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PHYSICAL REVIEW D 91, 034501 (2015)
Multichannel 1 — 2 transition amplitudes in a finite volume

Radl A. Briceﬁo,l’* Maxwell T. Hansen,z‘T and André Walker-Loud'~*
"Thomas Jefferson National Accelerator Facility, 12000 Jefferson Avenue,
Newport News, Virginia 23606, USA
2Departmem‘ of Physics, University of Washington, Box 351560, Seattle, Washington 98195, USA

3Department of Physics, College of William and Mary, Williamsburg, Virginia 23187-8795, USA
(Received 30 September 2014; published 3 February 2015)

We perform a model-independent, nonperturbative investigation of two-point and three-point finite-
volume correlation functions in the energy regime where two-particle states can go on shell. We study
three-point functions involving a single incoming particle and an outgoing two-particle state, relevant, for
example, for studies of meson decays (e.g., B = K*£#+¢~ — zK¢*£~) or meson photo production (e.g.,
wy* — zr). We observe that, while the spectrum solely depends on the on-shell scattering amplitude, the
correlation functions also depend on off-shell amplitudes. The main result of this work is a generalization of
the Lellouch-Liischer formula relating matrix elements of currents in finite and infinite spatial volumes. We
extend that work by considering a theory with multiple, strongly coupled channels and by accommodating
external currents which inject arbitrary four-momentum as well as arbitrary angular momentum. The result
is exact up to exponentially suppressed corrections governed by the pion mass times the box size. We also
apply our master equation to various examples, including the two processes mentioned above as well as

examples where the final state is an admixture of two open channels.

DOI: 10.1103/PhysRevD.91.034501

I. INTRODUCTION

There are a number of matrix elements involving hadronic
two-body initial and/or final states for which a direct
calculation with lattice QCD would provide a significant
advancement for nuclear and particle physics. For example,
the calculation of proton-proton fusion through the weak
interactions, pp — de"v,, would allow for a direct theo-
retical prediction of this fundamental process which powers
the sun. The MuSun Collaboration will measure a related
process, muon capture on deuterium [1]. At low energies,
these two processes are described by the same two-nucleon
contact interaction [2], providing an opportunity to over-
constrain these reactions for which there is currently
discrepancy between experimental results [3,4] and
theory calculations [2,5]. Another example of particular
interest is the heavy meson decay B® — K*/t¢~ —
nK¢t¢~. Tentative tension exists between experimental
results [6—10] and Standard Model predictions [11-14] for
this process, so that better constraining the latter would
clearly be valuable.

The opportunity to test the Standard Model with these
decays motivated early quenched lattice QCD calculations
[15-21]. The newly observed tension between theory and
experiment has motivated dynamical lattice QCD calcu-
lations to determine the hadronic transition amplitudes.
These also find evidence for deviations from the Standard
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Model [22,23]. There is, however, an important caveat to
these calculations known as the Maiani-Testa no-go theo-
rem. This is the observation that there is no simple relation
between Euclidean-spacetime correlators and the desired
Minkowski-spacetime transition matrix elements, when-
ever the initial or final states contain multiple hadrons [24].
As the K*(892) is a strong resonance of the Kz scattering
system (for m, < 400 MeV), this issue cannot be avoided
for lattice QCD calculations of this important quantity.
The formalism to overcome this challenge was first
developed by Lellouch and Liischer for the K — 7z decay
amplitude and is known as the Lellouch-Liischer or LL
method [25]. The crucial development was to relate the
lattice QCD calculations in a finite spatial volume to the
infinite-volume matrix element. In a finite volume, the two-
pion spectrum is a set of discrete energy levels. If the size of
the finite-volume box is tuned such that one of the two-pion
energy levels is degenerate with the kaon, then a simple
relation exists between the finite-volume matrix element
and the infinite-volume K — zz decay amplitude. In
particular, the ratio of the finite- and infinite-volume matrix
elements is a known function, depending on the two-pion
scattering phase shift near the kaon mass as well as the
finite-volume box size and other kinematic variables. The
ratio is commonly referred to as the LL factor. The initial
work by Lellouch and Liischer was restricted to an S-wave
two-pion state in the center-of-mass (c.m.) frame. This
formalism has been extended for all decays below the
inelastic threshold [26] and for systems with nonzero total
momentum [27,28] (see Refs. [29-32] for applications of
this formalism to lattice QCD calculations of the K — zx

© 2015 American Physical Society
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decay amplitudel). More recently, the formalism has
been extended to accommodate decays into multiple,
coupled two-particle channels [54] and to describe the
processes 7 — yy [55], Ny = Nx [56],% as well as 2 — 2
processes [57-60].

In this work, we extend these studies to unambiguously
study 1 — 2 transition amplitudes involving external cur-
rents which insert energy, momentum and angular momen-
tum for systems with any number of two-particle channels
which mix with arbitrary strong couplings. Our formalism
includes all two-particle angular-momentum states, but is
valid only for spin-zero particles and only at energies less
than the lowest-lying multiparticle inelastic threshold. In
order to determine the 1 — 2 transition amplitudes,
both two- and three-point correlation functions are
needed.” From the two-point correlation functions, one
extracts the finite-volume spectrum and determines the
scattering phase shifts. From appropriate ratios of three- to
two-point correlation functions, one determines the finite-
volume matrix elements of external currents. These matrix
elements can then be related to the corresponding infinite-
volume transition amplitudes.

In Sec. II we review the two-point correlation functions.
The finite-volume corrections to single-particle masses are
exponentially suppressed in m, L, where L is the spatial
extent of the volume and m, is the pion mass [61]. We
assume spatial extents such that these exponential correc-
tions can be safely neglected. In contrast to the single-
particle states, the finite-volume energy spectrum above the
two-particle threshold cannot be directly identified with
infinite-volume observables. However, the spectrum does
encode information about the infinite-volume on-shell
scattering amplitude. The formalism to relate these observ-
ables to the finite-volume spectrum is known as the Liischer
method [62,63]. This approach has been investigated and
generalized in various contexts [27,28,54,57,60,64—84]
including, most recently, a method for describing all
2 — 2 systems with arbitrary quantum numbers, open

'For important theoretical and numerical developments
regarding nonleptonic weak decay on the lattice, see
Refs. [26,33-53].

*During the preparation of this manuscript a similar and
independent work by A. Agadjanov et al. appeared in the
literature [56]. In their work the authors considered pion-photo-
production off a nucleon, Ny — Nz in the nonrelativistic limit.
The authors demonstrated how to study transition amplitudes for
systems with nonzero intrinsic spin. In doing so, they restricted
the final two-particle state to be at rest and neglected corrections
due to partial wave mixing, but they did allow for the finite
volume of the systems to have an asymmetry along one of the
Cartesian axes.

*It is often customary to label correlation functions by the total
number of particles in the initial and final states. However, in this
work, we find it more convenient to label all correlation functions
with no insertion of external currents as two-point correlation
functions and those with an external current as three-point
correlation functions.
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channels and boundary conditions [85].4 We recover
the well-known quantization condition for a system
with any number of two-scalar channels, with arbitrary
angular momentum as well as total linear momenta. The
result is

det [K(E,) + (FV(E,))™'] =0, (1)

and was first obtained in Refs. [54,60]. K is the two-particle
K matrix [defined in Eq. (39) with a well-known relation to
the scattering amplitude, Eq. (41)] and F" is a volume-
dependent kinematic matrix [defined in Eq. (30)]. Both of
these are matrices over angular momenta as well as all open
two-particle channels, and the determinant is understood to
act on this direct-product space. In the energy regime of
elastic scattering, this formalism has been extensively
implemented in numerical lattice calculations for single-
channel processes (e.g. [90—109]). Until recently, the only
numerical implementation of the coupled-channel formal-
ism was by Guo in an exploratory numerical calculation of
a two-channel system in a 1 + 1-dimensional lattice model
[110]. The first lattice QCD application of this formalism
was recently performed by the Hadron Spectrum
Collaboration in a benchmark calculation of the 7K-Kpn
system [111].

In Sec. III we generalize the Lellouch-Liischer result in
several ways. We allow the current to insert arbitrary
momentum and energy to the system, and we include
multiple strongly coupled channels as well as angular-
momentum mixing in all irreps of the relevant finite-
volume symmetry group. We derive a nonperturbative
master equation that relates the finite-volume matrix
elements of currents with the physically relevant infinite-
volume counterpart

1P 4]

(Ep,n, P LITy, (0, P = Pp)|Ep oPis L)|

I -
= \/T—A.o \/[AAf,,,f;A,,RAf,nfAAf,nf;Ay]’ (2)

where J E{I;P,MH (0,P; —P;) is a current whose quantum

numbers and labels are thoroughly defined in Sec. IIT A.
|Ep,oPis L) and |E , Py; L) respectively denote the initial
and final finite-volume states; the former has the energy
and the quantum numbers of a single particle while the
latter has that of two particles. The subscripts A; ; indicate
that angular-momentum space has been projected onto a
particular finite-volume irrep, and 7 is an integer labeling
the finite-volume level considered. Our result relates this
finite-volume matrix element to

“There have also been attempts to generalize this formalism for
three-particle systems [86—89], but a general solution for the
three-body system in a finite volume has not been found.
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=P
<a,Pf,meJf;oo|J£\ﬂ ||](O,Q;oo)|Pi;oo>
= [Anusm, | 27)°8 (P =P —Q), (3)

a

where a is a channel index denoting the two-particle flavors
in the asymptotic state. In Eq. (2) A is understood as a
column vector (and A" a row) in the combined angular-
momentum/channel space. Finally R, , ., defined in
Eq. (103), is a matrix in the same space that depends only
on the strong interaction as well as the linear extent of the
finite volume. This is the coupled-channel and arbitrary-
angular-momentum generalization of the LL factor.

In order to illuminate this result, we apply it to several
examples for which the expressions are significantly
simplified. In Sec. IIID 1 we recover the original K —
zzr matrix element determined with zero-momentum injec-
tion [25-28]. In Sec. III D 2 we consider the slightly more
complex example of zy* — zz — p. The degeneracy of the
two final-state particles prevents even and odd partial wave
mixing, even in boosted systems. Angular-momentum
conservation and parity requires the final state to be in a
P wave with the leading finite-volume contamination from
an F wave. By neglecting this contamination, we obtain an
explicit expression for the P-wave LL factor for such a
system, and find large volume deviation from the well-
known S-wave result. For final states with nondegenerate
particles, even and odd partial waves will generally mix. In
Sec. I D 3 we apply our master equation to systems with
coupled channels, whether the mixing is physical or
induced by the finite volume. Finally, in Sec. III D 4 we
recover the known result for D — {zz, KK} [54].

In this work we also include two appendixes. In
Appendix A we discuss a technical detail of our derivation,
the cancellation of free poles in integrands of correlation
functions. For complete generality, in Appendix B we
extend the formalism to include effects of twisted boundary
conditions (TBCs) [68,112] and volumes that are arbitrary
rectangular prisms, using the compact notation of Ref. [85].

II. TWO-POINT CORRELATION FUNCTIONS

In this section we derive expressions for the one-particle
and two-particle two-point correlation functions in a finite
volume. To achieve this we must first define appropriate
interpolating operators. These are most conveniently clas-
sified according to the irreducible representations (irreps)
of the relevant symmetry group. For a system at rest in a
finite cubic volume, the symmetry group is the octahedral
group Oj. In order to accommodate systems with half-
integer spin, one has to consider the double cover of the
octahedral group, denoted by OF [113]. For systems in
flight with total momentum P, the symmetry is reduced to a
subgroup of 0, or O, defined by the subset of octahedral
transformations which leave P invariant. This is referred to
as a little group and will be labeled LG(P).

