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COMMUNICATIONS

MULTI GRID CHAOTIC ATTRACTORS
WITH DISCRETE JUMPS

Tomáš Gotthans
∗ ∗∗

— Zdeněk Hruboš
∗

In this paper the discrete step functions are used in order to generate m×n scroll chaotic hypercube attractors. The
design and realization of multi-scroll attractors depends on synthesizing the nonlinearity with an electrical circuit. The
essence of the novel approach is in designing the transfer function with analog to digital converters connected directly

without any microcomputer, instead of using standard comparator or hysteresis methods. Therefore there is no special need
for synthesizing the nonlinearity towards m × n scroll chaotic attractors. The approach is verified with PSpice 16.0 circuit
simulator and experimentally measured.
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1 INTRODUCTION

Over past three decades, generating multi-scroll chaotic

attractors became an aim of many researchers [2–5, 10].

Many techniques involving different approaches (usually

using comparators or hysteresis) have been published [1,

11]. Chaos control and generation has a dramatic increase

of interest since many real world applications and ob-

servations in engineering or other fields have been pre-

sented. For example in fields such as bio-medical engi-

neering, digital data encryption, power systems protec-

tion, re-configurable hardware, and so on. But yet there

is no simple rule for quantifying chaos origin. Generating

chaotic attractors may help to understand better dynam-

ics of real world systems. In the article we would like to

study third order nonlinear system, where such behavior

is very rare [6]. We are presenting a generalized method

for generating 2D m x n grid scroll, where a special case

of solution is set of 1D grid scrolls [8, 12]. The chosen 2D

m x n scroll attractor can be in fact considered as particu-

lar case of Chuas attractor [7]. Of course similar approach

can be utilized for 3D grid scrolls by adding another non-

linear functional block. Our solution involves only analog

to digital converters (AD) and digital to analog convert-

ers (DA) for implementation of the non-linear function.

It comes to this, that there is no need for any microcon-

troller.

The model describing chaotic 2D m x n scroll gener-

ation is described by three first-order differential equa-

tions.

ẋ = Ax + Bϕ(Cx) . (1)

Matrices A , B , C and function ϕ(.) are

A =





0 1 0
0 0 1
−a −b −c



 , B =





0 −1 0
0 0 −1
a b c



 , (2)

C =





1 0 0
0 1 0
0 0 1



 , ϕ =





f(x)
f(y)
0



 , (3)

For numerical integration the fourth-order numerical
Runge-Kutta method with variable step is used. ẋ repre-
sents first order derivative. Function f(·) denotes a non-
linear step function. Parameters a, b and c are constants.
For synthesis of the nonlinear step function, connecting
the ADC directly with the DAC generate step transfer
function. Defining step

∆ =
Dynamical range (V)

Number of bits
. (4)

Then output value with steps is

out(x) =

{

l∆+ ∆
2 if x > 0 ,

l∆− ∆
2 if x < 0 ,

(5)

l =
x

∆
∧ l ∈ N (6)

and N stands for set of natural numbers. Then model
representing ADC connected directly to DAC, the step
function with saturation can be written as

f(x) =











out(x) if |x| < Ψ ,

−Ψ+ ∆
2 if x ≤ −Ψ ,

Ψ− ∆
2 if x ≥ Ψ ,

(7)

where Ψ = Dynamical range (V)
2 .
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Fig. 1. The model of step function f(x) for 2b (black) and for 5b
(gray)

Fig. 2. The numerically integrated system (1), the Monge’s pro-
jections V (x) vs V (y)

Fig. 3. The numerically integrated system (1), the Monge’s pro-

jections V (y) vs V (z)

A system (1) with function (7) and with constants set
to a = b = c = 0.8 can bee seen in Fig. 2 and Fig. 3.
Where the both functions (7) consists of 4 levels, ie is
equal to utilizing 2 bit AD/DA converters.

2 CIRCUIT

Synthesis of the electronic circuits is the easiest way
how to accurately model the nonlinear dynamical sys-
tems. There exist several ways how to practically realize
chaotic oscillators. Most of these techniques are straight-
forward and have been already published. To synthesize
circuit from differential equations system (1), integrator

synthesis was chosen. After thinking about how to reduce
the complexity of the nonlinear network a very simple cir-
cuitry has been revealed. Only few basic building blocks
are necessary: inverting integrators, summing amplifier,
AD and DA converters and voltage sources. Electronic
circuit system consists of three integrator circuits (using
operational amplifier AD713), which integrate (1). Values
of passive parts are estimated directly from the equations.
The synthesized schematics is in Fig. 4. In order to en-
sure NyquistShannon sampling criterion for the convert-
ers, frequency re-normalization is an easy and straightfor-
ward process covering identical change of all integration
constants simultaneously.

