ( i , j )  and t h e  component i n  ( 5 )  f o r  ( i , j )  6 H1 i s  

q  a::; f o r  a  p r i m a r y  a r c  ( s )  t h e  Ak component i n  ( 4 )  i s  a% ; i f  cq o r i q i n a t e s  k  

a t  q  c S t h e  component i n  ( 4 )  i s - g q ;  f o r  an a r c  ( i , j )  € HZ t h e  component i n  

( 5 )  i s  R?? aqk . The l a s t  component o f  A: i s  t h e  c o s t  o f  h a v i n g  a  f l o w  x: = 1  
IJ l j  

go t h r o u g h  c:, minus t h e  f l o w  v a l u e  G vq f o r  qc P. 

The m a t r i x  o f  c o e f f i c i e n t s  f o r  t h e  sample prob lem w i t h  vi = 1, B = $2000/ 

day, G=O, and secondary a r c s  (2,4) ,  (6,14),  (9,10),  and (11,13) i s  shown i n  

Tab le  2. 

3. The S o l u t i o n  A l q o r i t h m  

The problem i d e n t i f i e d  i n  t h e  p r e v i o u s  s e c t i o n s  i s  a  mu1 t i - c o m o d i t y  

m u l t i - t r a n s f o r m e d  network  f l o w  problem. The l a r g e  s i z e  o f  t h e  prob lem f o r  a  

r e a l  case c a l l s  f o r  a  model w i t h  a  s o l u t i o n  scheme more e f f i c i e n t  than  t h e  

normal s implex.  The r e l a t e d  problems o f  mu l t i - co r rmod i t y  network  f l o w s  and 

f l o w s - w i t h - g a i n s  ( o r  t rans fo rmed f l o w s )  have been ana lyzed  b y  s e v e r a l  i n v e s t i -  

g a t o r s  and s o l u t i o n  a l g o r i t h m s  s u p e r i o r  t o  t h e  s imp lex  have been developed; 

y e t ,  none o f  these  i s  a p p l i c a b l e  t o  t h e  e n l a r g e d  prob lem p resen ted  here.  The 

f l o w s - w i t h - g a i n s  prob lem has been examined by, among o thers ,Jewe l l  [6], J a r r i s  

and J e z i o r [ 5 ] ,  Johnson [7], Maurras [8], and G r i n o l d  [3]. The problems t h e y  

cons ide r ,  however, do n o t  i n c l u d e  mu1 t i - t r a n s f o r m a t i o n  o f  f l o w s  o r  r e l a t i o n s  

among a r c  f l o w s ;  moreover, when a maximal f low v e r s i o n  i s  c o n s i d e r e d  i t  i s  



w i t h o u t  a  budget  c o n s t r a i n t .  Fo rd  and F u l k e r s o n  [2 ]  and Hu [4 ]  suaqes t  an 

a r c - c h a i n  f o r m u l t i o n  o f  t h e  mu l t i - commod i t y  f l o w  p rob lem and s o l v e  i t  v i a  an 

e f f i c i e n t  co lumn-generat ion techn ique ;  Swoveland [ l o ]  t a k e s  t h e  same approach 

t o  s o l v e  t h e  mu l t i - commod i t y  d i s t r i b u t i o n  problem. T h i s  approach i s  a l s o  t a k e n  

h e r e  s i n c e  i t  i s  e s p e c i a l l y  e f f i c i e n t  f o r  network  problems w i t h  a  l a r g e  number 

o f  c h a i n s  and c o m p a r a t i v e l y  few c o n s t r a i n t s ,  as i s  t h e  case i n  a  was te  rcanage- 

ment network .  

1  j The dua l  o f  ( 7 ) ,  w i t h  y , ymnr yB, and y .  . t h e  s i m p l e x  m u l t i p l i e r s  f o r  
s 1J 

( 4 ) .  (5). (6), and a r c  c a p a c i t y  c o n s t r a i n t ,  r e s p e c t i v e l y ,  i s ,  

(8)  M i n i m i z e  b . .  y . .  t 
1J 1J 

such t h a t ,  

1 ( i , j )  { 'ijtCi j Y ~  t x ( m , n )  CH2 R .  i j  . Y i j  

y,&O; Yij 5 0, a l l  ( j )  * 0, a l l  p a i r s  i n  H, 

where, 

q  1. gqyq = Gv yB,for q  c P 

2. vq = o f o r  q  6 S, 

and 3. (s,w) r e f e r s  t o  t h e  p r i m a r y  a r c s  a l o n g  c:. 

