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MULTI-POINT TAYLOR EXPANSIONS
OF ANALYTIC FUNCTIONS

JOSE L. LOPEZ AND NICO M. TEMME

ABSTRACT. Taylor expansions of analytic functions are considered with re-
spect to several points, allowing confluence of any of them. Cauchy-type for-
mulas are given for coefficients and remainders in the expansions, and the
regions of convergence are indicated. It is explained how these expansions can
be used in deriving uniform asymptotic expansions of integrals. The method is
also used for obtaining Laurent expansions in several points as well as Taylor-
Laurent expansions.

1. INTRODUCTION

In deriving uniform asymptotic expansions of a certain class of integrals one
encounters the problem of expanding a function that is analytic in some domain
2 of the complex plane, in several points. The first mention of the use of such
expansions in asymptotics is given in {1}, where Airy-type expansions are derived
for integrals having two nearby (or coalescing) saddle points. This reference does
not give further details about two-point Taylor expansions, because the coefficients
in the Airy-type asymptotic expansion are derived in a different way. Other men-
tions of the use of such expausions in asymptotics are given in [7] and {5]. In {7],
two-point Taylor expansions are used with applications to Airy-type expansions of
parabolic cylinder functions. In [5] we used two-point Taylor expansions to derive
convergent expansions of Charlier, Laguerre and Jacobi polynomials in terms of
Gamma, Hermite and Chebyshev polynomials respectively.

To demonstrate an application in asymptotics of multi-Taylor expansions we
may consider contour integrals of the form

(1.1) o) = / g(z)e M) g
C

where « is a vector of parameters, a = (@, ..., «3), and the phase function f(z, &)
has m saddle points z;, 29, ..., 2,,. The asymptotic behaviour of these integrals for
large values of X is determined by the saddle-point structure of the phase function
[9], Chapter 7, Section 6. One method for obtaining an asymptotic expansion of
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this integral for large values of X is based on expanding ¢(z) at the saddle points
of the phase function,

x‘
(12)  g(x) =) lao+aiz+-+an12"" ]z = 2)"(z = 22)" o (2~ 20)"

n=0

and substitution of this expansion into (1.1). When interchanging summation and
integration, the result is a formal expansion in m series in terms of functions related
with the functions
(1.3)
For(hia)= zk(:—zl)”(z—:g)”---(z——zm)”e'”(:'a) dz, k=12 ...,m-1,
c

In 7], these functions F, x(A: o) are the Airy functions, whereas in [5] these func-
tions are the Gamma function, or the Hermite or Chebyshev polynomnials.

In a future paper we will use multi-point Taylor expansions in the asymptotic
analysis of integrals arising in diffraction theory, such as the Bessel function integral

(sce [3] and [4])

o .
(14) J(.’l’,y) :/ fJU(yt)Cl‘(f“*_;ut')dt
0
which is related to the Pearcey function
X0 .
(L.5) / ei(%fl'*'%‘”“‘f'!/f)dt
-0

The Taylor-Laurent expansions will be used to study integrals with two saddle
points and a pole of the integrand. Other applications in asymptotics include the
study of Hermite-Padé approximations to the exponential function; in [2] integrals
are considered with three saddle points.

In a recent paper [6] we have introduced the theory of two-point Taylor cx-
pansions, two-point Laurent expansious and two-point Taylor-Laurent expansions.
The purpose of the present paper is to generalize that theory from 2 to m points,
m > 2. We give details on the region of convergence and ou representations in terms
of Cauchy-type integrals of the coefficients and the remainders of the expansions.
Earlier information on this type of expansions is given in [8], Chapters 3 and 8.
The theory of several-point Taylor expansions was already formulated in Chapter
3 of Walsh’s book, although in a different setting. Chapter 8 of [8] presents also a
theory of rational approximation of analytic functions, but is different from the the-
ory of multi-point Laurent and Taylor-Laurent expansions presented hiere. Wherceas
the multi-point polynomial approximation of Chapter 3 may be reformulated as a
multi-point Taylor approximation, the rational approximation of Chapter 8 can not
be written as a multi-point Laurent or Taylor-Laurent approximation. For more
details, sce Section 5.

2. MULTI-POINT TAYLOR EXPANSIONS

We consider the Taylor expansion of an analytic function f(z) in several points
and give information on the coefficients and the remainder in the expansion. In
what follows empty sums and derivatives of negative order must be understood as
zero and empty products as one. We will deal with the following set of points.
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Definition 2.1. We define the set

(2.1) S={z1,21,....211 29,22, . ... 2

P AN
of m points qulslstlng of p different points zy.20.....2, (3 # zj if 4 # j). each z;
repczxtod mj times: my + 1y + -+ my = m.

For clarity in the exposition, we first introduce the multi-point Taylor expansion
for m different points zy, 23, ..., 2z, (m = p, m; = 1) in Theorem 2.3. In Theorem

2.5 we assume that the points zy, 22, ....z, may coalesce. We will need the
following elementary lemma.

Lemma 2.2. Given z, w € C, take m different points z, zo.. ...z, in C and define

m ( m
=1 (0= 2) =TT (5 — =)
(2.2) Hy(w,zi2,. .. 2y) = —E=1 k=l .
w— z

Then

n H I o
o . Awu;ﬁj w—= 2k Hk-u )
(2.3) Hyp(w, 2520, 2) = ) £il2 .

