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@=QE;G KG<ICBJ <CEC;CD=G@ =K IA=>A =FG?; @>AGF:;=KD ]=/G/, KC

*%!^ =@ ?@@:QGF HCB >A?KKG; ?>>G@@/ #ABC:DAE:< D?=K@ A?UG

?;@C WGGK BGECB<GF HCB `&( =K @=QE;G <CEC;CD=G@ Y28Z/

$G>GK<;X, IG A?UG @ACIK <A?< <AG CBFGB <ABC:DAE:< CH ?

I=BG;G@@ KG<ICBJ >?K WG =K>BG?@GF WX GQWB?>=KD =K<GBHGBGK>G

?< <AG EAX@=>?; ;?XGB <ABC:DA Q:;<=ME?>JG< <B?K@Q=@@=CK ]*`#^
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CB BG>GE<=CK ]*`$^, I=<AC:< <AG :@G CH &( Y2bZ, Y29Z/ 3:BM

<AGBQCBG, IG A?UG ?;@C @ACIK Y2cZ <A?< :@=KD &( <CDG<AGB

I=<A *`# ?KF *`$ FCG@ KC< =K>BG?@G <AG CBFGB <ABC:DAE:<

CH ? I=BG;G@@ KG<ICBJ HCB Q:;<=>?@<=KD >CQE?BGF <C IA?< *`$

?KF *`# >?K EBCU=FG WX <AGQ@G;UG@l LA?< <AG@G BG@:;<@ =QE;X

=@ <A?< @=Q=;?B <ABC:DAE:< D?=K@ <C <AC@G CW@GBUGF I=<A %&(

>C:;F WG ?<<?=KGF =K EB?><=>G WX GQWB?>=KD >CK>:BBGK>X ?< <AG

EAX@=>?; ;?XGB I=<AC:< <AG KGGF HCB &(/

PGK>G, <AG [:G@<=CK BGQ?=K@ ?@ <C IAG<AGB &( WX =<@G;H

>?K EBCU=FG ?KX D?=K@ CK <AG Q:;<=>?@< <ABC:DAE:< CBFGB =K

I=BG;G@@ KG<ICBJ@/

#AG ICBJ EBG@GK<GF =K <AG BG@< CH <A=@ E?EGB F=HHGB@ HBCQ

C:B CIK BG>GK< BG@:;<@ Y2cZ =K <ABGG =QECB<?K< I?X@/ !K C:B

EBGU=C:@ ICBJ Y2cZ, <AG @=KJ@ ?@@C>=?<GF I=<A G?>A Q:;<=>?@<

@C:B>G ?BG WC:KFGF WX ? >CK@<?K<, IAGBG?@ =K <A=@ E?EGB <AG

K:QWGB CH @=KJ@ =@ ? H:K><=CK CH <AG KG<ICBJ @=\G !/ ):B

EBGU=C:@ ICBJ Y2cZ ?@@:QG@ <A?< ? KCFG =@ >?E?W;G CH *`#

?KF *`$ ]=/G/, BG>G=U=KD CB <B?K@Q=<<=KD F=@<=K>< =KHCBQ?<=CK

HBCQ Q:;<=E;G <B?K@Q=<<GB@ <C Q:;<=E;G BG>G=UGB@ ?< <AG @?QG

<=QG^, IAGBG?@ <A=@ E?EGB ?@@:QG@ @=KD;GME?>JG< <B?K@Q=@@=CK

?KF BG>GE<=CK/ .?@<;X, C:B EBGU=C:@ ICBJ Y2cZ FCG@ KC< EBG@GK<

?KX BG@:;<@ HCB ?K '!&$ QCFG;, IA=;G <A=@ E?EGB ?FFBG@@G@ <AG

EAX@=>?; QCFG;/

!!!/ `$".!*!&%$!"'

3CB ? >CK<=K:C:@ BGD=CK ,, IG :@G ∣,∣ <C FGKC<G =<@ ?BG?/ LG

FGKC<G <AG >?BF=K?;=<X CH ? @G< ! WX ∣!∣, ?KF WX ∥-) −-*∥
<AG F=@<?K>G WG<IGGK KCFG@ . ?KF // LAGKGUGB >CKUGK=GK<,

IG :<=;=\G <AG =KF=>?<CB H:K><=CK 1{+}, IA=>A =@ G[:?; <C CKG

=H 0 =@ <B:G ?KF \GBC =H 0 =@ H?;@G/ 01(2) BGEBG@GK<@ <AG

EBCW?W=;=<X CH GUGK< 2/ LG @?X <A?< ?K GUGK< 2 C>>:B@ I=<A

A=DA EBCW?W=;=<X ]I/A/E/^ =H 01(2) > (1− (1/!)) ?@ ! → ∞/

LG GQE;CX <AG @<?KF?BF CBFGB KC<?<=CK@ (,Ω, ?KF Θ/

LG ?@@:QG <A?< <AG <CEC;CDX CH ? KG<ICBJ =@ FG@>B=WGF WX

? :K=HCBQ;X B?KFCQ F=@<B=W:<=CK CH ! KCFG@ =K ? :K=< @[:?BG/

.G< 4 = 1, . . . , ! BGEBG@GK< <AG KCFGM@G< ?KF ;G< -) WG <AG

;C>?<=CK CH KCFG . ∈ 4 / #C ?UC=F WC:KF?BX GHHG><@, =< =@

<XE=>?; <C ?@@:QG <A?< <AG KG<ICBJ @:BH?>G =@ E;?>GF :ECK ?

<CBC=F CB @EAGBG/ PCIGUGB, HCB Q?<AGQ?<=>?; >CKUGK=GK>G, =K

<A=@ ICBJ IG =DKCBG GFDG GHHG><@ ?KF <A:@ ?@@:QG <A?< <AG

KG<ICBJ =@ E;?>GF =K ? 2MV E;?KG/ 3:B<AGB, =K C:B QCFG;, ?@

! DCG@ <C =K!K=<X, <AG FGK@=<X CH <AG KG<ICBJ ?;@C DCG@ <C

=K!K=<X/ #AGBGHCBG, C:B ?K?;X@=@ =@ ?EE;=>?W;G CK;X <C FGK@G

KG<ICBJ@/ LG FC KC< >CK@=FGB QCW=;=<X CH KCFG@ ?KF ?@@:QG

? @<?<=> @<?<=CK?BX F=@<B=W:<=CK CH KCFG@/ ):B >?E?>=<X ?K?;X@=@

=@ W?@GF CK WC<A <AG EBC<C>C; QCFG; ?KF <AG EAX@=>?; QCFG;

=K<BCF:>GF WX T:E<? ?KF N:Q?B Y70Z/

@"!*+0+,* A3BC 9D" 4%,0,E,. !,:".

