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MULTIDIMENSIONAL CONTACT PROBLEMS IN
THERMOELASTICITY™

JAIME E. MUNOZ RIVERAT AND REINHARD RACKE}

Abstract. We consider dynamical and quasi-static thermoelastic contact problems in R™ mod-
eling the evolution of temperature and displacement in an elastic body that may come into contact
with a rigid foundation. The existence of solutions to these dynamical and quasi-static nonlinear
problems and the exponential stability are investigated using a penalty method. Interior smoothing
effects in the quasi-static case are also discussed.
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1. Introduction. We consider dynamical and quasi-static thermoelastic contact
problems which model the evolution of temperature and displacement in an elastic
body that may come into contact with a rigid foundation. If Q@ C R™ (n > 2) denotes
the reference configuration, we assume that the smooth boundary 92 consists of three
mutually disjoint parts I'p,'n,T'c such that 92 = Tp UT Ny UT, and I'p # (). The
body is held fixed on I'p, tractions are zero on I'y, and I'; is the part which may
have contact with a rigid foundation. The temperature is held fixed on 0f2. Then the
dynamical initial boundary value problem for the displacement v = u(t,z) and the
temperature difference § = 6(¢,x), where t > 0 and = € Q, to be considered is the
following:

(1.1) 002u; — (Cijrur) j+ (my0) ; =0, i=1,...,n,
(1.2) 000 — (ki;0;) ; + msj0u, ; =0,

(1.3) u(t =0) =ug, u(t=0)=uy, 0(t =0) = by,
(1.4) u, =0, TijVji, = 0, ) = 0,

(1.5) uy < g, o, <0, (uy — g)o, =0, or=0onT..

Here ¢ and ¢ denote the density and the heat capacity, respectively, and are assumed
in what follows to be equal to one without loss of generality. Cjji, msj, and k;;
denote the components of the elasticity tensor, those of the thermal expansion tensor,
and those of the heat conduction tensor, respectively, and will satisfy

(1.6) Cijr € L™(Q2), Cijii = Cjint = Chuij,
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(1.7) A >0 Ynij = N, CijrMigit > Mm%,
(1.8) msj € whee(Q), m; = mj; > 0,

(1.9) kij € Wheo(Q),  kij = kji,

(1.10) e >0 k&g > AalE)?

The comma notation ; denotes the differentiation 0; = 0/0x; with respect to z;, and
a subindex ¢ will denote the differentiation 9, = 9/9;. The initial values ug, u1, and
0o are prescribed with regularity to be made more precise in the final formulation of
the system. The stress tensor is given by o = (o)

0ij = Cijritug, — m;0.
Since on the boundary # = 0 we have there
0ij = CijkiUk,i-

The unit normal vector in x € 9 is denoted by v = v(x) and the normal component
of u by u,:

Uy =U - V.
The normal component o, of the stress tensor is given by
Oy = O4jVilVj
and the tangential part o is
o = oV — oyl

The function g describes the initial gap between the part I'. of the reference configu-
ration and the rigid foundation and is assumed to satisfy

(1.11) ge HY*(,), ¢>0 almost everywhere (a.e.) on I,.

Hence the boundary conditions (1.5) describe Signorini’s contact condition on I for
a frictionless (o7 = 0) contact.

The corresponding quasi-static system arises from (1.1)—(1.5) by omitting 6?u; in
(1.1) and prescribing only 6 in (1.3).

These thermoelastic contact problems, which are nonlinear because of the contact
boundary conditions (1.5), arise in applications such as the manufacturing of castings
and pistons; see Shi and Shillor [12] for more details and references. The mathematical
treatment of the dynamical problem (1.1)—(1.5) in one space dimension was discussed
by Elliott and Tang [4], where more complicated boundary conditions are considered.
Existence results in higher dimensions were announced by Figueiredo and Trabucho
in [5]. They considered the case of constant contact, which allows them to use only
variational methods to solve the problem; this does not apply to the situation of
the contact condition of Signorini’s type considered here. We shall investigate the
existence in n > 1 space dimensions for radially symmetrical situations following the
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approach of Kim [8], who discussed an obstacle problem for a wave equation. Using
a penalty method, we obtain an existence result and we also prove the exponential
stability, which was proven for a special one-dimensional system by Mufioz Rivera
and Lacerda Oliveira [10].

As a motivation for the stability results to be expected and as a tool to be used
later, we also discuss the linear quasi-static system for classical boundary conditions
like

u\an = 07 9|BQ = 07
proving existence, exponential stability, and smoothing.

For the quasti-static system, Shi and Shillor [12] proved the existence of a solu-
tion, while Ames and Payne [1] proved a uniqueness result; see also these papers for
references on the one-dimensional case, where a series of papers has appeared over
the last years.

We shall give a new existence proof using a penalty method. This will also allow
us to make conclusions on the exponential stability of the system. Finally, we shall
prove that the quasi-static system has a smoothing effect in the interior of 2, where
u and @ are shown to be arbitrarily smooth, an effect which cannot be expected up
to the boundary because of the mixed and contact boundary conditions.

We remark that we have assumed exterior forces and exterior heat supply to be
zero only for simplicity.

The paper is organized as follows. In section 2 we prove an existence and exponen-
tial stability result for the dynamical system(1.1)—(1.5) in the case of radial symmetry
using a penalty method. Section 3 studies the linear quasi-static system with classical
Dirichlet or Neumann type boundary conditions proving existence, uniqueness, and
exponential stability. In section 4 the quasi-static contact problem is investigated,
and we obtain an existence result and exponential stability using a penalty method.
Finally, section 5 will provide the interior smoothing effect for the quasi-static contact
problem.

Concerning the notation we remark that we use standard notations for Sobolev
spaces and also the Einstein summation convention for repeated indices. By (,-) we
denote the inner product in (L?(2))", and by || - || we denote the corresponding norm.

2. Existence for the dynamical contact problem. A dynamical thermoe-
lastic contact problem was investigated by Elliott and Tang [4] in one space dimension
following the approach of Kim [8], who used a penalty method for the treatment of
an obstacle problem for a wave equation. We also adopt this approach. The system
character of our problem arising in multidimensional elasticity naturally leads to fur-
ther problems in the estimates that have to be overcome by additional considerations
compared to the two papers above. We shall discuss the case of radial symmetry. We
look for a solution to (1.1)—(1.5) in the following sense. Let

Hi = {ue (H'(Q)"| up,, =0}

DEFINITION 2.1. (u,0) is a solution to (1.1)—(1.5) for given ug € H}(Q), u1 €
L3(Q), 6g € L*(Q) if, for any T > 0,

u € LOO((O7T)7 H%D (Q))v Uy € Loo((OaT)’ (LQ(Q))”)7

(2.1) 0 € L((0,T), L*() N L*((0,T), Hy(2)),
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(2.2) u(t=0)=wup, w(t=0)=uy, 6(t=0)=6p,

(2.3) uy, <gon (0,T)x e (a.e.);

and for all w € L>=((0,T), HE () N W=((0,T), (L*(Q))") with w, < g on T, the
following inequality holds:

<ut(T7 ')7 w(T7 ) - U(Ta )> - <’LL1, ’LU(O, ) - U0>
T T
—/ (ug, we)dt +/ {(ug, ur) — (Cijraur,, ui ;) } dt
0 0
T T
(24) +/ <Cijkluk,l7wi7j>dt — / <mij9,w,~7j — U1'7j>dt Z 0,
0 0

and for all z € WH2((0,T), HL(Q)) the following equality holds:
T
= [ .1t + (6, (7.0)) = (60, 2(0)
0

T T
+ /0 <kij0,i7 Z)j)dt — /0 (ui,j, 8t(mijz)>dt
(2.5) + (miu(T, )i 5, 2(T,-)) = {majuoi ;. 2(0,-)) = 0.