= FNPORETEEY
Proof. The numerator of H,,(w,z;21....,2,,) s a polynomial of degree m in the
variable w that vanishes at w = z. Therefore, H,, (w, 23 21..... 3, ) is a polvnomial
of degree m — 1 in the variable w. Let P, (w, z;z1,..., zm) denote the function

on the right-hand side of (2.3), which is also a polynomial of degree m — 1 in the
variable w. Moreover,

m

(21) H,y,(ZS,Z;Z[,...,27,l>: H (:'"ZA‘):I)m(:s-:::lw--w:m)
k=1.kss

for s =1,2,....m. Hence,

(25) flm(w-, S PN 37:1) = P,,‘,,(’lU, 202 R :Ill)~

g

Theorem 2.3. Let f(z) be an analytic function on an open set Q@ C C and S C Q2
with S consisting of m different points (m = p). Then, f(z) has the mnulti-point
Taylor expansion

N-1 m
(2.6) FE =3 qum2) [[ (= 2" +ru(2).
n=_ k=1

where ¢y (2) is the polynomial of degree m — 1,

= o =1.h# ( - )
J
(2.7) {4 Ay j 7 S
T, IIL Z 1—-[;\:1 }‘¢J T ~k)
and the coefficients a,j of this p()lynomml are given by the Cauchy integral
1 f fw)duw
2.8 g = e
(28) @i = 9n /C (w0 — 2;) Ty (0 = 2"
The remainder term ry(z) is given by the Cauchy integral
N
m.
1 f flw) dw
(29) 7.1\/(:> = T/ (HL N H(: - :k)
21 Je (w— ) [T (o - =] L
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(b)

FIGURE 1. The case m = 3. (a) Contour C in the integrals (2.8)
and (2.9). (b) For z € Oy, we can take a contour C in  that
m

contains O, inside and, therefore, [T}, |z — 2| < [Tiey |w — 2]
Yw € C.

=Ty 7=

FiGURE 2. The shape of the “lemniscate domain™ O,, for m = 3,
which depends on the size of the parameter 7 defined in (2.10). In
these pictures |20 — 23| < |z1 — 23], |21 — 22| and vy > ry > re.

The contour of integration C is a simple closed loop which encircles the points
21229,z (for an) and 2oz 2,0 2, (for T (2)) in the counterclockwise
direction and is contained in Q0 (see Figure 1{a)).

The expansion (2.6} s convergent for z € O,,, where:

m (AL

(2-10) On = {; €9, H |2 - "*k‘l < 71}7 = Inwa’C\Sl H I’LU - lerl
k=1 k=1

That is. (2.6) is convergent for z inside the lemniscate [{,- | |z —z)| = r (see Figure
2:if m =1 this domain is a disk; if m = 2 this domain is bounded by a Cassini
oval). In particular, if f(z) is an entire function (Q = C), then the expansion (2.6)
converges Vz € C.

Proof. By Cauchy’s theorem,

. . 1 [ flw)dw

(2.11) f() = o / flw)ydw
2mi Jo w—z

where C is the contour defined above (Figure 1(a)). We write

) 1 Hp(w,z;21,...,2 1
(2‘12) — m - 1 m)

w— 2 pe(w—z) -

where H,, (w, z:21...., 2,) 18 given in (2.2) and
m
(2.13) vz Himlem 2

h ;\71:1( “‘Zk)'

g
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Now we use Lemma 2.2 and introduce the right-hand side of (2.3} and the expansion

1 Rl uN
2.14 = u”
( ) 1—u ?;6 v 1—u

in (2.12) and this in (2.11). After straightforward calculations we obtain formulas
(2.6)-(2.9).
For any z € O,,,, we can take a contour C in €2 such that

m

(2.15) H‘~—ak‘<H'lD‘~}L| Ywe C

(see Figure 1(b)). On this contour | f(w)| is bounded by some constant C: | f(w)| <
C. Introducing these two bounds in (2.9) we see that llmy oo rn(2) = 0 and the
proof follows. O

We need the following lemma to consider the case of coalescing points in the
set S.

Lemma 2.4. Given z,w € C, teke m different points z1,29,..., 2, in C. ol dif-
ferent from w too. Let those m points coalesce at zp,, say. Then

m m m—1 .
. k:l_k;ﬁ_j(z - 2y) _ (2= zp )
216 Mmoo > R > (w— 2 )i
1E2 s Zan m Zj k=1,ksj (%) Zk = Zm

Proof. We first note that the identity

n j-1 n
(2.17) SST[Ga-—2 [] ;1—2)=0
J=11=1 (=j+1

holds for any set of points zy, z3,..., 2, 7 > 1. It may be checked in the following
way: we take the first two terms of the sum, which gives

(2.18) (zo, — zo)(21 — z3) (21 — 24) - (21 — Zn=1) (21 — 20).

Next we add to this the third term of the swn, which gives

(2.19) (z,, = 29) (20 — 23)(21 = 24) -+ (21 — 21 ) (21 — 24).

We continue this process until we add the n — 1-th term of the sum. obtaining
(2.20) (zoo — 22) (20 — 230 (=20 — 24) - (20 — Zno1) (21 — 20 ).