LG ?@@:QG <A?< ?;; KCFG@ :@G ?K =FGK<=>?; <B?K@Q=@@=CK B?KDG

1(!) HCB ?;; <AG=B >CQQ:K=>?<=CK/ &CFG . >?K @:>>G@@H:;;X

<B?K@Q=< <C KCFG / =H HCB ?KX KCFG + ∕= ., <A?< <B?K@Q=<@ ?<

<AG @?QG <=QG ?@ . =< =@ <B:G <A?< ∣-) − -*∣ ≤ 1(!) ?KF

∣-, −-* ∣ ≥ (1 + Δ)1(!)/
LG @A?;; :<=;=\G <AG HC;;CI=KD IG;; JKCIK EBCEGB<X Y21Z =K

C:B ?K?;X@=@

F"##1 A3GC ?,**"E0+H+0I ?%+0"%+1

3CB ? B?KFCQ F=@<B=W:<=CK CH ! KCFG@ =K ? :K=<M@[:?BG, <AG KG<M

ICBJ >CKKG><=U=<X :KFGB <AG EBC<C>C; QCFG; >?K WG D:?B?K<GGF

I/A/E =H ?KF CK;X =H ]=HH^

1(!) ≥ 1-(!) =

√
15#$%(!)

!
. ]7^

@"!*+0+,* A3AC 9D" 4DI6+E1. !,:".

%;; <B?K@Q=@@=CK@ ?< ?;; KCFG@ :<=;=\G ?K =FGK<=>?; <B?K@Q=@@=CK

ECIGB 0 / &CFG . >?K @:>>G@@H:;;X <B?K@Q=< <C KCFG / =HH <AG

@=DK?;M<CM=K<GBHGBGK>GiKC=@G B?<=C ])'=5^ @?<=@!G@

)'=5)→* =
0ℎ)*

780 +
∑#

, ∕=),,=1 0ℎ,*
≥ 9, ]2^

IAGBG ℎ)* =@ <AG >A?KKG; ?<<GK:?<=CK H?><CB WG<IGGK KCFG@ .
?KF /, ?KF 780 =@ <AG <C<?; ?QW=GK< KC=@G ECIGB/ LG ?@@:QG

<A?< <AG >A?KKG; ?<<GK:?<=CK H?><CB@ ?BG >CQE;G<G;X FG<GBQ=KGF

WX <AG E?<A ;C@@ QCFG; ?KF AGK>G ℎ)* = ∥-) − -*∥−"/ LG

?@@:QG <A?< 9 ≥ 1 =K ?;; C:B ?K?;X@=@/

LG ?@@:QG <A?< <AG F?<? B?<G HCB G?>A @:>>G@@H:; <B?K@Q=@M

@=CK =@ : W=<@i@G>CKF, IA=>A =@ ? >CK@<?K< U?;:G ?KF FCG@ KC<

FGEGKF CK !/ T=UGK <A?< : FCG@ KC< >A?KDG <AG CBFGB >?E?>=<X

CH <AG KG<ICBJ, IG KCBQ?;=\G =<@ U?;:G <C CKG/

LG @AC:;F GQEA?@=\G <A?< <AG ?WCUG QCFG; ?;;CI@ <AG

WBC?F>?@< CH >CQQCK =KHCBQ?<=CK HBCQ ? <B?K@Q=<<GB <C ?;;

KG=DAWCB=KD BG>G=UGB@ <A?< @?<=@HX <AG =K<GBHGBGK>G ?KF ?<M

<GK:?<=CK >CKF=<=CK@ HCB @:>>G@@H:; BG>GE<=CK/ PCIGUGB, IG

FC KC< >CK@=FGB <AG >?@G CH *`# ]CB *`$^, IA=>A ?;;CI@

<B?K@Q=@@=CK ]CB BG>GE<=CK^ CH :K=[:G =KHCBQ?<=CK <C ]HBCQ^

Q:;<=E;G KCFG@ ?< <AG @?QG <=QG/ #A:@, C:B QCFG; =@ @=Q=;?B

<C <AC@G :@GF WX .= "0 1./ Y_Z ?KF T:E<? ?KF N:Q?B Y70Z/

#C ?EEBCEB=?<G;X QCFG; &(, IG ?@@:QG <A?< <AG =KHCBQ?<=CK

<B?K@Q=<<GF WX ? KCFG >?K WG ?K ?BW=<B?BX H:K><=CK CH <AG

=KHCBQ?<=CK EBGU=C:@;X BG>G=UGF WX <AG KCFG/ PGK>G, C:B

BG@:;<@ ?EE;X <C ?KX <XEG CH &(/

LG HC>:@ CK <AG <B?H!> @>GK?B=C =K IA=>A G?>A CH !! KCFG@

CH <AG I=BG;G@@ KG<ICBJ ?><@ ?@ ? Q:;<=>?@< @C:B>G HCB ?

