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Abstract. We consider dynamical and quasi-static thermoelastic contact problems in R
n mod-

eling the evolution of temperature and displacement in an elastic body that may come into contact
with a rigid foundation. The existence of solutions to these dynamical and quasi-static nonlinear
problems and the exponential stability are investigated using a penalty method. Interior smoothing
effects in the quasi-static case are also discussed.
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1. Introduction. We consider dynamical and quasi-static thermoelastic contact
problems which model the evolution of temperature and displacement in an elastic
body that may come into contact with a rigid foundation. If Ω ⊂ R

n (n ≥ 2) denotes
the reference configuration, we assume that the smooth boundary ∂Ω consists of three
mutually disjoint parts ΓD,ΓN ,ΓC such that ∂Ω = ΓD ∪ ΓN ∪ Γc and ΓD 6= ∅. The
body is held fixed on ΓD, tractions are zero on ΓN , and Γc is the part which may
have contact with a rigid foundation. The temperature is held fixed on ∂Ω. Then the
dynamical initial boundary value problem for the displacement u = u(t, x) and the
temperature difference θ = θ(t, x), where t ≥ 0 and x ∈ Ω, to be considered is the
following:

%∂2
t ui − (Cijkluk,l),j + (mijθ),j = 0, i = 1, . . . , n,(1.1)

%c∂tθ − (kijθ,i),j +mij∂tui,j = 0,(1.2)

u(t = 0) = u0, ut(t = 0) = u1, θ(t = 0) = θ0,(1.3)

u|ΓD = 0, σijνj|ΓN
= 0, θ|∂Ω

= 0,(1.4)

uν ≤ g, σν ≤ 0, (uν − g)σν = 0, σT = 0 on Γc.(1.5)

Here % and c denote the density and the heat capacity, respectively, and are assumed
in what follows to be equal to one without loss of generality. Cijkl, mij , and kij
denote the components of the elasticity tensor, those of the thermal expansion tensor,
and those of the heat conduction tensor, respectively, and will satisfy

Cijkl ∈ L∞(Ω), Cijkl = Cjikl = Cklij ,(1.6)
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∃λ1 > 0 ∀ηij = ηji, Cijklηijηkl ≥ λ1|η|2,(1.7)

mij ∈W 1,∞(Ω), mij = mji ≥ 0,(1.8)

kij ∈W 1,∞(Ω), kij = kji,(1.9)

∃λ2 > 0 kijξiξj ≥ λ2|ξ|2.(1.10)

The comma notation ,j denotes the differentiation ∂j ≡ ∂/∂xj with respect to xj , and
a subindex t will denote the differentiation ∂t ≡ ∂/∂t. The initial values u0, u1, and
θ0 are prescribed with regularity to be made more precise in the final formulation of
the system. The stress tensor is given by σ = (σij)

σij = Cijkluk,l −mijθ.

Since on the boundary θ = 0 we have there

σij = Cijkluk,l.

The unit normal vector in x ∈ ∂Ω is denoted by ν = ν(x) and the normal component
of u by uν :

uν = u · ν.
The normal component σν of the stress tensor is given by

σν = σijνiνj

and the tangential part σT is

σT = σν − σνν.

The function g describes the initial gap between the part Γc of the reference configu-
ration and the rigid foundation and is assumed to satisfy

g ∈ H1/2(Γc), g ≥ 0 almost everywhere (a.e.) on Γc.(1.11)

Hence the boundary conditions (1.5) describe Signorini’s contact condition on Γc for
a frictionless (σT = 0) contact.

The corresponding quasi-static system arises from (1.1)–(1.5) by omitting ∂2
t ui in

(1.1) and prescribing only θ0 in (1.3).
These thermoelastic contact problems, which are nonlinear because of the contact

boundary conditions (1.5), arise in applications such as the manufacturing of castings
and pistons; see Shi and Shillor [12] for more details and references. The mathematical
treatment of the dynamical problem (1.1)–(1.5) in one space dimension was discussed
by Elliott and Tang [4], where more complicated boundary conditions are considered.
Existence results in higher dimensions were announced by Figueiredo and Trabucho
in [5]. They considered the case of constant contact, which allows them to use only
variational methods to solve the problem; this does not apply to the situation of
the contact condition of Signorini’s type considered here. We shall investigate the
existence in n ≥ 1 space dimensions for radially symmetrical situations following the
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approach of Kim [8], who discussed an obstacle problem for a wave equation. Using
a penalty method, we obtain an existence result and we also prove the exponential
stability, which was proven for a special one-dimensional system by Muñoz Rivera
and Lacerda Oliveira [10].