Given a  f e a s i b l e  b a s i s  f o r  ( 7 )  t h e  dua l  v e c t o r  y i s  o b t a i n e d  f o l l o w i n 9  

i j t h e  r e v i s e d  s i m p l e x  method; i f  some y.., ymn , o r  yB i s  n e g a t i v e ,  t h e  c o r r e s -  
1J 

ponding s l a c k  column i s  b r o u g h t  i n t o  t h e  b a s i s  u n t i l  t h e  n o n n e g a t i v i t y  r e s t r i c t i o n s  

a r e  s a t i s f i e d .  From (9 ) ,  i f  minimum { y ~ : } h v ~  f o r  a l l  q, o p t i m a l i t y  has been 
' k  



reached; otherwise, a  column A(! such t h a t  y ~ ( !  < vq enters  the  basis .  
J J 

The s t ruc tu res  o f  A: and o f  (9) suggest t h a t  by ass ignin"  p rescr ibed 

combinations o f  duals as "costs"  - on the arcs the product  y ~ q k ,  c a l l e d  

t rans format ion  cos t  o f  c:, cou ld  be found by r e f e r i n g  o n l y  t o  the network. 

Moreover, a  l e a s t  t ransformat ion cos t  a lgo r i t hm cou ld  be used t o  o b t a i n  the 

minimum{y~:] f o r  the  simplex o p t i m a l i t y  t e s t ;  as o u t l i n e d  i n  [2], t h i s  
k 

would generate columns o n l y  as they are needed f o r  the simplex process 

main ta in ing  throughout o n l y  t h e  columns i n  the  basis.  

Transformation Cost: Each arc  ( i , j )  i s  assigned a  "cos t "  k. equal t o :  
. . 1 j 

(cij yB + y .  . )  plus y;: f o r  each p a i r  [ ( i , j ) , (m,n) ]  i n  H s. t. (m,n) 6 t!2 
13 

mn mn plus R .  . y . .  f o r  each p a i r  [(m.n), ( i , j ) ]  i n  H s . t .  (m,n) € tI1 plus yi i f  
1J  13 

( i , j )  i s  a  pr imary arc ;  f o r  a  noncapacitated arc, y . .  = O. The t rans fo rma t ion  
1 J 

cos t  o f  C; = Y A , q aqk ~j A i j  - gqyq. For example, i f  a t  some 

i t e r a t i o n  of the  problem i n  Tab 'i e 2, ( ~ ~ ~ , ~ 6 '  Y ~ ~ , ~ ~ '  Y ~ ~ , ~ ~ ~  y2, Y6. yg, yll. 

yB)  = (5,0,0.1,0.18,0,4.2.5, 0.03). then 

Least Transformation Cost A lgor i thm 

1, Assign ZT = 0. Z.  -00 f o r  i # T, and W =00 f o r  S E S ;  
1 S 

assign each arc  ( i  , j )  a  " cos t "  . . as o u t l i n e d  above. 
13 

2. a. For a node i {s, if, for  some j, Z i 7 t i j  ( A i j  + Zj), 

s e t  Zi = tij ( hij + Z.) .  
J 

b. For a  node s  (S, from the pr imary arc  (s,w) s e t  Z s  = 

+z =tsW ( hSW + ZW); from t h e  secondary arc  (s,u) s e t  W s  = -qsyS ". 



3. Con t inue  u n t i l  t h e r e  i s  no a r c  ( i , j )  s . t .  Zi > tij ( Aij + Z . )  
J 

and u n t i l  ZS and US a r e  as r e q u i r e d  by 2b f o r  a l l  s  f S. 

4. For  each p  6 P, reduce Z  b y  ~ v ~ ~ ~ .  
P  

A t  t h e  end o f  t h e  a l g o r i t h m  Z  = m i  A and IIs = .in{ y A:) . 
P  k  k  

The b e s t  c h a i n s  i r e  a l o n g  a r c s  ( i . j )  s . t .  Zi = tij ( hij + Z j  ). The 

s imp lex  o p t i m a l i t y  t e s t  i s  now performed; columns e n t e r i n g  t h e  b a s i s  a r e  

c o n s t r u c t e d  as a l r e a d y  o u t l i n e d .  

