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Multi-conductor Line Models for Harmonic
Load-flow Calculations in LV Networks with

High Penetration of PV Generation
Fernando M. Camilo, M. E. Almeida, Rui Castro, and V. Fernão Pires

Abstract——Low-voltage (LV) distribution networks are unbal‐
anced and present loads with nonlinear behavior, which intro‐
duce harmonics in the networks. The predictable increase in
photovoltaic microgeneration (PV µG) accentuates this unbal‐
anced characteristic, as well as poses new technical problems,
namely voltage rise and reverse power flow. To accurately ac‐
count for the distributed PV and loads in the LV network, un‐
balanced three-phase power flow algorithms should be utilized,
where different approaches may be used to represent lines with
various degrees of accuracy. The more accurate algorithm con‐
siders the electromagnetic coupling between the line conductors,
whereas the simpler algorithm represents each conductor of the
line as a single-phase line with pure resistive behavior. This pa‐
per aims to analyze the influence of the line model on the load
flow in a highly unbalanced LV network with a high penetra‐
tion of PV production, and considers the impact of the harmon‐
ics produced by nonlinear loads. Based on the results obtained,
it is possible to identify the most suitable model to be used, de‐
pending on the study to be performed. Different scenarios of
PV generation and loads are addressed in this paper.

Index Terms——Line model, nonlinear loads, photovoltaic mi‐
crogeneration, unbalanced distribution network.

I. INTRODUCTION

RECENTLY, photovoltaic microgeneration (PV µG) lo‐
cated near end-user low-voltage (LV) consumers has in‐

creased significantly. The massive integration of PV µG near
the prosumers (end-users that are simultaneously producers
and consumers) poses new technical problems for the LV dis‐
tribution networks, namely voltage rise and reverse power
flow.

To accurately account for the distributed PV in the LV net‐
work, an unbalanced three-phase power flow analysis has

gained significant attention from both academia and electri‐
cal utilities [1]. Numerous unbalanced three-phase load-flow
methods neglect the mutual coupling between phases to sim‐
plify the algorithm and save considerable computational ef‐
forts. However, this simplification can yield inaccurate re‐
sults for certain applications.

Therefore, the unbalanced three-phase load flow in LV dis‐
tribution networks has recently been strongly addressed in lit‐
erature. Reference [2] proposes an efficient real-imaginary
decomposition-based method for a three-phase distribution
power flow analysis of weakly meshed systems, which intro‐
duces a variation in the common backward-forward sweep
(BFS) algorithm. A sequential power flow analysis method
using a BFS algorithm for single-phase laterals and a se‐
quence-component frame solver for three-phase networks are
assessed in another study [3]. A three-phase power flow ap‐
proach for distribution networks is proposed to preserve the
original three-wire and four-wire configurations for a more
accurate estimation of the impacts on different phases, neu‐
trals, and grounding effects [4]. A complex vector-based
model in a stationary reference frame αβ0 has been devel‐
oped to represent the power flow equations using a compact
matrix and can be assessed in [5]. The authors claim that the
use of an orthogonal reference frame simplifies the modeling
of the distribution network component formulation. The use
of smart electric vehicle (EV) charging and PV production
to balance a three-phase four-wire distribution grid is ad‐
dressed in [6]. This is achieved by controlling the EV char‐
gers and PV inverters to transfer power from highly loaded
to less loaded phases. Another study [7] considers PV nodes
in active distribution networks and proposes an efficient
method for handling PV nodes based on a loop analysis in‐
corporated in the forward-backward sweep (FBS) algorithm
framework. A complex affine arithmetic-based unbalanced
three-phase FBS power flow method has been proposed to
manage the uncertainties of solar and wind distributed gener‐
ation (DG) [8]. A generalized admittance matrix approach in
the Fortescue coordinate system has been proposed to solve
unbalanced distribution networks [9]. A faster and more effi‐
cient load-flow technique for an unbalanced distribution sys‐
tem is also proposed [10], which is faster than others be‐
cause it calculates the bus voltages in a single step, unlike
the conventional BFS approach, which involves two separate
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steps. Another study [11] proposes a novel load-flow method
for networks with multipoint-grounded-neutral and phase-to-
neutral-connected equipment. The proposed load-flow, which
is simple to implement, is a novel alternative calculation
method that enables a fast and accurate load-flow calculation
for unbalanced networks.

Consequently, it is important to know the parameters of
self and mutual impedances for more accurate computations
through robust power flow algorithms [1]. The mutual cou‐
pling effect can become substantial under the conditions of
unbalanced phase loads or in the presence of harmonics
caused by nonlinear loads. An aforementioned study [1] as‐
sesses the mutual coupling effect between medium-voltage
(MV) and LV distribution lines, which share the same poles
and power line corridor. The differences between the series
impedance provided by the manufacturers are also compared
with those calculated based on analytic methods [12]. A com‐
parison between different approximation methods to model
distribution lines for an unbalanced power flow is presented
in another study [13]. All these studies indicate that to ad‐
dress unbalanced networks, the harmonic impact, among oth‐
er issues, requires detailed line longitudinal and transversal
parameters (data available from manufacturers are insuffi‐
cient), considering the coupling in the multi-conductor line
equations.

This paper intends to contribute to the discussion by per‐
forming a thorough investigation using several line models
with different levels of accuracy and comparing the unbal‐
anced three-phase load-flow bus voltages and power loss re‐
sults. The reference case is the detailed line model, which is
characterized by the full 4 ´ 4 impedance and admittance ma‐
trices. The investigation includes a study of the fundamental
frequency and a harmonic study in which the loads are non‐
linear.

The novelty of this paper is that it quantifies the voltage
and power loss deviations associated with the use of simpler
line models against the use of a full detailed line model in
highly-unbalanced LV networks with a high share of PV gen‐
eration, and considers different levels of harmonic contents
originating from residential loads.

Overall, the major contribution of this paper is that the va‐
lidity conditions of using simpler models to characterize the
distribution lines (overhead lines and underground cables)
are defined in unbalanced three-phase load flow studies,
whether performed at a fundamental frequency or consider‐
ing harmonic contents.

The remainder of this paper is organized as follows. Sec‐
tion II presents the proposed methodology and models used
in the investigation. Section III defines the case study for
analysis, whereas the results are presented in Section IV and
discussed in Section V. Section VI draws the main conclu‐
sions of this paper.

II. METHOD FORMULATION

This section presents a three-phase load-flow algorithm
that is able to analyze unbalanced LV radial distribution net‐
works with a high penetration of PV generation. The devel‐

oped formulation allows the use of models with different de‐
grees of complexity to represent the line segments (overhead
line or underground cable). This flexibility of the proposed
model is important, as it makes it possible to compare the
performance of the different models used to represent the
line, allowing the most suitable selection for each applica‐
tion.