As a motivation for the stability results to be expected and as a tool to be used
later, we also discuss the linear quasi-static system for classical boundary conditions
like

u|∂Ω
= 0, θ|∂Ω

= 0,

proving existence, exponential stability, and smoothing.
For the quasti-static system, Shi and Shillor [12] proved the existence of a solu-

tion, while Ames and Payne [1] proved a uniqueness result; see also these papers for
references on the one-dimensional case, where a series of papers has appeared over
the last years.

We shall give a new existence proof using a penalty method. This will also allow
us to make conclusions on the exponential stability of the system. Finally, we shall
prove that the quasi-static system has a smoothing effect in the interior of Ω, where
u and θ are shown to be arbitrarily smooth, an effect which cannot be expected up
to the boundary because of the mixed and contact boundary conditions.

We remark that we have assumed exterior forces and exterior heat supply to be
zero only for simplicity.

The paper is organized as follows. In section 2 we prove an existence and exponen-
tial stability result for the dynamical system(1.1)–(1.5) in the case of radial symmetry
using a penalty method. Section 3 studies the linear quasi-static system with classical
Dirichlet or Neumann type boundary conditions proving existence, uniqueness, and
exponential stability. In section 4 the quasi-static contact problem is investigated,
and we obtain an existence result and exponential stability using a penalty method.
Finally, section 5 will provide the interior smoothing effect for the quasi-static contact
problem.

Concerning the notation we remark that we use standard notations for Sobolev
spaces and also the Einstein summation convention for repeated indices. By 〈·, ·〉 we
denote the inner product in (L2(Ω))n, and by ‖ · ‖ we denote the corresponding norm.

2. Existence for the dynamical contact problem. A dynamical thermoe-
lastic contact problem was investigated by Elliott and Tang [4] in one space dimension
following the approach of Kim [8], who used a penalty method for the treatment of
an obstacle problem for a wave equation. We also adopt this approach. The system
character of our problem arising in multidimensional elasticity naturally leads to fur-
ther problems in the estimates that have to be overcome by additional considerations
compared to the two papers above. We shall discuss the case of radial symmetry. We
look for a solution to (1.1)–(1.5) in the following sense. Let

H1
ΓD := {u ∈ (H1(Ω))n| u|ΓD = 0}.

Definition 2.1. (u, θ) is a solution to (1.1)–(1.5) for given u0 ∈ H1
0 (Ω), u1 ∈

L2(Ω), θ0 ∈ L2(Ω) if, for any T > 0,

u ∈ L∞((0, T ), H1
ΓD (Ω)), ut ∈ L∞((0, T ), (L2(Ω))n),

θ ∈ L∞((0, T ), L2(Ω)) ∩ L2((0, T ), H1
0 (Ω)),(2.1)
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u(t = 0) = u0, ut(t = 0) = u1, θ(t = 0) = θ0,(2.2)

uν ≤ g on (0, T )× ΓC (a.e.);(2.3)

and for all w ∈ L∞((0, T ), H1
ΓD

(Ω)) ∩W 1,∞((0, T ), (L2(Ω))n) with wν ≤ g on Γc the
following inequality holds:

〈ut(T, ·), w(T, ·)− u(T, ·)〉 − 〈u1, w(0, ·)− u0〉

−
∫ T

0

〈ut, wt〉dt+

∫ T

0

{〈ut, ut〉 − 〈Cijkluk,l, ui,j〉} dt

+

∫ T

0

〈Cijkluk,l, wi,j〉dt−
∫ T

0

〈mijθ, wi,j − ui,j〉dt ≥ 0;(2.4)

and for all z ∈W 1,2((0, T ), H1
0 (Ω)) the following equality holds:

−
∫ T

0

〈θ, zt〉dt+ 〈θ(T, ·), z(T, ·)〉 − 〈θ0, z(0)〉

+

∫ T

0

〈kijθ,i, z,j〉dt−
∫ T

0

〈ui,j , ∂t(mijz)〉dt
+ 〈miju(T, ·)i,j , z(T, ·)〉 − 〈miju0i,j , z(0, ·)〉 = 0.(2.5)

In what follows we shall write L∞(H1
ΓD

) instead of L∞((0, T ), H1
ΓD

(Ω)), similarly
for the other spaces; moreover we write u(T ) instead of u(T, ·), and so on.