In what follows we shall write L>(Hj ) instead of L>((0,T), Hf_(€2)), similarly
for the other spaces; moreover we write u(7") instead of u(T,-), and so on.

We remark that a smooth classical solution to (1.1)—(1.5) obviously satisfies (2.5)
and also (2.4). On the other hand, it is easy to see that if (u, ) is a solution in the
sense of Definition 2.1 and if (u, #) is smooth, then (1.1)-(1.5) follows in the classical
sense.

The existence of a solution will be proven for the radial symmetrical case by using
a penalty method. For this purpose we consider the following approximating problem
for a parameter € > (. This will be solved—in general, without restriction to radial
symmetry—and then a priori estimates are proven that will show the convergence,
as € | 0, of a subsequence to a solution of (1.1)—(1.5). The penalized problem is
the following, first in classical notation. For given u§,u§ € (H?(Q))™ N (H(Q))™,
05 € H?(Q) N H}(Q) find a solution (uf, ) to the following initial boundary value
problem (2.6)—(2.10):

(2.6) 0fui — (Cijraug,) 5 + (mis0%) 5 =0,

(2.7) 007 — (kij05) j +mijowu; ; =0,

(2.8) u(t=0)=ug, ui(t=0)=ui, 6°(t=0)=86,
(2.9) UTFD =0, ijuﬂpN =0, Qﬁm =0,

(2.10) o, = fl(ui —g)t —eows, 05 =0, onT,,

e
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where 0 = o (u?) is the stress tensor corresponding to u® and f* denotes the positive
part of f. Let {w;}32, C H{_(€) be an orthonormal basis in (L2(Q))", and let
{21521 C H§(Q) be an orthonormal basis in L*(Q).

DEFINITION 2.2. (uf,6%) is a solution to (2.6)—(2.10) for u§,us € (H*(Q)N
HY Q)™ 05 € H2() N HY(Q) if, for any T > 0,

(2.11) ut € WH*(L))NWh™(Hp ), 6°€ WHe(L*)nWh?(Hy),

(2.12) u(t=0)=ugy ui(t=0)=uj, 0°(t=0) =06,
and for all p € N and for a.e. t € [0,T]:

(0Fuf , wp) + (Cijrats,y, Wpij) — (Mii0°, wyi ;)

1
2.13 = —— ¢ —g)Tw,, dl dt — ¢ Opu wy, dI’,
v p v=p
€ Jr, I'e
(214) <8t95, Zp> + <I€”03, Zp,j> + <mij8tuf-7j,zp> =0.

It is again easy to see that a smooth classical solution to (2.6)—(2.10) is a solution
(in the sense of Definition 2.2), and a solution (in the sense of Definition 2.2), which
is smooth, is a classical solution; compare the considerations following Definition 2.1.

THEOREM 2.3. For given u§,u§ € (H?(Q)NHZ(Q)", 05 € H*(Q)NHE (), there
is a solution (u®,0%) to the penalized problem (2.6)—(2.10).

Remark. There is no assumption on radial symmetry here.

Proof. A Galerkin method will be the appropriate tool as in [8], [4]. Defining v
and v by

vi=ut —uf — tug, P = 6° — 05,
then (v,) should satisfy, for i =1,...,n,

(
(2.15) 87v; — (Cijrvia) j + (mij) j = (Cigriugy + tuiy ) 5 — (mi;05) ;= fi,
(2.16) Op — (kijh5;) 5 + mijOpvi; = (kij05 ;) — migui, ; = g,
(2.17) w(t=0)=0, v(t=0)=0, w®(t=0)=0,

as well as the boundary conditions (2.9), (2.10) with (u®, #°) being replaced by (v, ),
all to be understood in the sense of Definition 2.2. We make the ansatz

(2.18) ™ (t,x) = Zamp(t)wp(z), m e N,
p=1
(2.19) Gt x) =Y bnp(t)2p (),

where (amp)pty, (bmp)pey satisfy

(0F0™  wp) + (Cijravpy, Wpi ) — (Mg d™, Wi ;)

1
2.20 ={f,w,) — - o™ — g)Twp,,dl — ¢ 0wy, dI!
p c v D r v p

c
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forp=1,...,m, as well as

(2.21) (O™, 2p) + (ki i, 2p.5) + (Mij 00y, 2p) = (9, 2p),
d

(2.22) amp(0) =0, amp(0) =0,  bpyp(0) = 0.

dt

Equations (2.20), (2.21) are a system of nonlinear ordinary differential equation for
amp and by, p = 1,...,m, with prescribed initial values given in (2.22). Since
the (only) nonlinearity in (2.20) is Lipschitz continuous, there is a smooth solution
{tmp, mp} _, in [0, T for any T > 0.

Now we derive a priori estimates for (v™, ™). Multiplication of (2.20) by % @, (t)
and (2.21) by by, (t) and summation over p yields

B} dt”a H2 5 a<cijklvk,l7fvi,j> — (my2 ?atvi,j>
1
2.23 ={(f,0™) — = ™ — )t o,u™dl — ¢ O™ |2dT,
6 v v v
c e
1d mi|2 m m m m m
(2.24) 3 g V" I+ (kg 07 + (magOpoy, ™) = (g, 9™,
or
1 d m m m m
5 31 {100 + Comoiaty) + 1™ P+ 2 [ ot = o)

(ki 70 F)
(2.25) :<f,8tvm>—5/ 0ol 2dT + (g, 9™).
re

Integrating (2.25) with respect to ¢t € [0,T], we conclude that there is a positive
constant

(2.26) ¢=o(T, Nugllzzs uillzz, 165]m2)

not depending on m and depending on ¢ only in the way indicated in (2.26) such that
for any t € [0, T the following estimates (2.27)—(2.31) hold:

(2.27) |00 (1) < e,

(2.28) (Cijklv;’fl,vzlﬁ(t) <cg,
t

(2.29) / (i, ™) ()ds < c,
0

(2.30) / (o™ — )+ 2dT <,
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¢
(2.31) 5/ / |0y |?dl ds < c.
0 Jr.
Therefore, using Korn’s inequality, we obtain that
(2.32) (V™) is bounded in W (L?) N L™ (H} ),
(2.33) (™), is bounded in L°°(L*) N L*(Hy).

Next, the boundedness of 97v™ in L?(L?) will be proved. The estimate will be uniform
only in m € N, not in € > 0 (cf. (2.26)).

Differentiation of (2.20), (2.21) with respect to ¢, then multiplication by %amp (t)
and 4b,,,(t), respectively, and summation leads to

5 2 {120 + {Cugnads, D) + 1017} + kgD, O
:<atf,a§vm>—§/ (o™ — )02 mdr—g/ 1020 2dT
@31) < IO+ g [ 10wy oy Par— 3 [ jotuiar.
Te

Using (2.31) we conclude, by Gronwall’s inequality,

(2.35) |07 ()| < e (e),

(2.36) (CijriOvyy (1), Opvs (1)) < ca(e),

(2.37) 0™ ()| < ea(e),

(2.38) / (ki De™, Db™(s)ds < e (e),
0

where the positive constant ¢; (¢) is independent of mg and ¢ € [0,T], T > 0, but may
depend on . Thus we have that, for fixed € > 0,

(2.39) (02v™),, is bounded in L>°(L?),
(2.40) (8yv™)y, is bounded in L>®(H{ ),
(2.41) (043)™ ) is bounded in L>°(L?) N L*(HY).