Certain changes have been made to the initial algorithm
previously used in [14] to characterize the effect of nonlin‐
ear loads on LV distribution networks. These changes are re‐
lated and characterize the rising impact of harmonics on the
LV network due to nonlinear loads.

A. Three-phase Load Flow Algorithm

The method described in this paper is used for the load-
flow calculation in an unbalanced LV network based on the
BFS algorithm, where the solution techniques may be classi‐
fied as the current summation method [15], [16], power sum‐
mation method [14], [17], and admittance summation meth‐
od [18]. There are several powerful load-flow methods exist‐
ing in scientific literature such as the Newton-Raphson meth‐
od, which is a load-flow method usually used in transmis‐
sion grids. However, methods such as Newton-Raphson pres‐
ent convergence problems if the R/X ratio is high, as is the
case with LV distribution networks. Furthermore, the New‐
ton-Raphson method may not converge in radial networks,
as proven in [19], where the effectiveness of the BFS meth‐
od is compared with the traditional Gauss-Seidel and New‐
ton-Raphson methods. On the other hand, the BFS algorithm
has a better performance than the Newton-Raphson method
for radial networks, as proven in [20], and has a good con‐
vergence level for networks with a high R/X ratio, which is
demonstrated in [20], [21]. The proposed algorithm follows
the main steps of the algorithm described in [14]. Neverthe‐
less, unlike the algorithm in [14], which is based on BFS us‐
ing the power summation method [17], the algorithm pro‐
posed in this paper is based on the current summation meth‐
od that is assessed in [22], [23], and supports automatic volt‐
age regulation transformer features based on the model sug‐
gested in [24].

The algorithm proposed in [14] is chosen upon a compari‐
son with other suitable algorithms because it maintains the
4 ´ 4 matrix structure, as previously indicated, thereby allow‐
ing the explicit calculation of phase and neutral quantities,
which are significantly useful for unbalanced network assess‐
ments. Another advantage of this method is the possibility of
defining the load characteristics through the well-known
load elasticity concept, thereby allowing the testing of differ‐
ent types of loads.

The iterative method to solve the radial system consists of
three main steps, as described below.
1) Step 1: Nodal Current Calculation

The first step of this method is to calculate all the nodal
currents in the network, following the methodology de‐
scribed in [25], [26]. For instance, for bus m and iteration k,
the nodal currents I (k)

m , which is defined as a 4 ´ 1 matrix, is
obtained by:
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where Sjm = SjmμG
- Sjmld ( )j =R S T is the injected power at

each phase of bus m, SjmμG
is the complex power of PV μG,

Sjmld
is the load power; the superscript * denotes the conju‐

gate operator; I ( )k - 1
Nm is the injected neutral current of bus m;

Ymn is the 4 ´ 4 transversal admittance matrix; and V ( )k - 1
m is a

4 ´ 1 matrix that contains the voltages of bus m.
A simple exponential model is used to represent the loads

because it is one of the most frequently used models that
represents static loads [27]. The loads are characterized by
their elasticity, ε, with respect to the voltage, and at each it‐
eration k, the load power should be calculated by:

S ( )k
jmld
= S ( )k - 1

jmld ( ||Vjm

( )k - 1

Vrated ) ε j =RST (2)

where Vrated is the rated voltage that is made equal to 1 p.u..
For the first iteration, a flat voltage profile equal to the

root node voltage (slack bus voltage Vref) is assumed as V (0)
m =

Vref.
2) Step 2: Backward Sweep

This step consists of the branch current calculation, start‐
ing with the most distant nodes of the source node and mov‐
ing toward the root node. As a result, the current in the line
section mn for iteration k can be expressed as:

J ( )k
mn =-I ( )k

n +∑
xÎX

J ( )k
nx (3)

where J ( )k
mn is a 4 ´ 1 matrix that contains the currents of the

phases and the neutral flowing in line section mn; I ( )k
n is a 4 ´ 1

matrix that contains the nodal currents for bus n; X is the set
of cable sections connected to node n; and J ( )k

nx is a 4 ´ 1 ma‐
trix similar to Jmn, nonetheless containing the currents that
flow in all other line sections connected to bus n.
3) Step 3: Forward Sweep

This step starts from the source node and moves further
away from the node. As a result, the voltage at node n for it‐
eration k can be expressed as:

V ( )k
n =V ( )k

m -Zmn J ( )k
mn (4)

where Vn and Vm are 4×1 matrices containing the voltages at
bus n and m, respectively; and Zmn is the 4 ´ 4 longitudinal
impedance matrix. Following these steps, and for iteration k,
the power injection differences at each node for all the phas‐
es and the neutral wire are calculated by:
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where DS ( )k
jm and DS ( )k

Nm are the power injection differences for
the phases and neutral, respectively; and Ymnji

is the element

of line j and column i of matrix Ymn (i, j = R, S, T, N).
When the difference between two consecutive values is

greater than a specified value of tolerance (10–10 in this algo‐
rithm), all procedures are repeated from Step 1 to Step 3 un‐

til convergence.
The algorithm proposed in this paper has a 4 ´ 4 matrix

configuration; however, it is possible to easily adapt the algo‐
rithm to a 3 ´ 3 matrix configuration in the case of Kron’s
reduction. This algorithm has been tested, compared, and val‐
idated by recurring to the test feeders IEEE 13-bus and
IEEE 37-bus radial distribution networks [15], [16]. The ac‐
curacy has been validated by comparing the relative devia‐
tions between the bus voltage profile computed by the pro‐
posed algorithm and the results presented in literature. A
powerful and well-known software platform named
OpenDSS (http://smartgrid.epri.com/SimulationTool.aspx), an
electrical power distribution system simulator, is used to
compare the simulation results for both the fundamental fre‐
quency and harmonic load flow. Furthermore, for the funda‐
mental frequency load flow, our model is also compared
with the radial distribution analysis package of WH Power
Consultants, Las Cruces, New Mexico) and Windmil (devel‐
oped by Milsoft Integrated Solutions, Abilene, Texas). The
results are available in [15] and [16]. In all the tests per‐
formed, the relative deviations for the fundamental frequen‐
cy are always less than 0.3% compared with [15], [16], and
less than 1.4% when OpenDSS software is used. These re‐
sults can be found in Appendix A Table AI. Therefore, the
proposed algorithm has been validated and used in the fol‐
lowing research studies and is applied to a real radial three-
phase unbalanced LV distribution network with a high pene‐
tration of PV generation.