We remark that a smooth classical solution to (1.1)–(1.5) obviously satisfies (2.5)
and also (2.4). On the other hand, it is easy to see that if (u, θ) is a solution in the
sense of Definition 2.1 and if (u, θ) is smooth, then (1.1)–(1.5) follows in the classical
sense.

The existence of a solution will be proven for the radial symmetrical case by using
a penalty method. For this purpose we consider the following approximating problem
for a parameter ε > 0. This will be solved—in general, without restriction to radial
symmetry—and then a priori estimates are proven that will show the convergence,
as ε ↓ 0, of a subsequence to a solution of (1.1)–(1.5). The penalized problem is
the following, first in classical notation. For given uε0, u

ε
1 ∈ (H2(Ω))n ∩ (H1

0 (Ω))n,
θε0 ∈ H2(Ω) ∩ H1

0 (Ω) find a solution (uε, θε) to the following initial boundary value
problem (2.6)–(2.10):

∂2
t u

ε
i − (Cijklu

ε
k,l),j + (mijθ

ε),j = 0,(2.6)

∂tθ
ε − (kijθ

ε
,i),j +mij∂tu

ε
i,j = 0,(2.7)

uε(t = 0) = uε0, uεt (t = 0) = uε1, θε(t = 0) = θε0,(2.8)

uε|ΓD = 0, σεijνj|ΓN = 0, θε|∂Ω = 0,(2.9)

σεν = −1

ε
(uεν − g)+ − ε∂tu

ε
ν , σεT = 0, on Γc,(2.10)
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where σε = σ(uε) is the stress tensor corresponding to uε and f+ denotes the positive
part of f . Let {wj}∞j=1 ⊂ H1

ΓD
(Ω) be an orthonormal basis in (L2(Ω))n, and let

{zj}∞j=1 ⊂ H1
0 (Ω) be an orthonormal basis in L2(Ω).

Definition 2.2. (uε, θε) is a solution to (2.6)–(2.10) for uε0, u
ε
1 ∈ (H2(Ω) ∩

H1
0 (Ω))n, θε0 ∈ H2(Ω) ∩H1

0 (Ω) if, for any T > 0,

uε ∈W 2,∞(L2) ∩W 1,∞(H1
ΓD ), θε ∈W 1,∞(L2) ∩W 1,2(H1

0 ),(2.11)

uε(t = 0) = uε0, uεt (t = 0) = uε1, θε(t = 0) = θε0,(2.12)

and for all p ∈ N and for a.e. t ∈ [0, T ]:

〈∂2
t u

ε, wp〉+ 〈Cijklu
ε
k,l, wpi,j〉 − 〈mijθ

ε, wpi,j〉

= −1

ε

∫
Γc

(uεν − g)+wpν dΓ dt− ε

∫
Γc

∂tu
ε
νwpνdΓ,(2.13)

〈∂tθε, zp〉+ 〈kijθε,i, zp,j〉+ 〈mij∂tu
ε
i,j , zp〉 = 0.(2.14)

It is again easy to see that a smooth classical solution to (2.6)–(2.10) is a solution
(in the sense of Definition 2.2), and a solution (in the sense of Definition 2.2), which
is smooth, is a classical solution; compare the considerations following Definition 2.1.

Theorem 2.3. For given uε0, u
ε
1 ∈ (H2(Ω)∩H1

0 (Ω))n, θε0 ∈ H2(Ω)∩H1
0 (Ω), there

is a solution (uε, θε) to the penalized problem (2.6)–(2.10).
Remark. There is no assumption on radial symmetry here.
Proof. A Galerkin method will be the appropriate tool as in [8], [4]. Defining v

and ψ by

v := uε − uε0 − tuε1, ψ := θε − θε0,

then (v, ψ) should satisfy, for i = 1, . . . , n,

∂2
t vi − (Cijklvk,l),j + (mijψ),j = (Cijklu

ε
ok,l + tuε1k,l),j − (mijθ

ε
o),j =: fi,(2.15)

∂tψ − (kijψ
ε
,i),j +mij∂tvi,j = (kijθ

ε
o,i),j −miju

ε
1i,j =: g,(2.16)

v(t = 0) = 0, vt(t = 0) = 0, ψ(t = 0) = 0,(2.17)

as well as the boundary conditions (2.9), (2.10) with (uε, θε) being replaced by (v, ψ),
all to be understood in the sense of Definition 2.2. We make the ansatz

vm(t, x) =
m∑
p=1

amp(t)wp(x), m ∈ N,(2.18)

