
Multi-way
Communications: An

Information Theoretic
Perspective

Anas Chaaban

KAUST

anas.chaaban@kaust.edu.sa

Aydin Sezgin

Ruhr-University Bochum

aydin.sezgin@rub.de

Boston — Delft

Full text available at: http://dx.doi.org/10.1561/0100000081

mailto:anas.chaaban@kaust.edu.sa
mailto:aydin.sezgin@rub.de


Foundations and Trends R© in Communications and

Information Theory

Published, sold and distributed by:

now Publishers Inc.

PO Box 1024

Hanover, MA 02339

United States

Tel. +1-781-985-4510

www.nowpublishers.com

sales@nowpublishers.com

Outside North America:

now Publishers Inc.

PO Box 179

2600 AD Delft

The Netherlands

Tel. +31-6-51115274

The preferred citation for this publication is

A. Chaaban and A. Sezgin. Multi-way Communications: An Information Theoretic

Perspective. Foundations and Trends R© in Communications and Information

Theory, vol. 12, no. 3-4, pp. 185–371, 2015.

This Foundations and Trends R© issue was typeset in LATEX using a class file designed

by Neal Parikh. Printed on acid-free paper.

ISBN: 978-1-60198-789-1

c© 2015 A. Chaaban and A. Sezgin

All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, mechanical, photocopying, recording
or otherwise, without prior written permission of the publishers.

Photocopying. In the USA: This journal is registered at the Copyright Clearance Cen-
ter, Inc., 222 Rosewood Drive, Danvers, MA 01923. Authorization to photocopy items for
internal or personal use, or the internal or personal use of specific clients, is granted by
now Publishers Inc for users registered with the Copyright Clearance Center (CCC). The
‘services’ for users can be found on the internet at: www.copyright.com

For those organizations that have been granted a photocopy license, a separate system
of payment has been arranged. Authorization does not extend to other kinds of copy-
ing, such as that for general distribution, for advertising or promotional purposes, for
creating new collective works, or for resale. In the rest of the world: Permission to pho-
tocopy must be obtained from the copyright owner. Please apply to now Publishers Inc.,
PO Box 1024, Hanover, MA 02339, USA; Tel. +1 781 871 0245; www.nowpublishers.com;
sales@nowpublishers.com

now Publishers Inc. has an exclusive license to publish this material worldwide. Permission
to use this content must be obtained from the copyright license holder. Please apply to
now Publishers, PO Box 179, 2600 AD Delft, The Netherlands, www.nowpublishers.com;
e-mail: sales@nowpublishers.com

Full text available at: http://dx.doi.org/10.1561/0100000081



Foundations and Trends R© in Communications

and Information Theory

Volume 12, Issue 3-4, 2015

Editorial Board

Editor-in-Chief

Sergio Verdú

Princeton University

United States

Editors

Venkat Anantharam

UC Berkeley

Helmut Bölcskei

ETH Zurich

Giuseppe Caire

USC

Daniel Costello

University of Notre Dame

Anthony Ephremides

University of Maryland

Alex Grant

University of South

Australia

Andrea Goldsmith

Stanford University

Albert Guillen i Fabregas

Pompeu Fabra University

Dongning Guo

Northwestern University

Dave Forney

MIT

Te Sun Han

University of Tokyo

Babak Hassibi

Caltech

Michael Honig

Northwestern University

Johannes Huber

University of Erlangen

Tara Javidi

UC San Diego

Ioannis Kontoyiannis

Athens University

of Economy and Business

Gerhard Kramer

TU Munich

Sanjeev Kulkarni

Princeton University

Amos Lapidoth

ETH Zurich

Bob McEliece

Caltech

Muriel Medard

MIT

Neri Merhav

Technion

David Neuhoff

University of Michigan

Alon Orlitsky

UC San Diego

Yury Polyanskiy

MIT

Vincent Poor

Princeton University

Maxim Raginsky

UIUC

Kannan Ramchandran

UC Berkeley

Shlomo Shamai

Technion

Amin Shokrollahi

EPF Lausanne

Yossef Steinberg

Technion

Wojciech Szpankowski

Purdue University

David Tse

UC Berkeley

Antonia Tulino

Alcatel-Lucent Bell Labs

Rüdiger Urbanke

EPF Lausanne

Emanuele Viterbo

Monash University

Tsachy Weissman

Stanford University

Frans Willems

TU Eindhoven

Raymond Yeung

CUHK

Bin Yu

UC Berkeley

Full text available at: http://dx.doi.org/10.1561/0100000081



Editorial Scope

Topics

Foundations and Trends R© in Communications and Information Theory

publishes survey and tutorial articles in the following topics:

• Coded modulation

• Coding theory and practice

• Communication complexity

• Communication system design

• Cryptology and data security

• Data compression

• Data networks

• Demodulation and

Equalization

• Denoising

• Detection and estimation

• Information theory and

statistics

• Information theory and

computer science

• Joint source/channel coding

• Modulation and signal design

• Multiuser detection

• Multiuser information theory

• Optical communication

channels

• Pattern recognition and

learning

• Quantization

• Quantum information

processing

• Rate-distortion theory

• Shannon theory

• Signal processing for

communications

• Source coding

• Storage and recording codes

• Speech and Image

Compression

• Wireless Communications

Information for Librarians

Foundations and Trends R© in Communications and Information Theory, 2015,

Volume 12, 4 issues. ISSN paper version 1567-2190. ISSN online version 1567-

2328. Also available as a combined paper and online subscription.

Full text available at: http://dx.doi.org/10.1561/0100000081



Foundations and Trends R© in Communications and
Information Theory

Vol. 12, No. 3-4 (2015) 185–371
c© 2015 A. Chaaban and A. Sezgin

DOI: 10.1561/0100000081

Multi-way Communications: An Information

Theoretic Perspective

Anas Chaaban
KAUST

anas.chaaban@kaust.edu.sa

Aydin Sezgin
Ruhr-University Bochum
aydin.sezgin@rub.de

Full text available at: http://dx.doi.org/10.1561/0100000081

mailto:anas.chaaban@kaust.edu.sa
mailto:aydin.sezgin@rub.de


Contents

1 Introduction 2

2 Two-way Communications 8

2.1 The Discrete Memoryless Two-way Channel (DM-TWC) . 8

2.2 Bounds on the Capacity of the DM-TWC . . . . . . . . . 11

2.3 The Gaussian TWC . . . . . . . . . . . . . . . . . . . . . 17

2.4 Multi-way Networks . . . . . . . . . . . . . . . . . . . . . 19

2.5 Related Work and Open Problems . . . . . . . . . . . . . 27

2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Two-way Relaying 31

3.1 The Linear-deterministic Two-way Relay Channel . . . . . 35

3.2 The Gaussian Channel . . . . . . . . . . . . . . . . . . . . 40

3.3 Numerical Illustration . . . . . . . . . . . . . . . . . . . . 54

3.4 Related Work and Open Problems . . . . . . . . . . . . . 55

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Multi-pair Two-way Relaying 60

4.1 Linear Deterministic Two-pair Two-way Relay Channel . . 61

4.2 From the Linear Deterministic Model to the Gaussian Model 69

4.3 The Gaussian Two-pair Two-way Relay Channel . . . . . . 71

4.4 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

ii

Full text available at: http://dx.doi.org/10.1561/0100000081



iii

4.5 Related Work and Open Problems . . . . . . . . . . . . . 81

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5 Multi-way relaying 84

5.1 The Y-channel . . . . . . . . . . . . . . . . . . . . . . . . 85

5.2 The Capacity Region of the DYC . . . . . . . . . . . . . . 88

5.3 The Approximate Capacity Region of the GYC . . . . . . . 101

5.4 Sum-capacity Approximation for the GYC . . . . . . . . . 112

5.5 Multi-cast Multi-way Relaying . . . . . . . . . . . . . . . . 116

5.6 Related Work and Open Problems . . . . . . . . . . . . . 117

5.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6 MIMO Extensions 120

6.1 MIMO Two-way Relaying . . . . . . . . . . . . . . . . . . 120

6.2 MIMO Multi-pair Two-way Relaying . . . . . . . . . . . . 122

6.3 MIMO Multi-way Relaying . . . . . . . . . . . . . . . . . 134

6.4 Related Work and Open Problems . . . . . . . . . . . . . 147

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

7 Conclusions 152

Appendices 154

A High-SNR Linear Deterministic Channel Model 155

B Compress-Forward in Gaussian Channels 162

C Nested-Lattice Codes and Compute-Forward 166

C.1 Nested-Lattice Codes . . . . . . . . . . . . . . . . . . . . 166

C.2 Compute-Forward . . . . . . . . . . . . . . . . . . . . . . 168

Notation 171

References 172

Full text available at: http://dx.doi.org/10.1561/0100000081



Abstract

Multi-way communication is a means to significantly improve the spec-

tral efficiency of wireless networks. For instance, in a bi-directional (or

two-way) communication channel, two users can simultaneously use

the transmission medium to exchange information, thus achieving up

to twice the rate that would be achieved had each user transmitted

separately. Multi-way communications provides an overview on the de-

velopments in this research area since it has been initiated by Shannon.

The basic two-way communication channel is considered first, followed

by the two-way relay channel obtained by the deployment of an ad-

ditional cooperative relay node to improve the overall communication

performance. This basic setup is then extended to multi-user systems.