B. Three-phase Harmonic Load-flow Algorithm

The iterative method to solve the three-phase harmonic
load-flow algorithm based on [28], [29] consists of four
main steps as described below.
1) Step 1: Load-flow Solution at Fundamental Frequency

In the first step, results are obtained for the fundamental
frequency using the load-flow algorithm, as indicated in Sec‐
tion II-A.
2) Step 2: Load Model

The second step is related to the load modeling. Nonlinear
loads are the causes of harmonics in the LV network; thus,
the load model used should be able to characterize this ef‐
fect. The choice of the load models depends on the nature of
the load, several of which have been proposed in literature
(see [30], for instance). Electronic loads are active and non‐
linear; therefore, the current injected into these loads is usu‐
ally distorted. Thus, its behavior can be regarded as a cur‐
rent source. In this paper, a model based on this concept
[30] is used. The load is represented by an equivalent circuit
with an RL branch parallel to the current source I(ω). The
non-sinusoidal periodic current i can be expressed by two
distinct components under steady-state conditions:

i = i1 + ih = 2 I1 sin (ωt - ϕ1 ) + 2∑
h = 2

n

Ih sin ( )hωt - ϕh (6)

where i1 is the fundamental component of the current; ih is
the total harmonic components; h is the harmonic order; I1 is
the root mean square (RMS) of the current for the fundamen‐
tal frequency; Ih is the RMS of the current for the harmonic
frequency h; ω is the angular frequency; ϕ1 is the angle for
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the fundamental frequency; and ϕh is the angle for the har‐
monic frequency h.

The current source I(ω) can also be replaced by a set of
current sources in parallel with different frequencies. For ex‐
ample, for the harmonic h (with frequency fh = hf1, where f1

is the fundamental frequency), the current source is I(ω =
ωh )= Ih = || I1 Kh, where Kh is a complex multiplier defined
for the frequency being solved. The angle αh of the multipli‐
er is based on the Fourier equations [31]:

αh = α1h + ϕh (7)

where α1 is the angle of the current for the fundamental fre‐
quency; and ϕh is defined as the frequency being solved. The
typical values |Kh| and ϕh can be obtained from literature
[32]-[35].

The values of R and L are calculated for the fundamental
frequency f1 (ω1 = 2πf1) based on the complex power of the
load Sld, and the bus voltage to which the load is connected.
For instance, for a load connected to phase j (j = R, S, T) of
bus m characterized by Sjmld

=Pjmld
+ jQjmld

, the parameters Rjmld

and Ljmld
are given by:
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3) Step 3: Initialization of Harmonic Voltages
In this step, the following assumptions are adopted in the

algorithm: ① the harmonic voltage distortion is null at the
slack bus; and ② the nodal harmonic currents are only due
to nonlinear loads because the PV μG system is assumed to
be capable of filtering all the harmonics using the inverter
capabilities.

Regarding the PV μG system, it should be noted that the
harmonics injected into the network increase in lower radia‐
tions. However, the current PV system integration require‐
ments into the grid regarding harmonic content are becom‐
ing increasingly strict. This can be observed in the legisla‐
tion made available by the UK (EREC G83 Stds.) and VDE-
AR-N4105, in which they impose a total harmonic distortion
(THD) for PV integration of less than 3% [36]. In this man‐
ner, PV systems are usually operated at a significantly high
frequency to fulfill the legislation requirements, thereby
granting a low current distortion, despite being used under
low solar radiation. Using the new generation of power semi‐
conductors such as SiC MOSFETs, it is possible to operate
the power converter at frequencies of approximately 100
kHz in hard switching. Furthermore, different harmonic dis‐
tortion standards are imposed to consider the requirements
of the PV system integration into the grid such as IEEE
1547, AS 4777.2 (Australia), GB/T (China), ECM (Malay‐
sia), and UK (EREC G83 Stds.) and IEC 61000-3-2. In all
of these, the current THD is significantly strict, which ex‐
plains why commercial PV systems present very low THD
harmonics. For example, in field tests [37], it has been veri‐
fied that the 5th-order harmonic is the greatest, whose values,

however, are below the limit of 2%. The same conclusion is
reached when consulting commercial PV system catalogs.
On the other hand, it is also possible to use an active power
filter associated with the PV system to ensure a low THD
that the legislation requires. In light of these considerations,
we simplify this part of the system by assuming that the PV
system does not inject harmonics beyond the fundamental.
Nevertheless, we have performed THD tests considering the
LV distribution system with and without PV generation (the
results of these tests are presented in Table VI in Section
IV).

Considering index h as the harmonic frequency order, the
backward sweep step is represented by:

( Jmn ) h
=- ( In ) h

+∑
xÎX

( Jnx ) h (9)

However, they are now related to frequency fh, and the ele‐
ments of ( In ) h

are the currents injected by nonlinear loads.

The branch current calculation starts with the most distant
nodes of the source node and moves toward the root node.

The forward sweep is calculated by:

(Vn ) h
= (Vm ) h

- ( Zmn ) h( Jmn ) h
(10)

where the variables indicate the same meanings as presented
in (4). However, they are now related to frequency fh. The
node voltage calculation starts from the source node and
moves further away from the node. This step consists of on‐
ly one backward sweep iteration followed by a forward
sweep iteration. Similar to the current injection method [28],
[38], the currents due to nonlinear loads are considered con‐
stant in the calculation process.
4) Step 4: Calculation of Harmonic Voltages

The final step is to calculate the node voltages for the har‐
monic h, considering that the current injection due to nonlin‐
ear loads remains constant throughout the calculation pro‐
cess. On the other hand, nonlinear loads are represented by a
current source in parallel with an impedance, with the param‐
eters R and L defined in (8). Therefore, at iteration k, the
currents are calculated as:

( Im ) ( )k

h
= ( Im ) ( )k - 1

h
- (Ymn +Y ld ) h(Vm ) ( )k - 1

h
(11)

where Yld is a 4 × 4 diagonal matrix, and the first three ele‐
ments of the diagonal represent the total load admittances
(inverse of the impedances) connected to phases R, S, and T,
and the fourth element is zero.

Then, the backward sweep is applied as:

( Jmn ) ( )k

h
=- ( In ) ( )k

h
+∑

xÎX
( Jnx ) (k)

h (12)

The forward sweep is calculated by:

(Vn ) ( )k

h
= (Vm ) ( )k

h
- ( Zmn ) h( Jmn ) ( )k

h
(13)

Following these steps, the power injection differences at
each node for all the phases and neutral wire are calculated
iteratively, following the procedures described in Section II-
A. When the difference between two consecutive values is
greater than a specified value of tolerance (10–10 in this algo‐
rithm), all the procedures are repeated from Step 1 to Step 4
until convergence.