ψm(t, x) =
m∑
p=1

bmp(t)zp(x),(2.19)

where (amp)
m
p=1, (bmp)

m
p=1 satisfy

〈∂2
t v

m, wp〉+ 〈Cijklv
m
k,l, wpi,j〉 − 〈mijψ

m, wpi,j〉

= 〈f, wp〉 − 1

ε

∫
Γc

(vmν − g)+wpνdΓ− ε

∫
Γc

∂tv
m
ν wpνdΓ(2.20)
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for p = 1, . . . ,m, as well as

〈∂tψm, zp〉+ 〈kijψmi , zp,j〉+ 〈mij∂tv
m
i,j , zp〉 = 〈g, zp〉,(2.21)

amp(0) = 0,
d

dt
amp(0) = 0, bmp(0) = 0.(2.22)

Equations (2.20), (2.21) are a system of nonlinear ordinary differential equation for
amp and bmp, p = 1, . . . ,m, with prescribed initial values given in (2.22). Since
the (only) nonlinearity in (2.20) is Lipschitz continuous, there is a smooth solution
{amp, bmp}mp=1 in [0, T ] for any T > 0.

Now we derive a priori estimates for (vm, ψm). Multiplication of (2.20) by d
dtamp(t)

and (2.21) by bmp(t) and summation over p yields

1

2

d

dt
‖∂tvm‖2 +

1

2

d

dt
〈Cijklv

m
k,l, v

m
i,j〉 − 〈mijψ

m, ∂tv
m
i,j〉

= 〈f, ∂tvm〉 − 1

ε

∫
Γc

(vmν − g)+∂tv
m
ν dΓ− ε

∫
Γc

|∂tvmν |2dΓ,(2.23)

1

2

d

dt
‖ψm‖2 + 〈kijψm,i , ψm,j 〉+ 〈mij∂tv

m
i,j , ψ

m〉 = 〈g, ψm〉,(2.24)

or

1

2

d

dt

{
‖∂tvm‖2 + 〈Cijklv

m
k,l, v

m
i,j〉+ ‖ψm‖2 +

1

ε

∫
Γc

|(vmν − g)+|2dΓ
}

+〈kijψm,j , ψm,j 〉

= 〈f, ∂tvm〉 − ε

∫
Γc

|∂tvmν |2dΓ + 〈g, ψm〉.(2.25)

Integrating (2.25) with respect to t ∈ [0, T ], we conclude that there is a positive
constant

c = c(T, ‖uε0‖H2 , ‖uε1‖H2 , ‖θε0‖H2)(2.26)

not depending on m and depending on ε only in the way indicated in (2.26) such that
for any t ∈ [0, T ] the following estimates (2.27)–(2.31) hold:

‖∂tvm(t)‖ ≤ c,(2.27)

〈Cijklv
m
k,l, v

m
i,j〉(t) ≤ c,(2.28)

∫ t

0

〈kijψm,i , ψm,j 〉(s)ds ≤ c,(2.29)

1

ε

∫
Γc

|(vmν − g)+|2dΓ ≤ c,(2.30)
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ε

∫ t

0

∫
Γc

|∂tvmν |2dΓ ds ≤ c.(2.31)

Therefore, using Korn’s inequality, we obtain that

(vm)m is bounded in W 1,∞(L2) ∩ L∞(H1
ΓD ),(2.32)

(ψm)m is bounded in L∞(L2) ∩ L2(H1
0 ).(2.33)

Next, the boundedness of ∂2
t v

m in L2(L2) will be proved. The estimate will be uniform
only in m ∈ N, not in ε > 0 (cf. (2.26)).

Differentiation of (2.20), (2.21) with respect to t, then multiplication by d2

dt2 amp(t)

and d
dtbmp(t), respectively, and summation leads to

1

2

d

dt

{‖∂2
t v

m‖2 + 〈Cijkl∂tv
m
k,l, ∂tv

m
i,j〉+ ‖∂tψm‖2

}
+ 〈kij∂tψm,i , ∂tψm,j 〉

= 〈∂tf, ∂2
t v

m〉 − 1

ε

∫
Γc

(∂t(v
m
ν − g)+)∂2

t v
m
ν dΓ− ε

∫
Γc

|∂2
t v

m
ν |2dΓ

≤ ‖∂tf‖ ‖∂2
t v

m‖+
1

2ε3

∫
Γc

|∂t(vmν − g)+|2dΓ− ε

2

∫
Γc

|∂2
t v

m
ν |dΓ.(2.34)