I n  a c y c l i c  networks convergence i s  guaranteed s i n c e  t h e r e  i s  a f i n i t e  

number o f  a r c s  and a  l o w e r  bound on Z  and W S  (because t h e  d u a l s  and a l l  
P  

parar re ters  a r e  f i n i t e ) .  I n  networks w i t h  c y c l e s ,  t h e  a l g o r i t h m  w i l l  n o t  

converge when, f o r  a  node n  on a  c y c l e ,  Zn decreases w i t h  no bound o r  i t  

approaches a  bound a s s y m p t o t i c a l l y .  The way Zn i s  computed sugoests  t h a t  t h e  

case o f  no bound occurs  o n l y  on a  c y c l e  w i t h  no c a p a c i t a t e d  a r c s  f o r  which:  

e i t h e r  t h e  c o s t  f o r  a  u n i t  f l o w  e n t e r i n g  i t  and g o i n g  around i t  i s  n e g a t i v e  o r  

t h i s  c o s t  i s  z e r o  b u t  t h e  c y c l e  i s  absorb inp  ( p r o d u c t  o f  t i j ' s  around i t  l e s s  

than u n i t y ) ;  e x i s t e n c e  o f  such a  c y c l e  i n d i c a t e s  t h e  unbounded s o l u t i o n  o f  

the o r i g i n a l  prob lem and t h e  s o l u t i o n  process i s  te rm ina ted .  On t h e  o t h e r  hand, 

an a s s y m p t o t i c a l l y  approached bound f o r  Zn can be approx imated i n  terms of  t h e  

t. . ' s  and 
'3  

X i j 1 s  o f  t h e  c y c l e ' s  arcs .  

For a  s t a r t i n g  b a s i s ,  a  Phase I I P h a s e  I 1  p rocedure  i s  used o n l y  when 

a r t i f i c i a l  o r  s u r p l u s  v a r i a b l e s  a r e  needed i n  ( 5 ) ;  an a r t i f i c i a l  v a r i a b l e  

i n t r o d u c e d  i n  ( 4 )  remains a t  z e r o  l e v e l  w h i l e  i n  t h e  bas is ,  l e a v e s  t h e  b a s i s  

when a  c h a i n  t h r o u g h  o r  f r o m  t h e  co r respond ing  secondary source e n t e r s  i t ,  

and never  e n t e r s  t h e  b a s i s  aga in .  I n  l a r g e  networks t h e  o p t i m a l  f l ow may 

bypass a  number o f  secondary sources and c a p a c i t a t e d  arcs ;  t o  a v o i d  

unnecessary c o n s t r a i n t s  o f  t y p e s  ( 4 )  and a r c  c a p a c i t y ,  a row-aenera t ion  

scheme i s  employed whereby, as columns a r e  generated b y  t h e  l e a s t  t r a n s f o r m a t i o n  

c o s t  a l g o r i t h m ,  a  new row ( c o n s t r a i n t )  i s  added i n  updated f o r m  t o  t h e  c u r r e n t  



slmplex tableau f o r  each secondary source o r  capac i ta ted  a rc  encountered 

f o r  t h e  f i r s t  t ime. 

The more r e a l i s t i c  case of non l inear  cos ts  can be reduced t o  t h e  l i n e a r  

case by piece-wise l i n e a r  approximation and i n s e r t i o n  i n  t h e  network o f  one 

arc  per  l i n e a r  segment. For a two-segment approximation o f  Fij, ( i  . j )  i s  

1 2 1 2 
replaced by arcs  ( i , j )  and ( i , j )  w i t h  u n i t  cos ts  c . .  and c .  ., r e s p e c t i v e l y .  

1J 1J 
f l o w  ranges 0 t o  Ri j  f o r  t h e  f i r s t  and 0 t o  bij - Rij f o r  t h e  second, and 

1 .  t!. = t?. = t .  .. I n  the  o p t i m i z a t i o n  procedure, a cha in  through ( i  , j )  w i l l  
1J 1J 1J 

2 1 
be chosen over an i d e n t i c a l  cha in  b u t  f o r  ( i  , j )  i n  p lace  o f  ( i  , j )  o n l y  i f  

1 1 2 2 
yij + cij yB<Yij + c . . y  IJ B '  I n  t h e  convex cos t  case, when a rc  f l o w  l i m i t s  

a r e  n o t  reached t h i s  w i l l  always hold, y i e l d i n g  a cons i s ten t  f l ow .  For t h e  

concave cos t  case, t h e  f o l l o w i n g  procedure has been tes ted  w i t h  v a r i a b l e  success: 

1 .  Solve problem as f o r  t h e  l i n e a r  case. A cons i s ten t  s o l u t i o n  i s  

op t ima l ;  an i ncons i s ten t  one prov ides an upper bound on t h e  f l o w  value. 