But this is just the last term of the sum with opposite sign.
Using the above identity we have

k—1 s J- s m
(2.21) H ZH(Z‘ ) H (2 — ) H (sn—2)=0
[=1 j=h =k [=j-+1 =541

for any s = 1,2,3,...,mand any k = 1,2,3,...,m with & # s. Then

s Jj—1 m m j—1 m
(2.22) S IIte==) I ZH(““: II e —=0=0
J=k =1 l=j+1 l=j+1

for any s,k =1,2,3,...,m with k # s.
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Now, for every s = 1,2,3,...,m, we define the following polynomials of degree
m — 1 in the variable z
m m j—1 m
223) Rz [ G- S=Y [[e-=) [ -2
I=1,l#s j=li=1 I=j+1
The zeros of Re(z) are zp for b =1,2.3,..., m, k # s and from (2.22), S.(z) =0

for k = 1.2.3,....m, k # s. Moreover, the leading coefficient of Ry(z) and that of
S4(2) coincide. Therefore, Rs(z) = Ss(z) for s =1,2,3,...,m
Finally, define the following polynomials of degree m — 1 in the variable w:

g iy ki (2= 2k HT—:I ke (0~ 28)
(2.24) Plw.z)=Y" : 4
= Hk uyﬁj zj = )
m j—1 m
(2.25) (w. =z Z H — ) H (w—zp).
j=1 k=1 k=j+1
For every s = 1.2.3,.... m we have P(zs,z) = Ry(z) and Q(zs.2) = Si(z). Bt

R.(z) = 5,(z) and therefore P(w, z) = Q(w, z). Then,

;\"L_: [Tees, s (2 28) B P(w,z)

(w—2) [Tz Lk;ej(w' —z) [The (w — z1)

(226) . m —l
_ Qw,z Z J 1)
k= l(w—““ HA—I U"‘":)
Taking the limits 2y, 29,..., Z—1 — 2, on the left- and 1‘1ght—hand sides of these
equalities, we obtain the desired result. O

Theorem 2.5. Let f(z) be an analytic function on an open set Q@ C C and S C €1,
Then. f(z) has the multi-point Taylor expansion

P

N-1
(227> Z qn, m H - Zk nmA +r V( )

n=0 k=1

where ¢n m(2) 18 the polynomial of degree m — 1,

A Laas mr T

a ] 1

(228) Gn, m Z ( T ”lh Z an]l ) s
j=1 Tk~ Lhstj = Tk 1=0

and the coefficients a, j; of this polynomial are given by the Cauchy integral
1 f w) dw
(2.29) Qnji = —= / ; /{ p) .
21l Jo (w — 25T [T oq (w — 2 )

The remainder term ry(z) is given by the Cauchy integral

o 1 ' Cw) dw b N
(23()) I'N(Z) = (—271_—]- ‘/7 (w - :> [ jp(u) w k)mk}N {H(z - Z/\')mk:l ]

k=1
The contour of integration C is a simple closed loop which encircles the points
222,003 (for angg) and 2,21, 22,. ..,z (for rn(2)) in the counterclockwise

direction and is contained in § (see Figure 1{a)).



S ——

MULTI-POINT TAYLOR EXPANSIONS OF ANALYTIC FUNCTIONS 4329

The expansion (2.27) is convergent for z € O,:
p 2
(2.31) O, ={ze€qd H |z — 2z |™ < 1}, r=Infemq H [w — 2™

k=1 k=1

that is, inside the lemniscate [[h_, |z = 2|™ = r. In particular, if f(z) is an entire
Sfunction (2 = C), then the expansion (2.27) converges ¥z € C.

Proof. 1f all the points in § are diffcrent, we have from (2.7) and (2.8)

5 29 1 f flw)dw - Z;Lk#j(: — i)
(-‘~3~) (]n.m,<3) = T m K o \n Z o N D N SN

£ Je H}g:l(ll‘" — ) =1 (w - ~j> A~=~.1,k¢j(~j - 2)
This last sum may be also decomposed in the form

mi m i m )

h=1.k ’(:-:’\') =1k v(:-:l]\-
Z . n?éj N N + Z L7
. (“’j — 'k)

m
(w = z5) k=1k#j ~k

(lL’ b CJ) I\.___l.‘l\._;ﬁj(:j - :A')

o 9 Jj=1 J=m+1
(2.33) n
k=1k#j\~ 7 ~k
+ot E n .
J=my o+l ('{U - JJ) HA:IA#J(zj - ZA')

Now let the first my points coalesce to z;, the second s points coalesce to z3, and
so on, and apply Lemma 2.4 to every one of the p sums above to obtain (2.27),
(2.28) and (2.29). Equation (2.30) follows from (2.9). The proof of the convergence
of (2.27) in the region O, is a straightforward generalization of the corresponding
proof in Theorem 2.3. O

2.1. Explicit forms of the coefficients. Formula (2.29) is not appropriate for
nurerical computations. A more practical formula to compute the coefficients of
the above multi-poiut Taylor expansion is given in the following proposition. First
we have a definition:

Definition 2.6. Let f(w) be analytic at w; then for n = 0,1, 2,. .. the differential
operator D} f(w) is defined by

(2.34) D2 flw) = — )
- WS e '
Proposition 2.7. The coefficients a4, forn = 1,2,3,..., j = 1.2...., p.l=

0.1,....mj — 1 in the expansion (2.27) are also given by the formula:

. Dnm_,+1 f('ll’)
- w P > — Y
(2.35) s gy (0 = 24) w=s,

P .
+ Z D:lz,ym p—1 f (U' )

k=1k#j (w = )T g (w0 = )7

Ay 5.l

W=z,

Proof. We deform the countour of integration C in equation (2.29) to any contour
of the form C; UC, U -+ - U C,, also contained in €, where Cg, k= 1,2.....p, is a
simple closed loop which encircles the point z; in the counterclockwise direction
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FicURE 3. Integration contours Cy for p=3 and g = 1.