Using (2.31) we conclude, by Gronwall’s inequality,

‖∂2
t v

m(t)‖ ≤ c1(ε),(2.35)

〈Cijkl∂tv
m
k,l(t), ∂tv

m
i,j(t)〉 ≤ c1(ε),(2.36)

‖∂tψm(t)‖ ≤ c1(ε),(2.37)

∫ t

0

〈kij∂tψm,i , ∂tψm,j 〉(s)ds ≤ c1(ε),(2.38)

where the positive constant c1(ε) is independent of m0 and t ∈ [0, T ], T > 0, but may
depend on ε. Thus we have that, for fixed ε > 0,

(∂2
t v

m)m is bounded in L∞(L2),(2.39)

(∂tv
m)m is bounded in L∞(H1

ΓD ),(2.40)

(∂tψ
m)m is bounded in L∞(L2) ∩ L2(H1

0 ).(2.41)

It follows from (2.32), (2.33), and (2.39)–(2.41) that for fixed ε there is a subsequence,
again denoted by ((vm, ψm))m, and (v, ψ) such that, as m→∞,

vm
∗
⇀ v in W 2,∞(L2) ∩W 1,∞(H1

ΓD ),(2.42)

ψm
∗
⇀ ψ in W 1,∞(L2),(2.43)

ψm ⇀ ψ in W 1,2(H1
0 ).(2.44)



1314 JAIME E. MUÑOZ RIVERA AND REINHARD RACKE

With the help of Lemma 1.4 from [8] (essentially Gagliardo–Nirenberg type estimates),
the convergence

(vmν − g)+ → (vν − g)+ in C0([0, T ], L2(Γc)),(2.45)

as well as

∂tv
m → ∂tv in C0([0, T ], L2(∂Ω)),(2.46)

follow. Using (2.42)–(2.46) and letting m→∞ in (2.20), (2.21), we conclude that

uε := v + uε0 + tuε1, θε := ψ + θε0

satisfy (2.11)–(2.14).
Now we turn to the original problem (1.1)–(1.5) and show that a subsequence of

(uε, θε), where (uε, θε) solves a penalized problem for ε > 0 according to Theorem
2.3, converges to a solution of (1.1)–(1.5).

Theorem 2.4. For given u0 ∈ H1
0 (Ω), u1 ∈ (L2(Ω))3, θ0 ∈ L2(Ω), there is a

solution (u, θ) to (1.1)–(1.5) in the case of radial symmetry.
Radial symmetry means that the domain Ω is radially symmetrical, i.e., invariant

under transformations of the special orthogonal group SO(3) if n = 3, respectively,
O(2) if n = 2. The typical examples are balls or annular domains. Radial symmetry
of (u, θ) means

∀A ∈ SO(2), respectively, O(2) ∀x ∈ Ω : u(Ax) = Au(x), θ(Ax) = θ(x),

or equivalently (see [6]), with r := |x|:
There exists a function w : R

+
0 −→ R such that u(x) = xw(r), and there exists a

function ψ : R
+
0 −→ R such that θ(x) = ψ(r).

Of course, for the existence of radially symmetrical solutions to the penalized, and
later for the original, problem, the coefficients have to satisfy invariance conditions
too. As an example we consider the homogeneous, isotropic case, where, in particular,

Cijkl = λδijδkl + µ(δikδjl + δjkδil),(2.47)

and the differential equations (1.1), (1.2) turn into

utt − µ∆u− (µ+ λ)∇ div u+ m̄∇θ = 0,(2.48)

cθt − λ2∆θ + m̄div ut = 0,(2.49)

where µ and λ are the Lamé moduli satisfying µ > 0 and 2µ + nλ > 0, ρ, c, κ > 0,
and m 6= 0 are constants. We also notice that in this case

σν|∂Ω
= λdiv u+ 2µui,kνiνk,

and it is easy to see that the boundary conditions (2.9), (2.10) allow for radially sym-
metrical solutions; i.e., if the initial data are radially symmetrical, then the solution
according to Theorem 2.3 will have the same symmetry. Namely, if (u, θ) is the solu-
tion, then (v, ξ) with v(x) := A−1u(Ax), ξ(x) := θ(Ax) will also be a solution to the
same initial data and boundary conditions for any (special) orthogonal A. Hence, by
uniqueness, (u, θ) = (v, ξ).
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Proof of Theorem 2.4. Let ε > 0, and let uε0, u
ε
1 ∈ (H2(Ω) ∩ H1