This algorithm has been tested, compared, and validated
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recurring to [29], [39], [40]. The accuracy has been validat‐
ed by comparing the weight of each harmonic from the spec‐
trum (relation between the voltage magnitude for harmonic h
with that obtained for the fundamental frequency) using the
proposed algorithm and those presented in the aforemen‐
tioned references. In all the tests performed, the relative devi‐
ations are less than 8% compared with [29], and less than
11% when OpenDSS software is used. These results are pre‐
sented in Appendix A Table AII. Therefore, the proposed al‐
gorithm has been validated and used in the following studies
and applied to a real radial three-phase unbalanced LV distri‐
bution network with a high penetration of PV generation
considering harmonics.

As the harmonics are considered, the RMS value of the
voltages in each bus is obtained by considering the RMS val‐
ues of the voltages for each harmonic [41], [42].

III. CHARACTERIZATION OF STUDIES PERFORMED

This paper aims to study the influence of the line model
on load-flow results for a typical unbalanced LV radial net‐
work with a high penetration of PV production, and consid‐
ers the impact of harmonics produced by nonlinear loads.
The line models analyzed present different degrees of accura‐
cy. The more accurate model considers the coupling between
the line conductors, where the line parameters are character‐
ized by two 4 × 4 full matrices, the longitudinal impedance
matrix, and the transversal admittance matrix. This approach
is used in the algorithms proposed in Section II. The simpler
line model neglects the inductive and capacitive effects of
the line and considers the line to be perfectly symmetric and
under balanced conditions. Consequently, each conductor of
the line is represented as a single-phase line with pure resis‐
tive behavior.

In Section III-A, all the cases analyzed in this paper are
identified. The different line models are presented, as well as
the manner in which they are implemented in the algorithms
proposed in Section II. The extremely unbalanced LV net‐
work with a high PV μG penetration used for the studies is
presented in Section III-B, and the criteria used in selecting
the simulation results are analyzed in Section III-C.

A. Identification of Cases Analyzed

The cases analyzed are divided into two groups, Group A
and Group B. In Group A, all the residential loads are con‐
sidered linear; therefore, the unbalanced LV test network is
considered for the analysis at the fundamental frequency (50
Hz), and the algorithm described in Section II-A is used.

In Group B, the same unbalanced LV test network is
used; however, now it is considered that all residential loads
present nonlinear behavior. The harmonic load flow algo‐
rithm described in Section II-B is used to perform the stud‐
ies in this group of simulations. To represent the harmonic
spectrum originating from nonlinear loads, two different sce‐
narios are considered. In the first scenario, the loads origi‐
nate from a low harmonic distortion (Group B-1), and in the
other scenario, the loads originate from a high harmonic dis‐
tortion (Group B-2). The harmonic spectrum values for each
scenario are estimated from the existing data accessed in

[32], [43] and are presented in Table I (values used in Group
B-1) and Table II (values used in Group B-2), respectively.
The values presented are the order of the harmonic h, its
weight |Kh|, and its angle ϕh. The parameters are defined in
Section II-B.

In each group, six cases are defined, concerning the line
model used.

1) Case I is the base case in which a more accurate line
model is used. The line parameters per unit length are char‐
acterized by two full 4 ´ 4 matrices Z and Y.

2) Case II neglects the transversal parameters of the line.
In this case, the line is characterized only by the longitudinal
impedance matrix Z. In the algorithms described in Section
II, this case is characterized by imposing Y = 0.

3) In Case III, the line is considered perfectly symmetric
and under balanced conditions. Therefore, each conductor of
the line is represented by the single-phase equivalent parame‐
ters. In the algorithms described in Section II, this case is
characterized using Z = Zeq and Y = Yeq, where Zeq and Yeq are
diagonal matrices, and are the diagonal elements of the sin‐
gle-phase equivalent parameters.

4) In Case IV, the line is considered perfectly symmetric
and under balanced conditions; however, the inductive and
capacitive effects are neglected. In the algorithms described
in Section II, this case is characterized using Z = Re{Zeq }=
Req and Y = 0.

5) In Case V, the line is considered perfectly symmetric
and under balanced conditions; however, the capacitive ef‐
fect is neglected. In the algorithms described in Section II,
this case is characterized using Z = Zeq and Y = 0; however,
now the value of the resistive part of the impedance is based
on manufacturer data obtained from reference [44] with a re‐
actance value that is 10% of the resistance.

6) Case VI is analogous to Case IV, where Z = Zeq and Y =
0; however, the resistive parameter now takes the value of
Case V.

TABLE I
HARMONIC SPECTRUM FOR LOW DISTORTION SCENARIO (GROUP B-1)

h

1

3

5

7

9

|Kh| (%)

100

72

44

30

23

ϕh (º)

-19

335

337

39

7

h

11

13

15

17

19

|Kh| (%)

16

16

14

11

10

ϕh (º)

117

307

286

278

53

h

21

23

25

|Kh| (%)

9

7

7

ϕh (º)

273

255

272

TABLE II
HARMONIC SPECTRUM FOR HIGH DISTORTION SCENARIO (GROUP B-2)

h

1

3

5

7

9

|Kh| (%)

100

80

54

36

25

ϕh (º)

-11

348

341

345

351

h

11

13

15

17

19

|Kh| (%)

18

17

15

14

13

ϕh (º)

358

332

296

294

301

h

21

23

25

|Kh| (%)

12

10

8

ϕh (º)

295

237

315
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B. Unbalanced LV Distribution Test Network

The LV distribution test network used in this paper is
based on a real radial LV distribution network in the south‐
ern part of Portugal. Data are kindly provided by the Ener‐
gias de Portugal (EDP), the largest Portuguese utility. Figure 1
presents the single-line diagram of the radial LV distribution

test network, with a total of 55 buses, 54 branches, and 154
residential consumers, of which 75 are prosumers. Each pro‐
sumer has a set of PV panels with a peak power of 1.5 kW.
The distribution transformer is a 15 kV/400V-230 V, 630 kVA
transformer with a connection of delta-star with neutral
(Dyn). In Fig. 1, C represents consumers; P represents pre‐
summers; and B1-B54 are the branches of the network.

The distribution of the residential consumers and prosum‐
ers by each phase is as follows: 67 consumers of which 18
are prosumers in phase R, 44 consumers of which 24 are
prosumers in phase S, and 43 consumers of which 33 are
prosumers in phase T.