B?KFCQ;X >AC@GK @G< CH " FG@<=K?<=CK@/ 2 LG ?@@:QG <A?<

!! = Ω
(
(#$%(!))1+"

)
HCB <AG EBC<C>C; QCFG;, IA=;G IG

BG@<B=>< C:B ?<<GK<=CK <C !! = ! HCB <AG EAX@=>?; QCFG;/

@"!*+0+,* A3JC -"16+$." %10"

!K ? I=BG;G@@ ?F AC> KG<ICBJ I=<A ! KCFG@ =K IA=>A G?>A

@C:B>G <B?K@Q=<@ =<@ E?>JG<@ <C " FG@<=K?<=CK@, ? <ABC:DAE:< CH

;$(!) W=<@ EGB @G>CKF HCB G?>A Q:;<=>?@< @G@@=CK =@ HG?@=W;G

=H <AGBG =@ ? @E?<=?; ?KF <GQECB?; @>AGQG HCB @>AGF:;=KD

KG<ICBJM>CFGF <B?K@Q=@@=CK@, @:>A <A?< GUGBX @C:B>G KCFG

>?K @GKF ;$(!) W=<@ EGB @G>CKF CK ?UGB?DG <C =<@ " >AC@GK

FG@<=K?<=CK KCFG@, WX CEGB?<=KD <AG KG<ICBJ =K ? Q:;<=MACE

H?@A=CK, ?KF :@=KD >CF=KD ?KF W:HHGB=KD ?< =K<GBQGF=?<G KCFG@

IAGK ?I?=<=KD <B?K@Q=@@=CK/ #A?< =@, <AGBG =@ ? < < ∞ @:>A

<A?< GUGBX KCFG >?K @GKF <;$(!) W=<@ <C =<@ >CBBG@ECKF=KD

FG@<=K?<=CK KCFG@ =K GUGBX <=QG =K<GBU?; [(. − 1)<, .< ]/ LG

FGKC<G WX >$(!) <AG Q?d=Q:Q HG?@=W;G B?<G/

@"!*+0+,* A3KC 9D%,78DL70 M%:"%

>$(!) =@ @?=F <C WG CH CBFGB Θ(?(!)) W=<@i@G>CKF =H <AGBG Gd=@<

FG<GBQ=K=@<=> EC@=<=UG >CK@<?K<@ @ ?KF @′ @:>A <A?<
⎧
⎨

⎩

lim
#→∞

`BCW (>$(!) = @?(!) =@ HG?@=W;G) = 1

lim
#→∞

`BCW (>$(!) = @′?(!) =@ HG?@=W;G) < 1.
]_^

2#AGBG Gd=@<
(#
$

)
F=@<=K>< >AC=>G@ HCB KCFGM@G<@ CH @=\G "/ "?>A CH <AG@G

KCFGM@G<@ ?BG >AC@GK I=<A G[:?; EBCW?W;=<X/
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3=D/ 2/ TGKGB?;=\GF @E?B@=<X >:</

@"!*+0+,* A3NC O"%0"P ?70

T=UGK ? KCFG @G< 4 , ? >:< =@ <AG @GE?B?<=CK CH <AG UGB<Gd @G<

4 =K<C <IC F=@RC=K< ?KF GdA?:@<=UG @:W@G<@ (A, A/)/ PGBG, ?

UGB<Gd E?B<=<=CK >?K WG >CQE;G<G;X FG@>B=WGF WX E?B<=<=CK=KD

<AG KG<ICBJM?BG? =K<C <IC BGD=CK (,,,-) ?@ @ACIK =K 3=D/ 2/

#A:@, IG ?;@C BGHGB <C ? >;C@GF BGD=CK , ?@ ? >:</ #AG >:<M

>?E?>=<X >(,) =@ FG!KGF ?@ <AG Q?d=Q:Q K:QWGB CH E?>JG<@

<A?< >?K WG <B?K@Q=<<GF HBCQ ,/ <C , =K ? <=QG :K=</

@"!*+0+,* A3QC !7.0+E160 ?70;@"#1*:

T=UGK ? >:< ,, ? @C:B>G KCFG =K ,- =@ @?=F <C A?UG FGQ?KF

?>BC@@ <AG >:< =HH ?< ;G?@< CKG CH =<@ FG@<=K?<=CK ;=G@ =K ,/

#AG Q:;<=>?@< FGQ?KF B(,) ?>BC@@ <AG >:< =@ FG!KGF ?@ <AG

<C<?; K:QWGB CH @C:B>G@ =K ,- @:>A <A?< <AGBG =@ ?< ;G?@< CKG

FG@<=K?<=CK =K <AG Q:;<=>?@< DBC:E ?>BC@@ <AG >:</

@"!*+0+,* A3RC )L1%6"60 ?70

LG FG!KG <AG @E?B@=<X Γ0 CH >:< , ?@ <AG B?<=C

Γ0 =
>(,)

B(,)
]8^

PGK>G, <AG @E?B@G@< >:< =@ D=UGK WX

,∗ = C1%min
0

Γ0 ]0^

IAGBG ,∗ A?@ <AG ;G?@< EC@@=W;G @E?B@=<X, FGKC<GF ?@ Γ0∗ /

#AG KC<=CK CH @E?B@=<X >:< A?@ WGGK :<=;=\GF =K ? K:QWGB CH

@<:F=G@ BG;?<GF <C &(/ #AG FG!K=<=CK CH 'E?B@=<X >:< :@GF WX

.G=DA<CK ?KF $?C Y_6Z =@ ?EE;=>?W;G CK;X <C :K=>?@< <B?H!> Y_Z/

LG GQE;CX ? QCBG DGKGB?;=\GF FG!K=<=CK/

'<:F=G@ @:>A ?@ <A?< WX P?BUGX "0 1./ Y2_Z FG!KG @E?B@=<XM

>:<@ =K <GBQ@ CH GFDGM>:<@, =/G/, ? >:< FCG@ KC< ;G?F <C ? DB?EA

]UGB<Gd^ @GE?B?<=CK Y2_Z/ LG @A?;; :@G <AG @E?B@=<X CH ? >:< <C

EBCU=FG ?K :EEGB WC:KF CK <AG B?<G ?>A=GU?W;G :KFGB &(/ !<

=@ =QECB<?K< <C :KFGB@<?KF <A?< IG ?BG GQE;CX=KD ? FG!K=<=CK

<A?< =@ F=@<=K>< HBCQ EB=CB @<:F=G@ Y2_Z, WG>?:@G <AGX Y2_Z @ACI

<A?<, :KFGB ?K ?;<GBK?<G FG!K=<=CK, &( >?K Gd>GGF <AG WC:KF

EBCU=FGF WX ? @E?B@=<X >:</

3=K?;;X IG @<?<G <AG IG;;MJKCIK (AGBKCHH 4C:KF@ Y_7Z,

IA=>A @A?;; WG :@GF BGEG?<GF;X =K <AG BG@< CH <A=@ E?EGB/

F"##1 A3SC ?D"%*,TT <,7*:6C (CK@=FGB ! =/=/F B?KFCQ

U?B=?W;G@ D) ∈ {0, 1} I=<A E = `B(D) = 1)/ .G< D =
∑#

)=1 D)/

#AGK, HCB ?KX 1 ≥ F ≥ 0 ?KF F2 ≥ 0, IG A?UG

`B (D ≤ (1− F1)!E) ≤ 2G
−"21#$

3 ]b^

`B (D ≥ (1 + F2)!E) ≤ 2G
−"22#$

3 ]9^

!-/ 4)+&V' 3)$ #P" `$)#)(). *)V".