0 (Ω))n, θε0 ∈
H2(Ω) ∩H1

0 (Ω) be radially symmetrical such that, as ε ↓ 0,

uε0 → uε1 in (H1
0 (Ω))n,(2.50)

uε1 → u1 in (L2(Ω))n,(2.51)

θε0 → θ0 in L2(Ω).(2.52)

Let (uε, θε) be the solution to (2.6)–(2.10) according to Theorem 2.3 and correspond-
ing to the initial values (uε0, u

ε
1, θ

ε
0). By the known regularity of (uε, θε) we can sub-

stitute wp by ∂tu
ε in (2.13) and zp by θε in (2.14), respectively, and we obtain (cf.

(2.25))

1

2

d

dt

{
‖∂tuε‖2 + 〈Cijklu

ε
k,l, u

ε
i,j〉+ ‖θε‖2 +

1

ε

∫
Γc

|(uεν − g)+|2 dΓ
}

+ 〈kijθε,i, θε,j〉

= −ε
∫

Γc

|∂tuεν |2 dΓ.
(2.53)
Hence, there is a positive constant

c2 = c2(T, ‖u0‖H1 , ‖u1‖L2 , ‖θ0‖L2),(2.54)

which is independent of ε, such that for any t ∈ [0, T ] we get

‖∂tuε‖ ≤ c2,(2.55)

〈Cijklu
ε
k,l, u

ε
i,j〉 ≤ c2,(2.56)

∫ t

0

〈kijθε,i, θε,j〉(s)ds ≤ c2,(2.57)

1

ε

∫
Γc

|(uεν − g)+|2dΓ ≤ c2,(2.58)

ε

∫ t

0

∫
Γc

|∂tuεν |2dΓ ds ≤ c2.(2.59)

The estimates (2.55)–(2.59) imply the existence of a subsequence, again denoted by
(uε, θε), and of (u, θ) such that, as ε ↓ 0,

uε
∗
⇀ u in L∞(H1

ΓD ) ∩W 1,∞(L2),(2.60)

θε
∗
⇀ θ in L∞(L2),(2.61)

θε ⇀ θ in L2(H1
0 ).(2.62)

Using Lemma 1.4 from [8] again, we conclude

uε → u in C0(L2).(2.63)
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The equations (2.13), (2.14) imply for (uε, θε)

∫ T

0

{〈∂2
t u

ε, w − uε〉+ 〈Cijklu
ε
k,l, wi,j − uεi,j〉 − 〈mijθ

ε, wi,j − uεi,j〉}dt

= −1

ε

∫ T

0

∫
Γc

(uεν − g)+(wν − uεν)dΓ dt− ε

∫ T

0

∫
Γc

∂tu
ε
ν(wν − uεν)dΓ dt(2.64)

for any w ∈ L∞(H1
ΓD

) ∩W 1,∞(L2) such that wν ≤ g, and

∫ T

0

{〈∂tθε, zt〉+ 〈kijθε,i, z,j〉+ 〈mij∂tu
ε
i,j , z〉

}
dt = 0(2.65)

for any z ∈W 1,2(H1
0 ).

Integration by parts in (2.64) yields

〈uεt (T ), w(T )− uε(T )〉 − 〈uε1, w(0)− uε0〉

−
∫ T

0

〈uεt , wt〉dt+

∫ T

0

〈uεt , uεt 〉 − 〈Cijklu
ε
k,l, u

ε
i,j〉dt

+

∫ T

0

〈Cijklu
ε
k,l, wi,j〉dt−

∫ T

0

〈mijθ
ε, wi,j − uεi,j〉dt

≥ −ε
∫ T

0

∫
Γc

∂tu
ε
νwνdΓ dt+ ε

∫ T

0

∫
Γc

∂tu
ε
νu

ε
νdΓ dt

= −ε
∫ T

0

∫
Γc

∂tu
ε
νwν dΓ dt+

ε

2

{∫
Γc

|uεν(T )|2dΓ−
∫

Γc

|uε0ν |2dΓ
}
,(2.66)

where we used

−1

ε

∫ T

0

∫
Γc

(uεν − g)+(wν − uεν)dΓ dt

= −1

ε

∫ T

0

∫
Γc

(uεν − g)+(wν − g)dΓ dt+
1

ε

∫ T

0

∫
Γc

|(uεν − g)+|2dΓ dt ≥ 0.