From the data made available by the Energy Services Na‐
tional Regulatory Authority (ERSE) [45], based on an aver‐
age of 15-min intervals, a typical summer day at 02:00 p.m.
presents the most severe conditions to the LV network (high
PV generation and low consumption). All the consumption
and generation data used in the simulations are listed in Ap‐
pendix A Table AIII. Thus, the scenario used in the studies
is constructed for this situation. Given the irradiance and
temperature conditions at 02: 00 p. m., the maximum output
power that each PV μG is expected to achieve is approxi‐
mately 1.15 kW (assuming the PV μG with a unitary power
factor). The individual peak-load demand at 02:00 p.m. is ap‐
proximately 0.50 kVA. Table III presents the total injected
power of PV μG and the load power at 02:00 p.m. in phases
R, S, and T.

TABLE III
TOTAL INJECTED POWER OF PV μG AND LOAD POWER AT 2:00 P.M. ON A

TYPICAL SUMMER DAY

Phase

R

S

T

Total

Injected power of PV μG (kVA)

20.64

27.52

37.83

85.99

Load power (kVA)

33.60

22.07

21.56

77.23

At 02:00 p.m., the total PV power is 85.99 kVA, and the
total load power is 77.23 kVA; thus, the PV penetration ratio
is 111%. Regarding the entire day, the prosumers self-con‐
sume 45% of the total consumed energy, while the remain‐
ing 55% of electricity is consumed from the grid.

The studies are performed considering the branches of the
LV test network (Fig. 1) composed only of underground ca‐
bles or overhead lines. The ElectroMagnetic Transients Pro‐
gram/Alternative Transients Program (EMTP/ATP) is used to
calculate the line parameters (underground cable or overhead
line). Considering the test network constituted by the under‐
ground cables, the following two four-wire LSVAV cables
are considered: 4 × 95 mm2 and 4 × 16 mm2. To obtain the
single-phase equivalent parameters of the cables, which are
used in Case III, the matrices are first transformed into be‐
ing perfectly symmetric (calculating the average values of di‐
agonal elements and the off-diagonal elements) and then the
balanced condition is considered.

For the studies considering the test network constituted by
the overhead lines, the four-wire lines considered are LXS:
4 × 95 mm2 and 4 × 16 mm2. In short, LXS cable means that
the conductor is multi-strand aluminum with cross-linked
polyethylene (PEX) insulation material. These four conduc‐
tors are twisted; thus, the per-unit length parameters present
only two different values: the self-coefficient and the mutual
coefficient. The single-phase equivalent parameters of the
lines, which are used in Case III, are obtained considering
the balanced condition.

To perform the studies for Cases V and VI, the manufac‐
turer data are used. The resistance value is obtained from ref‐
erence [44], and the reactance value is considered to be 10%
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Fig. 1. Single-line diagram of radial LV distribution test network.
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of the resistance value. Equal values are used for the cable
and line with the same cross-section.

C. Selection of Simulation Results to Be Analyzed

One of the problems associated with unbalanced LV net‐
works with a high penetration of PV μG is related to the pos‐
sibility that the voltage magnitude is not within the set lim‐
its. Therefore, it is important to analyze the influence of the
line model on the network voltage profile. The results pre‐
sented in Section IV show the maximum value of the volt‐
age relative deviation, DVmax(%) for a selected bus of the
network using the voltage obtained in Case I (of each group
A or B) for the same bus as the reference value (base case val‐
ue). The maximum value of the relative voltage deviation is
given by:

DVmax(%) = max
XÎ { }RSSTTR

{( )||V BC
X - ||VX ||V BC

X } ´ 100% (14)

where |V BC
X | (X = RS, ST, TR) represents the phase-to-phase

magnitude voltage for Case I; and |VX| is the corresponding
value obtained for one of the other cases (Cases II-VI).

The concept of voltage unbalance factor (VUF) is used to
choose the set of nodes from the test network to be ana‐
lyzed. International standards such as EN-50160 [46] or IEC
61000-3-x series, set a 2% limit of unbalanced voltage for
LV networks. The level of voltage imbalance present in a
system is defined in European standards such as VUF [47]
and IEC 60034-26 [48]. Therefore, the degree of imbalance
is defined by the relationship between the magnitudes of the
negative sequence voltage ||Vneg and positive sequence volt‐

age ||Vpos , which is expressed as:

VUF =
||Vneg

||Vpos

´ 100% =
1 - 3 - 6β

1 + 3 - 6β
´ 100% (15)

where β is represented by the phase-to-phase voltages magni‐
tudes.

β = ( )||VRS

4
+ ||VST

4
+ ||VTR

4 ( )||VRS

2
+ ||VST

2
+ ||VTR

2 2

(16)

Following this concept, the sets of nodes that have been
chosen for the analysis in this paper are the bigger values of
VUF for the base case.

The influence of the line model on the value obtained for
the network power losses is also an important outcome to be
analyzed. In the test network used, power losses originate
from line losses. The contribution to the losses of a line con‐
nected between nodes m and n is:

Plmn
=Re{( J *

mn ) T
Zmn Jmn} (17)

The total power losses are obtained by summing the con‐
tributions of all lines. Therefore, the total power loss relative
deviation, DPlT

(%), is defined using the power loss value ob‐

tained in Case I, P BC
lT

, and the value obtained for one of the

other cases PlT (Cases II-VI).

DPlT
( )% = é

ë
ù
û( )P BC

lT
-PlT

P BC
lT

´ 100% (18)

IV. RESULTS

In this section, the results demonstrate the influence of the
line model on the load-flow values obtained, considering the
values calculated in Case I as the reference.

Section IV-A presents the relevant values obtained in the
base cases at 50 Hz for Case I/Group A, Case I/Group B-1
(low harmonic distortion), and Case I/Group B-2 (high har‐
monic distortion). Sections IV-B and IV-C are dedicated to
Group A and Group B, respectively, presenting the relative
deviations between the base case and other cases. Finally,
Section IV-D presents the simulations performed to assess
the THDs with and without PV systems.

We recall that the purpose of this paper is to evaluate the
influence of several line models on the load-flow results of
an unbalanced LV distribution grid with PV embedded gener‐
ation. To isolate the influence of the line models, all the re‐
maining characteristics are maintained constant (PV genera‐
tion, demand, topology, etc.); thus, the results obtained are
not contaminated.

A. Base Case Results (Case I)

Using the LV test network with linear loads and represent‐
ing the line with the more accurate model (Group A, Case
I), two simulations have been performed: one considering
the network constituted only by underground cables, and the
other using only overhead lines. For both simulations, the re‐
sults obtained indicate that bus 47 presents bigger VUF val‐
ues of 3.06% and 2.92% using only underground cables or
overhead lines, respectively. Therefore, the simulation results
presented in this paper are concerned with this node.