To create step transfer functions f(x) and f(y), the
data converters are used. The schematics in Fig. 5 shows
the data converters connected directly to produce step
transfer function. In order to process positive and nega-
tive voltages, the circuit is divided in the two branches.
Voltage sources are used as references for the convert-
ers. The circuitry realization was evaluated using OrCAD
PSpice. The overall simulation time is set to 100ms.
The simulated output of Monge’s projections is in the
in Figs. 6–8. The values of passive resistors are R1 =
R6 = R7 = 125 kΩ, R5 = R8 = R9 = R13 = R14100 kΩ,
R2 = R3 = R4 = 1kΩ, R10 = R11 = 118 kΩ, R12 =
1kΩ, ROut = 1Ω and values of the capacitors are
C1 = C2 = C3 = 100 nF.

Towards to produce various number (less) of levels for
the step function, one possibility is to use only certain
number of bits between converters. Another possibility
is to invoke Boolean logical functions between converters
(can be implemented eg in FPGA).

3 EXPERIMENTAL RESULTS

It should be pointed out that hardware implementa-
tion of 2-D m×n scroll chaotic attractors is technically
very difficult [1, 9], despite there is no theoretical limita-
tion in the mathematical model for generating the large
numbers of the multidimensional scrolls. The above cir-
cuit design method provides a theoretical principle for
hardware implementation of such chaotic attractors with
multidirectional orientations and a satisfactory number
of scrolls. The measurements presented in Figs 9–14 were
done using HP 54645D oscilloscope.

4 3D GRID SCROLLS

By simple modification of the matrix B and the matrix
function ϕ(·)

B =





0 −1 0
0 0 −1
d b c



 , ϕ =





f(x)
f(y)
f(z)



 , (8)

one can obtain 3D (k, l,m) grid scrolls by setting a =
b = c = 0.8 and d = 0.77. The constants k, l,m stand
for the number of levels of the nonlinearity (7).
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Fig. 4. The block schematics of realization of (1)
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Fig. 5. The block schematics of realization of function f(x) using
data converters
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Fig. 6. The simulations from PSpice program, V (x) vs V (y) pro-
jections
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Fig. 7. The simulations from PSpice program, V (x) vs V (y) pro-
jections
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Fig. 8. The simulations from PSpice program, V (x) vs V (y) pro-
jections

5 CONCLUSION

Generating chaotic behavior in third-order autonomous

systems is quite delicate process. The whole system is ex-

tremely sensitive as for the initial conditions as for the

realization. It is known that avoiding fractional integra-

tors the third order of autonomous dynamical systems is

the minimum order to produce chaos. To obtain chaotic

behavior, the whole system has to be perfectly balanced.

With the growing order of the system, the presence of

chaotic behavior is more probable. In this paper the well

known 2-D m × n scroll system was chosen and was re-
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Fig. 9. Special setup where step function f(y) vanishes: projections
V (x) vs V (−y) (left), V (−y) vs V (z) (right)
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Fig. 10. 1D 16 scroll, step function f(y) vanishes: projections V (x)
vs V (−y) (left), V (−y) vs V (z) (right)
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Fig. 11. Measured system, 2×2 scroll: projections V (x) vs V (−y)
(left), V (−y) vs V (z) (right)
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Fig. 12. Measured system, 4×4 scroll: projections V (x) vs V (−y)
(left), V (−y) vs V (z) (right)
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Fig. 13. Measured system, 6×6 scroll: projections V (x) vs V (−y)
(left), 8× 8 scroll, projections V (x) vs V (−y) (right)
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Fig. 14. Measured system – perturbation of parrameters, 6 × 4

scroll (left) and 4× 2 scroll (right): projections V (x) vs V (−y)

alized utilizing novel approach using the data converters

as non-linear functions. First the models were derived to

simulate the data converters connected directly (ADC-

DAC). Than the connection was reduced to produce less

scrolls. To verify the chaotic behavior of proposed con-

ception, the circuit simulator PSpice was used. Then the

circuit was build and measured. The measured results are

rather matching the theoretical expectations.
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Fig. 15. Numerically simulated 3D (10,10,10) grid scolls
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