It follows from (2.32), (2.33), and (2.39)—(2.41) that for fixed ¢ there is a subsequence,
again denoted by ((v™,%™))m, and (v, 1)) such that, as m — oo,

(2.42) o™ Sv o in WAL N Whe(HE ),

(2.43) Y™ Sy in WHO(L?),
(2.44) ™ —p in WH2(HY).
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With the help of Lemma 1.4 from [8] (essentially Gagliardo—Nirenberg type estimates),
the convergence

(2.45) (V" —g)" — (v, —g)T in C’O([O,T]7 LQ(I‘C))7
as well as
(2.46) ™ — dpv in C°([0,T], L*(99)),

follow. Using (2.42)—(2.46) and letting m — oo in (2.20), (2.21), we conclude that
u® i =v+ug+tuf, 65 =9+ 05

satisfy (2.11)—(2.14). d

Now we turn to the original problem (1.1)—(1.5) and show that a subsequence of
(uf,6%), where (u,6%) solves a penalized problem for ¢ > 0 according to Theorem
2.3, converges to a solution of (1.1)—(1.5).

THEOREM 2.4. For given ug € H}(Q),u1 € (L*(Q))3, 6y € L*(Q), there is a
solution (u,0) to (1.1)—(1.5) in the case of radial symmetry.

Radial symmetry means that the domain 2 is radially symmetrical, i.e., invariant
under transformations of the special orthogonal group SO(3) if n = 3, respectively,
O(2) if n = 2. The typical examples are balls or annular domains. Radial symmetry
of (u,6) means

YA€ SO(2), respectively, O(2)Vz € Q:u(Ax) = Au(z), 6(Az) =0(x),

or equivalently (see [6]), with r := |z|:

There exists a function w : Rj — R such that u(z) = zw(r), and there ezists a
function 1 : Rf — R such that 0(z) = (r).

Of course, for the existence of radially symmetrical solutions to the penalized, and
later for the original, problem, the coefficients have to satisfy invariance conditions
too. As an example we consider the homogeneous, isotropic case, where, in particular,

(2.47) Cijkt = Nijor1 + p(indji + 05kbir),
and the differential equations (1.1), (1.2) turn into

(2.48) g — pAu — (p+ A Vdivu +mVe = 0,
(249) Cgt - )\2A0 + mdiv U = 0,

where 1 and A are the Lamé moduli satisfying g > 0 and 2u 4+ nA > 0, p,c,x > 0,
and m # 0 are constants. We also notice that in this case

O'V\BQ = Mdivu + 2Mui,kl/iyk,

and it is easy to see that the boundary conditions (2.9), (2.10) allow for radially sym-
metrical solutions; i.e., if the initial data are radially symmetrical, then the solution
according to Theorem 2.3 will have the same symmetry. Namely, if (u, §) is the solu-
tion, then (v, &) with v(z) := A u(Az), &(z) := 0(Az) will also be a solution to the
same initial data and boundary conditions for any (special) orthogonal .A. Hence, by
uniqueness, (u,0) = (v,§).



MULTIDIMENSIONAL CONTACT PROBLEMS IN THERMOELASTICITY 1315

Proof of Theorem 2.4. Let ¢ > 0, and let uf,u§ € (H?(Q) N H(Q)", 05 €
H2(Q) N HE(Q) be radially symmetrical such that, as ¢ | 0,

(2.50) u§ — uf in (H3(Q))",
(2.51) u§ — uy in (L3(Q))",
(2.52) 05 — 0o in L*(9).

Let (u®, 6°) be the solution to (2.6)—(2.10) according to Theorem 2.3 and correspond-
ing to the initial values (u§,u5, 05). By the known regularity of (u®, §°) we can sub-
stitute w, by Oyu® in (2.13) and z, by 6° in (2.14), respectively, and we obtain (cf.
(2.25))

1d
26&{||6tu5||2+< kU1 Ui ) )+ 16°)1% + / (uS — g)* dr}+<kij93,9:€j>

= —5/ |0pus |* dr.

FC
(2.53)
Hence, there is a positive constant

(2.54) ca = ca(T, [|uoll a1 llurllz2, [|6ol22),

which is independent of ¢, such that for any t € [0,7] we get

(2.55) [0cu®|| < ca,

(2.56) (C’ijklu;l,uf,j) < cg,
¢

(2.57) / (kijei79fj>(s)ds < cg,
0

(2.58) / |(u — g)T|2dT < ca,
¢

(2.59) 5/ / |0pus |?dT ds < cy.
o Jr.

The estimates (2.55)—(2.59) imply the existence of a subsequence, again denoted by
(u®,6°), and of (u, d) such that, as € | 0,

(2.60) u® = in L®(HE ) N W (L?),
(2.61) 0° =60 in L>®(L?),
(2.62) 6° — 6 in L*(Hy).

Using Lemma 1.4 from [8] again, we conclude

(2.63) u® — u in CY(L?).
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The equations (2.13), (2.14) imply for (u®, 6°)

T
/{@ﬁiw—mwwam@wwd—@y—@mﬂiwJ—@ywt

T
(2.64) :_7/ / (us — —ui)drdt—e/ / Ayuy, (wy, — u)dl dt
0 Te

for any w € L>(H} ) N W>°(L?) such that w, < g, and

T
(265) / {<8t9€, Zt> + <kZJ9:€z’ Z7j> + <mij8tuf7j, Z>} dt =0
0
for any z € WH2(Hg).

Integration by parts in (2.64) yields
(ui (T), w(T) = u(T)) — (ui, w(0) — ug)
T T
- [t [ )~ (Co o,
0 0

T T
+/ <O'ijluk 1, Wi, j>dt / <m’LJ0 w"v] ui]>dt
0

—5/ / orus;, wudrdtJre/ / Orubusdl dt

(2.66) :—5/ Opusw, dU dt + = {/ [us (T)|2dT — |u81,|2d1“}7
0 .

FC

where we used

1 T
-/ /'Wi—gwwwy—umdrﬁ
:_7/ / u — g)dldt + //| )t Pdrdt > o.

Integration by parts in (2.65) leads to

T
—/<%%w+w%m4ﬂw4%4w

0

+A<%@ﬂﬁﬂ—A<zw@ww»ﬁ+mmﬂﬂmﬂ@»—ww®mdw

(2.67)
Using (2.60)—(2.62) we conclude from (2.67), as € | 0, that (u, ) satisfy (2.5).
It remains to justify (2.3) and (2.4). Notice that u satisfies (2.3) because
ICuy = 9) M2 = lim l[(w5, = 9)* 22,y =0

by (2.63), (2.58).
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We claim that the following inequality holds:

T T
(2.68) /0 (ug, ur) — (Cijritn,, wij)dt > lgilngsup/o (u,uf) — <C’ijklui’l,uf’j>dt.

The convergence
(2.69) |ug | — Cijraug, gus ; — |ue® = Cijrrup ui

in D'((0,T) x ), i.e., in the sense of distributions, follows from the theory of com-
pensated compactness (see Corollary 4.3 of [2]); take

v' = (Ouf, —(Cijrits ) j=1,...n), w' = (Oeug, (uf ;)j=1,..n)

and summation over ¢ = 1,...,n, and observe
2,72
—(my;0°),; € L°(L7).

The differential equations (2.6), (2.7) for (u®,0°) are satisfied in the distributional
sense. Since

0; € L™(L?) and dyus ; € L>(L?) = (k;;605),; € L>(L?),
then
(2.70) 0° € L°°(H* N Hy).
Moreover,
0?u € L>™(L?)
and (2.69) imply
(Cijruy).j € L=(L?),
from which we conclude interior regularity in the following sense:
(2.71) V6 >0: ut e L>((0,T), H*(Qs)),
where
Os :={z € Q| dist (z,00) > 6}, 0<6<do

((50 ﬁxed).