Table IV presents the phase-to-phase voltages obtained for
Case I/Group A (loads with linear behavior), Case I/Group
B-1 (nonlinear loads originating from low harmonic distor‐
tion), and Case I/Group B-2 (nonlinear loads originating
from high harmonic distortion). The results obtained for the
base case of all the scenarios indicate that the voltage magni‐
tude values are within the set limits (0.9-1.1 p.u.).

The total power loss values obtained for Case I of Groups
A, B-1, and B-2 are presented in Table V. The values ob‐
tained for Group A are significantly smaller than those ob‐
tained for both scenarios of Group B. As expected, the pow‐
er losses increase with an increase in the harmonic content
in the network.

TABLE IV
PHASE-TO-PHASE VOLTAGE OF BUS 47 FOR GROUPS A, B-1, AND B-2 IN

CASE I

Group

Group A

Group B-1

Group B-2

Line type

Cables

Lines

Cables

Lines

Cables

Lines

||VRS (p.u.)

0.9835

0.9767

1.0058

0.9971

1.0157

1.0065

||VST (p.u.)

1.0315

1.0254

1.0510

1.0349

1.0594

1.0394

||VTR (p.u.)

0.9890

0.9908

1.0245

1.0097

1.0405

1.0181
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B. Group A Set Cases Results

Figure 2(a) presents the maximum values of the voltage
relative deviation obtained for all the cases (Cases II-VI)
and for bus 47, considering the network only with under‐
ground cables or only with overhead lines.

Although the influence of the line model on the results is
insignificant, as the deviations found are less than 2%, it is
important to highlight and discuss the results obtained. The
line model used in Case III, which is perhaps one of the
most used models in the LV network studies, presents accu‐
rate results and is a good choice in terms of the cost-benefit
ratio.

The results shown in Fig. 2(a) present deviations of less
than 1.1% for the network only with the cables and 0.01%
for the network only with the overhead lines. This difference
occurs because the overhead line considered already has a
perfectly symmetrical configuration (conductors twisted) be‐
ing closer to the conditions required to obtain the one-phase
equivalent parameters. The results presented in Fig. 2(a) for
Cases IV and VI demonstrate that as far as the overhead
lines are concerned, neglecting the inductive part of the lon‐
gitudinal impedance results in the worst relative deviations
(up to 1.77%). Although the manufacturer data used to char‐
acterize the parameters of the cables and the overhead lines
are the same, the results obtained in Cases V and VI are not
equal (Fig. 2(a)). The differences occur because the base
case values are not the same (see Table IV).
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Fig. 2. The maximum values of voltage relative deviation for bus 47. (a)
Group A results. (b) Group A results obtained by increasing 10 times the
length of lines.

Based on the results obtained for Cases II, IV, V, and VI,
it appears to be a valid option to neglect the transversal pa‐
rameters of the line as the deviations found are less than
2%. However, to corroborate this conclusion, another study
considering the same LV distribution network with higher
line lengths has been conducted. Therefore, in this paper, the
lengths of all lines are increased by 10 times (the average
length of the lines, which is 36 m in the test network, is in‐
creased to 360 m). Figure 2(b) presents the obtained results.

Although all the deviation values increase, the model used
in Case II remains valid, as the deviations found are less
than 0.5%. Based on the results obtained, it is important to
highlight that with the simpler model (Case IV) or using
manufacturer data (Cases V and VI), the deviation values are
negative and can reach near 6%. This indicates that the pre‐
dicted voltage magnitude is greater than the actual voltage
(that obtained with the base case model) and may exceed the
voltage set limits, which does not occur in reality.

Figure 3 presents the power loss relative deviation for all
the cases (Cases II-VI), considering the line lengths of the
base case network and either with the underground cables or
with the overhead lines. The deviations obtained are less
than 4.2% and present a higher sensitivity to the line model
used. Once again, Case II exhibits a lower deviation of less
than 1%.

C. Group B Set Cases Results

Figures 4 and 5(a) present the maximum values of the
voltage relative deviation obtained for Groups B-1 and B-2,
respectively, for all cases (Cases II-VI) and for bus 47, con‐
sidering the network with either the underground cables or
overhead lines. We recall that in this group, the loads are as‐
sumed to have a nonlinear behavior; in Group B-1, they
have a low harmonic distortion; while in Group B-2, they
have a high harmonic distortion.

The results presented in Fig. 4 and Fig. 5(a) compared
with those obtained for Group A (Fig. 2(a)) present an in‐
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Fig. 3. Power losses relative deviation in Group A.

TABLE V
TOTAL POWER LOSS FOR GROUPS A, B-1, B-2 IN CASES I

Line type

Underground cables

Overhead lines

P BC
lT

(kW)

Group A

4.68

4.71

Group B-1

23.86

23.62

Group B-2

29.12

28.81
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Fig. 4. The maximum values of voltage relative deviation in Group B-1
for bus 47.
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crease in the relative deviations as the harmonic content in‐
creases, except for Case II. Once again, the results in Case
II demonstrate that it is valid to neglect the transversal pa‐
rameters of the line, as the deviations found are less than
0.05%. When the LV network is analyzed considering the
harmonic content, the reactive parameters (inductive and ca‐
pacitive) of the line become more relevant. Therefore, the
relative deviations obtained for Cases IV and VI (where only
the resistive part is considered) present bigger values, which
nearly reach 4% for the scenario of Group B-2.

To draw more general conclusions regarding the influence
of the line model used, it is important to study what happens
if all line lengths are increased by 10 times (the average
length of the lines, which is 36 m in the test network, is in‐
creased to 360 m). The results obtained for Group B-2 are
presented in Fig. 5(b). The deviations increase significantly,
particularly those concerning Cases IV-VI, reaching 24% for
the scenario with a high harmonic content (Fig. 5(b)).

The results obtained for the power loss relative deviation
for all the cases of Groups B-1 and B-2, respectively, consid‐
ering the base case network either with the underground ca‐
bles or with the overhead lines, indicate that for Cases II-IV,
the power loss deviations are less than 0.7%. However, for
Cases V and VI (which use manufacturer data), the devia‐
tions increase, reaching approximately 6%.

D. THD Simulations

The voltage THD is assessed considering the LV distribu‐
tion network with and without the PV generators. The PV
systems are considered to inject a 5th-order harmonic of
1.5% (which is typically more than what is presented in the
catalogs) and 0.6% for the 7th-order harmonics. The results
are presented in Table VI. Owing to space limitations, Table
VI is shortened and displays only a small amount of the
THD results for each node/phase of the grid. The worst case
occurs at node 55 (in bold in Table VI).