(a) The function [T2_, . (w — 25) ™™™ f(w) is analytic inside Cy
fork=1,2,...,p.

(b) The functions

TP selte = 2007 gi(w) and [T, g (w = 20) 0¥ gi(w)
are analytic inside Cp, for k =1,2,...,p.

(¢) The functions

[T el = 2) ™™ gr(w),

[Tt o0 = )77 e gt1epk(w — 2)" e ge(w) and

10, sl = z) OO TTE_ L (w = 26 Yt g (w)

are analytic inside Cy for k = 1, 2,...,p

and does not contain any other point z;, j =1,2,...,p, j # k inside (see Figure 3
(a)). Then,
. 1 < / flw) dw

ngl T 5 T ~ Mg,

(2.36) T am g e (w= ) T (w0 = ) (w0 )
/ flw) dw
27-[-2 Hs—l oy (’LU _ Zs)nmg (lU — )mn1+l+17

from which equation (2.35) follows. O

2. Multi-point Taylor polynomials. In Theorem 2.3 we have assumed that
the function f(z) is analytic in Q. If f(z) is not analytic in © but has a finite
number of derivatives at 21, 23, ...,2p, we can still define the multi-point Taylor
polynomial of the function f(z) at z1, 22, .. ., 2 in the following way:

Definition 2.8. Let z be a real or complex variable. If f(z) is Nmy — 1 times
differentiable at z1, 2q, . . . , 2p, we define the multi-point Taylor polynomial of degree
mN — 1 of f(2) at the points of S as

14

N-1
(2.37) Pyn(z) = Z Gn,m(2) H z— zp)"E,
n=0

k=1
where g, ,,(z) is the polynomial of degree m — 1

me Mi—1

Hk 1,k 2x)
(238) Qn,m Z Hk : L:J(Zj — Zk)m“ Z (ln,j,l(z - Zj)l
j J

=0

and the coefficients a, ;,; are given in (2.35).
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Proposition 2.9. In the conditions of the ahove definition, define the remainder
of the approvimation of f(z) by Px(z) at the points of S as

(2.39) ry(z) = flz) = Pa(2).

Then, (i) rn(z) = o(z — z)V™ =V as & — 2, k= 1.2,...,p. (i) If f(=) is Ny,
times differentiable at z for some k. then ry(z) = O(z — 2)N"™ as z — .

Proof. The proof is trivial if f(z) is analytic at every z1.22,. ... zp by using (2.30).
In any case, for a real or complex variable, the proof follows by using "Hopital’s
rule and (2.35). X

Remark 2.10. Observe that the degree mN — 1 Taylor polynomial of f(z) at the
points of S is Hermite's interpolation polynomial of f(z) at z7.29,..., 2z, with data

Fla) f/lan)s o SO D) k=1.2,. .., p.

3. MULTI-POINT LAURENT EXPANSIONS

In the standard theory of Taylor and Laurent expansions much analogy exists
between the two types of expansions. For multi-point expansions, we have a similar
resemblance in the representations of coefficients and remainders.

Theorem 3.1. Let {y and Q be a closed and an open set, respectively, of the
complex plane, and Qg € Q C C. Let f(z) be an analytic function on Q\ €y and
1,302 € Qy (that is, S € Qy). Then, for any = € Q\ Qqu, f(z) has the
maudti-point Laurent erpansion

N-1 P N-1 P
(B1) f(2) =D tnn(2) [JG=2)"" > tuanlz) [[(z=20) " F I wrn(2),
r=() k=1 1=t} k=1

where ¢, ,,(2) is the polynomial of degree m — 1.

» HP (~ - .)mk my—1
. _ k=1 ks %~ %k , N
(‘32) q::.m(z) = § Hp ) T )mk E un,_}'.l(: - ~j) .
=1 k=t (5 7 2k =0

and the coefficients a,,_j; of this polynomial are given by the Cauchy integral

o 17 f('u')([w
(JJ) Ap 0 = % v (“ — H—l H} 117 - )rum ’

Also, t,,,(2) is the polynomial of degree m — 1.

)mk mj—1

. =1,k ~ Zk ‘
(34) tp, n Z HA — 7&] 1.')””" Z b';l.j.l(2~zj)l:

=1 A#J [=0

where the coefficients b, ;; of this polynomial are given by the Cauchy integral

H w — z ’“A(’L+l) f('l”)d“’

(3.5) (w — :j)“f—l'

11)1 ‘)
2T Jr.
2 h=
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FI1GURE 4. The casep = 3. (a) Contours I'y and I'y in the integrals
(3.3), (3.5) and (3.6). (b) For z € A, we can take a contour ['y in
Q located between Qp and A, and a contour I'y in € such that 4, is
inside this contour. Therefore, [[{_, |z — 2™ < [Th_; lw— 2x |
Vw ey and [Th., ke — 2™ < JTThoy |z — a]™ YV w € Iy

The remainder term ry{(z)} is given by the Cauchy integrals
p

. — 1 . f(w) dw - o A Nmg
(e = 2mi /Fl (w—2) [Tho (w — z) M IE(” )
(3.6) =
/ H( Nm;\ f(w) dw L
o v w—z o (z—zp)Nme