2. Re-solve problem w i t h  the  s t i p u l a t i o n  i n  stop2.a. o f  the  l e a s t  

cos t  a lgo r i t hm t h a t :  f o r  node i o f  concave-cost a rc  ( i  , j ) ,  a rc  ( i  .jlL i s  

1 1 ignored i f  the  s lack  s . .  o f  t h e  capac i t y  c o n s t r a i n t  o f  a rc  ( i , j )  i s  bas ic .  
1J 

2 
I f  no cha in  through some ( i , j )  v i o l a t e s  (9 ) ,  the  s o l u t i o n  i s  op t ima l ;  

otherwise, i t  provides a lower bound on t h e  value o f  cons i s ten t  f l ow .  

2 .  3. Choose a cha in  through a ( i , j )  v i o l a t i n g  (9 ) ,  r e s t r i c t  f l o w  i n  ( i , j )  1  

t o  equal Rij, and g e t  a cons i s ten t  s o l u t i o n  whose f l ow  value replaces t h e  

cu r ren t  lower bound i f  the  new one i s  h igher ;  i f  no t ,  a  v i o l a t i n g  cha in  

through another ( i  , j ) '  i s  chosen. 

4 .  Continue u n t i l  an acceptable d i f f e r e n c e  between upper and lower bounds 

i s  reached. 

The above procedure works we l l  i n  networks w i t h  phys ica l  i n t e r p r e t a t i o n  

s ince an ana lys t  f a m i l i a r  w i t h  t h e  phys ica l  requirements o f  t h e  s o l u t i o n  may: 

(a )  a f t e r  steps 1 and 2, drop arcs considered u n l i k e l y  t o  be i n  an optima7 



s o l u t i o n ,  and e l i m i n a t e  some n o n l i n e a r i t i e s  by imposing lower f l o w  bounds 

on arcs l i k e l y  t o  be i n  an opt imal  so lu t i on ;  (b )  i n  s tep (3) .  choose 

s imul taneously more than one chain; and ( c )  reduce t b ?  upper bound through 

reasonable cos t  approximations based on a l ready obta ined (non-optimal ) 

s o l u t i o n s .  The number o f  concave-cost a rcs  may a l s o  be s i g n i f i c a n t l y  reduced 

by combining processes (and t h e i r  cos ts )  i n t o  superprocesses i n  a  way t h a t  does 

n o t  v i o l a t e  t h e  l o g i c  o f  the  o r i g i n a l  network. F ixed cos ts  a r e  t r e a t e d  as 

concave costs by assuming f o r  the  f i r s t  l i n e a r  segment o f  the  approximation 

1  a  h igh  c . .  and a  smal l  R i j  For a  r e a l  problem, the  magnitude o f  t h e  e f f o r t  
1.l 

requ i red  t o  deal w i t h  concave cos ts  by t h i s  procedure i s  expected t o  be 

acceptable, e s p e c i a l l y  when one considers the g rea t  e f f o r t  requ i red  t o  model 

the  problem and the  considerable expense invo lved w i t h  dec is ions  t o  be made. 

Extensive computat ional experience has been obta ined w i t h  t h e  McGi 11 IBM 

