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Review of Multiclass SVM

Existing works focus only on binary classification problem. This
work propose an intuitive formulation of the multi-class SVM.

function : fwb =< W, (X, y) > +by,

prediction : X = arg ma)>}< fw b(X,y)

objective :  min —||w||2 - Z max{e b (X0, Y1) — fap(Xiy 1))}

hinge loss : (t) =C max(O 1 —t)
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Multiple Kernel Learning (MKL) Primal

Extend typical multiclass SVM to p feature maps ¢ (xi, yi):
P
fub(%,Y) = > B < Wi, d(x, ) > +by
k=1

p
Zﬂk =1,6>0

k=1

feature mapping (kernel) weight

Intuitive Formulation

p
. 2
min E w, aF E
Bwbe 2 Billwl 5
s.t. el — f(fw,b,ﬁ(xi,)/i) — fw,b,8(xi, u))
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MKL Primal 2

Interpretable and intuitive, but in general not being convex :(
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MKL Primal 2

Interpretable and intuitive, but in general not being convex :(
Let v, := Bxwyg, then

MKL Primal

n

: 1¢ ||Vk||2
min §Z +Z§,
k=1

Bvb —
s.t. &= £(< v, )iy > +by, — by)
wkiu = ok(xi, yi) — P(xi, u)
Wiy = (B lrmitoo 5

(combine into just one vector)
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MKL Primal 2

Interpretable and intuitive, but in general not being convex :(
Let v, := Bxwyg, then

MKL Primal

n

: 1¢ ||Vk||2
min §Z +Z§,
k=1

Bvb —
s.t. &= £(< v, )iy > +by, — by)
wkiu = ok(xi, yi) — P(xi, u)
Wiy = (B lrmitoo 5

(combine into just one vector)

This is Convex!
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Dual formulation for general loss function

miny, v+ Z Z Niul* (—alu>

i uy i
1 -~
s.t.  Vk: g4 > 5 Z Z Z AjyQjy < iy, Yijw >

i,j uyiv#£y;
Vi: NYu#y:0<ny,

Vi 1:277,-“

uFy;

Yv: 0= Z(l — Oy, V) Uiy — Z(S v Z Qiy

i Uy

Here ¢* is the conjugate function of the loss function /.
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tiy = Z < Vk, Yy > +by, — b, score difference
k
& > (tiyy) Error upper bound

So the Lagrangian is

L = Z ”Vk||2+Z§:+’7<Zﬂk_1>
—Zekﬁk-i—ZZmu(f lu - i)

i uy;

+Z Z aiu (tiu - Z < Vka'QZ)kiu > _by,- + bu)
k

i uy
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max min Z Z(T]iue(tiu) + Qjytiy) — Y

nayy t

i uy
s.t.  Vk:y> %HwkH2 (Obtained from gﬁl_k 0)

. : oL

Vi:l= Z Niy  (Obtained from o, =0)
uFyi !
- ~ oL
Yv:0= Z(l — Oy, V) iy — Z Oyiv ; Qju (Tbv =0)
! ! uZyi
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maXy &y mint Z Z(niue(tiu) + &iutiu) -

i uty
t
= max, g, ming Zznm <€(t, :u. :u)_7
i uy i
. Qjyt;
= maXy g~ Ming ZZ —MNiu (_ i)_ ;;lium>_’y
i uy;
* &iu
SR TR 3D DE T G
i uyi i
. . Q;
= minay e S (<50
i uyi 1

The definition of conjugate function of f is defined as
T
f*(y) = SUPxedom(f)(y X = f(X))



Dual Formulation for General Loss

ml'n,y’aé’,y v+ Z Z niuﬂ* (—%)

i uy; i
1 "~
s.t. Vk: > 5 Z Z Z AjyQjy < Uiy, Pijv >

i uyi v#£y;
Vi: NYu#y:0<npy,

Vii 1= mi

uFy;

Voo 0= (1-0,,)d — > Oy Y G

i uFy;
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Dual Formulation for Hinge Loss

When the loss ¢(t) = C - max(0,1 — t),

—C<r<
e*(y)z{y C<vr<o0

oo otherwise
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Dual Formulation for Hinge Loss