Integration by parts in (2.65) leads to

−
∫ T

0

〈θε, zt〉dt+ 〈θε(T ), z(T )〉 − 〈θε0, z(0)〉

+

∫ T

0

〈kijθε,i, z,j〉dt−
∫ T

0

〈uεi,j , ∂t(mijz)〉dt+ 〈miju
ε(T )i,j , z(T )〉 − 〈miju

ε
oi,j , z(0)〉

= 0.
(2.67)
Using (2.60)–(2.62) we conclude from (2.67), as ε ↓ 0, that (u, θ) satisfy (2.5).

It remains to justify (2.3) and (2.4). Notice that u satisfies (2.3) because

‖(uν − g)+‖L2(Γc) = lim
ε↓0

‖(uεν − g)+‖L2(Γc) = 0

by (2.63), (2.58).
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We claim that the following inequality holds:∫ T

0

〈ut, ut〉 − 〈Cijkluk,l, ui,j〉dt ≥ lim
ε↓0

sup

∫ T

0

〈uεt , uεt 〉 − 〈Cijklu
ε
k,l, u

ε
i,j〉dt.(2.68)

The convergence

|uεt |2 − Cijklu
ε
k,lu

ε
i,j → |ut|2 − Cijkluk,lui,j(2.69)

in D′((0, T ) × Ω), i.e., in the sense of distributions, follows from the theory of com-
pensated compactness (see Corollary 4.3 of [2]); take

vi := (∂tu
ε
i ,−(Cijklu

ε
k,l)j=1,...,n), wi := (∂tu

ε
i , (u

ε
i,j)j=1,...,n)

and summation over i = 1, . . . , n, and observe

−(mijθ
ε),j ∈ L2(L2).

The differential equations (2.6), (2.7) for (uε, θε) are satisfied in the distributional
sense. Since

θεt ∈ L∞(L2) and ∂tu
ε
i,j ∈ L∞(L2) ⇒ (kijθ

ε
,i),j ∈ L∞(L2),

then

θε ∈ L∞(H2 ∩H1
0 ).(2.70)

Moreover,

∂2
t u

ε ∈ L∞(L2)

and (2.69) imply

(Cijklu
ε
k,l),j ∈ L∞(L2),

from which we conclude interior regularity in the following sense:

∀δ > 0 : uε ∈ L∞((0, T ), H2(Ωδ)),(2.71)

where

Ωδ := {x ∈ Ω|dist (x, ∂Ω) > δ}, 0 < δ ≤ δ0

(δ0 fixed).
Remark. The H2-regularity up to ∂Ω cannot be expected because of the mixed

boundary conditions for uε.
Let Ωδ as above, Sδ := ∂Ωδ, and let h ∈ (C1(Ω))n such that

h(x) =

{
ν(x) = exterior normal in x ∈ Sδ if dist(x, ∂Ω) = δ ≤ δ0/2,
0 if dist(x, ∂Ω) ≥ δ0.

Writing (u, θ) instead of (uε, θε) for simplicity, we multiply the first differential equa-
tion (2.6) by hkui,k and integrate∫ T

0

∫
Ωδ

∂2
t uihkui,kdx dt =

∫
Ωδ

∂tui(T )hkui,k(T )dx−
∫

Ωδ

u1ihku0i,kdx

−1

2

∫ T

0

∫
Sδ

|∂tu|2dΓ dt+
1

2

∫ T

0

∫
Ωδ

hk,k|∂tu|2dx dt.(2.72)
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With

σ̃ij := σij +mijθ(2.73)

we obtain

−
∫ T

0

∫
Ωδ

σij,jhkui,kdx dt = −
∫ T

0

∫
Ωδ

σ̃ij,jhkui,kdx dt−
∫ T

0

∫
Ωδ

(mijθ),jhkui,kdx dt

= −
∫ T

0

∫
Sδ

νj σ̃ijνkui,kdΓ dt+

∫ T

0

∫
Ωδ

σ̃ijhk,jui,kdx dt

+

∫ T

0

∫
Ωδ

σ̃ijhk(ui,k),jdx dt−
∫ T

0

∫
Ωδ

(mijθ),jhkui,kdx dt.(2.74)

Since

σ̃ijhk(ui,k),j = σ̃ijhk(ui,j),k = Crsijui,jhk(ur,s),k

= (Cijrsur,s),khkui,j − (Cijrs),kur,shkui,j

= (σ̃ij),khkui,j − (Cijrs),kur,shkui,j ,

we have

σ̃ijhk(ui,k),j =
1

2
hk(σ̃ij),k − 1

2
(Cijrs),kur,shkui,j .