360175 computer f o r  bo th  the  max-flow and min-cost  vers ions .  For  the  sample 

problem, t h e  optimum s o l u t i o n  i s  obtained i n  1.02 sec CPU t ime (1.14 sec 

w i thout  row genera t ion) .  The a l lowab le  popu la t i on  i s  86,300; 28 tons o f  

s o l i d  r e f u s e  a r e  i nc ine ra ted ,  the  r e s t  taken t o  a  t r a n s f e r  s t a t i o n ;  0.24 

tons o f  untreated BOO goes i n  the  r i v e r ,  the r e s t  going through up t o  

secondary treatment;  t h e  l i m i t s  a re  reached f o r  budget, SR, and SL, suggest ing 

a  s h i f t ,  i f  possib le,  o f  monies from p a r t i c u l a t e s  c o n t r o l  t o  sewage t rea tment  

o r  l a n d f i l l i n g .  I n  general ,  s o l u t i o n  t imes depend on the  number and type 

o f  c o n s t r a i n t s  and, much less ,  on network s ize .  With l i n e a r  cos ts ,  f o r  170 

arcs  and 26 c o n s t r a i n t s  ( i n c l u d i n g  10 s p l i t t i n g  nodes) CPU t ime i s  3.40 sec 

(3.50 w i thou t  row generat ion) ;  f o r  110 arcs  and 22 c o n s t r a i n t s  (12 s p l i t t i n g  

nodes) i t  i s  3.10 sec (4.39); and f o r  23 arcs  and 23 c o n s t r a i n t s  (no 

s p l i t t i n g  nodes) i t  i s  1.90 (2.57). 



12. 

4. Conclusion 

A  model and i t s  o p t i m i z a t i o n  a lgo r i t hm have been presented f o r  t h e  m u l t i -  

commodity mul t i - t rans formed network f l o w  problem, the  a rc  f lows o f  which may 

be i n t e r r e l a t e d  and t h e i r  t o t a l  c o s t  i s  sub jec t  t o  a  f low-dependent budget. 

The maximal mu1 ti-commodity f low problem and t h e  maximal f low-wi th -ga ins  

problem ( f o r  p o s i t i v e  gains)  can be solved as spec ia l  cases o f  t h i s  model. 

A minimum-cost ve rs ion  o f  t h e  model can a l s o  be opt imized i n  an almost 

I d e n t i c a l  manner. 

The model has been developed f o r  t h e  waste managenlent problem which i t  

t r e a t s  i n  an i n t e g r a t e d  to ta l -sys tem approach, t a k i n g  i n t o  account t h e  

i n t e r r e l a t i o n s h i p s  among the  d i f f e r e n t  forms o f  the  environment, balancing 

the burdens on them, and eva lua t i ng  a  l a r g e  number o f  waste management systems. 

I t  can be used f o r  mod i fy ing  e x i s t i n g  systems over t h e  s h o r t  and long runs o r  

f o r  p lanning new ones as i n  the case o f  a  new town. The model i s  s imple i n  

concept y e t  f l e x i b l e  enough t o  be responsive t o  t h e  spec ia l  needs o f  d i f f e r e n t  

c o n t r o l l e r s  a t  d i f f e r e n t  l e v e l s  o f  the  system. The l a r g e  s i z e  o f  t h e  network 

fo r  a  r e a l  problem i s  d e a l t  w i t h  through column and row generat ion scheme;, 

w h i l e  t h e  simp1 ex-based op t im iza t i oa  procedure a1 lows f o r  simple s e n s i t i v i t y  

analyses. I t i s  q u i t e  poss ib le  t h a t  t he re  may be more than one opt imal  s o l u t i o n  

t o  the problem o r  a  range o f  s o l u t i o n s  t h a t  d i f f e r  very l i t t l e  i n  f l o w  value o r  

cost; t h i s  can be detec ted  by the  p r o x i m i t y  o f  the  f i n a l  t rans format ion  c o s t  

o f  nonbasic chains t o  t h e i r  f l o w  u n i t  value. D i f f e r e n t  opt imal  o r  near-opt imal  

systems can then be evaluated by c r i t e r i a  t h a t  cou ld  n o t  have been incorpora ted  

d i r e c t l y  i n  the  model. 

Al though several compl icat ions t h a t  a r i s e  i n  a  r e a l  s i t u a t i o n  can be handled 

by the  model, ma in ly  because o f  the g e n e r a l i t y  o f  c o n s t r a i n t  ( 5 )  and the  

p o s s i b i l i t y  o f  i n s e r t i n g  e x t r a  arcs  i n  the  network, the model i s  n o t  w i t h o u t  

major drawbacks. !:lhen environmental standards are  i l l - d e f i n e d  o r  when wastes 



i n t e r r e a c t  chemica l ly  the  p r a c t i c a l i t y  o f  the  model i s  l i m i t e d .  Data a v a i l a b i l i t y  

i s  as ser ious a problem as f o r  c u r r e n t l y  used methodologies. The ex is tence o f  

concave cos t  f unc t i ons  preventsa t ta inment  o f  o p t i m a l i t y ,  bu t  good s o l u t i o n s  

are  expected. Another drawback may be t h e  i m p l i c i t  assumption throughout 

t h i s  work t h a t  tij i s  constant  and independent o f  t h e  process l e v e l  when, i n  

fac t ,  the  e f f i c i e n c y  o f  a process may change as i t s  l e v e l  increases; t h i s  

resembles t h e  non l inear  cos t  problem, convex i ty  being t h e  more f requent  case. 