When the loss ¢(t) = C - max(0,1 — t),

) v —-C<v<o0
V) =
oo otherwise

So in order to make the dual solvable, we must have

—C<—%<0

Niu
As Vi 1= Z Niu
uFy;
and Vi: NuZy :0<ny
We have Z aj, < C
uFyi
Yu#y :0<a
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Dual Formulation for Hinge Loss

When the loss ¢(t) = C - max(0,1 — t),

— (<<
6*(1/):{]/ C<v<o

oo otherwise

So in order to make the dual solvable, we must have

s 73 Y ()
iu i uty; iu

As Vi 1= Zn,-u a
= e ()

u

and  Vi: NYu#y:0<ny Pouzy
We have Za,’uéc = ’Y_Zza"”
uy; Pouyi

VU;&y,-:Og&,-u
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Dual for Hinge Loss (Folded formulation)

rgin V—ZZ&;U

g i uty
1 ~\(12
s.t. Vk:’}’ZEHWk(a)H
Z&iugc

uFy;
Yu#y :0<a

Yvio 0= (1—6y,V)d— Yy Y i

i i uFy;
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—Qiy it uyi
iy = ~ .
Dovpy Qiv ifu=y;

Unfolded Formulation
min — Q.
oy v Z i.yi
1

1
st Vkiy> EHW/((Oé)H2

Vi:0<aj, <C
aVi:Vu#y,-:a,yﬁO
Vi:zueya;l,:O
YueY: )  ay=0

aeS =

Presenter: Lei Tang Multiclass Multiple Kernel Learning



SILP formulation

max 0
3,0

1
s.t. YaeS:0< > zk:BkHWk(oz)H2 — Zai,y,-
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@ Both version of formulation are QCQPs.

@ When there's only one single kernel, it reduces to the dual of
mSVM.

@ When there are only 2 classes, the formulation reduces to
Gert's formulation of kernel selection

@ Unfolded formulation can be easily transformed into
semi-infinite linear programming.
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Connection to other Regularizer

’ y 2
1< 2 " 1/& n
min = || W o & i - I e
RN SLAV ) ST o T2 mu) +oy s
St £ =max s, sy 20 st £ = MAax siu, siw 2 0
uFw uFyi
P P
Z O (Wi, Wi + by, — b 21— s Z B Wi, o) + by, — b 21 —si
il k=1
Intuitive MKL: Equation (3); Non-Convex Generalized from Sonnenburg et. al. [20]; Non-Convex
H substitute vy :=gw; l[ substitute v :=guw,
‘ » N .
1 2 . i L , oN e
gl e s i, g (2l ) red s
s s 20 s.t. & =Imax siu, sy 2 0
N uFui
P 3k Thi) by — b 21— s
= k=1
Equation (4); Convex Generalized from Bach et. al. [1]; Convex
Theorem 1 1
min 7 au,
st WitlDgeg, 0 TiiWuFy o, <0
v‘a‘:Za;u=D .'JIUIZ(NM=D
wE¥ i
Yhiy 2 % 37 aiaage (8 (i, ), B (x5, 0))
iy

Commeon Lagrange Dual; Equation (9)
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Time Complexity Comparison

Examples | Classes | Kernels
QP, unfolded 2.5 1.8
QCQP, unfolded (9) 3.0 2.0 2.3
SILP, unfolded (11) 24 1.7 1.1
SILP, compact 2.6 2.2 1.0
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Performance

plant msar= Drom-

Figure 3: Protein Subeellular Loealization results.
The bars within each group correspond to different
methods: (left, blue) MKL: (center, green) unweighted
sum of kernels: (right, red) current state of the art.
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Comments

@ Contribution: Generalize the kernel selection problem to any
kinds of convex loss functions and multiple classes.

@ |If just focus on multi-class SVM, deriving from the dual
formulation is much easier.

© Possible interesting direction: kernel selection in y space,
kernel selection for structured output.

@ Whether or not all the classes should share the same feature
space (Mentioned in the paper, but has been done by us).

@ Can we remove the weight 3 in the regularizer? Different
formulation and variants might need more understanding.
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