Py gt
In these integrals, the contours of integration I'y and T'y are simple closed loops
contained in Q0 \ Qo which encircle the points z1,z2,...,2p in the counterclockwise
direction. Moreover, z is not inside I'y. whereas T'y encircles T's and the point z
(see Figure 4{a)).
The expansion (3.1} is convergent for z inside the “lemniscate annulus™ (see
Figure 5)

P
(3.7) Ay ={zeQ\Qy m< H |z = zx|™ < r1},
k=1
where
» »
(3.8)  n=hfiena H [w—zp|™ 5. Ty = Sup,eq, H fw — zg ™"
k=1 hl

Proof. By Cauchy’s theorem,

(3.9) e flwydw 1 f(w)dw

‘?m w2 ‘)m w —

where I') and I'y are the contours dehned above. First we assume that the m points
of the set S are all distinet and later we will let the first 1, points coalesce to 2,
the second m2 points coalesce to z; and so on. We substitute (2.12)--(2.13) into the
first integral above and

- ) S . ™m
(3.10) 1 _ _H,n_(w Zi 2.y 2m) 1 ’ - Am_l(w ‘;Z_"_)
w—z o (z—m) 1w peq(z—z)7
where H,,(w, z;21,...,2y,) is defined in (2.2), into the second integral. Now we

introduce the expansion (2.14) of the factor (1 —u)~! in both integrals in (3.9).
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(r4.15)

GNt (r}.79) (75.75)

F1GURE 5. Shape of the “lemniscate annulus™ A, for p = 3, which
depends on the relative size of the parameters ry and iy defined in
(3.8). The different forms are labeled by (r1,r2) with vy > 2. In
these pictures |zp — 23] < |21 — 23], |21 — 22] and 1§ > r§ > 5.

Using (2.3) and after straightforward calculations we obtain

m ”e

(311) f(f:) = Z n. m ) H ~A n + Z ta, m H(~ - Zk)“nl-l +7‘N(3)~

n=0 n=0 A=1

where g, () is given by formulas (2.7) and (2.8) replacing the contour C by Iy,
Also,

(3.12)
m ~ . ; .om .
ib b= (5 = 2 b= I >,,+1f(’ll’)d’“’
ty m = n,j v - Y g = o7 (U' T~k o
= HA::\,k;éJ(ﬁ - 2k) 2T Ty (12 W
and
1 flw) dw -
I'N (:) 5 N m ]\ H(v <k
o 2mi Jp, lw—2) [ (w - k) P
(3.13) .m .
1 / ( B flw)dw 1
- -— w - 2 -
2nt Jp, F w—2z [ (z— z)V
2 k=1
Now we write
m m mn oy ( ~A)
: ° k=1.k#j ~K
(3.14) o w — z)" T f(w) dw
~ i, }I_[ ; (0= 2j) mrep (25 = 20)
and repeat the steps following (2.32) in the proof of Theorem 2.5 for ¢, (2) and

tn.m<3)-
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For any z € 4, we can take simple closed loops I'y and I'; in Q\ £y such that
(see Figured(b))

14 P
(3.15) H |Z - Zk|m"’ < H ["w - Zklmk V wely

k=1

ol
o

and

‘E]u

(3.16) %™ > H |w — 2™ ¥ weT,.

x

On these contours | f(w)] is bounded by some constant C: | f(w)| < C. Introducing
these bounds in (3.6) we see that impy .o 7n(2) = 0 and the proof follows. O

If the ounly singularities of f(2) inside €y are just poles at z1,z22,...,z,, then
alternative formulas of (3.3) and (3.5) for computing the coefficients of the above
multi-point Laurent expansion are given in the following proposition.

Proposition 3.2. Suppose that gp(z) = (z — z£)?* f(2), k = 1.2,...,p, are ana-
lytic functions in Q for certain py, pa,....px € N Then, forn = 0,1,2,.... the
coefficients ay j; and b, in expansion (3.1) are also given by the formulas:

p
An gl = Z D-ka-f'Pk—l { (]k(U) il

(u' -z l+l Hs—l ’}Ak(w o —,\)nmb

k=1k#j
(3.17) #J .
i+ g;(w)
+ D‘Z’m_1+ﬂJ+ {HP J(’Z . )nm‘:I
s=1,s#7 v “s : w=z,
and
(3.18)
- gr(w) 2
R pr—(n+1ymg—1 e +1)
s Z .Dw (w — z;)l+L H (= zg)UrH 1
k=1,k#j 7 s=1,s#k
W=z
P
+ D’/t-l"wj—(nw'—l)mj-l-l gj(u’) H (w— zs)(nﬁ-l)ms
s=1,8#7

W=z

Proof. We deform both contours I'; and T'y of equations (3.3) and (3.5), respectively,
to any contour of the form C;UC,U- - -UC, contained in ), where C;\ R=1,2,....p,
is a simple closed loop which encircles the point z in the counterclockwise direction

and does not contain the point z;, j =1,2,....p, j # k, inside (see Figure 3(b)).
Then,

p .
A i1 = —1—— Z / gk(“') duw
(319) 27 ey Cx (w —_ '7.)1“1’1 =1 s:’ék(u} . -VW)YLYTI., (LU _. Zk)’L7'lk'+F’k