PHYSICAL REVIEW D 91, 034501 (2015)

Let @,(xo.P) denote a single-particle interpolating
operator at Euclidean time x, with momentum P and in
row u of the A irrep of LG(P).” Because Ay are good
quantum numbers in finite volume, the one-particle
two-point functions will not mix states in different rows
or irreps,

CE\I/L/,Aﬂ(Xo = Yo- k) = (Olpay (xo, k)fﬂxﬂ()’m —k)[0)
X ‘SA’,A(S;/,W (4)

In this study, we will focus on the scenario where the
single-particle states are either pseudoscalars or scalars.® In
such cases there is a single one-dimensional irrep that has
overlap with the particle of interest, and the irrep is
exclusively specified by its momentum. For example, as
shown explicitly in Table I, the pseudoscalar mesons are in
the A7 irrep of O, when at rest and in the A, irrep of
LG(k) when in flight. Therefore, it is sufficient to define
the single-particle interpolating operators in terms of their
momenta and we will drop the Ay subscript. We thus
introduce

C(l)('xo — Yo k) = <0|(p(x05 k)(pT(yO’ _k)|0>
— =5 C0m30)| (0] (0, k) [EDk; L) 2

3 e—Eggh(Xo—,\’o)
+(9<L i > (5)
3,th

where L is the linear extent of the finite cubic spatial
volume and E,(Cl), Egll)h denote the lowest two eigenvalues of
the moving-frame Hamiltonian, in the subspace that has
overlap with (0]¢,,(0,k). We have assumed x, > y, to
order the operators before inserting a complete set of states.
As the subscript suggests, in QCD the first excited energy
Eglt)h corresponds to a state in the vicinity of the three-
particle threshold for spinless particles.

One can also calculate the correlation function’s leading
time dependence directly from the fully dressed single-
particle propagator [see Fig. 1(c)]

>For details regarding the construction of these operators from
quark and gluonic degrees of freedom, we direct the readers to
Refs. [70,74,114-121] and references therein.

®For QCD near the physical point there are no stable scalar
particles, only pseudoscalar mesons. At unphysical quark masses,
by contrast, one finds stable scalar particles as well. Additionally,
although LQCD is the motivation for this work, this formalism is
model independent and is relevant for studying hadronic physics
as well as atomic physics in a finite volume. (See Refs. [122,123]
and references within for examples of atomic physics calculations
performed in a finite volume.) See Ref. [56] for insight into how
to deal with states with nonzero spin in the nonrelativistic limit.
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TABLE L. (a) Shown are the subduction coefficients [C}], ;
used to project states onto the irreps of Oj,. (b) Shown are the
subduction coefficients determined in Ref. [121], for |1| <2,
where s = sign(4) and 77 = (—1)"*/ are used to project operators
onto the irreps of the Dicy, Dic,, and Dicy groups as shown in
Eq. (79).

Group JP Au) [C{\]M
(@)
0, 0+ A,i(l) 1
% =(0,0.0) 1= Ty (1) 1.
1= Ti(2) 80,2
1+ Ty (3) 514
2% T3 (1) 814
2* T5(2) (82, = 0-2,)/V2
2* T5(3) 614
2* E*(1) 0.1
2* E*(2) (B2 +60,)/V2
LG(Q) A AW St
(b)
Dic, 0+ A (1) 1
QL — (0,0,n) 0" A, (1) 1
1 E(1) (5s++’75 )IV2
E(2) —116,-)/V2
2 B, (1) (6S++775s )/V2
2 Bz(l) (53 + = : )/\/E
Dic, (a A (1) 1
QL — (n,n,0) 0~ A, (1) 1
1 B (1) (6s++’75 /IV2
B,(1) (65, 8,-)/V2
A (1) (5v++’75v )/V2
2 Ay (1) (64 —118,-)/V2
Dic, (a A (1) 1
QL — (n,n,n) 0~ A, (1) 1
1 E(1) (8, +i16, )/ V2
1 E(2) (6, =76, )/V2
2 E(1) (6, =76, )2
2 E(1) (5,0 —718,)/V2
C('>(x0 - o, k)
_ 73 [dPo 1 iPo(xo—
=L /§<2wk(iPo+wk)+.”>e (xo=¥0)
—wi (Xo=Yo _Egll)h Xo=Yo
:ﬁg_k@(pe”(i:)y))’ (6)
20k E3
where @y = Vm? + k2, with m equal to the physical

infinite-volume pole mass. In the first line, the ellipsis

PHYSICAL REVIEW D 91, 034501 (2015)

denotes corrections that are finite at the single-particle pole.
This includes terms with poles at higher values of imagi-
nary P, which correspond to higher energy states. We
emphasize that, in arriving at this identity, we have used the
on-shell renormalization convention in which the residue of
the single-particle propagator is set to 1. This convention is
equivalently expressed as

(01¢p(0.0)| EVk; 0) = 1, (7)

where ¢(xg,x) is the Fourier transform of ¢(xy, k) and
|[EWk; o) is the infinite-volume one-particle state with
relativistic normalization

(EVK’; 0| EWK; 00) = 200y (27)35° (K’ = k). (8)

By comparing Egs. (5) and (6), we deduce E,({l) = wy

and

L3

K)|EVk;L)| = | —.
[Olp(0. ) EVk: L) = 4[5

©)

These relations hold up to exponentially suppressed cor-
rections of the form e~£, which we discuss in more detail
below. We stress that Eq. (9) is only a statement of
renormalization convention on ¢ together with the nor-
malization convention for finite-volume states

(EWk; LIEVK; L) = 1. (10)

As will become evident in Sec. III, the wave-function
renormalization does not impact the final result, Eq. (2).
Any other choice for the residue would exactly cancel in the
ratio used to access finite-volume matrix elements. The
motivation for deriving Eq. (9) in the manner just presented
is that it provides a straightforward warmup for our analysis
of the two-particle two-point correlation function, to which
we now turn.

The two-particle correlation function can be deter-
mined by considering an alternative energy range and
using two- instead of one-particle interpolating fields. For
the sake of generality, we consider a system with N
coupled two-particle channels. We label the masses in the
Jjth channel m;; and m;,, with m;; < m;,. We continue
to restrict our attention to spin-zero particles. The
particles in the jth channel can go on shell if the c.m.
energy E™ satisfies m;; +m;, < E* < Ej. Here Ej is
the energy of the first allowed multiparticle threshold,
boosted to the c.m. frame.” In practice we must require

"For a system with a Z, symmetry, such as G-parity for zz in
the isospin limit of QCD, this corresponds to the lowest four-
particle threshold. For systems without such symmetries it
corresponds to the lowest three-particle threshold.

034501-4
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E* < Ej, because if E* is too close to the multiparticle
threshold then the neglected exponentially suppressed
corrections become enhanced.
The on-shell c.m. relative momentum for the jth channel
satisfies
2 E_*2 B (mjz',l + miz)

m?, —m3,)?
2 . . _"_( Jj.1 1,2) ) (11)

4E*?

Functions and coordinates evaluated in the c.m. frame will
always have a superscript “x”, and it is important to
remember that a function f in a moving frame that depends
on k can always be related to the c.m. frame function f* via
f*(k*) = f(k). This just defines a coordinate change and
does not imply anything about the Lorentz representation
of f. Coordinates in the moving frame and c.m. frame are
related by standard Lorentz transformations. For example,
if we consider a particle with mass m, momenta k and k* in
the moving and c.m. frames, then

m = V(W—ﬂk”),
=y(ky — BV m* + k%),

_E _ [Pl
where y = £ and f = .

Two-particle interpolating operators in a given irrep can
be written as a linear combination of products of single-
particle interpolating operators with appropriate Clebsch-
Gordan coefficients [70,107,114-118,120,121]. By first
considering an energy range where only a single channel
is present, one can readily write down the relevant two-

body operator

Ko =k, (12)

Opu(x0. P, [P = k[, [K|)
> C(PAu; Rk; R(P — k))g(xo. RK)
RELG(P)
X @(xo. R(P - k)), (13)

where, in general, ¢ and ¢ may be identical or nonidentical
operators and R is understood as an element of the
representation of LG(P) defined by the action on three-
dimensional spatial vectors. In order to minimize unnec-
essary notation, we will suppress the dependence of O on
|P - k| and |k| from now on.”

To completely specify the Clebsch-Gordan coefficients,
we now introduce {k }p as the set of all momenta that are
reached by applying a rotation in LG(P) to k. We then
denote the irreps of particles one and two by A ({P — k}p)
and A,({k}p), respectively, and define the Clebsch-
Gordan coefficient C(PAy; Rk; R(P —k)) to project the

Throughout this work @ will denote an operator that has
overlap with a two-particle state and ¢ will refer to a single-
particle operator. Of course, in general, these must couple to all
states with the appropriate quantum numbers.

PHYSICAL REVIEW D 91, 034501 (2015)

two particles in Aj({P—k}p) ® Ay({k}p) onto A(P), u
This may also be expressed as an innerproduct of states

C(PAu; RK; R(P —k)) = (A(P), u[A; ({P - K}p),
R(P —k); Ay({k}p). Rk), (14)

from which follows

> |C(PAu; Rk; R(P —k))]> = 1. (15)
RELG(P)

The simplest nontrivial example of this operator con-
struction is reached by setting the total momentum to zero,
setting k = % k= q(l)f(, and taking the two-particle oper-
ator to be in the A irrep,

o AN ~ A
OA; (x0,0) = % [(xo, Q(I)Z>(p(x0v —qU)Z)

+ @(x0, =gy ) (X0, q(1)¥)], (16)

where 0 = /1/2 if ¢ and @ are the same operators and
o = 1 otherwise. If we give the system a nonzero boost
along Z, then the symmetry group is reduced to LG(Z).
Consider the scenario where the momentum of the ¢ field
has magnitude g(;) and that of @ has magnitude ﬁq(l)
With these single-particle operators, we can construct a
two-particle operator that transforms in the A; irrep [107],

On, (30, 2) = 5 050, 40830900 (2 = %))
+ @(x0, 1) §) P (x0, 9(1)(2 = §))
+ @ (x0, —q(1)X)@(x0. 9(1)(2 + X))
+ @ (x0, —q(1)¥)P(x0, q(1)(2 +9))]. (17)

In general, there might be N open channels contributing
to a given state. For example, an infinite volume zz state
can mix with a KK state, and both must thus have nonzero
overlap with the corresponding finite-volume state.” It is
convenient to introduce an index, e.g. “a”, to the inter-
polating operator in Eq. (13) to indicate the 1nfinite—volume
channel that it interpolates,

"We note that for physical particle masses the KK threshold
exceeds the four-pion threshold. Since coupling to this state is
ignored in the present formalism, application to zz, KK is only
valid for unphysical heavy pions and will otherwise introduce
systematic uncertainties on extracted quantities.

034501-5



BRICENO, HANSEN, AND WALKER-LOUD

PHYSICAL REVIEW D 91, 034501 (2015)

o\ =
O = ErstpE s ) (wa (3
C(Z,LO) ' b
Ap,ab _K*
: : b

FIG. 1.

()

(a) Shown is the definition of the finite-volume two-particle correlation function. The solid lines denote two particles in the “1”

channel; dashed lines denote one particle in the “2” channel. The correlation function is written in terms of the c.m. kernel, K*, and the
fully dressed single-particle propagators. (b) Shown is K* for the first channel, which is the sum of all two-particle irreducible s-channel
diagrams. Explicitly shown are examples of diagrams that are included in the kernel: contact interactions, and ¢- and u-channel diagrams.
In general, all diagrams allowed by the underlying theory where the intermediate particles cannot all simultaneously go on shell are
absorbed into the kernel. As described in the text, in this study we are restricted to energies where only two-particle states are allowed to
go on shell. (c) Shown is the definition of the fully dressed one-particle propagator in terms of the one-particle irreducible (1PI)

diagrams.

OA[I (x07 P)_)OA/LLZ(XO’ P) (18)
For example, Oy, , could refer to a zz-like or a KK-like
operator. With this, we can write a generic correlation
function for a two-particle system that has been projected
onto a given irrep as

CE\Z/E,ab<x0 - Yo, P)

= <O|OA’;/,a (XO’ P)Oj\ﬂ,h (YO7 _P)|O>
= Sy By > e Bl 0(0[0y, (0. P)|Ey ,P; L)

+ 6 e~ En(x0=y0)
X <EA,nP;L|(9Aﬂ.b(O, -P)|0) + O(L —p ),
th

(19)

where E, , is the nth two-particle eigenenergy of the A-
irrep of LG(P). This is the two-body analog of Eq. (5). In
general, we expect multiple two-body states below the first
multiparticle threshold, Eg, and hence include a sum
over n.