The results present an impact on the THD, ranging from
31.2% without PVs to 32.8% with PVs, in the worst case (in
bold). As far as the limits of the standards are concerned, we
conclude that even before the introduction of the PV sys‐
tems, the limits of the standards are not compliant owing to
the nonlinear loads. When PV systems are introduced, we
verify that the limits of the harmonic currents are obeyed;
however, the impact of the voltage limits is limited. Regard‐
less, this impact could be sufficient to not comply with the
limits of the voltage THD defined by the standards in cer‐
tain circumstances.

This shows the importance of using accurate line models,
as well as studying the influence of the transmission line
model on load flow results, with a high penetration of PV
generation and considering the impact of the harmonics pro‐
duced by nonlinear loads.

V. DISCUSSION

Table VII summarizes the voltage deviations in relation to
the base case (Case I) obtained for bus 47, where the values
in bold represent those lower than 1%. We consider that the
line models holding a maximum of 1% voltage deviation
threshold represents the LV distribution network with an ac‐
ceptable degree of accuracy.

The following conclusions may be drawn from Table VII,
where ℓ represents the original length of the lines and 10 ℓ
represents that the lengths of the lines are increased by 10
times.

1) The line model characterized by Case II (longitudinal
impedance matrix Z and imposing Y = 0) is adequate to rep‐
resent the LV distribution network in all the studied scenari‐
os, as the voltage deviations obtained are always less
than 1%.

2) Considering Case III (single-phase line equivalent pa‐
rameters Zeq and Yeq), it is adequate to represent the LV distri‐
bution network only if overhead lines are used, despite utiliz‐
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Fig. 5. The maximum values of the voltage relative for bus 47. (a) Group
B-2 results. (b) Group B-2 results obtained by increasing 10 times the
length of lines.

TABLE VI
VOLTAGE THD FOR EACH NODE/PHASE WITHOUT AND WITH PV

GENERATORS

Node

1

2

3

4

5

6

7

8

9

10

11

⁝

55

THD without PV generators (%)

Phase R

0.0

0.0

8.4

12.8

12.9

14.9

16.6

15.1

16.6

18.3

18.4

⁝

31.2

Phase S

0.0

0.0

8.5

12.9

12.9

15.1

16.8

15.3

16.8

18.5

18.5

⁝

28.4

Phase T

0.0

0.0

6.4

9.8

9.8

11.4

12.7

11.5

12.7

14.0

14.1

⁝

21.0

THD with PV generators (%)

Phase R

0.0

0.0

9.2

13.9

14.0

16.1

17.9

16.3

17.9

19.7

19.7

⁝

32.8

Phase S

0.0

0.0

9.1

13.6

13.6

15.7

17.4

15.9

17.4

19.1

19.1

⁝

28.7

Phase T

0.0

0.0

7.4

11.0

11.0

12.7

14.1

12.8

14.1

15.4

15.5

⁝

22.4
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ing longer lengths or with nonlinear loads.
3) Regarding the line model of Case IV (single-phase line

equivalent resistance to characterize the longitudinal imped‐
ance Z = Req and imposing Y = 0), it is not suitable to model
the LV distribution network, either by using the lines or ca‐
bles, as the deviations obtained are always greater than 1%.

4) The line model characterized by Case V (single-phase
line equivalent longitudinal impedance using manufacturer
data Z = Rm(1+j0.1) and imposing Y = 0) is not satisfactory

for modeling the LV distribution network using lines/cables
if heavy nonlinear loads are present in the network or if the
lines/cable lengths increase.

5) In terms of the line model defined by Case VI (single-
phase line equivalent manufacturer resistance to characterize
the longitudinal impedance Z = Rm and impose Y = 0), it is
not acceptable to represent the LV distribution network using
either lines or cables, as the voltage deviations obtained are
high.

A simulation has been performed at night (08:00 p.m.) to
assess the impact of the load at its maximum and without
PV generation. Table VIII summarizes the voltage deviations
obtained for bus 47 at night (08:00 p.m.), where the values
in bold represent those lower than 1%. In this simulation,
the PV generation is zero and the load is at its maximum.

The simulations are performed for Group A (linear loads, 50
Hz frequency) and Group B-2 (nonlinear loads, high harmon‐
ic distortion). Again, we consider that line models holding a
maximum of 1% voltage deviation may be used to model
the LV distribution network with an acceptable degree of ac‐
curacy.

In general, the same conclusions drawn for the 02:00 p.m.
scenario are applied for the 08:00 p.m. scenario. Here, we re‐
call them for convenience. Line model II is accurate in all
simulations; line model III can be used if overhead lines are
considered. The loads may be considered as linear, and the
LV distribution network is composed of short lines/cables.
Line model V provides acceptable results, and the remaining
line models lead to high voltage deviations in relation to the
benchmark model (Case I). Therefore, they are not suited to

perform power flow studies in LV distribution networks.
We have noticed an increasing trend in the voltage devia‐

tions registered for bus 47 at 08:00 p.m. compared with the
previous daylight scenario owing to the simulated peak load
situation. For instance, using the Case VI line model (longi‐
tudinal impedance equal to single-phase line equivalent man‐
ufacturer resistance) with heavy distorted loads, the line
length is equal to 10 times the original line length, and the
voltage deviation is 39.81% in the night scenario and 24.5%

TABLE VII
VOLTAGE RELATIVE DEVIATIONS (RELATED TO CASE I) FOR BUS 47 AT 2:00 P.M.

Case

Case II (Z, Y = 0)

Case III (Zeq, Yeq)

Case IV (Z = Req, Y = 0)

Case V (Z = Rm(1 + j0.1),
Y = 0)

Case VI (Z = Rm, Y = 0)

Length

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

Deviation of Group A (%)

Overhead lines

0.003

0.044

0.010

0.040

-1.770

-5.920

-0.995

-3.230

-1.720

-5.680

Underground cables

-0.03

0.44

1.08

3.76

-1.06

-3.06

-0.35

-0.95

-1.02

-2.86

Deviation of Group B-1 (%)

Overhead lines

0.003

0.006

1.070

0.999

1.060

Underground cables

0.03

1.36

2.49

2.43

2.48

Deviation of Group B-2 (%)

Overhead lines

0.003

0.065

0.005

0.027

1.710

14.100

1.500

11.860

1.670

13.700

Underground cables

0.030

0.533

1.540

6.500

3.810

24.800

3.620

22.900

3.780

24.500

TABLE VIII
VOLTAGE RELATIVE DEVIATION (RELATED TO CASE I) FOR BUS 47 AT 08:00 P.M.