/ J] (w) dw
)7” 1’]:a lb;é_} W - ,.,.)er (ZU_:j)nnlJﬁ-pJﬁ—l-i-l
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and
bnji= 1 5 H§=1,s¢k('“‘ — z, ) FIms gr(w)dw
g, T . _ 1+1 ) e —(n+1)myg
™ _ (w — z;) (w — zj)Pe=(n+1imy
k=1,k
(3.20) B
/ H (7L+1)m gj(lU)d”LU
3w Je, AL (w = 25y~ D T
From this, equations (3.17) and (3.18) follow. O

Remark 3.3. Let z be a real or complex variable. Suppose gi(2) = (2 — 2 )% f(z) is
pr — 1 times differentiable at every zp in S for some pr € N, k =1,2,...,p. Define

A P
(3.21) g(z) = f(z) - Z tnm(2) H(z - /:,k)—(n—!—l)'rn,k7
n=0

where M = |Max{(p, — 1)/mi1, (p2 — 1)/ma,....(pp — 1)/my}] and ¢, ,(2) is the
polynomial defined in (3.4) and (3.18). Then, the thesis of Proposition 2.9 holds
for f(z) replaced by g(z). Moreover, if [Ti_,(z — zx)?* f(z) is an analytic function
in Q, then the thesis of Theorem 2.5 applies to g(z).

4. MULTI-POINT TAYLOR-LAURENT EXPANSIONS

For multi-point expansions we have the possibility (that we do not have in the
standard theory) of expanding in Taylor series at some points and in Laurent series
at other points.

Theorem 4.1. Let Qg and  be closed and open sets, respectively, of the complex
plane, and Qo C Q < C. Let f(z) be an analytic function on Q\Qg, 21, 22,...,24 €
O\Qo and 2g41, 2942, - ... 2p € Qo (g points are in Q\y and p—q points are in ).
Write s = my +ma+ - +my. Then, for z € Q\ Qq, f(2) has the Taylor-Laurent
exrpansion

- zy nmk

- P
Hk 1“‘“
q _2 nmk+ f —
2"’” 1 Z Kl A
(4.1)
72—z (n+1)my
N

s n-+1)m
b g+1\* k) (A D

+ry(z),

where ¢, m(z) is the polynomzal of degree m — 1,

mk my—1

(4.2) @n,m( Z [T “”#J( ‘.— T Z an iz — 2,

HA 1k#]

and the coefficients a, j; of this polynomial are given by the Cauchy integral

. 1 Flw) dw
(4.3) an,jt = 5= /1*1 (w—2,) " [P, Zg) e
Also, tn m( ) andt m(z) are the following polynomials of degrees s—1 and m—s-1,

respectively:

1 1 —1
W (2) = iz sle = 2™ '~ |
(44) tn m = Z Z LOVE l(“ 3

Hk Lagi (25— )™
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where the coefficients by, j; of this polynomial are given by the Cauchy integral

1 e —2)"™ flw)dw

) 1 = 3 Je, Tl (o— a0m™ (w = 20
and
P p ‘(,w_ﬁdnu mj—1
. 2 _ k=q+1.kzj\~ ~ ~k s e — =
(4.6) 2 () = Z I PR cngi(z =2k
jogel Mk=q+1ksi 3 7 <k (=0

where the coefficients ¢, ;. of this polynomial are given by the Cauchy integrol

(+.7) : / ioppale =20 ™ flw) du
o o

gt =55 ro [[hop(w—zp)Fime (w— z;)it

:
The remainder term ra(z) is given by the Cauchy integrals

. 3 p
(o) = 2 el | (R
M= =50 ry (w—2) [Tio (w = 2) Ve k=1
(1.8) i ) Y
o1 Hf—:qﬂ(w — 2 )N flw)dw [T (= = 2)M
2ni Jr, THo (w—z)¥m w—z IIZ='1+1(Z )

In these integrals. the contours of integration Ty and Ty are simple closed loops
contained in Q\ Qo which encircle Qp in the counterclockwise direction. Moreover.

-

the points = and zy,2.. ... zq are not inside ['a. whereas T'y encircles Ty and the
points = and 1, z9...., 3, (see Figure 6(a)).
The expansion (4.1) is convergent in the region (Figure 7)

Dy, = {: € 0\ Q. ﬁ [(z = z)|™ < ry,
(4.9) A: ,
TLle = <r IT 1 - =0
k=1 k=g+1
where ry = Infueova {[Thay [(w — 20)|™*} and

q P
ra = Infyeq, H Hw =z )™+ H [(w — zp) " Hm
k=1 k=q¢+1
Proof. By Cauchy’s theorem,
(4.10) fx)= )i/ fluw) dw ——1—/ Jlw) dus dw,
2 Jp, w-z 2mi Jp, w-—z

where I'; and I'y are the contours defined above,

First we asswme that the m points of the set § are all distinet. Later we will
let the first m; points coalesce to 2y, the second Mg points to zy, and so on. We
substitute {2.12) (2.13) into the first integral above and

(4.11) L F(w 221, 2n) 1

w—z Tl (w=z) hesitlz—zp) l—u




where

(4.12)
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F1GURE 6. The case ¢ =2, p = 3. (a) Contours I’y and I'; in the

integrals (4.3), (4.5), (4.7) and (4.8). (b) For = € D,,, we can

take a contour ['y located between Q4 and Dy, and a contour I'y

in Q with Dg, inside this contour. Therefore, [Th_, [z — z|™ <

ngl fw=z3. | ¥ u,')E Ty and [T [2 =20 ™ [T gy o=z ™ <
R =z Hi_:qﬂ [z =z /™ VY w €T

(rtorg) (.o (g ()

[

o

)

(rf.74) (.