Remark. The H?-regularity up to 02 cannot be expected because of the mixed
boundary conditions for u®.

Let Qs as above, Ss := 9Qs, and let h € (C1(2))" such that

h(z) = v(z) = exterior normal in z € S5 if dist(z,00Q) = § < §y/2,
700 if dist(z, 09) > 8.

Writing (u, 6) instead of (u®, 6%) for simplicity, we multiply the first differential equa-
tion (2.6) by hru; and integrate

T
/ 8t2uihkui7kdx dt = Oyui (T) huw 1 (T)dx — / w1 hkuos pde
o Jas

Qs Qs

1 (T 1 (T
(2.72) —7/ |Opu|?dl dt + f/ Ry i |Opul*dz dt.
2 Jo Ss 2 Jo Qs
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With
(273) &ij = 045 + mijﬁ

we obtain

T T T
—/ / O’ijﬂ‘hkui’kdl'dt: —/ / 5ij,jhkui’kd.%‘dt—/ / (mij9)7jhkui,kdxdt
0 Qs 0 Qs 0 Qs
T T
= —/ / Z/ja'ijllkui)kdrdt-i-/ / Gijhi,ju; pdz dt
0 Ss 0 Qs

T T
(2.74) +/ / 5ijhk(ui,k)7jdl‘dt—/ / (min)Jhkui,kdxdt.
0o Jos 0o Jos
Since
Gijhi (Wi k) j = Gijhi(wi )k = Crsijti ihe(Ur,s) i

= (Cijrsur,s),khkui,j - (Cijrs),kur,shkui,j
= (G4j) khavi; — (Cijrs) kUr,shrt j,

we have

} 1. 1
Gijhi(Uik)j = Qhk(%),k - §(Cijrs),kur,shkuz‘,j-

Inserting this into (2.74), we conclude

T T T
—/ / 03,7 hiui pdx dt = —/ / V05 VUG AL dt—|—/ / Gijhi,ju; pdx dt
0 Qs 0 Ss 0 Qs

1 T 1 T T
+*/ / 5ijui7jdfdtf *\/ / (C’ijrs)wkumhkui,j 7\/ / (mij9)7jhkui7kdxdt.
( )2 0 Jss 2Jo Ja, o Ja,
2.75

The equations (2.6), (2.72), (2.75) imply

T T
/ / |ut\2d1“dt—/ / Cijrun,u; ;dU dt
0 Ss 0 Ss

=2 fQ§ {8tui(T)hkui7k(T) — ulihkUQi7k} dzx

T
N 1
+2/ / {hk,k|wl2 + Gijhi juiy — 5(Cijrs) kur,sheui; — (mija)dhkui,k} dx dt
0 Qs

2
T
—2/ / Vj&ijukui7kdfdt
0 Ss

T
= Cg —2/ / l/ja'ijl/kui)kdr dt,
0 Ss
=:Rs

(2.76)
for some C} which satisfies

(2.77) IM = M(||uol| g1, [|urllz2, |00l z2) YO < & < 6o :|Ch| <M
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according to (2.55)—(2.57). In particular, M is independent of . In order to get

control of the boundary integral Rs, we multiply (2.6) by h;,:, and obtain (cf.
Lemma 2.3 in [6])

d
afuihm&imd:v = T Ort; oy, O dx — / Pon Cimps Ortt; Os Opupda
Qs

Q5 d Q&
d ~ 1
= — Ot b i dx — = B CimpsOs (Oyu; Opuy ) dx
dt Ja, 2 Ja,
1
(2.78) +5 / hunCimps [asatuiatup — Oy Dyuy | da.
Qs

Now we shall use—for the first time—the radial symmetry, i.e.,
Ui(tvx) :xiw(t,r), r= |£L",
for some function w, in particular, rot w = 0, which implies
00y Oy — 8tui658tup} = (Byupd; — Dyu:dy) By
(2.79) = O (zp0; — x;0p) z:00w = G,

and G contains, at most, first-order derivatives (w;) of u because

Tpl; ;T
(2,0; — 2:0,) Dyw = (pT - T”) (8/8,)0uw = 0.
Combining (2.78) and (2.79) we get
9 . d . 1
O UihmGimdr = — Or; My, O dx — = CimpsVm OrttiVsOpupdl’
Qs dt Qs 2 Ss
1 1
(2.80) +f/ (hm Cimps) s OruiOyupd + 7/ B Cimps Gdez.
2 Ja, ’ 2 Ja,

Moreover,

—/ &ij,jhméimd:v:—/ uj&ijum&imdl“—&—/ &ijhm,j&imd$+/ &ijhma’imdd%
Qs Ss Qs Qs

= — |5’ . V|2dr +/ &ijhm,j&imdx +/ &ijhj&immdx
Ss Qs Qs

+/ 5’1‘]‘ {hmaj — hjam} 5’im7md$.
Qs
Observing that for the radial symmetrical case

hk = mk/r,

the last integral vanishes, and we obtain

1 1
(281) —/ Erij,jhm&imdx = —— ‘5’ . U|2dF + *\/ 5'ijhm,ja'imdx~
Qs 2 Js, 2 Ja,
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Combining (2.6), (2.80), (2.81), and integrating with respect to t, yields

T T
(2.82) / / o - u\zdF dt + / / CimpsVm OtV Oy dl' dt = C’g,
0 Sg,‘ 0 Sr‘i

>0 by (1.7)

where C? satisfies the same estimate as C§ in (2.77).
The boundary integral Rs can now be estimated by

T T
|Rs| gﬁ‘l/ / \6~u|2d1“dt+ﬁ/ / |Vu|?dl dt
0 5,5 0 S&

T
(2.83) < B C2| + 8 / IVul2dT dt,
0 Ss

where 3 > 0 is still arbitrary.
For 6 > 0 let g5 € C*°(R), ps increasing, gs(s) = 0if s < §/2, ps(s) =11if s > 6,
and let

Ys(x) := os(dist (x, ON)).
Then s is constant on Ss for each §. Integrating (2.76) with respect to 6 € [0, 6*],0 <
6* < b9 /2, after multiplication with (1 —vs(z)), and using (2.83), we obtain

T
/ / (1 — ) (Jus|* — Cijriug, yus ;) do dt| < 6*M + B8 M + BM,
0 JUs

where
Us+ = {z € Q|dist (z,00) < 6.} = Q\ Qs-.

As a consequence, we have for any 7 > 0 the existence of a § = §(7) (independent of
¢) such that

(2.84) <T

T
/ / (1 —s) (|u§|2 — C’ijkluiﬁluf’j) dx dt
0 JUs

if &* < 6(7). (Choose 3 = B(7) := 7/(3M),
6 :=71/(3M)min {1,8} = 7/(3M) min {1,7/(3M)}.)

Writing 1 = ts + (1 —¢s) we conclude by (2.69) and (2.84) the claimed inequality
(2.68).

Now, the desired inequality (2.4) follows as e | 0 from (2.66), using (2.60)—(2.63)
and (2.68). O

Finally, we shall prove the exponential decay for the radially symmetrical, homo-
geneous case. We consider the system (2.48), (2.49), now defined over the set

Q := B(r1,0) \ B(ro,0),

where we are denoting by B(r,0) the ball of radius r with center in 0; i.e., 2 is an
annular region. First we treat the penalized problem, and we assume the following
boundary conditions:

00

(2.85) u=0, 5:0 on 0B(rp,0)=Tp
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and the contact conditions on dB(r1,0) = I'., which in our case can be written as

1
(2.86) 2@% v+ Mdivu = —g(uy —g)" on T,
(2.87) #=0 on T..