For all these setups, fundamental limits on the achievable rates are re-

viewed, thereby making use of a linear high-SNR deterministic channel

model to provide valuable insights which are helpful when discussing

the coding schemes for Gaussian channel models in detail. Several tools

and communication strategies are used in the process, including (but

not limited to) computation, signal-space alignment, and nested-lattice

codes. Finally, extensions of multi-way communication channels to mul-

tiple antenna settings are discussed.

A. Chaaban and A. Sezgin. Multi-way Communications: An Information Theoretic

Perspective. Foundations and Trends R© in Communications and Information
Theory, vol. 12, no. 3-4, pp. 185–371, 2015.
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1

Introduction

The foundation of information theory by C. E. Shannon in 1948 laid

the cornerstone for one of the greatest –if not the greatest– revolu-

tions of our time; the communications revolution. Shannon established

the fundamentals of a theory that is responsible for making almost ev-

ery aspect of our daily activities easier, including social, financial, and

educational activities.

The evolution of communications from its beginning to date can be

described as a chain-reaction. Applications that require communication

were few in the beginning. Thus, communication networks back then

supported low data rates. The availability of such networks motivated

developing applications that exploit them. In turn, this leads to higher

demand on data rates, and thus requires developing the networks to

support higher rates; and the process repeats itself. Nowadays, our

lives became strongly dependent on communications. A great deal of

our daily activities are executed through mobile communications or the

internet using a diverse range of devices.

This process requires studying all aspects of communications tech-

nology from theory to practice. One important aspect is the information

theoretic aspect which provides the fundamental performance limits of

2
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3

a given network. Such limits are the ultimate goal of a practical network

design, and are therefore of significant importance.

Since Shannon’s days, there has been a great deal of research in

information theoretic aspects of communication networks. Most of the

focus in the beginning was on the point-to-point channel (P2P) [139],

the multiple-access channel (MAC) [1, 96], the broadcast channel (BC)

[16, 17, 44], and the interference channel (IC) [2, 21, 22, 62, 130].

There has also been a great deal of interest in cooperative communi-

cation with various types of cooperation. One of these types is feedback

from the receivers to the transmitters. The first work on feedback is

that by Shannon in 1956 [140]. Another one of the important types

of cooperation in network information theory is cooperation through

relaying. The basic model to study this problem is the 3-node relay

channel (RC) which was first introduced in 1971 by van der Meulen

[165] and several schemes for this network were developed by Cover

and El Gamal [45]. Recent information-theoretic studies on RC’s can

be found in e.g. [85] and references therein. Relaying can be expected

to be adopted in current and future wireless systems, as it has been

introduced in the IEEE 802.16j (WiMAX) standard.

These works mainly focus on one-way communication, i.e., from one

or more transmitters to one or more receivers. However, the most com-

mon kind of communication is two-way. That is, two nodes exchange

information (audio, video, etc.) between each other in both directions,

where a node is not either a source or a destination, but both. This kind

of cooperative communication is known as two-way communication, or

more generally multi-way communication. It is important at this point

to note that the term ‘multi-way’ that appears in van der Meulen’s

famous survey [166] as well as Ahlswede’s article [1] refers generally to

multi-user communications. Although the Shannon’s two-way channel

[141] has been discussed in [166], it is put under the same umbrella

with the MAC, BC, RC, and IC. The common factor in all these chan-

nels is that they are multi-user channels. Recently however, the term

‘multi-way’ has been used to refer to multi-user channels consisting of

nodes which are simultaneously sources and destinations, which is the

focus of this manuscript.

Full text available at: http://dx.doi.org/10.1561/0100000081



4 Introduction

Multi-way communication can lead to significant improvement in

the performance of communication networks if adopted. Take the P2P

channel from node 1 to node 2 as an example. If a feedback link is

present between node 2 and node 1, it was shown that this link does

not increase the capacity of the channel [140], but can be used to reduce

the complexity of the communication [132]. However, if the feedback

link is used to send information in the opposite direction from node

2 to node 1 as in the two-way channel (TWC) [141], then the overall

capacity of the channel can significantly increase. This can be seen

for instance in the Gaussian TWC which decouples into two parallel

channels [61], and hence, has an overall capacity that is double the

capacity of the P2P channel with feedback. On the other hand, using a

relay to forward information in both directions to the communicating

nodes that want to exchange information in both directions is much

better than using it as in the classical RC. Thus, the performance of

the RC is enhanced by using the relay as a bi-directional relay. This fact

has triggered many researchers to focus their attention on bi-directional

relaying [13, 59, 109, 125], uncovering its potential, and highlighting its

significance to both the practical and theoretical communities.

The main goal of this manuscript is to introduce the reader to the

work done in the field of multi-way communications, and to highlight

some interesting open problems in this field. To this end, we organize

the manuscript as follows.