FIGURE 7. The region Dy, defined in Theorem 4.1 1s given by
Dy, = O, N By, where O, is the “lemniscate domain™ of foci
21, ..., %p and parameter 7. Also,

By, ={2€C, [Tloy Iz = 20l < ra [Ty 105 = 500"
These pictures show the topologically different forms of Dy, de-
pending on the relative value of r and ro when ¢ = 2 and
p = 3. The pictures are labeled with (r,r2). In these pictures
2o — 23] and 1§ > 15 > 05 > g

N

1 \31 — Zgl < |Z1 — 23

W= Moz (z = 20) Ty (w0 = =)
T Tl (e = ) Tl (2 = 2)

4337
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and
m
Fo(w,z;21, .-y 2m) = W— 2 z—z
(4.13) T H( k kgrl( .
S m
~Te-a I =)
k=1 k=s+1

into the second. Next we introduce the expansion (2.14) of the factor (1 —u)~! in
both integrals in (4.10). We observe that F,,(w, z;21,..., zn) may be written as

m

Frolw, 2320, ..y zm) = Ho(w, 2021, .. .. 2p) H (z — zk)
(4.14) ket

8
- H‘m—s(u’azl Zptlsece -Zm) H(Z - =2

where Hp,(w,2;21,. .-, 2m) is defined in (2.2). Using this decomposition, equation
(2.3), and after straightforward calculations we obtain

m

7 Z— 2k
D SETEY| (e wzmﬁ yle=te sl
(4.15) n=0 k=1 ka1 (27 2)"
' N-1
z— Zk)7l+l
+ t<2 (Z Hk 1( +7’N(Z)’
;) iz (z — 2)n

where g, (z) is given by formulas (2.7) and (2.8) replacing the contour C by I';.
Also,

(4.16) #U 2y = i b Hi:l,k;ﬁj(g — k)
nm nJHZ:l,k#j(zj—zk)
with
(4.17) byj = =—— o (w = 20)" f(w) dw
’ 2 Jr, That(w -2 w—z;
(4.18) t2 (2) = Z Co.j H:l o1k (2~ 28)
j=s+1 Hk=8+l,k;ﬁj( J Zk)
with
(4.19) Cr i 1 ITi- spr{w = z)"H flw)dw
,J 271'1 Iy HA l(w — >n+1 W~ z;
and
1 f(,w) dw m
‘T‘N(Z) = o H(z -z .)N
2 — 2 m BV k
(4.20) méJry (@ = 2) ey (0 = 2) 0

Hk=s+1(w — 2" flw)dw [Tz = 2)"

27m r, e (w—2)N w—2 [heei(z — 2z)N°
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Now we write

(4.21)
t(l) (’7) _ 1 . ;\71q+1(w —_ ~A) 8 f(w) Hz—_—l‘k#‘] Zz - ~A) d‘w
e HA (w =z = (“’“%)HZ::M#J(
n+41 m u .
12 () = Hkvqﬂ )ttt & (w) [Temgs1, k#J 2= ) duw,
nan\® N , o~ m
97” ry [Teoi(w = z)n ! jemstl (w = 25) Tlimsp 1 ps (25 — 20)

and repeat the steps following (2.32) in Theorem 2.5 for ¢,..(z), tSHn(;) and
For any z verifying (4.9), we can take simple closed loops I'y and I'y in 2\ Oy
such that (sce Figure 6(b))

P
(4.22) 1= - =l <H|u 2™ vu €T,

k=1

q p
(4.23) H = zg ™ H 2=zl > [T le~ 2™ [T o= am™

k=¢+1 k=1 k=gq+1

Y w € 'y, Ou these contours | f{w)| is bounded by some constant C: |f(w)| < C.
Introducing these bounds in (4.8) we see that Hmpy . 7~ (2) = 0 and the proof
follows. .

If the only singularities of f(z) inside Qg are just poles at zg41, 2g42,. ..,2p. then
alternative formulas of (4.3), (4.5) and (4.7) for computing the coefficients of the
above two-point Taylor-Laurent expansion is given in the following proposition.

Proposition 4.2. Suppose that gp(z) = (z — z)P* f(z) is an analytic function
in Q for certain p, € Nand bk = g+ 1,9+ 2,.... p. Define gi{w) = f(uw) for
k=1,23.... q. Then the coefficients a, ji, bn ;i and cp ;1 in the expansion (4.1)
are also given by the formulas:

q

. —1
anji= D D Lw~ ST

=1,k#j

f(w)

a=1.c 7{_}\(10 -z )nm

W=z

(-124) Drmn +pon—1 gk(w)
* Y (uv — ; )nm,,

Jti w— z,
k=qg-+1.k#j H#*l ;é/\ 8

W=y

g, (w)
+ D”,m” +p,+ :
S | AT

w=z;

» ) -z M
4.25) b ., = 2 k=1 (]k 7[') Hﬂ at Ltk (w — 7)™
( 23] n,jd Z w uv — )Hl H (ll' _ :‘ mn\ ,

k=q+1

w2y
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an 4 o— =z (n+1)m.
Z DPk'(“‘H my—1 gk( )Hé Q‘f'lé#}*( j ~')