The correlation function can also be written in terms of
the interactions of the two-particle system. The leading
order (LO) contribution to the correlation function [first
diagram in Fig. 1(a)] is determined by considering the limit

in which the interactions vanish, and as a result, the
different channels cannot mix. We find

dP, . ~
CE\ZﬂL;l(Z> (XO = Yo> P) =L / Tﬂo ezPo(Xo_)'u)CE\i‘li(;) (POv P),
(20)
where
~(2.LO
CE\y,ab) (P07 P)
1 [dk
= 5ah—/—0 Z C(PAu; RK;R(P —K))
n) 2x
RELG(P)
x G(k)G(P — k)C*(PAu; Rk; R(P — k)). (21)

Here we have introduced the fully dressed propagator

G(k) = / dre O[T (0)[0),  (22)

with on-shell renormalization limy _;,, (k*+m?)G(k)=1.
We have also introduced the symmetry factor # which is
equal to 1/2 if the particles are identical and have momenta
that are related by LG(P) rotations, and equal to 1
otherwise.
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Observe here that G(k) is the infinite-volume fully

dressed propagator. Really Cg\z La(l),)(Pm P) should be con-

structed from the finite-volume analog of G(k). However,
as long as [P3+P?'? has an imaginary part with
magnitude below Ej, then using the infinite-volume
propagator only incurs exponentially suppressed correc-
tions of the form e+, with m, the lightest mass in the
spectrum. This is discussed in more detail in the context of

the Bethe-Salpeter kernel below. We deduce that our
expression for Cf ];?7)(P0, P) is only valid in a strip of
the complex P, plane which runs along the real axis and is
bounded by [P} + P?| = —E;2.

We now complete the analysis of CS\M ab)( Xo — Yo, P), by
evaluating the k, and kj, integrals. First we define

wlz = A/ m?wz + kz. (23)

In performing the &, and k|, integrals we encircle the pole at
iw; ,and this fixes the “2” particle in the jth channel to be on
shell with free energy w; ,. By energy conservation, the “1”
particle will have energy —iP, — w;,. Specifically we find

; 2+ (P-Kk)?%,

=

2,LO
Cg\ﬁ,ab) (‘x() — Yo P)
6
= Oy L— & ePo(xo=y0)
“ n 2
y |C(PAy; Rk; R(P —k))|?
k&) ¥0a1@a2(iPo + (a1 + @42))
of Lo e~ En(xo=y0) o
o g—) 29

Note here that the first term gives a pole in the P, plane that

sits in the region where our expression for Cf LC;) (Py,P)is

valid. We do not control the exact form of the second term,
which is an exponential that decays according to some
above-threshold energy. The precise form of the above-
threshold term is not needed for our final result.

To include higher orders we need only use the fact that
the correlation function, defined in Eq. (19), is correctly
reproduced by the all-orders summation of a skeleton
expansion built from Bethe-Salpeter kernels and fully
dressed propagators. In particular, we define the next-to-
leading-order (NLO) correlator as the contribution built
from a single insertion of the Bethe-Salpeter kernel K. The
kernel is depicted in Fig. 1(b) and is defined as the sum of
all amputated four-point diagrams that are two-particle
irreducible in the s channel. We find

(2.NLO)

0 LiPq(xo=y0) ¢
€ CAy,ab

dP,
CE\Z,;TZO)(XO — o, P) = L6/2—ﬂ (Po, P),

(25)
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where
o (Po.P) === > c (PAu; Rk R'(P - K))
RR’eLG
/
/dk /dko G(P—K)
x K(P,k,k"YG(k)G(P — k)

x C*(PAu; RK; R(P — k)). (26)
In general, the kernel is a function of volume, but since the
c.m. energy is restricted to satisfy m; +m, < E* < E},
the intermediate particles appearing in the kernel cannot all
simultaneously go on shell. This implies that the summands
appearing in diagrams are smooth functions of summed
momenta. Therefore, one can show, using Poisson’s

resummation formula
dq oil
n;EO

L)

that the difference between finite- and infinite-volume
kernels is exponentially small in m,L. In writing the
Poisson resummation formula the following notation has
been introduced:

%ﬁ <L*Z [ 5a)

Since we neglect these corrections, the result discussed here
holds only for m, L > 1. We will neglect any terms in the
correlation function that are exponentially suppressed with
the mass of any particle in any coupled channel since
O(e™mL) < O(e™™+L). These corrections have been pre-
viously determined for zz [124] and NN systems [125] in
an S wave, as well as the zz system in a P wave in
Refs. [126,127].

Higher order contributions to the correlation func-
tion can be readily evaluated by making the following
replacement:

(27)

—[K(P. k. K)o p— = [TL(P. k. K)oy (28)
where
[T (P. k. K)oy = = [K(P. kK)o
/dlorsz K(P.k. 1)}, ,G,(]
X G;(P=)[TL(P. LK), (29)

and the summation over the intermediate channel j is
implicit.
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A convenient expression for T; can be found by
utilizing the machinery developed by Kim, Sachrajda,
and Sharpe [27]. In order to determine the finite-volume
corrections to the correlation function, it is sufficient to
know the difference between the finite-volume momen-
tum sum and the infinite-volume momentum integral
acting on the two-particle poles. Using a principal-value
prescription to define the integral at the pole, we
observe

[K(P, kD] [K(P, LK)

4wy pyoa 1 (@ poy + @2y = Py y)

= _[ offon[F Kon off]ab + O( T L) (30)

where the c.m. kernel K . is the kernel for a system
where the two incoming particles are evaluated on shell,
while the outgoing particles may, in general, be off
shell. Here we have also introduced the Minkowski
energy Py, = —iP,. Note, if one chooses to use an ie
prescription for the propagator, this would lead to a
second contribution to the right-hand side of Eq. (30),
due to the residue of the infinite-volume integral on the
left-hand side.

In writing the right-hand side of Eq. (30), the kernels and
the finite-volume function have been written as matrices
over angular momentum. The matrix elements of F" in the
spherical harmonic basis are found to be [27,54,60]

. 47)3/2
— 5./ |: ( ﬂ) C[” H(k*2 . )
l// "

\4
[[Fj ]lm,;l’m,/ - 8P k*l” J.on?
o.M j,on

x / dQY;, Yo, Y,m,,] . (31)

The function ¢ is defined as

. 4r (27112 ,
e i7i2) = (F) " hlis e /20,
Y
Z(]im S x Z |I‘| lm l‘ (32)

2 9
rePd( -X )

where y = Py /P, the sum is performed over
Pa={reR’r=9"(m—-a;d)}, m is a triplet integer,

d is the normalized boost vector d = PL/2x, a; =

m2 —m?
31+ =] [72.73,128], and

X (x,) denoting the x component that is parallel
(perpendicular) to the total momentum, P. In
Appendix B we give the generalization of this for asym-
metric volumes with twisted boundary conditions.

We mention a subtlety here with the definition of
(ki L) for ki* <0. The definitions given above

77'x =y7'x) 4+ x, with
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continue to hold for subthreshold momenta, but only if
the appropriate analytic continuation is implemented. To
understand this in detail we first observe that the sum
defining Z¢ diverges for s < 3/2 + 1/2 and, in particular,
diverges for s = 1. The function Z¢ is thus understood to
be defined via analytic continuation from s > 3/2 + /2.
To make this definition more apparent in the present
context we give the equivalent form from Kim,
Sachrajda and Sharpelo:

* expla(id, k)] oo
clm(kaon; = L3Z k*2;i *2 k ! 4ﬂylm(k )
dk* expla(k;, — k)]
+6,0P.V. / e . (33)
(275)3 kaon—k

where the sum is over all k* € (2z/L)Py and the limit
a — 07 is understood. This definition makes the ultraviolet
regularization, which is implicit in the analytic continuation
in s, more explicit. For continuation to kj%m <0 it is
convenient to rewrite the integral as an ie prescription and a

remainder

k* expla(ki?, — k*?
P.V./d : pla *(2, . )]
(27) Kion —k
_ / dk” expla(kion = K] | Kion 39
2r)* k2, -k2+ie ' 4n

The subthreshold continuation of the left-hand side is
defined as the following limit of the right-hand side:

j.on

: dic expla(kj3, — k)] ik;
lim / 3 0 SR
ki | ) (2r) kig, — kK + e 4r

j.on J,on
_ / dk* exp[—a(kF + k*?)] )
Crf G +k? )

where k; is the binding momentum of the jth channel.
We next turn to the Bethe-Salpeter kernel which, like FV,
can be expressed as a matrix in angular momentum,

(35)

Kt ot (PG kjf,k;i) = 4x Z Ylm,(k*)yf/m,(k?)

Limyl'smy

X [Ksz,off(PO’k?’kj)]lm,,l’ml/' (36)
Here we consider a kernel in which both the initial and final
states are off shell. More precisely, we assume k; o = iy,
and ks = iy, but no additional constraints. These
relations, which arise from contour integration as dis-
cussed, do not give on-shell two-particle states since

%Our definition of ¢, differs from Ref. [27] by an overall
sign.
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- ) - ;{%}p Jefieti ot

K] =

FIG. 2.

- R

In order to illustrate the differences and similarities between (a) the scattering amplitude M and (b) the K matrix K, we show

their diagrammatic representation for the single-channel case in terms of the kernel [defined in Fig. 1(b)] and infinite-volume loops. The
infinite-volume loops of the scattering amplitude are evaluated using the ie prescription, while those of the K matrix are evaluated using
the principal value, as shown. For multichannel scenarios one simply upgrades the kernels and two-particle loops to be matrices in the
number of open channels, as depicted in Fig. 1. Note that the single-particle propagators are fully dressed, as defined in Fig. 1(c).

PO - kO,i ?ﬁ ia)P_ki and PO - kO,f 56 ia)P—kf~ Nevertheless, it
is still possible to change to the c.m. frame, expressing the
kernel in terms of (Pg, k}, k}) as indicated above. Note that
the matrix defined in Eq. (36) is diagonal,

[K:F)ff,off(Pg’ ki, k;)]lm,,l’m,r & 51.1/5m,,m," (37)

This follows from the rotational invariance of the infinite-
volume theory, equivalently from the fact that the only
angular dependence in the c.m. frame is ﬁf . ﬁ} Finally,
we comment that the on-shell kernel is accessed by
constraining the three-momenta magnitudes to k} = k} =
ki, We return to this discussion in the context of the
quantization condition below.

Directly following Kim, Sachrajda and Sharpe by sum-
ming over all possible insertions of the Bethe-Salpeter
kernel, we find

1

=T = Kot ot = Kofr.on m

[FVKon,off- (38)

Here we have introduced the two-by-two K matrix, which
is defined as the sum of all infinite-volume, amputated
2 — 2 diagrams with loop integrals defined via the princi-
pal-value prescription”

""The use of pole prescription here is somewhat subtle. If we
restrict the Euclidean-signature time component P, to be real,
then no pole prescription is needed. However, if P, is imaginary
and thus Pj,, is real, then poles appear in the region of
integration. Our definition requires always performing time-
component integrals with P ,, off the real axis, as in the standard
ie prescription. This produces integrals over spatial components
of the form of Eq. (30). These are always to be evaluated with real
Py 5 and with the principal-value pole prescription. Alternatively,
one may use the ie prescription for both the time-component and
spatial-component parts of each two-particle loop integral, but
then one must take only the real part.

(P kK], = ~[K(P. &K, — &PV,

A [ dl
x/(2ﬂ>3/E[K(P,k, D]
x G(1)G;(P=DK(P, LK)}, (39)

This object is explicitly shown in Fig. 2(b) for a
single-channel scenario. Observe that in Eq. (38) we have
given subscripts on K to indicate whether the incoming and
outgoing states are on or off shell. K with no subscript is
reserved for the on-shell K matrix.