Case

Case II (Z, Y = 0)

Case III (Zeq, Yeq)

Case IV (Z = Req, Y = 0)

Case V (Z = Rm (1 + j0.1), Y = 0)

Case VI (Z = Rm, Y = 0)

Length

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

ℓ

10ℓ

Deviation of Group A (%)

Overhead lines

0.003

0.042

0.060

0.300

-1.640

-6.600

0.340

1.670

-0.780

-2.060

Underground cables

0.03

0.43

1.21

4.85

-1.93

-7.45

0.87

3.93

-1.22

-3.64

Deviation of Group B-2 (%)

Overhead lines

0.003

0.058

0.046

0.176

1.820

25.830

2.320

23.300

2.520

27.480

Underground cables

0.03

0.40

2.08

9.38

4.21

38.96

4.56

36.47

4.76

39.81
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in the 02:00 p.m. scenario. In both situations, the use of this
model is unacceptable; however, the obtained voltage devia‐
tions are worse at 08:00 p.m.

VI. CONCLUSION

The operation of LV distribution networks is changing
mainly owing to the increasing penetration of PV μG located
near end-users. The most critical situation is by lunchtime
when the PV is produced at a maximum and the consump‐
tion is low. Thus, the voltage profile is likely to rise, eventu‐
ally reaching values higher than the maximum that is stipu‐
lated by the network operator to be safe for the system oper‐
ation. This problem is aggravated when the harmonics intro‐
duced by nonlinear loads, which increasingly compose the
LV consumer loads, are considered. In this context, there has
been renewed interest in the power flow solution for LV dis‐
tribution networks. These networks are inherently unbal‐
anced, and the introduction of unbalanced PV generation is
likely to increase the imbalance. Therefore, unbalanced three-
phase power flow algorithms must be used to address this
problem. A line model is a key input. The common practice
in literature is to use simplified models, for instance, consid‐
ering single-phase equivalent parameters, or manufacturer da‐
ta, which are based on single-phase equivalent parameters.
In addition, harmonics are typically not considered in the
analysis.

In this paper, we analyze the influence of the line model
on the power flow results of an LV network with a high pen‐
etration of PV μG. The line models used in this paper pres‐
ent different degrees of accuracy. The more accurate model
considers the electromagnetic coupling between the line con‐
ductors, whereas the simpler model represents each conduc‐
tor of the line as a single-phase line with pure resistive be‐
havior. In addition, we analyze the impact of harmonics pro‐
duced by nonlinear loads. The study has been performed con‐
sidering the following two scenarios: one in which the loads
originate low harmonic distortion, and the other where the
loads originate high harmonic distortion. We quantify the
voltage and power loss deviations of using the different line
models in relation to the base case, in which a full detailed
line model is used. When all residential loads present a lin‐
ear behavior, we find that simple models can be used if the
distances involved are modest (in our test networks, the aver‐
age line length is 36 m). In this case, deviations lower than
2% are obtained. However, these figures easily increase
when the distance is longer. For instance, when the average
line length is 10 times higher, the simpler models can pres‐
ent deviations as high as 6% with respect to the full detailed
line model.

When the harmonics are considered, the deviations in‐
crease and reach 4% in the scenario with a high harmonic
content. However, when the average line length is 10 times
higher, the deviations can exceed 24% in the scenario with a
high harmonic content. THD assessment tests are performed
considering the LV distribution network with and without
PV generators. The harmonics injection by the PV system is
concluded to be insignificant.

We have also studied a case in which there is no PV gen‐

eration and the loads are at their maximum, portraying a
night situation (08: 00 p. m.). In general, the same conclu‐
sions drawn for the 02: 00 p. m. scenario are applicable for
the 08: 00 p. m. scenario. However, we notice an increasing
trend in the voltage deviations at 08:00 p.m. compared with
the 02:00 p.m. case. For instance, using a line model with a
longitudinal impedance equal to the single-phase line equiva‐
lent manufacturer resistance with heavy distorted loads and
the line length equal to 10 times the original line length, the
voltage deviation is 39.81% in the night scenario and 24.5%
in the 02:00 p.m. scenario. All voltage deviations are mea‐
sured against the base case model, in which a more accurate
line model is used (two full 4 × 4 matrices Z and Y).

This high deviation can be crucial in detecting whether a
voltage is within or outside the secure boundaries defined by
the network operator. For instance, using a simplified line
model, a voltage can be predicted as being within the bound‐
aries when in reality, the voltage is above the maximum lim‐
it when using accurate line models. In addition, an opposite
situation can occur. This strongly recommends using full 4 ´ 4
impedance matrix detailed models (transversal parameters
cannot be neglected) in long LV distribution networks with a
high harmonic content.

APPENDIX A

A. Results Validation

To validate the three-phase load-flow algorithm described in
Section II-A, IEEE 13-bus and IEEE 37-bus test feeders are
used (network data obtained from https://site.ieee.org/pes-test‐
feeders/resources/). The results of the proposed algorithm are
compared with those obtained using the OpenDSS software
and with those presented in [15], [16]. As referred in [16], the
results published are obtained using the following software:
Radial Distribution Analysis Package (RDAP) of WH Power
Consultants, Las Cruces, New Mexico, USA, and Windmil de‐
veloped by Milsoft Integrated Solutions, Abilene, Texas, USA.
Owing to space constraints, we only present the results using
the IEEE 13-bus test feeder in Table AI. The values presented
are per unit phase to the neutral bus voltages ViN (i =R, S, T).

The proposed algorithm demonstrates a good performance
and accuracy as the relative deviations obtained are less than
0.3% compared with [15], [16] and less than 1.4% when
OpenDSS software is used.

The test network presented in [29] is used to validate the
three-phase harmonic load-flow algorithm described in Sec‐
tion II-B. The results are compared with those obtained using
the OpenDSS software and with those published in [29],
which uses a BFS algorithm. Table AII presents the values ob‐
tained for harmonics 1 (fundamental), 3, and 5 related to VRN,
which is the phase-to-neutral voltage of phase R.

To compare the three methodologies, the relative deviations
related to the weight of each harmonic are used. The weight of
each harmonic is the ratio between the voltage magnitude for
the harmonic h (h = 3, 5) and the voltage magnitude for the
fundamental frequency. The proposed algorithm presents a
good performance and accuracy as the relative deviations ob‐
tained are less than 8% compared with [29] and less than 11%
when OpenDSS software is used.
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B. Consumption and Generation Data

Table AIII presents the consumption and generation data for
a typical summer day of the year, which are available by the
Energy Services National Regulatory Authority (ERSE) of Por‐
tugal [45].

The data available present the proportion of annual energy
consumption (for an LV consumer) or annual energy genera‐
tion (for a PV generator) that is assigned to every 15 min of
each day of the year. The values presented are obtained by cal‐
culating the correspondent power for every 15 min of a typical
summer day. Due to space limitations, only hourly values are
shown.
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