Cngd = l+1 Hq “, -z, (n+1)m

k=g4+ 1.k
(s p g~ Y(nFLl)my
+ pri—nthym;+l ‘gj(“)H“ ‘H‘ln‘i#j(w %)
u

1w = zg)(rEDmy

w=z;

Proof. We deform both the contour I'; in equation (4.3) and the contour I'; in
equations (4.5) and (4.7) into any contour of the form C; UC3 U -+ - UC, contained
in 2, where Gy, k =1,2,... ,p is a simple closed loop which encircles the point z;
in the counterclockwise dlrectlon with z; not inside C, j = 1,2,..., p, J # k (see
Figure 3 (c)). Then,

1 i " g () dw
gl = 27 e (w— )lel p (W — z )M (w — zp ) TPk

(4.27) k=1.k# s=1l.s#k
n g;(w) dw
¢ ngl,s;éj(“' -z .)‘nm,» ((L‘ — :J.)nmj +pj+l+1°
(428) b 1 i / e G gi(w)dw
- njl = 3 - —— T -,
J 271 P Cu (’IU — )H'l H l(w . ~S)nm, (“7 _ ~k)/1;\ niy
(4.29)
Chid = i R Hf g+l s;ék(“ - "")<"+1)'”" g (w)dw
R 21 -2z H'l 4 — 24 (”+1)”l w — =)= (ntl)my
k=q+1.k#j “me C’w’ w H (U VA)
1 g, s;J(‘“' - "'~)(”+1)m“' g;(w)dw
:)E c, HI IL‘ _ (u+l)nz (vu‘, — :J,)p>,—(rz+l)71:_,+l+—l )
From this, equations (4.24), (4.25) and (4.26) follow. O

Remark 4.3. Let z be a real or complex variable and suppose that (z — z3)P* f(z)
is pr — 1 times differentiable at z; for certain p, € N. Define
(4.30)

e nmk e (n+1)m;.
— ) f’ Hk—l ~k _ f Hk*l ~k
= ", m ”,,,A n, nL

\ 3
~k)(n+1)mk

P
n=0 k ¢1+1< n=0 Hk:ll“ =

where M = [Max{{pg11~1)/mqy1, (pgr2—1) /12, ..., (pp—1)/m,}] and 1‘511,2,1(:)
and tE,’“’,Z,,(:) are the polynomials defined in (4.4), (4.6), (4.25) and (4.26). Then,
the thesis of Proposition 2.9 holds for f(z) replaced by g(z).

Moreover, if Hf‘:q—{—l(: — z)P* f(2) is an analytic function in €2, then the thesis
of Theorem 2.5 applies to g(z).

5. DISCUSSION AND CONCLUDING REMARKS

In an earlicr paper [6] we have discussed the theory of two-point Taylor expan-
slous, two-point Laurent expansions and two-point Taylor-Laurent expansions. Iu
the present paper we have generalized these two-point cases to multi-point cases.
We have given details on the regions of convergence and on representations of the
coefficients and the remainders of the expansions in terms of Cauchy-type integrals.
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Multi-point Taylor expansions are related with topics from interpolation theory,
in particular with the Newton interpolation theory with applications in numerical
analysis. For example, applications can be found in initial and boundary value
problems in connection with ordinary differential equations and in numerical quad-
rature of integrals.

From the point of view of interpolation theory detailed information on multi-
point expansions can be found in [8], Chapters 3 and 8. The theory of several-point
Taylor expansions is discussed in Chapter 3 of [8], although in a setting that is
different from our approach. Qur approach gives explicit Cauchy-type integrals
of coefficients and remainders which cannot be found in Walsh’s approach. In
particular, we cannot find explicit formulas for the polynomials g, m(z) of formula
(2.27) as we have in (2.28)—(2.29). Knowledge of these explicit formulas is necessary
to construct asymptotic expansions of integrals with several saddle points.

In addition to this, our Laurent and Taylor-Laurent expansions are new. They
have a formal similarity with the rational approximations of Chapter 8 of [8]: they
involve negative powers of z. But they are completely different. The rational
approximations, in particular the Padé-type approximations P,(z)/Qn.(z), are of
interpolatory type. These are generalizations of the Taylor polynomial at several
points: a quotient of polynomials instead of a polynomial. However, our expansions
(3.1) or (4.1) have a different form and a different approximation property: they
approach not only at regular points like Padé-type approximations but also at
singular points of f(z). And of course, the regions and convergence properties in
[8] are different from ours.

Apart from applying the present results in problems from interpolation theory,
in particular in problems from numerical analysis, we expect to find applications in
asymptotic analysis of integrals, which application area is our main motivation; see
[6]. In that paper certain orthogonal polynomials have been considered and we have
given new convergent expansions that also have an asymptotic property for large
values of a parameter (the degree n of the polynomials). Orthogonal polynomials
and special functions can be studied when the variable and several parameters are
large. In that case more than one or two so-called critical points occur that may give
the main contributions to the integral, and expansions of analytic functions at these
points again give the possibility of constructing new convergent expansions with an
asymptotic property. This method avoids the complicated conformal mapping of
the phase function of the integral into a standard form (say a cubic or higher
polynomial). In addition, when the critical points are multiple poles, Laurent-
type expansions may be considered. A few application areas are mentioned in the
Introduction (see the integral in (1.4)), which we expect to approximate in terms
of Airy functions and the Pearcey integral (1.5) and its derivative with respect to
x and y.
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