!< =@ IG;;MJKCIK <A?< :KFGB =<@ >CKUGK<=CK?; FG!K=<=CK, <AG

@E?B@=<X >:< >?K WG :@GF <C CW<?=K ?K :EEGB WC:KF CK <AG

:K=>?@< <B?H!> "CI =K ? I=BG;G@@ KG<ICBJ Y_Z, Y_6Z/ !K ? @=Q=;?B

I?X, C:B DGKGB?;=\GF FG!K=<=CK EBCU=FG@ ?K :EEGB WC:KF HCB

Q:;<=>?@< "CI@/ #AG HC;;CI=KD ;GQQ? =@ ?EE;=>?W;G <C WC<A

<AG EBC<C>C; ?@ IG;; ?@ <AG EAX@=>?; QCFG;/

F"##1 J3BC .G< >$(!) WG <AG Q?d=Q:Q Q:;<=>?@< "CIM

B?<G =K ? KG<ICBJ ?KF ;G< ,∗ WG <AG @E?B@G@< >:< I=<A @E?B@=<X

Γ0∗ , <AGK IG A?UG

>$(!) ≤ Γ0∗ . ]c^

4%,,TC .G< ? WG <AG <C<?; Q?d=Q:Q HG?@=W;G ?UGB?DG B?<G

?< IA=>A W=<@ >?K WG <B?K@Q=<<GF HBCQ ,- <C ,, IAGBG , =@

?KX ?BW=<B?BX >:</ #AGK WX VGH/ _/b IG A?UG

? ≤ >(,) ]1^

#AG <C<?; =KHCBQ?<=CK "CI ?>BC@@ ? >:< A?@ <C WG DBG?<GB

<A?K CB G[:?; <C <AG @:Q CH <AG F?<? B?<G@ ?@@C>=?<GF I=<A

=KF=U=F:?; Q:;<=>?@< @G@@=CK@ <A?< >CQQ:K=>?<G ?>BC@@ <AG >:</

PGK>G,

? ≥
#∑

)=1

>$(!)1{@C:B>G ) A?@ FGQ?KF ?>BC@@ >:< 0}

= >$(!)
#∑

)=1

1{@C:B>G ) A?@ FGQ?KF ?>BC@@ >:< 0}

= >$(!)B(,). ]76^

!K@GB<=KD <AG ?WCUG G[:?<=CK =K "[/ 1 IG A?UG

>$(!) ≤ >(,)

B(,)
= Γ0 ≤ Γ0∗ ]77^

#AG ?WCUG FGF:><=CK@ =QE;X <A?< <AG Q?d=Q:Q Q:;<=>?@<

"CIMB?<G =@ ;G@@ <A?K <AG @E?B@=<X CH ?KX ?BW=<B?BX >:</ #A:@,

<C CW<?=K ?K :EEGB WC:KF CK <AG KG<ICBJ >?E?>=<X, IG ?BG HBGG

<C >ACC@G ? BGD=CK , CH ?KX ?BW=<B?BX @A?EG ?KF @=\G/ !K <A=@

@G><=CK, IG :<=;=\G >:<@ CH @[:?BG @A?EG I=<A ;GKD<A H0 = 4#0,

=/G/, G?>A @=FG CH <AG @[:?BG , A?@ ;GKD<A #0/ #A=@ =@ =;;:@<B?<GF

=K 3=D/ _/ #AG E?B?QG<GB #0 E;?X@ ? >B:>=?; BC;G =K FGF:>=KD

<AG BG[:=BGF :EEGB WC:KF@/ !K E?B<=>:;?B, IG >ACC@G #0 @C ?@

<C D:?B?K<GG <A?< <AG FGQ?KF B(,) = Θ(!)/
F"##1 J3GC !K ? B?KFCQ KG<ICBJ I=<A !! =

Ω
(
(#$%(!))1+"

)
CH <AG ! KCFG@ ?>< ?@ @C:B>G HCB DBC:E@

CH " B?KFCQ;X >AC@GK FG@<=K?<=CK KCFG@, HCB GUGBX & > 0,
) ≥ 0 ?KF 1 ≥ F1 ≥ 0 =H

#0 =
1√

(1 + ))"
HCB " ≤ 1

4(1 + ))1(!)2
]72^

#0 = 21(!) HCB " ≥ 1

4(1 + ))1(!)2
]7_^

<AGK ?@ ! → ∞, I/A/E IG A?UG

B(,) ≥ (1 − F1)!!@1 ]78^

IAGBG @1 =
(
1− 1

1+(

)(
1− 1

1
1

1+%

)
/

4%,,TC .G< I WG <AG EBCW?W=;=<X <A?< ? B?KFCQ;X >AC@GK

KCFG . A?@ FGQ?KF ?>BC@@ >:< ,/ #A:@,
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3=D/ _/ (:< >?E?>=<X :KFGB EBC<C>C; QCFG;/

I = 01(. ∈ ,-)× 01(?< ;G?@< CKG FG@<=K?<=CK CH . ∈ ,)

≥ (1− ∥,∥)(1− (1− ∥,∥)$)

=
(
1− #20

) (
1−

(
1− #20

)$)
]70^

&CI, KC<G <A?< 1√
1+(

≥ #0 ≥ 1√
(1+()$

HCB ?;; "/ PGK>G,

IG A?UG

I ≥
(
1− 1

1 + )

)(
1−

(
1− 1

(1 + ))"

)$)

≥
(
1− 1

1 + )