Observe that the boundary condition for 6 in (2.85) is different from the Dirichlet
boundary condition studied before, but the corresponding existence theorems, both
for the penalized and for the original contact problem, hold as well; the proof carries
over almost literally, noticing, for example, that the Dirichlet boundary condition is
still given on I'..

For simplicity in our notations we will drop the upper index e. Since u,6 are
radially symmetrical solutions, we have

Ui(t,l‘) = xiw(t,r), r= |l‘|’
O(t,x) = Y(t,r)
for some w and . Then the system (2.48), (2.49) is equivalent to

1 _
(2.88) Wit — 2+ N — 20+ N, 1 29, <o,
(2.89) Oy — Aol — No(n — 1)9 + mnw; + mrw,; = 0,

where w and 6 satisfy

w(rg) =0, 6,(r9)=0

among other boundary conditions. Note that there exist positive constants Cy, Cy
(which do not depend on ¢) satisfying

C’o/ |Vu|? do < |wT\2 dr < C’l/ |Vul? de,

C’o/\ut| dx</ |w, |? dr<Cl/|ut| dx.

To show the exponential decay we shall exploit the following two lemmas.

LEMMA 2.5. Let q be any C?([ro, 1])-function such that q(rq) = 0 and q(1) = 1,
let a > 0, and let f be a function in WY2(L?). Then for any solution o € L*(H') N
WL2(H') A W22(L2) of

(2'90) Yt — aprr = f,
we have that

1
,% {/TO q(z)prer dT} B 7% {lee(L, D) + aler (1,67}

1 1
+g [ 40 Il oo} dr— [ gt dr

To

Proof. To get the above equality, multiply (2.90) by g¢, and make an integration
by parts. |
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Let us introduce the function ¥ by

vl = [ o) a

Then v satisfies the following equation:

T 07" I T
(2.91) chy — Aot — Aa(n — 1)/ . dp + ﬁm/ wy dp — m/ wy dp + mrw, = 0.
T0 To

To

With these notations we have the following.
LEMMA 2.6. Let q be any C?([ro, 1])-function such that q(rq) = 0 and q(1) = 1.
Then, for 6 > 0 small enough, we have

d 1 1
T {/ Ywy dr — 5/ q(r)wiw, dr}

= 1 1
6
s—%/ \w#dr—1{|wt<1,t>\2+<2u+A>|wr<1,t>\2}+6/ fw, [ dr
To o

1
+0/ 10,2 dr.
To

Proof. Multiplying (2.91) by w; we get

d [ 1 1
T cYwy dr = / cpywy dr + / cwyy dr
0 0 0

1 1 Tar
:)\2/ Vyrwy dr—!—(n—l))\g/ (/ d,o) wy dr
’ 1 r ’ ’ 1
m(n—l)/ (/ Wy dp) wy dr — m r|wt| dr—l—/ chwyy dr
—)\Q/Hwtdr—F n—lx\g//—dpwtdr
m(n —1) ! 9
——a wygdp| —m 7‘|wt\ dr — (2u+ N Gw,« dr
)

+(2u+)\)(n+1)/ 1/)% dp—r‘nc/ 1/)% dr
+e(2p + N)Y(1, H)we(1,1).

Using Sobolev’s embedding theorem, we conclude from the above identity

d [ m 1 1 1 5

&/ Pwy dr < —5/ 7w, |? dp—|—6/ |w,.| dr—i—Cg/ 10,2 dr+1(2u+)\)|w,«(1,t)|2.
0 T0 0 To

Since w € L?2(H?*) N WY2(HY), § € WL2(H') we can use Lemma 2.5 for ¢ = w,
a=2u+ A and f = —(2u+ A)n*= + m € WH2(L?). Hence, this proves our
conclusion. O

Now we are able to prove the exponential decay for the penalized problem asso-
ciated to the dynamical contact case.
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THEOREM 2.7. Under the above conditions, and with ug such that ug-v < g, the
energy £¢ = E°(t) to the penalized system (2.48), (2.49) defined by

1

1
EEt) =5 /Q ug |* + Cijraug, yus ; + [0°] dz + 275/1* [(uf, — g)F|? dL.

2
decays exponentially as time goes to infinity, i.e.,
(2.92) 3O >0,7>0Vt>0:E5(t) < Ce ",

where v and C' are independent of €.
Proof. Multiplying as usual (2.48) by u; and (2.49) by 6 we get, dropping ¢ for

simplicity,
— / |VO|? da.
Q

Multiplying (2.48) by u and integrating by parts over §2 we get

i{/ uy dz} /|ut| da:f/u|Vu\2 (1 + N)|divu|® do

+m/ VGudw——/ |(u 2ar.,
from where it follows that

1
d{/ o dx} §/|ut|2 dx—f/Cijklukluij dx
dt g Rk,
/ |(u, — g)T|? dl. +C’1/|V9|2d:r

where C7, and Cs, C3 below, are positive constants. Using Lemma 2.6 and choosing
1 and 6 small enough we get

1 1
4 / Ywy dr—é/ q(z)wiw, dr—l—n/ uuy dx
dt T0 T0 Q
1
—/@0{/ |ut|2—|—|Vu|2+—/ (s — g)* 2 dFC}+C/ V62 da.
Q 2e Jr, Q

So taking N large enough we obtain

1 1
% {Ng(t) +/ Yw dr — 5/ q(z)wpw, dr + 77/ ug dx}
70 0 Q

1
< {/ fuel? + [Vul? + V6P dHf/ (uy — g)*P? drc}
Q 2e T,

for some k¢ > 0 being independent of . Since we also have the relation

1 1
/ Ywy dr — 6/ q(z)wyw, dr + 77/ uuy dx
To 70 Q

we conclude, taking N large enough, that

1 1
L(t) == NE(t) —|—/ Ywy dr — 5/ q(z)wpw, dr + 77/ wug dx
T0 0 Q

é ng(t),
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satisfies

d

&E(t) <L) = L) <L0)e

for some positive constant v which is independent of ¢, and hence
E(t) < C3E(0)e .

By our choice of the initial data, the right-hand side of the above inequality is bounded,
which proves the theorem. O

Using the lower semicontinuity of norms, when ¢ — 0 we finally obtain that the
energy associated with the original contact problem also decays exponentially; that
is, we have proved

THEOREM 2.8. The energy £ = £(t) to the system (1.1), (1.2), (1.3), (1.5), (2.85),
(2.86),

1
E(t) = 5/ fuel? + Cograup, s 5 + 6] do,
Q

decays exponentially as time goes to infinity; i.e.,
(2.93) 3C>0,7>0,Vt>0:&(t) <CEW0)e
3. Linear quasi-static thermoelasticity. Replacing the boundary conditions

for u by Dirichlet type boundary conditions, we consider the following linear elliptic-
parabolic initial boundary value problem:

(3.1) —(Cijriuky),; + (mi;0) ;, =0, i=1,....n,
(3.2) 0¢0 — (ki;0 ;) ; + mijOu; ; =0,

(3.3) 0(t = 0) = by,

(3.4) U/pQ = 0, 9/@9 =0.

According to the paper of Shi and Xu [13], the known results on well-posedness are
restricted to one-dimensional situations (see Day [3]) or to homogeneous and isotropic
media for  being equal to the unit disk on R?; see [13], where methods from the
theory of complex functions are basic ingredients of the proofs.

Here, we discuss the general case of a bounded C?-reference configuration €2 in
any space dimension, allowing the medium to be anisotropic and nonhomogeneous
(the C2-assumption on the boundary can be weakened). All coefficients are assumed
to be sufficiently smooth functions.