A v a r i a b l e  t . .  i s  o f t e n  accompanied by a v a r i a b l e  u n i t  cos t ,  p resent ing  a more 
1.l 

complex case c u r r e n t l y  under study. 

F i n a l l y ,  p a r t i a l  independence o f  agencies i n  charqe o f  s p e c i f i c  subsystems 

o f  t h e  waste management system can be re ta ined,  s i m i l a r  t o  t h a t  descr ibed by 

Dantzig [I], w i t h  t h e  duals o f  (7 )  used by a centa l  a u t h o r i t y  as p o i n t s  i n  a 

m e r i t  system p r o v i d i n g  i ncen t i ves  f o r  good performance. I f  vq + g y i s  o f f e r e d  
'4 '4 

t o  t h e  c o n t r o l l e r  o f  source q as reward per  u n i t  f l o w  leav ing  q, and hij i s  charged 

per u n i t  f l o w  i n  ( i , j )  due t o  t h a t  u n i t  from q, source c o n t r o l l e r s  would l ook  f o r  processes 

such t h a t :  reward A disposal  charge. Over a long hor izon when charges can be 

adjusted, t h e  c e n t r a l  a u t h o r i t y  can s t a r t  o f f  w i t h  a rough network and, as 

source c o n t r o l l e r s  d i scove r  new " p r o f i t a b l e "  chains which v i o l a t e  (9) ,  the  

charges a r e  increased t o  l e v e l s  suggested by t h e  improved ne t r~o rk  model, 

u n t i l  no " p r o f i t a b l e "  chains e x i s t .  
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TABLE 1 

Description of the Problem in Figure 1 

Process Description 

"living", 1000 people per day 

generation of solid wastes; 5 lbs/cap/day = 2.5 tons/unit (1.2) 

generation of sewage; 0.167 1 bs BOD/cap/day = 0.0835 tons BOC/unit (1.2) 

refuse. collection and incineration; $6 per ton is used based on $0.10 
per ton-mile for collection, a 5-mile average travel distance, and 
$5.50 for incinerator capital and operating cost. 

refuse collection and transport to a transfer station 

sewage collection, including building the sewarage system; available 
cost figures for per capita annual expenditures are reduced to daily 
costs per ton of BOD. 

raw discharge of sewage into the river 

primary treatment (37.52 BOD removal) yieldinq digested sludge and 
BOO; $90/ton of BOD treated is derived from $2.75 annual cost per capita 

generation and handling of residue; cost has been included in (3.6) 

generation and handling of particulates: 10 lbs per ton incinerated 

residue transfered to a landfill site 

usage of a transfer station plus refuse transport to the landfill; 
there is a fixed daily cost of $10C plus $1.5 per ton handled. ' 

BOD load reduction; 0.625 tons remain per ton treated 

sludge generation; 0.5 tons of sludge per ton of BOD treated. 

secondary treatment (89% BOD removal); cost figures have been 
reduced to per ton of ROD reaching node 11. 

discharge of effluent from primary treatment 

sludge from primary and secondary treatments taken to landfill 

total BOD discharge into river; must not exceed SR = 1 ton per day 

total particulates discharge; SA = 0.50 lbs per day 

use of the landfill site; SL = 200 tons per day 



FIGURE 1: A Waste Management Network 

FIGURE 2: Mul t i -T rans format ion  o f  ro i n t o  rl ,r2, and r 3 ' 



TABLF 2 

M a t r l x  o f  C o e f f i c l e n t s  f o r  the  Problem i n  F jqure  1  

a p lus  t h e  f i x c d  cost  o f  ( 8 , 15 )  tij of  a secondary a r c  i s  s e t  a t  1  

(See F i g u r e  2)  