)(
1− 1

G
1

1+%

)
= @1 ]7b^

IAGBG <AG @G>CKF =KG[:?;=<X HC;;CI@ HBCQ <AG IG;;MJKCIK H?><

<A?< G−2 ≥ (1− J) HCB ?KX 0 ≤ J ≤ 1/
.G< D) WG ?K =KF=>?<CB U?B=?W;G <A?< =@ G[:?; <C CKG =H <AG

KCFG . A?@ FGQ?KF ?>BC@@ >:< ,/ #A:@, 01(D) = 1) = I ?KF

B(,) =
∑

)=1:# D), ?KF <AG (AGBKCHH WC:KF CH "[/ ]b^ HBCQ

.GQQ? _/1 H:B<AGB =QE;=G@ <A?<

01(B(,) ≤ (1− F1)!!I) ≤ 2G
−"21#!&

3 ]79^

&CI
(%&'(#))1+'

%&'(2#) ≥ 3
321-1

D:?B?K<GG@ <A?< 01(B(,) ≤ (1 −
F1)!!I) ≤ 1

#
% >AC=>G CH #0 = 1√

(1+(1)$
>?K WG :@GF =K <AG ?WCUG

;GQQ? HCB ?;; ", ?KF @:>A ? >CKF=<=CK IC:;F WG @:H!>=GK< <C

EBCUG <AG BG[:=BGF BG@:;< <A?< FGQ?KF B(,) ≥ (1 − F1)!!@1
I/A/E/ PCIGUGB, =K <AG HC;;CI=KD ?K?;X@=@ IG BG[:=BG

<A?< #0 ≥ 21(!)/ #AGBGHCBG, IG =K<BCF:>G <AG >CKF=<=CK

<A?< #0 = 21(!) HCB " ≥ 1
4(1+(1)4(#)2

/ &C<G <A?< =H

" ≥ 1
4(1+(1)4(#)2

, <AGK 21(!) ≥ 1√
(1+(1)$

/

LG =KUCJG <AG HC;;CI=KD =QECB<?K< CW@GBU?<=CK <C CW<?=K ?K

:EEGB WC:KF CK <AG >:<M>?E?>=<X/

5"#1%> J3AC T:E<? ?KF N:Q?B Y70Z CW@GBUGF <A?<, =K ?KX

<=QG @;C<, ? F=@J CH B?F=:@
Δ4(#)

2 >GK<GBGF ?< G?>A BG>G=UGB =K

<A?< @;C< @AC:;F WG F=@RC=K</ PCIGUGB, <A=@ H?>< FCG@ KC< ?EE;X

<C <AG >?@G =K IA=>A KCFG@ GdE;C=< WBC?F>?@< <B?K@Q=@@=CK@, ?@

=@ FCKG IAGK KCFG@ ?BG >?E?W;G CH GQE;CX=KD &(/ !KFGGF, ?@

3=D/ _ =;;:@<B?<G@, <AG F=@J@ >?K CUGB;?E =H <AG ?@@C>=?<GF KCFG@

?BG BG>G=U=KD =FGK<=>?; =KHCBQ?<=CK HBCQ ? >CQQCK <B?K@Q=<<GB/

&GUGB<AG;G@@, ?@ A=DA;=DA<GF WX .= "0 1./ Y_Z, GUGK :KFGB <AG

&( ?@@:QE<=CK, <AG :K=CK CH <AG F=@J@ >GK<GBGF ?< <AG BG>G=UGB@

CH CKG <B?K@Q=@@=CK @AC:;F WG F=@RC=K< HBCQ <AG :K=CK CH <AG

F=@J@ >GK<GBGF ?< <AG BG>G=UGB@ CH ?KC<AGB <B?K@Q=@@=CK, D=UGK

<A?< KC *`$ =@ ?@@:QGF/

F"##1 J3JC +KFGB <AG EBC<C>C; QCFG;, =H ? @[:?BGM@A?EGF

>:< , A?@ @=FG ;GKD<A #0 ≥ 21(!), <AGK <AG >:< >?E?>=<X

@?<=@!G@

>(,) ≤ 16H0

KΔ21(!)
]7c^

4%,,TC !K <AG EBC<C>C; QCFG;, <AG F=@<?K>G WG<IGGK ?

<B?K@Q=<<GB ?KF ? BG>G=UGB =@ WC:KFGF WX 1(!)/ PGK>G, ?KX

KCFG =K , <A?< BG>G=UG@ ? <B?K@Q=@@=CK HBCQ ,- @AC:;F ;=G

I=<A=K ? F=@<?K>G 1(!) HBCQ <AG WC:KF?BX CH <AG >:<, =/G/, ?;;

<AG BG>G=UGB@ Q:@< WG E;?>GF I=<A=K ?K ?KK:;?B BGD=CK CH ?BG?

#20 − (#0 − 21(!))2 = 4#01(!) − 41(!)2

≤ 4#01(!) = H01(!) ]71^

IAGBG <AG ;GKD<A H0 CH <AG >:< =@ <AG EGB=QG<GB CH <AG BGD=CK

,/

LG CW@GBUG <A?< G?>A <B?K@Q=@@=CK ?>BC@@ <AG >:< FCG@

KC< ?;;CI ?KX QCBG <B?K@Q=@@=CK@ I=<A=K ?K ?BG? CH ?< ;G?@<
5Δ24(#)2

4 / %FF=<=CK?;;X, ?< ;G?@< 1
4 CH <A=@ ?BG? A?@ <C H?;; I=<A=K

<AG ?KK:;?B BGD=CK KG?B <AG >:< WC:KF?BX/ #AGBGHCBG,

>(,) = Q?d/ KC/ CH <B?K@Q=@@=CK@ HBCQ ,- <C ,

≤ %BG? CH ?KK:;?B BGD=CK
5Δ24(#)2

4×4

=
16H0

KΔ21(!)
]26^

9D",%"# J3KC +KFGB <AG EBC<C>C; QCFG;, ?@ ! → ∞, <AG

Q:;<=>?@< >?E?>=<X CH ? B?KFCQ DGCQG<B=> KG<ICBJ I=<A &(

A?@ <AG HC;;CI=KD :EEGB WC:KF I/A/E

>$(!) =
@2
√
!

!!

√
15(1 + )1)"#$%(!)

=H Q ≤ !(1 + )1)−1

60#$%(!)
]27^

>$(!) =
2@2
!!