We contrast the K matrix to the scattering amplitude M,
which is defined as the sum of all infinite-volume,
amputated 2 — 2 diagrams with integration defined via
the ie prescription [as shown in Fig. 2(a) for a single
channel]

[M(P.kK)]a
, d'l
=—[K(P.k, k)], — fj/W[K(P’k’ Dla,
x G;(1)G;(P = )[M(P.L.K)];,. (40)

The on-shell K matrix can be directly related to the
on-shell scattering amplitude by introducing a kinematic
matrix that is diagonal over the N open channels
P = diag(\/&1q}. /6245 ---.\/Enay)/VATE". For a sys-
tem with angular momentum J = [ =/, the amplitudes
M, and K; are related via [54]

M7 = K7 - iP?)/2, (41)
and the scattering amplitude and the S matrix via

iM; =Pl(S, — )P (42)

Substituting T; for K in Eq. (26) gives the full
correlation function
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: dP iPo(xo— =[2,0(K
CE\;,ub(x() —Yo» P) = Lé/z—ﬂoe Py (x0=Y) CEXy,th )l (PO’ P)
Y ! ! Y’I‘
Au L3K + (ﬂ:\/)—l b Ay
+ O(L6€_E‘h(x0_y0)/Et2h). (43)

The first term of the integrand is defined as

~ 1
= Co) (P P) + 73 > C(PAuR'k:R'(P-Kk))

R.R'ELG(P)
(44)
« / ‘;_’;6 / C;—I:G(k’)G(P _K)K(P, k, K)G(K)
« G(P — k)C* (PAu: R; R(P — K)). (45)

We have also introduced new notation for the second term,
[YAﬂ}l.m \ 4”Ylm(k*)

dk!
= > C(PA,u,R(P—k’),Rk’)/—OG(k{),Rk’)
RELG(P) 2m

x G(Py — ki, R(P — K'))K(P. k. k). (46)

We stress that Y depends on off-shell K matrices. This
dependence is unavoidable in the two-particle correlation
function and will persist in our final result. However, we
will see that the off-shell contributions cancel when we
consider the ratio of correlation functions that is needed to
isolate the matrix element of an external current between
finite-volume energy eigenstates.

In order to evaluate the integral over P, we first note that the
free poles of the integrand exactly cancel. This is a nontrivial
observation that cannot be reached unless one formally keeps
all partial wave contributions that have overlap with the irrep
of interest. In particular, in Appendix A, along with showing
an explicit proof of the cancellation of the free poles, we show
that by truncating the scattering amplitude to be in an S wave
the free poles, in general, do not cancel. The cancellation of
free poles assures that the only contribution to Eq. (43) is from
integration around poles of the interacting system. To evaluate
these, we introduce

M(Po ) = K(Po ) + (FY (Poar)) ™" (47)

Now note that the finite-volume two-particle spectrum is
given by energies for which M(Pg,,) has a vanishing
eigenvalue. This is Liischer’s quantization condition, given
in Eq. (1) above. At this stage we think it useful to discuss
the connection of this result to previous work. We first
observe that, although the condition in terms of M(P ;) is

PHYSICAL REVIEW D 91, 034501 (2015)

most convenient for the bulk of our analysis, here it is
useful to reexpress it as

det[(K(Pou)) ™" + FY (Poy)] = 0. (48)

This is reached by multiplying M by K~! on the left and by
F on the right before taking the determinant. It gives an
equivalent condition since multiplying by these matrices
does not change the locations of zero eigenvalues.
Substituting Eq. (41) into this form then gives

det[(M(Poy))~" + FL.(Poy)] =0, (49)

where FY.(Pg,) = iP?/2+ FV(Pyy). This shows the
equivalence of the present result to those appearing in
Refs. [27,54,60,62-64].

Next we consider Eq. (48) for energies in the vicinity of
the lowest two-particle threshold. In this case we need only
consider the S-wave scattering for the lowest two-particle
channel. The quantization condition becomes

g I cota(k) - drcd (K25 L)) =0.  (50)

We may analytically continue this result below threshold
by replacing k* =i|k*| =ix. In this continuation
4rcd,(k*?; L) = —« plus exponentially suppressed correc-
tions.'> We deduce

k* cot5(k*)

k=ix T k=0, (51)

which is the standard, infinite-volume condition for a
bound state.

Returning to the P integral in Eq. (43), we write the
inverse of M(Py ) in terms of a determinant and adjugate,

1
M(Pos)  detM(Poy)]

adjM(Po)l-  (52)

This equation defines the adjugate which is also equal to the
transpose of the cofactor matrix.” It implies that, as Py
approaches a two-particle energy, M (P, )~! will diverge
in proportion to det[M(Pg,,)]~" such that adj[M(Pg )]
remains finite. This separation, into diverging prefactor
times finite matrix, makes Eq. (52) useful for evaluating the
residue of the two-particle poles. Looking at the variation of
the quantization condition about the energy eigenvalues,
we find

"2We stress that the exponentially suppressed corrections may
be large near threshold so that keeping such terms may be
im%onant.

This is also commonly known as the adjoint of a matrix, but
given the context of this work, this nomenclature could be
confused with the Hermitian conjugate. Therefore, we refer to
this matrix as the adjugate to avoid confusion.
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OM(Po.u)

Qe (Pos )| = det(E,)] + (Poy = e st (Pl T | oqm-ig) (5
= —i(Py— iE,)tr [adj[M(PO,M)] %IZTWM)} . + O((Py — iE,)?). (54)

With this in hand, one can perform the integral in Eq. (43)
to find

2 e
CE\;,ab(x() — Yo, P) = L3Ze Epn(x0=Y0) [YA/‘»"RA-HYRM,"]M’
(55)
; . OM(P -1
Ry, =adj[M(Pg)]tr [ad] M(Po )] 8;’401‘4)]
0.M PO.M:EA.n
(56)

where Y, , is the value of Y [defined in Eq. (46)] evaluated
at the nth interactive two-particle pole. Here the sum over n
runs over a finite set of energies that lie below the next
multiparticle threshold. We are constrained to this region
because our expression for the integrand of the P, integral
was only valid for ImPj; < 4m, as already discussed above.

By comparing this result to Eq. (19), we find that the
matrix elements of the interpolating operators, in general,
satisfy

<0|0Au,a (O’ P) |EA,nP; L> <EA,nP; L|Oj\,4,b (07 _P) |0>

= LB[YAﬂ,nRA,nY-/{-\ﬂ,n]abv (57)
and in the case that a = b this implies
(0100, 0. P Ey L] = L32[V, R,V
(58)

where the repeated indices on the right-hand side are not
summed. Equations (57) and (58) are the main results of
this section.

A. Single-channel S-wave result

Here we consider the case where the orbital angular
momentum is restricted to the S wave. For this scenario to
be relevant, the irrep of interest should have strong overlap
with the § wave and all higher contributions should be
small. These conditions hold, for example, for the zz
system near threshold. At rest the LO contamination to the
S wave is due to [ = 4, and in the moving frame the LO
contamination is due to [ = 2, both of which are suppressed
at low energies. In this scenario M is a one-by-one matrix
and its adjugate is 1. Using Eq. (56) one obtains that the
residue at the nth pole is

Rg, = [OM/OPg ] | Pos=En,

8zE; 1 [0(55+ @) -1
- é * 2 |P0AM:EAJI ’ (59)
d, COS 6s aPO,M
where we have introduced the pseudophase ¢¢ with (Im)
angular momentum in the moving frame
x d AT a
’ A\ n C0t¢lm =T Clm(qA.n’L)' (60)
An

Combining this with the S-wave projection of Y, defined
in Eq. (46) above, we conclude that

|<O‘OA;4(O’ P)|EAJ‘[P; L>|

_ L3/2< $qy |Yg|cos?65 )1/2 (61)
8zE;, [0(6s + ¢%0)/OPoullp, -k,

We stress here that Y contains the dependence of this matrix
element of the specific operator used. We also recall that, in
the case where the operator is built from single-particle
interpolating fields as in Eq. (13), then Yy can be expressed
in terms of an off-shell K matrix, Eq. (46). This off shellness
is unavoidable, since the single-particle interpolating fields
are evaluated at finite-volume momenta, which are different
from the momenta that are determined by the finite-volume
spectrum of the interacting theory. In Sec. III we show how
the dependence on Y cancels when one constructs ratios to
access finite-volume matrix elements.

Also, it is worth mentioning that Eq. (61) clearly
explains why, if one constructs an operator with a particular
set of discrete momenta, the resulting correlation function
will have the largest overlap with the nearest eigenstate.
This is because the amplitude of each exponential scales as
~+/|Ys|?. From the definition in Eq. (46), one observes that
this diverges in the limit where the energy of two free
particles with the quantum numbers of the two-particle
operator, Ej.., coincides with the finite-volume interacting
energy Ey ,. In fact, one can show that near this pole, the
overlap factor scales as ~|Ey , — Ege.| ™. In Sec. IIID 1 we
show that this result reproduces the well-known LL factor
in a moving frame.

B. nz in a P wave

In the case where the two particles of interest are
degenerate, parity is still a good quantum number, even
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TABLEIL  Nonzero values of a3 , and a3, , for d* < 3. For the Ty irrep of OF, the ¢, vanish; therefore, there is

no need to define af,, , for this irrep.

d (00n) (nn0) (nnn)
d _ 2 d _ _ 1 .d _ _: /6 d _ _»: /6
0.0, = 5 X0a, = T 50 %224, T _l\/§ Opa, = _2’\/§
d _ _ 1 d  _ _ 1 a4 _: /s da _ /6
0E = T 0B, = T 50 %28, = ’\ﬂ Mg = ’\/;

d — 2
0B, = /5

when the total momentum is nonzero. As a result, odd and
even partial waves in the zz systems do not mix. Therefore,
when interested in studying scattering in the P-wave zz
channel, the LO partial wave contamination to consider is
due to the F wave. By neglecting this contribution, M can
be written as a one-by-one matrix, and the quantization
condition can, in general, be written as
cotSp + cot ¢ =0, (62)
where the pseudophase ¢4 can be written in terms of the
pseudophases defined in Eq. (60),
cot ¢ = (cot gl + a3, , cot gy + al, , cotpy,).  (63)
For systems with d = 0 and cubic volumes, the ¢§, exactly
vanish. For systems with nonzero total momenta or for
asymmetric volumes, ¢$, do not necessarily vanish and the
values of g, , and a3, , for d* <3 are shown in Table II.
The overlap factor of the two-particle interpolating
operator with the nth finite-volume eigenstate for a two-
particle system in a P wave follows from Eq. (61), after

substituting for the definition of the pseudophase and using
the P-wave phase shift

|<0|OA/4(07 P)|EA,nP; L>|

_ L3/2< 4 |Yp|*cos?sp )1/2 (64
87E, [8(5P T ¢g)/aPOM] |P0<M:E1\.n

In Sec. III D 2 we show this leads to the needed LL factor
for 7y* — nz when the final state is in a P wave.

Note that we have left the symmetry factor & unspecified
here. A P-wave state is antisymmetric under exchange of
individual particle momenta. Thus, for bosons, overall
exchange symmetry implies that the P-wave states must
also be antisymmetric under exchange of particle labels. This
in turn implies that only nonidentical pions can participate in
P-wave scattering. However, if we use two-pion isospin
states to define scattering quantities, then & = 1/2 must
nonetheless be used. To make sense of this consider, for
example, the two-pion state with [ = 1, M; =1,

1= 1.0M; = 1) = —(|z* 2% = %)) (65)

N

This can be used to construct and compare P-wave scattering
amplitudes, and K matrices, defined using isospin states and
using unsymmetrized states. One finds

[K1=1,M1=1]P = 2[Kﬂ+ﬂ0—>ﬂ'+ﬂ0}1)’ (66)
where the subscript P indicates that we are only considering
I = I' = 1 entries. This discrepancy in K matrices implies a
difference in the values for [Y;_; y,—1]p and [Y i 0]p, as
defined in Eq. (46). However, the finite-volume matrix
element of a given operator must be independent of this
choice. Equation (64) gives consistent predictions as long as
oneuses & = 1 with [Y . o]pand & = 1/2with [, 3y, _]p.
See also the discussion after Eq. (106) below.