THEOREM 3.1. (i) Let 6y € H?(2) N HY(Q). Then there exists a unique solution
(u,0) of (3.1)—(3.4) with

u e C°([0,00), (H*(Q) N H(2))?),
6 € C([0,00), L*(€2)) N C°([0,00), H*(2) N Hy (€2)).
0 and u decay to zero exponentially as t — oo, i.e.,

Jdi,dy >0 V>0 [|0(t, )| + Ju(®)|| g1 < die”%Y|60].
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(ii) If m = ||(msj)ijllne= s sufficiently small and if O is smooth, and addition-
ally 6y € Hz(mfl)(ﬂ), m > 2, satisfies the usual compatibility conditions, then

we [ C9([0,00), (HX™IHH(Q))%), 0 e ) CI([0,00), H™(Q)).
§=0 §=0
The higher derivatives decay to zero exponentially; i.e.,

ddy >0 YVt >0 |00, )|l geom—1 + [Ju(t)]|gzm—1 < d4eid2t||90||H2(mf1).

Proof of Theorem 3.1. The natural decoupling arising from (3.1), (3.2) is obtained
using the elasticity operator

E = —((9;Csjr101)) i,
which is well defined in (L?(2))" with domain
D(E) = (H*() N Hy(Q))"
(cf. [9, 11]), and
B (L2(Q)" — D(E)
is continuous, as well as
E™N HY(Q) — (Hg()",

where H1(Q) is the dual space to (H}(Q))™. Introducing the operator G in L*(Q)
by

Gv:=v— MVE V' M,

where M = (my;);;, and ‘H := L?(Q) equipped with the inner product (-, ) defined
by

(v, W = (Gv, w),
we can rewrite the equation for 6 as
(3.5) 0: + A6 = 0.
Here, A: D(A) CH —H, D(A):=H*Q)NHIQ), Av:i=—-G 1 (kiv,;) ;.

A is self-adjoint and positive definite and has a compact inverse. If d; =
di1(E~1, (my;)) denotes the square root of the norm of G in L?(Q2) and ds denotes the
smallest eigenvalue of A, we conclude

10t I < 10CE,ire < e boll2 < dre™ " Goll-

This completes the proof of Theorem 3.1 (i). The proof of (ii) immediately follows
from Lemma 3.2 by differentiating the equation for 6 with respect to t. 0
LEMMA 3.2. Let s € Ny.
(i) G : H*(Q) — H*(Q) is continuous.
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(i) A has the usual elliptic reqularity property; i.e., v € H*(Q) N HL(Q) and
Av € H5(Q) imply v € H*2(Q) and ||v]| ger2 < cs]|Av]| g

(iii) If m (= ||(mi;)ijllz) is small with respect to the norm of E~, then G is a
homeomorphism of H*().

Proof. (i) Using the boundedness of E~1 : H*"}(Q) — H**t1(Q) (cf. [7]), the
assertion is obvious.

(ii) is a consequence of (i) and the elliptic regularity of 0,k;;0;.

(iii) G = (Id+ B) with the bounded operator B := MVE~'V’M’, and the inverse
of G is given by a Neumann series if || B||gs— g+ < 1; this is fulfilled if m? < c;(E~1),
where cs(E™!) is essentially the norm of E~! : H*~}(Q) — H*t1(Q). O

4. Quasi-static contact problems—existence and stability. We consider
the following problem:

(4.1) —(Cijriur,y) ; + (mi;0) j =0, i=1,...,n,

(4.2) 040 — (ki;0;) ; +m;j0u, ; =0,

(4.3) 0(t = 0) = by,

(4.4) ur, =0, OiiVjr, =0, Ol90 =0,

(4.5) u, < g, o, <0, (uy — g)o, =0, or=0 onl,.

Shi and Shillor [12] gave an existence proof, provided

(4.6) m = sup |m;;(z)| is small enough.
z,%,]

Ames and Payne [1] proved a uniqueness and continuous dependence result.
We shall prove an existence result using a penalty method, which will also allow
us to prove the exponential stability. The condition (4.6) will also be required.
DEFINITION 4.1. (u,0) is a solution to (4.1)—(4.5) for given 0y € HL(Q) if, for
any T > 0,

(4.7) we L*(Hyy),  ((Cijruki) g)i=t,..n € L*(L?), u, € L*(H'),
(4.8) 0cL>(H*NH)NCHY), 6, e L*(L?),

(4.9) (t =0) = b,

(4.10) u, < g on (0,T) x T, a.e.,

and for all w € L>°(H} ) with w, < g on T, the following inequality holds:

T

T T
(4.11) / (Cijkluk,l,wi,ﬁdt — / (Cijkluk,l,ui,ﬁdt — / <mij9, wi,j - ui,j>dt Z 0;
0 0 0
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and for all z € L*(H}) the following equality holds:

T
(4.12) / <9t; Z> + <kijwi> Z7j> + (mij(?tui,j, Z>dt =0.
0

A solution will be obtained by studying an associated penalized problem for the
parameter € > 0, then proving a priori estimates, and finally letting ¢ tend to zero.
The advantage will be that finally the exponential stability can be proved. The
penalized problem to be solved first is given as follows:

(413) *(Cijklu;l)’j —+ (mijﬂg),j =0, 1=1,...,n,
(4.14) 0,0° — (k;wei),] + mijc'?tujj =0,
(4.15) 0°(t = 0) = 0y € HL(N),

(416) v e L*(Ht,), ((Cijmugy)j)izt,..n € L*(L?), uf € L*(H'),

(4.17) 6° € L*(H* N Hy), 6f € L*(L?),

(4.18) uir, =0, vCijrug, =0, or, =0,
I 1 £

(4.19) o (u)r, = = (u;, = 9) ",

A solution of this penalized problem, for fixed € > 0, will be obtained by a fixed point
argument. For this purpose let I' > 0 and

W' = {ue L*(H") | (Cijrur,) j)iz1,..n € L*(L*),u, € L*(H"),
luell L2y < Ty [[((Cijriura) j)i=1,....nllL2p2) < T

LEMMA 4.2. W' is a Banach space with norm |[ullyr = |[ul 2(a).

Proof. This follows from the completeness of L?(H') with respect to the norm
|| - [[wr and the weak compactness of balls in L?(L?), respectively, L2(H?!). 0

For v € WT we define

u = Sv
and hence the map S as follows. Let 6 be the solution to the parabolic equation
(4.20) Or — (kij0,i) 5 = —miOpvi g,
with initial value
(4.21) o(t = 0) = 6.
Then there exists a solution 6 with the regularity

(4.22) 0 L*(H*NHy)NC(Hy), 6, € L*(L?).
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Now let u be the solution to the penalized problem

(4.23) —(CijklukJ)J + (mijG),j =0, 1=1,...,n,
(4.24) U\FD = 0, Uijyj\FN = 07

1 +
(4.25) oy (u)r, = fg(uy‘rc —g)", or=0 onl..

A solution u to (4.23)—(4.25) is obtained by minimizing

1
I(w) = (o)~ 2(mig6) go) + = [ |, — g)*Par
e
on
{we (HY ()" w=0onTp},

where t is regarded as a parameter.
THEOREM 4.3. IfT' = I'(0y) is chosen large enough and if m is small enough,
where the required smallness is independent of e, then

S.wh - wt

and S is a contraction mapping.
Proof. Let v € W' and u := Sv. By the definition of u we immediately obtain

(4.26) ||u||L2(H1) < ClmH9||L2(L2)7

I(Cijrrur) 3)i=1,...nllF2p2y < Em20] L2y
< Em?(|0o]” + 3m*|ve| 212
(4.27) < e2m?||6o]|? + cAm*T?,

where, in this proof, c¢i, ¢, ... will denote constants that neither depend on m nor on
e. In order to see that u € WT, we have to estimate u;. Let h # 0 and

v (t,) == (vt +h,-) —v(t,-))/h, u(t,-) = (ut +h,-) —ult,-))/h,
0" (t,-) := (0(t + h,-) — 0(t,-))/h.