=H Q ≥ !(1 + )1)−1

60#$%(!)
]22^

IAGBG !! = Ω
(
(#$%(!))1+"

)
@/</ & > 0, @2 =

64(1+(1)1
1

1+%1

5Δ2(1(1−31)(1
1

1+%1 −1)
?KF F1, )1 ≥ 0

4%,,TC )K ?>>C:K< CH .GQQ? 8/7, IG >?K CW<?=K ?K :EEGB

WC:KF CK <AG KG<ICBJ >?E?>=<X WX R:@< EBCU=F=KD ? WC:KF HCB

<AG @E?B@=<X Γ0/ 3:B<AGBQCBG, KC<G <A?< H0 = 4#0a AGK>G, F:G

<C .GQQ? 8/8 IG >?K @?X <A?< HCB ?;; #6 ≥ 21(!) IG A?UG

>$(!) ≤ 64#0
KΔ21(!)B(,)

. ]2_^

(CK@=FGB " ≥ 1
4(1+(1)4(#)2

/ !H IG >ACC@G #0 = 21(!),
<AGK HBCQ .GQQ? 8/2 I/A/E IG A?UG B(,) ≥ (1 − F1)!!@1/
#AGBGHCBG,

>$(!) ≤ 128

KΔ2(1− F1)!!@1
]28^
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'=Q=;?B;X, =H IG >ACC@G #0 = 1√
(1+()$

HCB ?;; " ≤
1

4(1+(1)4(#)2
, IG A?UG

>$(!) ≤
64 1√

(1+(1)$

KΔ2(1− F1)1(!)!!@1
. ]20^

&C<G <A?< >$(!) =@ Q?d=Q=\GF HCB ?;; " ≤ 1
4(1+(1)4(#)2

WX

>ACC@=KD <AG @Q?;;G@< EC@@=W;G U?;:G CH 1(!)/ &GUGB<AG;G@@

<AG (CKKG><=U=<X (B=<GB=? ].GQQ? _/2^ BG[:=BG@ <A?< 1(!) ≥√
15%&'(#)

# / #AG !K?; BG@:;< =@ CW<?=KGF WX @:W@<=<:<=KD <AG

U?;:G CH @1 ?KF 1(!) =
√

15%&'(#)
# =K "[@/ 28M20/

#AG Q:;<=>?@< >?E?>=<X :KFGB E:BG @<CBGM?KFMHCBI?BF BC:<=KD

A?@ WGGK >A?B?><GB=\GF WX .= "0 1./ Y76Z ?KF L?KD "0 1./ Y77Z

?KF =< =@ @<?<GF =K <AG HC;;CI=KD <AGCBGQ HCB <AG @?JG CH

>CQE;G<GKG@@/
9D",%"# J3NC Y76Z, Y77Z +KFGB <AG EBC<C>C; QCFG;, <AG

Q:;<=>?@< >?E?>=<X CH ? B?KFCQ DGCQG<B=> KG<ICBJ I=<A @<CBGM

?KFMHCBI?BF BC:<=KD A?@ ? <=DA< WC:KF CH

>$(!) = Θ

(
1√

"!#$%(!)

)
=H " = (

(
!

#$%(!)

)
]2b^

>$(!) = Θ

(
1

!

)
=H " = Ω

(
!

#$%(!)

)
]29^

&G<ICBJ >CF=KD ]&(^ =@ ? DGKGB?;=\?<=CK CH @<CBGM?KFM

HCBI?BF BC:<=KD ?KF <A:@ ?KX >?E?>=<X ?>A=GUGF WX BC:<=KD

=@ KG>G@@?B=;X ?>A=GUGF WX &(/ PGK>G,
9D",%"# J3QC +KFGB <AG EBC<C>C; QCFG;, <AG Q:;<=>?@< >?M

E?>=<X CH ? B?KFCQ DGCQG<B=> KG<ICBJ I=<A &( A?@ ? <=DA<

WC:KF G[:?; <C

>$(!) = Θ

(
1√

"!#$%(!)

)
=H " = (

(
!

#$%(!)

)
]2c^

>$(!) = Θ

(
1

!

)
=H " = Ω

(
!

#$%(!)

)
]21^

3=K?;;X, IG >?K ?BB=UG ?< <AG HC;;CI=KD >CK>;:@=CK/
?,%,..1%I J3RC #AG Q:;<=>?@< <ABC:DAE:< CBFGB D?=K EBCM

U=FGF WX &( CUGB @<CBGM?KFMHCBI?BF BC:<=KD =K ? B?KFCQ

DGCQG<B=> KG<ICBJ =@ ((1) :KFGB <AG EBC<C>C; QCFG;/

-/ 4)+&V' 3)$ #P" `P5'!(%. *)V".

#C EBCUG <AG :EEGB WC:KF :KFGB <AG EAX@=>?; QCFG; IG

:<=;=\G ? >=B>:;?B >:<, =K@<G?F CH @[:?BG @A?EGF >:<, I=<A

B?F=:@ 10 ?@ @ACIK =K 3=D/ 8/ %FF=<=CK?;;X, IG :<=;=\G <AG

HC;;CI=KD EBCEGB<X CH <AG EAX@=>?; QCFG;/ % @=Q=;?B EBCEGB<X

CH m60%1+8D0;.+*": E706m A?@ ?;@C WGGK :<=;=\GF WX .=: "0 1./ Y_Z/
F"##1 K3BC (CK@=FGB ? >=B>:;?B >:< , CH B?F=:@ 10 I=<A

=<@ >GK<GB ?< EC=K< (/ .G< A1 ?KF A2 WG <IC KCFG@ C:<@=FG ,
<B?K@Q=<<=KD ?>BC@@ <AG >:< =K <AG @?QG @;C</ LG >;?=Q <A?< <AG