C.znK for J <1

As a slightly more complicated example, we consider the
7K operator. For such a system with zero total momentum,
parity is a good quantum number, and as aresult odd and even
partial waves do not mix. If we restrict the angular momen-
tum to satisfy J < 1, the system could be in an S or a P wave.
The corresponding cubic irreps would be A and T, and the
matrix elements of their respective operators are described by
Egs. (61) and (64), respectively. For a boosted system, parity
is no longer a good quantum number. As a result odd and
even partial waves will mix. Neglecting D-wave contami-
nation, one finds that for boosted systems at least one irrep
will have large overlap with P-wave states and no overlap
with the S-wave states. One can readily identify suchirreps as
E for d = (00n), B, and B, for d = (nn0), and E for
d = (nnn). For these irreps, the overlap factor is again
shown in Eq. (64). The nonvanishing values for ago’ 4 and
a9, , for d* < 3 are given in Table II. The A, irrep for these
boost vectors is an admixture of S and P waves. As an
example, consider the A; in the Dic, group, which is the
symmetry group for d = (00n). This irrep mixes the
(I,m) ={(0,0),(1,0),...} partial waves. In this space
one can write down the finite volume function F and the
K matrix,

% cotpd
DiC4A1: IFX] = q/\l’on ( 0o

cot
87Ej, '

cotgd, cotdpd, +2/v/5cotgd,
(67)
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8zEj, ( [cotss]™ 0
(% [cotaprl)' (68)

The quantization condition can be written as

Kon,on;A] -
qAI ,on

DicyA, : det[Ma,] = det [Kopona, + (F5 )] =0.  (69)

In order to evaluate [(0|Ox, o p|Ea, ,P; L)|, we first need to
evaluate the adjugate of My ,
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We obtain the overlap factor for the A, irrep for the Dic,
group,

(Ya,unadilMa, Y

tr [adj[MAl]

1/2
|ﬂJl)
M, 1172
OEAI.H

(01On, o0 En, o P; L) = L?

(71)

Similar expressions can be found for the A irreps of the Dic,
and Dic; groups; the only differences would be the values of
the finite-volume functions and the K matrix appearing in

. [M/-\l]zz _[MA,]Q . . N
adj[My,, | = ) (70)  Eqs.(69)and (68). Forexample, the A irrep of the Dic, mixes
My Maly the (/,m) = {(0,0),(1,—1),(1,1),...} partial waves,
|
cot ¢S, i*/?Refcot ¢4, ] i'?Re[cot ¢4,
, daon [ .
DicyAy: Fy, = &/:Tf\ —i'?Refcot¢p?]  cotpd, — cot py/V/5 —+/6/5 cot ¢3, , (72)
'\ —i3/2Re[cot ¢, \/6/5 cotgd, cot 3, — cot ¢3,/V/5
t5] 7! 0 0
soE;, [ 00
Konona, = —— 0 [cotSp]~! 0 (73)
Ao 0 0 [cotp]~!
The final piece needed is the evaluation of the adjugate of a three-dimensional matrix,
' Mg,y [Ma, ]y _' Ma,]i,  [Ma ] ‘ My, ] [Ma,]5
[MAI]32 [MAJ% [MAlhz [MAJ33 [M/-\l]zz [M/\I]B
adj[MAl] _ _‘ [MAI]ZI [MA1]23 ' [M/\Jn [M/-\l]w _’ [M/\l]n [M/-\l]w (74)
[MAl]n [MA\]]% [M%hl [MAI]% [MAI]H [MAI]%
' [MAI]H {Mm]zz _' [MAJU {MAJU ‘ [MAI]H [M/—\l]u
[MAl]n {MAl]zz [MAJn {MAJQ [MAl]m [M/\l]zz

These two examples explicitly illustrate how to correctly
handle partial wave mixing in numerical studies of the two-
point correlation function. Similarly, one can consider the
scenario where the scattering amplitudes couple different
on-shell channels; in Sec. IIID3 we discuss how to
determine the LL factor for such systems.

III. THREE-POINT CORRELATION
FUNCTIONS AND THE GENERALIZED
LELLOUCH-LUSCHER FORMULA

Having discussed two-point correlation functions exten-
sively in the previous section, we now proceed to the main
focus of this work, three-point correlation functions. In
particular, we are interested in processes where an external
current annihilates a single-particle state and creates a two-
particle state. Such a transition was first considered in this

context by Lellouch and Liischer, who derived a relation
between a finite-volume matrix element and the physical
decay rate for K — zz [25]. The weak Hamiltonian is the
external current in this process, and thus the analysis is
restricted to scalar currents which insert zero momentum.
Here we extend the result by allowing the external current
to inject arbitrary four momentum and to be in any irrep of
the finite-volume symmetry group. This is particularly
relevant for meson photoproduction processes such as
ny* - zxr as well as meson decays of the form
¢1 — P2¢3X, where X denotes an arbitrary leptonic cur-
rent. Even the relatively simple example of zy* — zx
illustrates that the finite-volume final state mixes different
angular momenta, due to the reduction of rotational
symmetry. In addition, the finite-volume matrix element
is related to multiple infinite-volume matrix elements,
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defined via asymptotic states with different particle content.
For example, the 77 state mixes with KK."* Following the
discussion of the previous section, we accommodate any
number of strongly coupled channels, but restrict our
attention to energies for which only two-particle states
can go on shell.

A. Construction of currents in irreps of LG(Q)

In order to construct the three-point correlation function,
we must first define currents in irreps of the finite-volume
symmetry groups. We begin by defining a current which
transforms as a representation of the infinite-volume
symmetry group. As a specific example, consider a four-
vector current which couples an incoming single-particle
state, with momentum P;, to an outgoing (asymptotic) two-
particle state, where one particle has momentum k and the
other P, — k. Defining h,(P;, Py — k, k) as the LO tran-
sition amplitude for this process, we introduce

£ dPodPiydky p_p
. ’ "L 1 —P;+k
Ju) Lgpgp/ 2w 2r 271’ 9'(=P;+k)
kP
X @' (=k)p(P;)h, (P, Py — k. k). (75)

Here £=1/2 if ¢ = ¢ and otherwise £ = 1. The zero
component of this four-vector current transforms trivially
under rotations, also within the finite-volume subgroups.
By contrast, the spatial vector (or pseudovector) is in the
J = 1 irrep of SO(3), and thus transforms under multiple
irreps of the finite-volume groups.

In order to discuss the subduction of the vector current
onto irreps of the octahedral group and the little groups, it is
convenient to first Fourier transform

7/(5.Q) = / dxe T (x)

_i Z /%@%ei(ﬂn—?m)xo

Lo PP, 2 2n 2=x
x @' (=P +k)@' (=k)p(P;)h;(P;, Py — k. k)
X Op,Q+P,» (76)

and also to switch from the Cartesian to the spherical-
harmonic basis

T =F—F%= (T £iT,),  To=JT.. (77

For nonzero Q, the azimuthal component of the vector
current is only a good quantum number if the Z axis and the
momentum axis coincide. It is thus convenient to instead

“This mixing is also present for the coupled-channel gener-
alization of Lellouch-Liischer presented in Ref. [54].
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use operators in the helicity basis. These are found by
defining R as an active rotation from (0, 0, |Q|) to Q and
’D,,{lmz (R) as the m;m, component of the corresponding
Wigner-D matrix in the J representation. With this, one can
rotate from the spherical-harmonic to the helicity basis,

20, Q ZDWM

We are now in a position to decompose the current into
irreps of the finite-volume symmetry groups. First restrict-
ing attention to 7, (o, 0), we comment that the current can
be subduced onto the A irrep of O, using the subduction
coefficients, [C7] i [121]. As can be seen in Table I(a), for
this case the subduction is trivial. The J = 1 irrep becomes
the T, irrep of the octahedral group, with each element
of the helicity basis equal to one of the three p values
labeling the finite-volume counterpart. For systems in
flight, one may define a similar subduction. In this case
nontrivial linear combinations arise, given by

jm(yO’ ) (78)

jjpw] Z SAﬂ ;P] (0. Q).

A=)

(79)

where now J and P specify the angular momentum and
parity of the system in the c.m. frame. Table I(b) shows the
values of S’}\'L for systems with integer J <2 and
LQ/2x ={(0,0,n), (n,n,0),(n,n,n)}, and other pos-
sible cubic rotations are determined in Ref. [121].

The subduction of the vector current onto a definite irrep
of LG(Q) can be easily generalized to currents of any rank,

Tapowi0 Q=T 0. Q). (80)
The discussion that follows is relevant for arbitrary rank
currents with either positive or negative parity that have
been properly subduced onto the irreps of LG(Q). The key
point is that, by taking appropriate linear combinations, one
can relate an operator in any basis to one that transforms as
an irrep of the finite-volume group. The linear combina-
tions of currents induce linear combinations of the tran-
sition amplitudes so that both 7 and & may be reexpressed
in terms of finite-volume irreps, and the form of Eq. (75) is
preserved in the new basis

i Z /%@%ei(ﬂ.o—ﬁﬁo)xo

L6P[ka 2 2x 2=z

Tl (k0. Q) =

x ' (=Py + k)§" (—k)g(P))

« h[J P.|A]] (Ph Pf — k, k)(sPi,Q+P_f" (81)

Finally, to consider scenarios with N > 1 open two-particle
channels, one need only generalize this expression to
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e O L YR REA(E
Chna (#o’i&o.---) (ot w0 =\ Netm ) oo
v hd E ) :
(1—2,LO) a
Ap,a

(a)

e AR . .
—_/ ©

(b)

FIG. 3. (a) Diagrammatic representation for the three-point correlation function for processes involving a single incoming particle and
an outgoing two-particle state. This is written in terms of the LO transition amplitudes, one of which is explicitly shown in (b), and the
Bethe-Salpeter kernel, depicted in Fig. 1(b). The wiggly line is meant to depict an integer spin external current that can inject arbitrary
four-momenta. Note that disconnected diagrams appearing in the LO transition amplitudes vanish except in the case where the current
has the same quantum numbers as one of the outgoing external legs.

N
P o Sa dProdPigdky ip,\—p, ot -
24 - i 1.0 o —-pP. k a —k Pi
T @ =35 3 [ SRSt F(=Py + K (R (P)
a= 1L
J.P.|2
< WP Py — ke k.a)dp g e, - (82)
where qoa and @ qoa each create one of the two particles in the ath channel and hU P (P;, Pf — k, k,a) is the LO transition

amplitude for that channel.

B. Three-point correlation function

Having properly defined the current of interest, we proceed to evaluate three-point correlation functions. Arriving at the
result with an arbitrary number of open two-particle states is straightforward after one determines the single-channel result.
We thus suppress the channel index for the time being and use Eq. (81) for the current. We begin by giving the expression
analogous to Eq. (19), with a current of arbitrary momentum inserted at time ¢ = yj,

1-2 ! +
CE\fﬂf;)A,l(xf,o — Y03 Y0 — Xip) = <0|0Afm(xf 05 Pf)j[j (30, Q) (x10. P;)[0)
= S ) 010, (0., Py L)

ny

x (Ex, 0, Pyi LIT37(0,Q)|Ey 0Py LY(En oPi: LIg" (0. —P))[0). (83)

In the second equality we have assumed x;, < yg < Xf0-

In order to get insight as to how one can 1nterpret (Er,n,Prs L|,_7 [l (0,Q)|Ey, oP;; L), we also evaluate the correlation
function diagrammatically, as depicted in Fig. 3." First observe that the transition amplitude, shown in Fig. 3(b), is defined
in analogy to the Bethe-Salpeter kernel as the sum of all amputated diagrams that are two-particle irreducible in the s
channel. The object differs from the Bethe-Salpeter kernel only in the form of external legs and in the insertion of a new
contact interaction associated with the electroweak process of interest. To evaluate the three-point correlator we must sum
all diagrams that appear when the external legs of the transition amplitude are contracted with the single incoming particle
and outgoing two-particle state. We perform the calculation of the three-point correlator in two steps. First we consider the
contraction of the incoming state with the current

"Note that Fig. 3 shows the expression for the correlation function when an arbitrary number of final two-particle states are present.
The single-channel scenario is recovered by suppressing the dependence on the a index and reducing all matrices in the channel space to
scalars.
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1 dPi'. iP + J.P,|A
Dm()’o _xi,O) = 32/7'03 Provo <(P(Pi’>(ﬂl(xi,o, —Pi»hE\ﬂ 4] (Pi’va - kf/ka’)5PiI,Q+P‘,
Pl"
—(yo=xi0)En; 0 —E3 4 (Yo—%i0)
_ (¢ ' [J.P.J2]] e
= ( 2EAI"O >hA;¢ (Pi’ Pf - kf/, kf’)5PixQ+Pf "l_ O( EB’th >, (84)

where P;( = iE,_o. The remaining contractions, between the current and the final two-particle operator, give

¢ dProdkso _ip _ 3
DO (xp0—yo) =5 O [0I0, ProOp (xR (=P 4+ kp)@' (—ky))
L b 2 2n

J.P.JA
X hE\ﬂ | ”(Pu P}‘ - kf, kf)(SP,-,Q+Pf‘ (85)
The LO contribution of this term is found to be

L3 [dP;y, .
DR (xy g = yo) = —/2—7];'6’1)”(”-0_”) Z C(PAsus R(Pr —ky); Rky)
n ReLG(P;)

J.P,|A
Wy Py Py~ Ky ky) 5 oo (86)
40,0 (iPfo + (0, + @) T ’

where the ellipsis denotes contributions associated with higher energy poles of the two-particle propagator. Note that the
symmetry factor cancels.