• Chapter 2 discusses the two-way channel and extensions to

multi-way channels.

• Chapter 3 discusses the two-way relay channel, which is essen-

tially similar to the two-way channel, but where communication

is facilitated by a relay node.

• Chapter 4 discusses the multi-pair two-way channel, which con-

sists of multiple two-way relay channels coexisting in the same

medium.

• Chapter 5 discusses the multi-way channel, which is a the ex-

tension of the two-way relay channel to a multi-user case with

Full text available at: http://dx.doi.org/10.1561/0100000081
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arbitrary information exchange, not necessarily pair-wise as in

the multi-pair two-way channel.

• Chapter 6 discusses extensions of the previous chapters, where

nodes are equipped with multiple antennas (MIMO nodes).

Note that the two-way channel is the fundamental building block

of multi-way communication networks. It models a scenario where two

nodes use the same medium to communicate in both directions. This

channel is introduced in Chapter 2 where outer and inner bounds on its

capacity region are presented. The idea of adaptive coding is introduced

in this chapter and discussed. Furthermore, some related work treating

extensions to multi-way channels is summarized, with main focus on

whether adaptive coding is required or not in such channels.

Assume that the two communicating nodes in a TWC are physi-

cally separated, due to some obstruction or long distance between them.

How can these nodes communicate? A potential solution is to use re-

lay nodes to enable this communication. Deploying a relay node in the

TWC leads to the so-called two-way relay channel. Chapter 3 intro-

duces this channel and studies its capacity. In general, this channel

models scenarios where two nodes communicate in both ways through

a base-station or a satellite node. We use the linear-deterministic (LD)

approach proposed by Avestimehr et al. [10] to capture the essence

of the problem, and to determine a good transmission and relaying

scheme for the Gaussian TWRC in terms of achievable rates. For the

Gaussian channel, we study the performance of quantize-and-forward

and compress-forward strategies at the relay. We analyze the achievable

rate region and show that the cut-set bounds are achievable within a

constant gap for all values of channel gains.

An interesting question one might ask is whether the treatment

of the TWRC changes if multiples pairs of nodes are involved in the

communication. Do the cut-set bounds remain tight? How does the

coding scheme change? Chapter 4 discusses these issues by studying

the capacity region of multi-pair TWRC (MP-TWRC). This network

is an extension of the TWRC to a multi-user scenario with pair-wise

message exchange. This problem is first examined in the context of

the LD channel model. The capacity region of this network with two

Full text available at: http://dx.doi.org/10.1561/0100000081



6 Introduction

pairs of users when the relay is operating in the full-duplex mode is

characterized. It is shown that the cut-set upper-bound is tight and the

capacity region is achieved by a so-called divide-and-conquer relaying

scheme. The insights gained from the LD network are then applied in

the Gaussian MP-TWRC. The scheme in the LD channel translates

to a specific superposition of lattice codes and random Gaussian codes

at the source nodes and successive decoding at the destination nodes.

This constitutes the main difference to the TWRC; the coding scheme

consists of multiple layers of TWRC schemes decoded successively at

the destinations. The achievable rate of this scheme with two pairs

is analyzed and it is shown that for all channel gains it achieves the

cut-set upper-bound within a constant gap.

The common factor between the TWRC and the MP-TWRC is that

communicating nodes are grouped into pairs. What happens if these

nodes are not grouped this way, but rather want to communicate in all

directions? This scenario is studied in Chapter 5. The resulting network

is called the multi-way relay channel (MWRC). This channel models

networks consisting of multiple nodes communicating with each other

in all direction through a centralized access network such as a cloud.

The 3-user case, known as the Y-channel, is analyzed first. The capac-

ity region of the LD Y-channel is characterized by using 3 modes of

communication: bi-directional communication, cyclic communication,

and uni-directional communication. Interestingly, it turns out that the

cut-set bounds are not tight in this case, contrary to the TWRC and

the MP-TWRC. Then, these communication modes are extended to the

Gaussian Y-channel by using nested-lattice codes, and the capacity re-

gion of the Gaussian Y-channel is characterized within a constant gap.

The sum-capacity of the K-user Y-channel is characterized afterwords

within a constant gap as well. The multi-cast MWRC is also discussed

in this chapter, which differs from the Y-channel in that nodes send

common messages instead of private ones.

Finally, extensions of Chapters 2-5 are discussed in Chapter 6. This

chapter mainly focuses on multi-antenna (MIMO) extensions of the

TWRC, the MP-TWRC, and the MWRC, and highlights the main

advances achieved in this aspect. MIMO communication is interest-

Full text available at: http://dx.doi.org/10.1561/0100000081
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ing since it allows harvesting spacial multiplexing gain, giving rise to

higher achievable rates. This chapter further highlights open problems

of interest in MIMO multi-way communication.
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