?B> @:W<GKFGF WX ?KD;G ∠A1(A2 CK >:< , A?@ ? ;GKD<A CH ?<

;G?@<
Δ110"CJ{H1, H2}
10 +"CJ{H1, H2}

]_6^

IAGBG Δ1 =
(
9

1
' − 1

)
?KF H) BGEBG@GK<@ <AG ]Q=K=Q:Q^

F=@<?K>G CH <B?K@Q=<<GB A) HBCQ >:< ,/
4%,,TC L=<AC:< ;C@@ CH DGKGB?;=<X IG >?K ?@@:QG <A?< A1,

A2 ?BG E;?>GF ?@ @ACIK =K 3=D/ 0 ?KF H1 ≥ H2/ !K 3=D/ 0 <AG

3=D/ 8/ (:< >?E?>=<X :KFGB EAX@=>?; QCFG;/

3=D/ 0/ TGCQG<B=> EBCEGB<X CH <B?K@Q=@@=CK@ ?>BC@@ <AG >:</

B?X@ (A1 ?KF (A2 =K<GB@G>< <AG >:< , ?< L1 ?KF L2 BG@EG><=UG;X/

#AGBGHCBG, H1 = ∥A1L1∥ ?KF H2 = ∥A2L2∥/ 3:B<AGBQCBG, <AG

;GKD<A CH @GDQGK< L1L2 =@ @Q?;;GB <A?K <AG ;GKD<A CH <AG ?B>

@:W<GKFGF WX ∠A1(A2/ PGK>G, =K CBFGB <C EBCUG <AG >;?=Q, =<

=@ @:H!>=GK< <C @ACI <A?<

∥L1L2∥ ≥ Δ110∥A1L1∥
10 + ∥A1L1∥

]_7^

(CK@=FGB ? BG>G=UGB M1 <A?< ;=G@ =K@=FG , ?KF >?K @:>>G@@M

H:;;X FG>CFG ? <B?K@Q=@@=CK HBCQ A1/ !< HC;;CI@ HBCQ "[/ 2 =K

VG!K=<=CK _/_ <A?<

0∥A1M1∥−"

78& + 0∥A2M1∥−"
≥ 9

=⇒ ∥A2M1∥ ≥ 9
1
' ∥A1M1∥ = (1 +Δ1)∥A1M1∥]_2^

(CK@=FGB <AG <B=?KD;G HCBQGF WX A1, A2 ?KF M1, ?@ @ACIK

=K 3=D/ 0/ &CI FB?I ? EGBEGKF=>:;?B HBCQ A1 <C N , IA=>A =@

? EC=K< CK @GDQGK< A2M1/ &C<G <A?< ∥NM1∥ ≤ ∥A1M1∥ ?KF
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AGK>G =< =@ G?@X <C @ACI <A?< ∥A2N∥ ≥ Δ1∣A1M1∣/ &CI FB?I

? ;=KG <ABC:DA A2 E?B?;;G; <C @GDQGK< L1L2 ?KF FBCE ? EGBM

EGKF=>:;?B A121 CK <A=@ ;=KG/ '=K>G ∠A1A221 ≤ ∠A1A2M1,

IG A?UG cos (∠A1A221) ≥ cos (∠A1A2M1), IA=>A =QE;=G@

<A?< ∣A221∣ ≥ ∣A2N ∣/ '=Q=;?B;X, FB?I ? ;=KG <ABC:DA A1

E?B?;;G; <C L1L2/ .G< <A=@ ;=KG =K<GB@G>< <AG B?X (A2 ?< O2/
VBCE ? EGBEGKF=>:;?B A222 CK ;=KG A1O2/ 4G>?:@G <AG <B=?KD;G

A1(O2 =@ =@C@>G;G@, ∠A1O2A2 =@ ?>:<G ?KF AGK>G 22 @AC:;F ;=G

I=<A=K <AG @GDQGK< A1O2/ PGK>G, ∥A1O2∥ ≥ ∥A122∥/ 4G>?:@G

A221A122 HCBQ@ ? BG><?KD;G IG DG< ∥A1O2∥ ≥ Δ1∣A1M1∣/
3=K?;;X, IG KC<G <A?< ∥A1M1∥ ≥ ∥A1L1∥ WG>?:@G A1L1 =@ <AG

@ACB<G@< F=@<?K>G WG<IGGK A1 ?KF >=B>;G ,/ PGK>G,

∥A1O2∥ ≥ Δ1∥A1L1∥ ]__^

(CK@=FGB <AG <B=?KD;G (A1O2/ #AG 4?@=> `BCECB<=CK?;=<X #AGM

CBGQ =QE;=G@ <A?<

∥L1L2∥ =
∥A1O2∥∥(L1∥

∥(A1∥
]_8^

':W@<=<:<=KD "[/ __ =K "[/ _8 EBCUG@ <AG >;?=Q =K "[/ _7

9D",%"# K3GC +KFGB <AG EAX@=>?; QCFG;, <AG Q:;<=>?@< >?M

E?>=<X CH ? B?KFCQ DGCQG<B=> KG<ICBJ I=<A &( A?@ <AG

HC;;CI=KD :EEGB WC:KF I/A/E >$(!) = (
(

1√
$#

)
, IAGK

" = (
(

#
%&'(#)2

)
?KF ! → ∞/

4%,,TC (CK@=FGB ? >=B>:;?B >:< , I=<A B?F=:@ 10 = 1
4
√
$

/

V=U=FG <AG BGD=CK ,-, ?@ @ACIK =K 3=D/ 8, =K<C @:WMBGD=CK 7
?KF ,- −7, IAGBG <AG 7 =@ ?K ?KK:;?B BGD=CK CH I=F<A 1√

#
/

.G< !7 ?KF !0(−7 WG <AG Q?d=Q:Q K:QWGB CH KCFG@, HBCQ

BGD=CK 7 ?KF BGD=CK ,- −7 BG@EG><=UG;X,<A?< >?K <B?K@Q=< <C

BGD=CK , =K ? @=KD;G <=QG @;C</ PGK>G,

>(,) ≤ !7 + !0)−7 ]_0^

% <B?K@Q=@@=CK HBCQ ?KX KCFG =K BGD=CK ,-−7 <C ?KX KCFG

=K BGD=CK , A?@ ? Q=K=Q:Q ACE ;GKD<A CH 1√
#
/ (CK@G[:GK<;X,

.GQQ? 0/7 =QE;=G@ <A?< ?KX <IC <B?K@Q=<<GB@ =K ,- − 7 <A?<

<B?K@Q=< =K <AG @?QG @;C< A?UG <C WG @GE?B?<GF @:>A <A?< <AGX

@:W<GKF ?K ?B> CK , CH ;GKD<A ?< ;G?@<
Δ14* 1√

#

4*+ 1√
#

/ T=UGK <A?<

<AG >=B>:QHGBGK>G CH , =@ 2K10, IG A?UG

!0)−7 ≤ 2K10 ×
10 + 1√

#

Δ110 1√
#

=
2K

Δ1

( √
!