To complete our calculation of C('~2), it remains only to include all higher order corrections to D). These arise from
insertions of the Bethe-Salpeter kernel between the current and the two-body operator. All contributions are included by
making the substitution

1-2)

J.PJA J.P.JA
hkﬂ gl (Pi,Pf - kkaf) - hE\,, l (Pi’Pf - kf’kf)

1 dky o 1P
—532/ o T (Pr kp k)G k)G (P — k)i MNP Py —kp k) + -+ (87)
k//

where the ellipsis again denotes higher energy poles.
To give the final result we must first define fo’w] (P,»,Pf — kg, kf) as the sum over all infinite-volume diagrams
contributing to the transition amplitude, evaluated using the principal-value prescription [depicted in Fig. 4(b)]. This is also

o G R

FIG. 4. 1In order to illustrate the differences and similarities between the transition amplitudes (a) A and (b) H, we show their
diagrammatic representation for the single-channel case in terms of the LO transition amplitude [defined in Fig. 3(b)], the Bethe-Salpeter
kernel [defined in Fig. 1(b)] and in terms of infinite-volume loops. The infinite-volume loops of A are evaluated using the ie
prescription, while those of H are evaluated using the principal value. For multichannel scenarios, the kernels and two-particle loops
become matrices in the space of open channels and the LO transition amplitude becomes a vector in the space, as depicted in Fig. 3.
Single-particle propagators are fully dressed, as defined in Fig. 1(c).
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[]PHH(PI’Pf kf kf) h[JPMH(Plva kkaf)

dK ¢ dkp J.P.|A
+£P.V./ﬁ/ S Kot (Pr ky k) Glkp ) G(Py = ky Yy (P Py = ki k).

(88)
In addition, we define I]-I]Ef,;ﬁ’}l” = dQY}‘ k f) [J P14l (P, Py — kg, ky), which is the projection of this amplitude onto the
spherical harmonic basis of the outgoing state Note that this requires evaluating the transition amplitude in the frame where

the final two-particle state is at rest. In order to minimize excess in labels, from now on we suppress the superscripts on

(J.P.[A]]
Hlm Ap

Putting all the pieces together and performing the integral over Py, one finds the following expressions for the three-
point correlation function:

(vo=xi0)En, 0 4P
(1-2) € O P (s a—y
CAf”f Aﬂ( —Y0sY0 — ) < 2EA.’0 > / o eiProlxzo y0)5P,',Q+Pf

and simply denote it as My, .,

J.PJA
O L. L L L R M P
n Aok, ok, (@1p, K, ‘|’w2,kf/ +1iPgy) At | (V)T Awon
—(vo—=xi0)En; 0
— ¢ v ' _EA n ( 07 )
= < 2y, >L3Ze rap (Xp0=Yo0 VAfﬂf,nfRAf,nfHAf,nf;Au5Pi,Q+Pf R (89)
i ny

where the ellipsis denotes the contribution from higher energy poles. Note that, just like in the two-point correlation
function, the free-particle poles do not contribute due to the careful cancellation of the two objects inside the braces.

By comparing Eqgs. (83) and (89) and multiplying by the complex conjugate expression, one finds an identity for the
finite-volume matrix element

/. P, |2
(Ex, 0 P LT (0.9 = Py Ey P L))

7 T
_ ( L3 ) \/(YAfﬂf,nfRAftnf[H]Af,nf;A/t)(HA_/..nf;AMRAf,anAfﬂf’n‘/.)
a (

- (90)
2Ep,0) [{0|On, (0. Pp)|Ex o Prs LYI[{En, oPys LlgT (0, —P;)[0)]|
B ¥
. 1 <YAf”f*”fRAf’"flH]Af’”f;A”>(HAfa"ﬁAﬂRAf Ny YAf”f»”f) (91)
p— _I_ b
V2En.0 Vg Rgny Y ay g

where we have used Eqs. (9) and (58) to write the second equality. It is important to emphasize that the value of Y depends
on the two-body interpolators used, and it is essential to use the same interpolators in the two-point and three-point
functions for the second equality to follow. Indeed, although we constructed our two-body interpolators from scalar fields
(with residue one at the single-particle pole), this result holds for any interpolating field with the desired quantum numbers.
Any nontrivial overlap factors cancel between the numerator and denominator.

For multichannel systems, one needs to evaluate the three-point correlation function using a current that couples to all
open channels, as defined in Eq. (82). In this case one has the freedom to choose which flavor of two-particle operator is
used in evaluating the correlation function. We define

1-2 2
Cgtf,,f,L;A,,(xf,o = Y03 Yo — Xig) = <0\OA,,4, a(Xf, O’Pf)jAﬂ ll ())O’Q)(/)T(xi.Ov -P;)[0)

= e om0 g Eno00=ri0) (0|0, (0. )| En, , Pyi L)
ny

X (Ex, 0 P LIT(0.Q)|Ey 0Py LY(Ey 0P LIp™ (0.~P)[0).  (92)

This generic representation of the three-point function is diagrammatically depicted in Fig. 3(a). Following the steps above,
it is straightforward to see that Eq. (91) generalizes to
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T T
[vAf'”f'*”f' Ry HAf’”f;A”]” [IH]Af’”f;AIlRAf'anAfﬂfs” f]a

(Ep, P LT 5 (0.9 = Pp)|Ey o L)| =

V2En, o

where the repeated channel indices on the right-hand side
are not summed.

We now show that this result is equivalent to the main
result of this work, Eq. (2) above. To do so we define

(a) _ /T
\/b :YAfﬂ_,»,nf;a,b’

(94)
where a and b are channel indices. We stress that, for each
fixed value of a, \/E,a is a column in angular-momentum/
channel space. Suppressing the channel index b, this
notation allows us to rewrite Eq. (93) as

JP i
(Ep, s LITRS P Ey 01 L)

a T a
_ 1 [\/( )TRAf,anAf,nf;Aﬂ} [HA‘[,n‘[;AﬂRAf,nf\/( )]
% 2E 0 [\/(a”Rqunf\/(a)]

(95)

Here we have dropped all momentum and time labels for
compactness of notation.
We next observe that R, g which is Hermitian and

therefore diagonalizable, has only one nonzero eigenvalue.
To see this, recall that R Ay is equal to a scalar prefactor

times adj[M(Py, = Ey n)}

stood as a matrix in angular-momentum/channel space that

has been projected onto the A subspace. We now consider

the adjugate as a function of €, = Py — E, ,, and show

that all but one of its eigenvalues vanishes as ¢, — 0.
Recall the defining relation

adj[M(e,,)] = det[M(e, )][M(e, )] ™!

Formally diagonalizing both sides, we argue that exactly
one of the eigenvalues of [M(e, )] scales as 1/¢, and the
rest are finite. Note that the divergence of two eigenvalues
would imply the existence of two orthogonal states that are
exactly degenerate in finite volume. This represents two
possibilities. The first is that distinct energies coincide only
at certain values of L. This would imply a level crossing,
which does not occur unless the Hilbert space divides into
distinct, noninteracting subspaces. The second possibility is
that the finite-volume spectrum includes states that are
degenerate for all values of L. This occurs whenever there
is a symmetry relating the finite-volume states. However, in
the present context the matrix has been projected to a
particular irrep and row. It follows that, within the subspace
that we consider, exactly one of the eigenvalues of

A . The adjugate here is under-

(96)

Y Ry , Yi - 3
[ Af/lf,’lf Af.i’lf Afyf,nf]aa

|

[M(e,)]™" scales as 1/e,. This in turn implies that the
determinant of M(e,,) vanishes as €, or faster, and thus all
but one of the adjugate’s eigenvalues vanishes.

We denote the nonzero eigenvalue of Ry, by 4 and the
corresponding eigenvector, E. We also introduce E;, E,, ...
as the remaining orthonormal set that is annihilated by
Ry, n,- These eigenvectors span the space, so we may
substitute V(@ = cE + 3" ¢,E; and deduce

JP /1
(En, s LITR P Ey 01 L)

* T
_ 1 \/[C A[ETHA/,n/;Aﬂ] [HA.[.I’I‘/;AMCA’[E] (97)
V2Ex0 Ac*E'Ec ’
1 pEw o B (98)
\/TM) A.f’n.f;A:” Af.l’lf;Ay )
\/TAO \/Tr Apng AMA[E[ETHA/,n‘,;Aﬂ]» (99)

where in the first line we acted R, .y ON each eigenvector,
in the second line we canceled common factors and inserted
a redundant trace, and in the third we used the cyclic
property of the trace. Observing finally that

Ry, = AEET, (100)
we conclude
(En,, anf, LITL0,P; - Py)|Ey, 0Py L)
- \/Tm \/[Hj\fv”f?/\ﬂRAfv”fHA;‘»nf;Au]- (101)

C. Relation of H to infinite-volume matrix elements

In this section we relate I]-I]Af:,,f;AM;mejf =
Ha, At m, (E A, ) to infinite-volume matrix elements.
Here we have glven the full set of indices including
Jymy, = lym, which are the angular-momentum indices
of the final two-particle state and were suppressed in the
derivation above. We have also emphasized that the label n,
only refers to the particular two-particle pole at which the
transition amplitude is evaluated. Finally, we stress that the
subscript Ay on H indicates that the angular-momentum
space has been projected onto a finite-volume irrep. For
example, in the case of Ay = A the transition amplitude
will include J = 0, J = 4 and certain higher waves, but
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not J,=2,J,=3. However, by considering different
irreps one can, in principle, sample all partial waves,
and so construct an unprojected vector Hy,,., oy -

To give the relation to physical matrix elements, we first
connect this transition amplitude, defined using the princi-
pal-value prescription, to the amplitude defined via the ie
prescription. We label the latter A, ., .m,, - Both amplitudes
are explicitly shown in Fig. 4 and the refationship between
the two is found by noting that the difference in each two-
particle loop is a simple kinematic factor, determined by the
residue of each loop at the poles. This is very similar to the
relation between K and M discussed above. We find

A =H+ K(iP?/2)H + K(iP?/2)K(iP?/2)H + - - -

B [W}“

}K“[I—I] = MKH. (102)

1

B [K‘l - (iP*/2)
For systems with only a single channel present H and A are
columns and P, K and M are diagonal matrices in angular-
momentum space; otherwise, these objects are defined on
the direct product space of angular momenta and open
channels. Note that H only has complex values from the
spherical harmonics, the function H before decomposition
is pure real. Thus the nontrivial complex phases of A are
determined entirely by the strong interaction, as encoded in
IK=! M. In the single-channel case we see that the phase of
A is equal to the elastic scattering phase of the two-particle
channel considered. Thus Eq. (102) is simply the gener-
alization of Watson’s theorem for multichannel systems.

This relation motivates the definition

Rapm, = [M‘”KR[KM‘I]Af’nf, (103)
which allows us to compactly display our main result in
terms of A, as in Eq. (2) above.

Finally we comment that Ay, Iy, is trivially related to
the infinite-volume matrix element of the current. To see
this, we first rewrite the current 7 E{f’w (x0,Q), Eq. (82), in
infinite volume and set xy, = 0,

N 4 4 *

. . - d Pr d*P; d'k

jAﬂ (0’ Q; oo) = za: Sa / (271')4 (2”)4 (27[)4
<GP + D H0lP)
" hKf’W](Pi’ Py—k k,a)

x (27)383(P; — P, - Q). (104)
Note that we still label the current by Au. The linear
combinations that relate this basis to more standard
infinite-volume bases are discussed above. Requiring
only that states are normalized according to the standard
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infinite-volume relativistic convention [Eq. (8)] and also
that the single-particle operators have propagators with
unit residue [Eq. (7)], one arrives at Eq. (3).