From the obvious differential equations for u” and 8" we obtain

(4.28) /QC’i-kluZJuﬁjdx—/F VjCijkluﬁ,lu?dF:/Qﬁhmijuzjdx.

For the boundary term, we obtain, using the notation

ur(t, ) ==t +h,-), u?(t,-) = ult,-),
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/ vy Coguatl ulidl = / ol (ul — g) + 0%(u2 — g)dT
I

c c

— | ol(ul—g)+op(u, —g)dl

Ce
1 1 +12 2 +12 1 1 + (1,2
= u,—9) "+ [(ug =) Fdl + = | (u, —9)" (v —9)
13 r. g r.
2

+(uz = 9)* (uy, — g)dl

(4.29) :/ ...dF+/ ...dT,
r.nr+ rA\I'+

where
't :={z el ul >gand u? > g}.
1
(4.30) / c.dl = ”/ (ul —u2)%dl <0,
r.NT+ € Jr+
1
[ oar == [ - gt - o) Par
r.A\C+ € JrAr+
1
+ */ (uy, —9)* (ul — 9) + (ul — 9)* (u,, — g)dl
€ Jr AT+
1
(131 <2 [ w9 Pl - g Par <o
€ Jr\r+

The estimates (4.29)—(4.31) imply

(4.32) / ujCijkluZ)lu?dF <0.

c

Combining (4.28) and (4.32) we get the estimate
a1 321y < 20" 1722
< (107212
(4.33) < cgm?||0o|* + cm vl 22 ),
which implies u; € L?(H') and

el |2 ey < m?|00]” + m* v 22 g

(4.34) < c3m?||0o|)? + Em*T2.

Choosing m and T" such that

1
(4.35) m*(c3 +c2) < 3

(4.36) 2= FQ(HO) = 2H90H2 max {cg, ci},

1329
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we conclude from (4.27) and (4.34) that S maps W' into itself.
Now we prove the contraction property. For this purpose let

v e WE W= S, j=12.

Let ¢/ denote the solution to (4.20), (4.21) with respect to v7. Replacing u" by
u'? := u! —u? and so on, we can derive analogous estimates to those given in (4.28)—

(4.33) and conclude that

[u 2|72y < cAm?1072 )72 re
(4.37) < gm0 (|3 gy,
which proves that S is a contraction if
(4.38) csm? <1. O

The unique fixed point u of S, together with the associated 6, is then the desired
solution to the penalized problem; i.e., we have proved the following.

THEOREM 4.4. For givene > 0 and 0y € H} () there is a unique solution (u®, 6%)
to the penalized problem (4.13)—(4.19), provided m is small enough.

From the estimates in the proof of Theorem 4.3, we conclude the validity of the
following lemma.

LEMMA 4.5. (0°). is bounded in WH2(L?) N L2(H? N HY) N CO(HY), (uf)e is
bounded in WY2(H?Y), and ((Cijraug ;) j)i=1,....n is bounded in L2(L?).

Now we can prove the existence of a solution to the quasi-static contact problem.

THEOREM 4.6. For given 0y € HZ () there exists a solution (u,0) to (4.1)—(4.5)
in the sense of Definition 4.1, provided m is small enough.

Remark. The solution is unique, which follows from the result of Ames and Payne
[1].

Proof. Let (u®, 6%) be the solution to the penalized problem according to Theorem
4.4. From Lemma 4.5 we conclude that there exists a subsequence, again denoted by
(uf,6%), and (u,0) such that

(4.39) 6° =0 in L>®(H}),

(4.40) 0° — 6 in W-A(L?) N L*(H? N Hy),

(4.41) ut —u in WH2(H?Y),

(4.42) ((Cirrugg) j)i=1,..0 = (Cijratins) j)i=1,.n  in L*(L?).

It shall be proved that (u,6) is a solution to (4.1)—(4.5). It remains only to justify the
relations (4.11) and (4.12). Since (u®, 6°) satisfies (4.12), we can use (4.39)—(4.42) to
also see that (u, ) satisfies (4.12).

For w € L™ (H} ), w, < g on T, we have

T T
/ (Cijriug g, wi,j — ug ;)dt — / (mijy, wiy — uj ;)dt
0 0

T
:/ / o (w, —us)dl dt
o Jr.
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- —1/T/ (u5 — g)* (w, — u)dT dt
:_7/ / s — gt (w, — g)dT dt + ~ //u — gt (s — g)dT dt

(4.43)
Using the lower semicontinuity of norms and (4.39)—(4.42), we obtain

T T
(444) / <—C¢jkluk7l + mi]ﬂ, ui7j>dt Z lsilHOlSup/ < O”klukl + mzﬂ u; j>dt
0 0
From (4.43) and (4.44), we conclude the validity of (4.11). d
Finally, we want to describe the exponential stability.
Let u®, 6° denote the solution to the penalized problem as given in Theorem 4.4.
Similarly as in [1] we change variables from 6° to ¥, where

¢

(4.45) Vet ) == / 0% (s, x)ds + ¥g(x).
0
Here, ¥5 € H?(Q) N H}(Q) is defined as solution to
(4.46) (Kijthoi) 5 = bo + mijug (t = 0) 5,
where u$ (t = 0) is defined by 6y via (4.13). Then (u®,°) satisfies
(4.47) Vi — (kijtba) 5 + majui ; = 0.
Multiplying (4.47) by v, we obtain
1d _

(4.48) s /Q b5 d = — /Q 5 [2da /Qmijuijwfdx.

From (4.13) we obtain
_ / migus de = — / Cigais ey + / v Cigauf, us dl

r.
(4.49) 77/ Cijriug, jug jdx — / |(ug, — g)*[*dT.
From (4.48), (4.49) we have

1
(4.50) / kij55de < —/ Wi P — | Cijrug gus jdx — */ |(u, — g)*|*d.
Q Q € Jr.

On the other hand we obtain from (4.13), (4.14)

—/(C’ijklu,i,l)dﬁtufdz%—/ 9§9€d:c—/(kij9;),j0€dx:0,
Q Q Q

which implies

2dt {/ Cz]kluk luz] + |96| dl‘} / kﬂes 96 d +/ Uiat(ui gt
/ ki;0% 95 dxr — f/ (uy — 9) "0y (uy, — g)dl’,
FC
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where
1d € € €12 1 € +12 € pe
(4.51) = — Cijriug, ui ; + |0°]°de + - |(uy, —g)"|7dl p < — [ k;i;0560%da.
2 dt Q ) 5J € r, Q ELEY)

Combining (4.50) and (4.51) we obtain

dt 2 {/ Cljkluk lu’L] |96|2 + km¢ ’(/)E dr + - / |u +‘ dF}

452 < {/ Ot]kluk lul] + |05|2+kt,j0397€]d1‘+ / | +‘ dF}
Multiplying (4.14) by ¢, we obtain

1d €12 € ,/,€ £ £

2/, |¢°| " de = — Qkijw,iw,jdm - sz‘jui,j¢ dx

1
(4.53) < —5/ kijwi‘w?jdx'i'cl/ Cijklui,luijdxv
Q Q

where the constant ¢; > 0 is independent of e.
Let

E.(t) :

l\J\F—‘

{ [ Conni i + 0 + s

(454) # 2 [ gy o [ o}

Then the estimates (4.52) and (4.53), together with Poincaré’s estimate applied to
¥F, imply
(4'55) *Ea(t) S _ﬁE£<t)) t Z 07

for some constant # > 0 which is independent of . Hence we have proved the
following.