4
√
"

+ 1

)
≤ 5K

√
!

2Δ1
√
"

]_b^

#C CW<?=K ? WC:KF CK !7 , CW@GBUG <A?< <AG ?BG? CH BGD=CK 7
=@ D=UGK WX

∣7∣ = K

(
10 +

1√
!

)2

− K120

=
2K10√

!
+

K

!
≤ K

2
√
"!

+
K√
"!

≤ 3K

2
√
"!

]_9^

!H " = (
(

#
(%&'(#))2

)
, <AGBG Gd=@<@ ? >CK@<?K< @3 ≥ 0 @:>A

<A?<

∣7∣ ≤ @3#$%(!)

!
]_c^

3=D/ b/ (;:@<GB=KD CH KCFG@/

#AG <C<?; K:QWGB CH KCFG@ =K 7 =@ KG>G@@?B=;X DBG?<GB <A?K

!7 / #AGBGHCBG, <AG (AGBKCHH WC:KF CH "[/ b =QE;=G@ <A?<, HCB

?KX F2 ≥ 0, IG A?UG

Pr

(
!7 ≤ 3K(1 + F2)

√
!

2
√
"

)
≤ 2G

−"22#∣+∣
3

≤ 2G
−"22,-.(#)

3)3 =
2

!
"22
3)3

(CK@G[:GK<;X, =H IG >ACC@G F2 ≥ 3@3, <AGK ?@ ! → ∞ I/A/E

IG A?UG

>(,) ≤ 3K(1 + F2)
√
!

2
√
"

+
5K

√
!

2Δ1
√
"

=
K(3(1 + F2)Δ1 + 5)

√
!

2Δ1
√
"

]_1^

!K <AG EBGU=C:@ @G><=CK, IG A?UG ?;BG?FX @ACIK <A?< I/A/E

<AG FGQ?KF ?>BC@@ ? @[:?BG @A?EGF >:< I=<A ?BG? (( 1
$ ) =@ CH

CBFGB Θ(!)/ ':>A ? EBCEGB<X =@ U?;=F HCB >=B>:;?B >:<@ ?;@C/ .G<

I1 WG EBCW?W=;=<X <A?< ? @C:B>G KCFG =K ,- A?@ ?< ;G?@< CKG CH

=<@ " FG@<=K?<=CK@ =K <AG >=B>;G ,/ LG >?K @ACI <A?<

I1 ≥
(
1− 1

16

)(
1−

(
1− 1

16"

)$)

=
15

(
1− G

1
16

)

16
= @4 ]86^

#AG (AGBKCHH 4C:KF CH "[/ 9 =QE;=G@ <A?< <AGBG Gd=@<@ ?

1 ≥ F1 ≥ 0 @:>A <A?< ?@ ! → ∞ I/A/E/ B(,) ≥ (1− F1)@4!/

#AGBGHCBG, <AG 'E?B@=<X WC:KF HBCQ .GQQ? 8/7, ?;CKD I=<A

"[@/ _1 ?KF 86 =QE;=G@ <A?< I/A/E/

>$(!) ≤
(
K(3(1 + F2)Δ1 + 5)

2Δ1(1− F1)@4

)
1√
"!

]87^

#AG Q?<AGQ?<=>?; <G>AK=[:G@ :@GF =K <AG ?WCUG EBCCH >?KKC<

WG :@GF <C CW<?=K ?K :EEGB WC:KF CK Q:;<=>?@< >?E?>=<X CH

&( HCB ?;; U?;:G@ CH "/ !K E?B<=>:;?B, KC<G <A?< "[/ _c ?KF

AGK>G <AG >CKUGBDGK>G >CKF=<=CK =K "[/ _1 BG[:=BG@ <A?< " =

(
(

#
(%&'(#))2

)
/ #AGBGHCBG, IG >CK@=FGB ?K ?;<GBK?<=UG ?EEBC?>A

<C CW<?=K :EEGB WC:KF@/ #A=@ ?EEBC?>A @A?;; D=UG :@ ? <=DA<GB

:EEGB WC:KF HCB " = Ω
(

#
%&'(#)

)
/

9D",%"# K3AC +KFGB <AG EAX@=>?; QCFG;, <AG Q:;<=>?@< >?M
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E?>=<X =K ? B?KFCQ DGCQG<B=> KG<ICBJ I=<A &( A?@ <AG

HC;;CI=KD :EEGB WC:KF I/A/E/

>$(!) =(

(
1

"#$%(!)

)
=H " ≤ !

#$%(!)
]82^

>$(!) =(

(
1

!

)
=H " ≥ !

#$%(!)
]8_^

4%,,TC VG>CQEC@G <AG KG<ICBJ =K<C @[:?BGM;G<@ CH @=FGM

;GKD<A

√
%&'(#)
9# / .G< O WG <AG GUGK< <A?< <AGBG Gd=@<@ ? @[:?BGM

;G< >CK<?=K=KD 10 ."160
(1−33)%&'(#)

9# KCFG@, IAGBG 1 ≥ F3 ≥ 0,
I=<A ?;; =<@ G=DA< ?FRC=K=KD @[:?BGM;G<@ GQE<X/ #AG GUGK< O =@

=;;:@<B?<GF =K 3=D/ b/ LG ?BG =K<GBG@<GF =K @ACI=KD <A?< <AG GUGK<

O C>>:B@ I/A/E/ .G< P BGEBG@GK< <AG <C<?; K:QWGB CH KCFG@ =K ?

@[:?BGM;G<, E1 = 01(P = 0) ?KF E2 = 01
(
P ≤ (1−33)%&'(#)

9#

)
,

IAGBG 1 ≥ F3 ≥ 0/ +@=KD <AG H?>< <A?< #."#→∞
(
1− 6

#

)#
=

G−6, E1 >?K WG >CQE:<GF ?@

E1 =

(
1− #$%(!)

9!

)#

= G
−,-.(#)

9 = !
−1
9 . ]88^
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