D. Examples of applications of Eq. (2)

1. K - nz decay amplitude

First, we demonstrate that this formalism properly
recovers the well-known result for K — 7z weak decay.
In this case, the initial state is a single kaon and the external
current is a pseudoscalar. The current cannot inject any
momentum, so we set P, = P;. By conservation of angular
momentum, the infinite-volume current can only create a
two-pion state in an S wave. For this scenario our master
equation gives the following relationship between the
infinite-volume transition amplitude and the finite-volume
matrix element:

|AS,nf |2

=10,-1,10

o By P70

_162ERE;, 9(65 + i)
qné OPyu

10,0)|K. ExP; L)]?

. (105)
Pom=En;

For the problem at hand Ey is equal to the energy of the
incoming kaon, and the symmetry factor ¢ is equal to 1/2.
If one wishes, it is straightforward to replace the derivative
with respect to total energy with a derivative with respect to
relative momentum. Doing so, one finds agreement with
Refs. [25-28] in the limit that the initial and final states are
exactly degenerate. Note that, since the current is evaluated
at a specific time slice, the current need not conserve energy
and Eq. (105) reflects this fact. For a process such as K —
zz this is an artifact, and one must set the zz energy to be
degenerate with the kaon in order to extract the physical
decay amplitude.

2. y* — nx transition amplitude

Unlike the previous example, for a process such as zy* —
zz the external current can inject arbitrary momentum. For
such a process, the lowest energy configuration of the final
state is a P wave. Therefore, it is expected that the Lellouch-
Liischer factor gets modified. Since the two particles in the
final state are degenerate, odd and even partial waves cannot
mix. By ignoring contamination from the F' wave and using
the results of Sec. II B, one finds the generalization of the
previous result for two particles in a P wave,

|AA.f”f’"f;A/‘;J /=1 i
PATRSNT]
|(zx, Eanf,Afﬂf;Lu[Aﬂ “lo,p, - py)
_ 16zEE, 0(5p + ¢)

= , 106
@& OPou (106)

2

n, EP;; L>

Pom =Enf
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where ¢4 has been defined in Eq. (63). Also, as already
discussed after that equation, £ = 1/2 must be used if A is
defined in the isospin basis and £ = 1 must be used if A is
defined with unsymmetrized two-pion states. The two
choices are consistent since the two definitions of the
transition amplitude differ by a factor of v/2. The J; = 1
superscript on the transition amplitude means that we have
integrated it against one of the /; = 1 spherical harmonics.
As discussed above, this projection is performed in the two-
particle center-of-mass frame. Observe that the right-hand
side does not depend on the representation of the current or
the single-particle state.

The right-hand side effectively corrects for the large
finite-volume artifacts associated with the two-particle
state. This gives a one-to-one mapping between the
finite-volume matrix element and infinite-volume transition
amplitude for this process. The result thus allows one to
determine, using LQCD, the same quantity that is extracted
from experiments. If one wants to evaluate this transition
amplitude at the p pole, in order to study processes such as
wy* — p, then it is necessary to analytically continue into
the complex plane [59]. This requires parametrizing the
transition amplitude as a function of the exchange momen-
tum as well as the relative momentum between the two
pions in the P wave. By fitting this function to the LQCD
results, one can study the behavior of the transition
amplitude as a function of the exchange momentum at
the resonance pole.

3. Two-dimensional case

As we have already stressed, partial wave mixing is
inevitable when performing calculations in a finite volume,
and this mixing is quantified by our main result, Eq. (2). In

|

=J,P,|A 2
(Ep, n,PriLIT 0 (0.9 = P Ey oPi L))

[H]; [H],[My, ], — [HI5[H]; My ],

PHYSICAL REVIEW D 91, 034501 (2015)

addition, the final two-particle state may, in general, have
overlap with more than one infinite-volume state. This
leads us to consider a generic scenario where the matrix R
in Eq. (2) is two dimensional. In order to avoid introducing
additional notation we consider the form of the main result
using infinite-volume quantities that are defined via the
principal-value prescription, namely Eq. (101).

In Sec. I C we discussed one explicit example for a 7K
boosted state, where we neglected contributions from J, >
2 partial waves. We could also consider a system with two
open channels where we ignore partial wave mixing, e.g.,
zm — KK. In the first case the finite-volume matrix [FXf will

have off-diagonal terms but the K matrix will be diagonal.
In the second case this is reversed; the K matrix has
nonzero off-diagonal terms while [Fxf is diagonal. In order

to accommodate these two scenarios simultaneously, we
allow the K matrix and the [FXf matrix to have off-diagonal
terms. The spectrum of this system must satisfy

det[M,,] = det[K,, + ([F,‘(f)—l] =0. (107)

By restricting M A, tO be a two-dimensional matrix, its
adjugate can be written as

[MAf]ZZ

_[MAf]21 (108)

. —[MA ] 2
ad_] [MAf] |PU.M:E1\f‘nf = ( [MA i | ) '
/11

By requiring M to satisfy Eq. (107), we note that not all the
elements of its adjugate are independent.
Inserting the above expression into Eq. (101), one finds

B 2E),0

where the subscripts of Hy ,, , .1, have been suppressed in
the last line for compactness. Here we emphasize that
although the full transition amplitude is real, the spherical
harmonic decomposition may, in general, be complex. This
is due to the fact that the spherical harmonics are them-
selves complex. This result illustrates the power of Eq. (2).

4. D - {an KK} decays

Assuming sufficiently heavy pion masses, such that the
multiparticle threshold lies above the energy of the D
meson, Eq. (109) allows one to study D — {zz, KK}
decays. To find the equivalence between the result

1 <|[H]1|2[MAI]22 + |[H]2|2[MAI']11 —
tr[adj[My,

OMAf} (109)

OPo.u Pou=En;n,

|
presented in the previous section and the result presented
in Ref. [54], we rederive the result of Ref. [54] using
notation presented here. This allows for a more compact
representation of the result. In Ref. [54] the authors follow
the trick first utilized by Lellouch and Liischer to describe
K — 7z decays. We present this method in the context of
the two-channel system.

The argument proceeds by modifying the zz — KK
correlation function, by including a contribution to the
Hamiltonian density due to the weak interaction. We denote
this perturbative shift by AHy(x), where 4 is a free
parameter that allows us to organize an expansion. The
modified Hamiltonian density couples 7z — KK with the D
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state, both in a finite and an infinite volume. Considering
first the finite-volume theory, we tune the box size L such
that the D state and some 7z — KK finite-volume state are
exactly degenerate (for a given total momentum). The
presence of the weak interaction will break the degeneracy
and result in two nearly degenerate states with energies

EY = Ep + AL3(EpP; LIHy (0)|D, EpP; L)|, (110)

where we have only kept the leading order contribution in 4

and where Ej, = \/M? + P? with M, the D meson mass.

Turning to the infinite-volume theory, the weak pertur-
bation has the effect of modifying the scattering amplitude.
This modification is due to the additional interaction that
couples the D to the two-particle states. The shift in the
scattering amplitude contains two insertions of the weak
Hamiltonian, one for transitioning from two particles to the
D and one for transitioning back to two particles. Thus the
shift is generically O(4?), but in the present case we
evaluate the amplitude at an energy which is shifted by
O(A) from Ep. This enhances the shift in the scattering
amplitude to be O(4). One finds [54]

MWD = MOFIAM (111)
where
M = 1 < ‘AD—>7E71|2 AD—VZII‘ATD_}K[_()
2EDAE ATD—»;ZIEAD—J(I_( |AD—>KI_(|2
(112)

and where we have
Hw(0)|D, EpP; L)|.

We next find it convenient to rewrite this perturbation to
the scattering amplitude as a perturbation to the K matrix.
To do this, we follow the reasoning of Eq. (102) and
observe that the only difference between the transition
|

defined AE = L3|(EpP;L|x
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amplitude and the scattering amplitude is that for the latter
we need to include the imaginary part of the diagrams
associated with both incoming and outgoing two-particle
states. This leads to the following relation between AM
and AK,

AK = KMTTAMMK. (113)
At this point we can combine the shift in the finite-volume
spectrum with the shift in the infinite-volume K matrix to

determine the leading order modification to M, defined in
Eq. (47). We find that the matrix is shifted by an amount

AAM = AAE oM

FAAK.
9 0.MIP, \y=Ep

(114)

Of course, the quantization condition must also be valid for
the perturbed theory. We thus deduce that the linear shift to
the determinant of M should vanish,

det[M(A)]| = det[M(0)] + Atr[adj[M(0)]AM]

= /Itr[adj[M(O)}AMHPOMZ% =0, (115)
where we have used the fact that M(0) also has a vanishing
determinant since this defines the quantization condition of
the unperturbed theory.

Showing that this result is equivalent to Eq. (109)
requires some algebra. First we substitute Eq. (114) into
Eq. (115) and solve for AE,

trjadj|M]AK
=—r[Z.JEM]] =l (116)
wfadiMl 25,
Next we substitute the specific two-channel form,

Eq. (108), and also use Egs. (102), (112) and (113) to
simplify the result. We conclude that

AE? = LO|(EpP; L|Hy (0)|D, EpP; L)|> =

which is equivalent to Eq. (109) for the special case where
the initial and final states are exactly degenerate and have
the same total momentum. Furthermore, since the outgoing
two-particle state is in an S wave, all of the elements in the
right-hand side of the equation above are real. Note that the
left-hand side of the above equation contains an extra factor
of LS. This is because the current in Eq. (109) is in
momentum space.

We note that although it might seem that this result is

sensitive to the relative sign between [H], and [H],, our

i ([HH[MAf]ZZ + [HEM,,], - 2[H]1[H]2[MAJ12)| (117)
= : M ’
ZED tr[ad-] [M] m] Poyu=Ep
[
result only allows one to determine the sign of

[H];[H],[My,],,- The determinant condition describing
the spectrum is only sensitive to the magnitude of
[My,],,- Therefore, we find no method here for determining
the relative sign of [H], and [H],.

5. B — zK transition amplitudes

One example where partial wave mixing may, in general,
not be small is in studies of B — zK transition amplitudes.
This is due to the fact that for boosted systems the final state
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will be an admixture of even and odd partial waves. In
particular, if one is interested in the case where the
infinite-volume final state has overlap with the K*(892)
resonance, then one must consider irreps that have strong
overlap with the 7K P wave. If the final state is at rest or if
itis in the E irrep for d = (00n), B; and B, for d = (nn0),
or E for d = (nnn), and if one neglects the contribution
from the D and higher partial waves by following the
discussion of Sec. II C, then one finds that the ratio of the
infinite transition amplitudes and finite-volume matrix
elements of vector or pseudovector currents satis-
fies Eq. (106).

For the A, irrep of the Dic, group, one simply needs to
insert the expressions for the on-shell K matrix in Eq. (67)
along with F4, in Eq. (68) onto Eq. (109) to find the
relation between the finite-volume matrix elements of
currents and infinite-volume transition amplitudes.
Because of the symmetries of the infinite volume, only
one of the transition amplitudes is nonvanishing. For
example, if we consider the case where the current is
subduced from J; = 1 with odd parity, then H S.np:Au MUSE
exactly vanish. Therefore, for vector currents Eq. (109)
simplifies to

|AP0,nf;A;4|2
(7K. E,, By Ay LT (0. Q)IBY. Ege Py L)
. OMy
tr [adj[MAI] ﬁ}

[MA.I] 11

= 2E, ocos’Sp (118)

P(l,M:EA\f.nf

where Apg, A denotes the P-wave transition amplitude
with zero helicity. This follows from the helicity decom-
position of the A; irrep of the Dicy group as shown in
Table I(b). For a pseudovector current or for rank-two
tensor currents, neither Hg, ., nor Hp,, , .1, need vanish.
Therefore one necessarily must use Eq. (109). For the A,
irreps of the Dic, group one must input the finite-volume
function and scattering matrices defined in Sec. II C into
the general result for the matrix element of cur-
rents, Eq. (101).

As discussed in the previous section, this result does not
require that the initial and final states are exactly degen-
erate. For studies of B meson decays on the lattice, it is a
necessity since the formalism does not currently support
multiparticle states. Therefore this result is of most sig-
nificance for studies of B meson decays with large energy
exchange, while the momentum exchange could be arbi-
trarily small.