THEOREM 4.7. For fized € > 0 the “energy” E., defined for solutions (u®,¢*) to
the penalized problem (4.13)—(4.19) in (4.54), decays to zero exponentially; i.e.,

(4.56) IB>0 Vt>0 E.(t)<E.(0)e ",
and B is independent of .
If
1
B, v)(0) = Bo() ~ 5 [ (a5~ o) P,
13} I'c

then obviously
E(uf,%)(t) < E-(0)e"".
LEmMMA 4.8.
(i)
(4.57) 3o > 0Ve >0 : B(u®,4°)(0) < az]|6o]?,
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(i)
1
(458)  Jas>0 Ve>0 Vt>0: g/ (U — g)*[2dT < o602
Le

Proof.

_Cijklu?l(o) = —(m7j00),j, 1=1,...,n.

This implies

/ Cz]klukl U; j dl’ + - / | +|2dF < — / mueou”( )
< Cl||9()|| + 5 /Q Cijklui’l(O)uf’j (O)d(E,

where ¢; > 0 is a constant. Therefore

1
@59 [ Coui 0)u,0)dn+ = [ |wE(0) = 9) < 2
Q e

/ = (0) Pz + / i (0005 (0)dx < e [[45 20
Q Q

< c1([160]1 + llmajui (0)[*)  (by (4.46))
(4.60) <ol (by (4.59)).
We use ¢; to denote various constants being independent of ¢.

The estimates (4.59), (4.60) prove (4.57). From (4.51) and (4.59) we conclude for
t>0

(4.61) / |(u g)|2dl < as|6o]?

for some as > 0. Hence (4.58) is proved. O
COROLLARY 4.9. 381, 2 >0 Vt>0 Ve>0: E(uf,¢¥%)(t) < B1]/6o]|%e P2t
Now let (u, 1) be the solution to the quasi-static problem obtained from (u®, %),
as € | 0 (Theorem 4.6). Let the “energy” of (u,®) be defined by

(4.62) E(t) = / Cijklu;c,lui’j + |¢t|2 + kij’(/J7i¢,de.
Q

Then the exponential stability is expressed in the next theorem.
THEOREM 4.10.

(4.63) Yt >0: E(t) < By 602
(B1, B2 from Corollary 4.9).

Proof. Corollary 4.9 and the weak lower semicontinuity of the norm yield the
proof. ]
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5. Smoothing in the interior for the quasi-static contact problem. The
linear, quasi-static problem with Dirichlet boundary conditions has smoothing prop-
erties like those known for the solutions to heat equations, in particular, the solution
(u,0)(t, ) is infinitely smooth in ¢ and « as soon as ¢ > 0, no matter how smooth the
initial data are (cf. the remarks in section 3). This behavior cannot be expected, in
general, for the quasi-static contact problem because of the mixed boundary condi-
tions for u. We shall prove that the solution (u,f) to the quasi-static thermoelastic
contact problem (4.1)—(4.5) is infinitely smooth with respect to x in the interior of
ift>0.

Naturally, we assume in this section that all coefficients are C'*°-smooth. We also
assume that (u,0) is a solution to (1.1)—(1.5) as given in the previous section. Let
@ € C§°(2) such that supp ¢ C Qs, /2 for some 69 > 0, with Qs, /5 open such that

Qs,/2 = {2 € Q|dist (x,0Q) > 6o /2}.
Also let
o =11in Q35,4
and
(@,0) := (iou, ¢0).

Then (@, 0) satisfy

(5.1) —(Cijrrting) j + (mii0) j = Ri(u,Vu,0), i=1,...,n,
(5.2) 0 — (kij0.,5) 5 +mijOptis; = Q(uy, 0, V0),

(5.3) O(t = 0) = fo == by,

(5.4) supp @, suppf CC Q.

Here R; and @ are given by

(5.5) R = —¢,1,iCijriur — 0,1(Cijriuk) j — ¢,;Cijriur, + ©,jmij0,

(56) Q = —w,iyjkijﬂ - @,i(kija),j — (,0’]'9’1' + goyjmijatui.
In particular,
supp R; Usupp @ C supp Vy CC .

Let r; > 0 such that Q& CC B := B(0,r;).
Let (w,®) solve in (0,00) x B:

(5.7) _(Cijklwk,l),j + (mijﬂ),j =0, +=1,...,n,

(5.8) V¢ = (ki) 5 + mijOpw; ; =0,
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(5.9) 9(t = 0) = b,

(5.10) W\oB = 0, 19|6B =0.

The linear, quasi-static problem (5.7)—(5.10) can be solved as shown in section 2
assuming

(5.11) 0o € H*(Q) N H(Q),

and (w, ) is smooth in B as t > 0. Let (v, g) be the solution in (0,00) X B to

(5.12) —(Cijrivr) 5 + (mijo) 5 = Ry, i=1,...,n,
(5.13) ot — (kijo.i).j +mijOi; = Q,

(5.14) o(t=0) =0,

(5.15) vigp =0, 0pp =0.

The right-hand sides R;, @ satisfy
(5.16) R=(Ry,...,R,) e W'*(L?), Qe L*(H").

The system (5.12)—(5.15) can be transformed into a parabolic equation for g, essen-
tially, as in section 3:

(5.17) v=—E"'V'MO+E'R, wvpp=0,
where

M = (m4j)ij, E = (=0;Cijni0)s;

hence

(5.18) Ot —+ AQ = F,

(5.19) o(t=0)=0,

(5.20) 2o =0,

where

(5.21) Ag=—(Id - MVE'V'M) " kijo.) ;s
(5.22) F=Q—-MVO,E 'R

The regularity of R and @ given in (5.16), as well as the mapping properties of the
operator E (cf. section 3), imply

(5.23) F e L*(HY).
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This regularity of F' implies for the (existing) solution ¢ to (5.18)—(5.20)
(5.24) 0€ L*(H*(Qsy/2), 01 € L*(H (Qs,/2))

by the usual regularity for parabolic equations (see, for example, p. 11 in [14]) applied
to 0;0, smoothly cut off in Qs /2.
By (5.17) and (5.24) we conclude

(5.25) v € WH2(H?(Qs,/2))-

By uniqueness we have in (0,00) x B

t=w+wv, 0=19+p.
Since (w,v) is smooth for ¢ > 0, we conclude from (5.24), (5.25), and
(5.26) u=1, 0=0in Qs
that, for any 7 > 0,

S W1’2((T,OO),H2(Q3§O/4)), 0 e L2((T7OO)7H3(9360/4))7
(527) at € LQ((Ta OO), H1 (9360/4))7

i.e., more regularity for (u,6). This implies (cf. (5.16))
(5:28)  ReW"*((r,00), H'(Qss,/a)), Q€ L*((0,00), H*(235,/4));

i.e., higher regularity for F' in (5.18).

Proceeding by induction (69 > 0 chosen appropriately) we have proved the fol-
lowing.

THEOREM 5.1. Let 6y € HY(Q). Then the solution (u,0) to (4.1)—(4.5) satisfies

(5.29)¥r >0V cCc QVmeN : ue Wh2((1,00), H™(Q)), 6 € WH2((7,00), H™(')).

This interior smoothing effect in « carries over to smoothing in ¢, which can be
seen by differentiating the equation for (i, é) with respect to ¢t and applying the same
arguments again. As a corollary we have the following.

COROLLARY 5.2. Let 0y, (u,0) be as in Theorem 5.1. Then

(5.30) Vr>0VQ ccQ: wuwelC™®((r,00) x ), e C®((r,00) x Q)).
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