Finally, it is important to remember that if one is
interested in studying transition amplitudes involving the
isospin-1/2 Kz final state, one necessarily must consider
the admixture of this with K7. Although the inelasticity is
seen to be small at physical values, this will depend on the
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quark masses used to perform the calculation.'®
Furthermore, for unphysically large quark masses, such
as those in used in Refs. [22,23,111], the K7 threshold is
significantly closer to the Kz threshold than it is in nature.
In order to include this mixing between the channels one
will have to use Eq. (109) when there are two open
channels with negligible partial wave mixing or, in general,
Eq. (2).

IV. CONCLUSION

In this work we present a nonperturbative derivation of
two- and three-point functions in the mesonic sector. In
Sec. I we explicitly demonstrate how to construct oper-
ators with the appropriate symmetries of a finite-volume
system. This allowed us to write down the correlator as a
function of time and energy, Eq. (55). We find that although
the spectrum solely depends on the on-shell scattering
amplitudes, the correlation function also depends on off-
shell scattering amplitudes. Furthermore, the result pre-
sented explains why if one constructs an operator with a
particular set of discrete momenta, then the resulting
correlation function will be dominated by the nearest
eigenstate. This is because the overlap of an operator with
a state, Eq. (58), scales as ~|Ey , — Egee| ™!, Where Ef,
stands for the free energy of the two-particle system and
E , is the nth eigenstate of the A irrep of the corresponding
symmetry group.

In Sec. III we discuss the construction and interpretation
of three-point correlation functions in the mesonic sector.
Section III A reviews the work of Ref. [121] in the
construction of currents that have been properly subduced
onto an irrep of the symmetry group of the system. Having
defined the subduced currents, in Sec. III B we evaluate the
three-point correlation function diagrammatically to all
orders in perturbation theory, Eq. (89). By comparing
the expression of the three-point function with Eq. (58),
we find a master equation for the matrix element of currents
between a one- and two-particle finite-volume state,
Eq. (2). This result is the generalization of the Lellouch-
Liischer formula, relating matrix elements of currents in
finite and infinite volumes, to processes where the external
current can inject arbitrary total momentum into the system
and the final state can be in an arbitrary partial wave. The
generalization also includes an arbitrary number of strongly
coupled two-particle channels. The result is exact up to
exponentially suppressed volume corrections that are

1t is important to remember that at the physical point, the 7 is
a resonance that decays approximately one-third of time to 37°
[129]. However the width of 1.31 £ 0.05 keV [129] is suffi-
ciently narrow that treating the resonance as stable would likely
be a good approximation. In this approach, resolving the finite-
volume spectrum where the # resides will most likely require
having three-body operators. Additionally, at the physical point
one can no longer neglect mixing between Kz and Kzz, which
our formalism does not accommodate.
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governed by Lm,. In Sec. I D 1 we demonstrate that this
result recovers the well-known K — zz result. Section III
D2 demonstrates how one determines the zy* — zx
transition amplitude. Section III D 3 gives a generic expres-
sion for the determination of finite-volume matrix elements
where there are two coupled channels open, Eq. (109).
Equation (109) is relevant for two-channel systems, regard-
less of whether the mixing is physical or an artifact of the
reduction of rotational symmetry in a finite volume.
Section I D5 demonstrates how to implement this for-
malism for future studies of B — zK transition amplitudes,
where the final state is properly treated as a scattering state.
Finally, we remark that although we have chosen to
perform the derivation using a current that has been
subduced onto an irrep of the symmetry group of the
system, one can implement the formalism derived here to
currents that do not satisfy this criteria. This is due to the
fact that one can also write any current as a linear
combination of subduced currents.
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APPENDIX A: CANCELLATION OF FREE POLES

In arriving at the final expression for the two-point
correlation, Eq. (55), we argued that the free particle poles
of the integrand of Eq. (43) do not contribute. Here we give
a proof of this statement. In Secs. II and IIT we constructed
operators that are in the irrep of the symmetry group of the
system, but the cancellation of free poles cannot depend on
this fact. It must only depend on the fact that the particle
interactions are not exactly zero. If one would choose to not
define an operator with good quantum numbers, then
Eq. (19) would acquire an additional sum over all possible
irreps that have overlap with the operator of interest. This in
turn would lead to a far less reliable extraction of the
spectrum since multiple irreps could, in principle, have
nearly degenerate eigenstates. With this caveat in mind, we
decide to illustrate the cancellation of free particle poles
using a set of generic operators with no restrictions on
quantum numbers,

A(x,P) = Za<k)€0(xo7 P —Kk)p(x. k),

(A1)

k
B(xo.P) = _b(k)gp' (xo, =P + k)§' (x0, k),
k

where a(k) and b(k) are generic functions of k. Note that we have not specified wether the sum is over all possible values
of k or one specific shell; this distinction does not matter.

Since the cancellation of free poles is not affected by the number of open channels, we restrict the discussion here to the
case of only one open channel. It is straightforward to write down the two-point correlation function (depicted in Fig. 5) in
the vicinity of the free poles

—iL? a(k)b(k)
4w p_ 02 Py — i(@1p_y + @)
a(K)b(K T, (P, k, k')

- : . +oeel
§4w1y—sz,k [Po — i@ px + @2 k)[40 powr i [Py — i@ poi + @2 r)]

Py .
(0] A(xo. P)B(yo. P)[0) = L? / dz_”o<>[

(A2)

where the ellipsis denotes finite contributions to the correlation function near the free poles. In writing the correlation
function we have introduced a function T, (P, k, k'), which is related to the K matrix via Eq. (38). Near the free particle
poles this can be written as

K(P. k. )T, (P.1.K)

1
TL(P k. K) = —K(P. kK “{_ _/] ' ’
L ) ( ) L’ Z 1] 401 p@)[Po — i(@) py + @21)]

(A3)
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where we have neglected contributions which are expo-
nentially suppressed in m,L. The free particle poles satisfy
Py = i(w;p_x + @y ), and in order to obtain their con-
tribution, we investigate the leading ¢ behavior, where € is
defined via

PO = l.(a)l’p_k + Cl)z’k) + €. (A4)
To do so, we upgrade these functions to matrices in
momentum space. It is important to observe that, in general,
there will be multiple values of k and P — k that satisfy the
free energy condition, specifically all elements of {k } and
{P —k}p. Defining @, and w, as the free energies that
satisfy Py = i(w; + @,), at leading order in €, Eq. (A2)
simplifies to

(0] A(xo, P)B(yo, P)|0) = ~iL%a LwlwzJ *

1 * 1 *
- T b.
‘ [46016026} - [46016026}

(AS)

Here a is understood as a row and b as a column vector,
[1/ (4w w,€)]* is a matrix that acts in the restricted space of
{k}p and {P — k }, with value equal to 1/(4w,®,¢), while
T, is a matrix with off-diagonal entries. If we next restrict
our attention to the set of momenta that satisfy the free
energy conditions, then the 7" matrix, Eq. (A3), satisfies

['n.

At this stage we observe that, since K = O(1), one can
show that

1 1
TTL——[K—H—K[— (A6)

L’ 4w w,€

(A7)

Substituting this into Eq. (AS5) gives perfect cancellation of
the O(1/¢) terms independent of the values of a and b. This
justifies the cancellation of free particle poles in Eq. (43),
which is recovered by setting a and b equal to the Clebsch-
Gordan coefficients.
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However, it is common practice to restrict the scattering
amplitude to a particular partial wave when obtaining the
finite-volume spectrum. Here we demonstrate how this
approximation can lead to spurious free poles in the
correlation function. Let Kg(n, Py) and Tg(n, Py) be the
S-wave K matrix and T functions at the nth free particle
pole which has a degeneracy of N. From Eq. (A3), we see
that these satisfy

N Kg(n, Py)Tg(n, P
Ts(n, Py) = ~Kg(n, Po) +i—5 s(n. Po)Ts(n. Po)

L3 4, m,€

+ O(e?), (A8)

4w w, L3
= Tg(n, Pp) = —i—22 ¢ L O(?).  (A9)
Substituting Eq. (A9) into the S-wave reduction of
Eq. (A2), we deduce that free particle poles only cancel

when

(1/N) > a(Rk)b(RK')= > a(Rk)b(Rk).

R.R'€LG(P) ReLG(P)
(A10)

If one chooses a and b to be Kronecker deltas in
momentum, as has been done in previous work, the
cancellation in Eq. (A2) is lost, unless N = 1. But this
is a contradiction to the statement above, that free particle
poles should not appear regardless of the values of a and b
for any momentum. The apparent contradiction here is
resolved by noting that the matrix K is only invertible if
each row is linearly independent. However, in the case of
the S-wave amplitude the matrix is proportional to a matrix
which has 1 in every single entry. Thus the matrix argument
fails and the alternative argument shows that cancellation
does not occur for all a and b. Furthermore, we argue that
imposing a scattering amplitude to exactly vanish for all but
one partial wave at all values of momentum is unnatural.
The only way to achieve this is to require all shape
parameters of the partial waves not included to be equal
to zero. Restricting the final results of the quantization
condition, the matrix elements of the two-particle inter-
polating operator and the matrix elements of the currents,
Eqgs. (1), (57), (58), (91) and (101), to a single partial wave

(01 Ao, P)Blyo P)J0) = E.T. § & +3 ({3 o +++) %

FIG. 5.

~T;

Shown is the diagrammatic representation of the correlation function defined in Eq. (A2) in terms of the kernels [defined in

Fig. 1(b)], the fully dressed single-particle propagators [defined in Fig. 1(c)] and the finite-volume loops. The “F. T.” label around the
braces reminds the reader that one must Fourier transform the energy-momentum correlation function to obtain the correct exponential
dependence in time. The T function, which is explicitly labeled, is defined in Eq. (38).
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can be done if the contribution from higher partial waves is
seen to be significantly suppressed at low energies. This is
to say that the order of operations in studying finite-volume
physics is relevant and can lead to significantly different
results.

From this discussion it is clear that if one is solely
interested in obtaining the spectrum and not in arriving at a
nonperturbative expression for the correlation functions, it
suffices to look at the poles of T; . As is evident from Fig. 5,
the free particle poles correspond to zeros of T;, and
consequently, one does not need to worry about any
spurious poles. Furthermore, the subtlety regarding the
order of operations does not play a role when studying the
pole structure of T, . Therefore, as was done in Ref. [66],
one may first proceed to set the angular momentum to any
partial wave desired and then obtain the quantization
condition from the pole structure of T;.

APPENDIX B: GENERALIZATION FOR
TWISTED BOUNDARY CONDITIONS IN
ASYMMETRIC VOLUMES

In the derivation of the master equations of this work,
namely Egs. (1), (57), (58), (91), and (101), periodic
boundary conditions on the spatial extent of the cubic
volume have been assumed. The periodicity constraint is
encoded in the expression for the Z functions shown in
Eq. (32), and this is generally true for arbitrary boundary
conditions; Ref. [85] demonstrated how to compactly
write the Z functions in such a way that they accommodate
the different geometries and boundary conditions. For
relevant work that leads to this result, see Refs. [57,67—
69,79,83,104,130-132]. TBCs require that fields, in gen-
eral, satisfy

y(x +nL) = ®My(x), (B1)
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where 6 is a three-dimensional real angle. Therefore, the
free momentum of the ith particle in the jth channel will be
equal to p;; = 2”T“ +

For asymmetric volumes, let L be the spatial extent
of the z axis and #; be defined such that L, = #,L and
L, =n,L. Using the notation x = (x./Mxy/MyXz)>
one can readily find the most general form of the
¢, and Z functions with arbitrary twist and asym-

metric volumes,

ddjibjri2. 1.
Clm“ jZ(k 2»L”’va77y):

Vi <2n) -2

’Ix’7y7L3 L
x Z3992 (1 (kL2
(B2)
o )Y, (r
Zlmfl fz[s;x2;’7x7r]y] = Z ﬁ’ (B3)
reP’f;‘,,f,?;

where P‘g%‘bz ={re R3\r:f/‘1(ﬁ1—aj(~1+%)}, where
m is a triplet integer, AV = —(aj =1 +d;2) +
L(p;1—d;») and d=PL/2z. Additionally, one
obtained an overall factor of /7,77, in Egs. (9), (57),

and (58); i.e. one must make the following replace-
ments:

| nen, L3
0] (0, k)| E ) [— 4 [F52,

T (B4)

aa

(BS)

(0100 (0. P Eg ) [/, L/ [V RV
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