Inserting this into (2.74), we conclude

−
∫ T

0

∫
Ωδ

σij,jhkui,kdx dt = −
∫ T

0

∫
Sδ

νj σ̃ijνkui,kdΓ dt+

∫ T

0

∫
Ωδ

σ̃ijhk,jui,kdx dt

+
1

2

∫ T

0

∫
Sδ

σ̃ijui,jdΓ dt− 1

2

∫ T

0

∫
Ωδ

(Cijrs),kur,shkui,j −
∫ T

0

∫
Ωδ

(mijθ),jhkui,kdx dt.

(2.75)
The equations (2.6), (2.72), (2.75) imply

∫ T

0

∫
Sδ

|ut|2dΓ dt−
∫ T

0

∫
Sδ

Cijkluk,lui,jdΓ dt

= 2
∫
Ωδ
{∂tui(T )hkui,k(T )− u1ihku0i,k} dx

+2

∫ T

0

∫
Ωδ

{
hk,k|ut|2 + σ̃ijhk,jui,j − 1

2
(Cijrs),kur,shkui,j − (mijθ),jhkui,k

}
dx dt

−2

∫ T

0

∫
Sδ

νj σ̃ijνkui,kdΓ dt

= C1
δ −2

∫ T

0

∫
Sδ

νj σ̃ijνkui,kdΓ dt︸ ︷︷ ︸
=:Rδ

,

(2.76)
for some C1

δ which satisfies

∃M = M(‖u0‖H1 , ‖u1‖L2 , ‖θ0‖L2) ∀0 < δ ≤ δ0 : |C1
δ | ≤M(2.77)
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according to (2.55)–(2.57). In particular, M is independent of ε. In order to get
control of the boundary integral Rδ, we multiply (2.6) by hmσ̃im and obtain (cf.
Lemma 2.3 in [6])

∫
Ωδ

∂2
t uihmσ̃imdx =

d

dt

∫
Ωδ

∂tuihmσ̃imdx−
∫

Ωδ

hmCimps∂tui∂s∂tupdx

=
d

dt

∫
Ωδ

∂tuihmσ̃imdx− 1

2

∫
Ωδ

hmCimps∂s(∂tui∂tup)dx

+
1

2

∫
Ωδ

hmCimps

[
∂s∂tui∂tup − ∂tui∂s∂tup

]
dx.(2.78)

Now we shall use—for the first time—the radial symmetry, i.e.,

ui(t, x) = xiw(t, r), r = |x|,

for some function w, in particular, rotu = 0, which implies

[
∂s∂tui∂tup − ∂tui∂s∂tup

]
= (∂tup∂i − ∂tui∂p) ∂tus

= ∂tw (xp∂i − xi∂p)xs∂tw ≡ G,(2.79)

and G contains, at most, first-order derivatives (wt) of u because

(xp∂i − xi∂p) ∂tw =
(xpxi

r
− xixp

r

)
(∂/∂r)∂tw = 0.

Combining (2.78) and (2.79) we get

∫
Ωδ

∂2
t uihmσ̃imdx =

d

dt

∫
Ωδ

∂tuihmσ̃imdx− 1

2

∫
Sδ

Cimpsνm∂tuiνs∂tupdΓ

+
1

2

∫
Ωδ

(hmCimps),s∂tui∂tupdx+
1

2

∫
Ωδ

hmCimpsGdx.(2.80)

Moreover,

−
∫

Ωδ

σ̃ij,jhmσ̃imdx = −
∫
Sδ

νj σ̃ijνmσ̃imdΓ +

∫
Ωδ

σ̃ijhm,j σ̃imdx+

∫
Ωδ

σ̃ijhmσ̃im,jdx

= −
∫
Sδ

|σ̃ · ν|2dΓ +

∫
Ωδ

σ̃ijhm,j σ̃imdx+

∫
Ωδ

σ̃ijhj σ̃im,mdx

+

∫
Ωδ

σ̃ij {hm∂j − hj∂m} σ̃im,mdx.

Observing that for the radial symmetrical case

hk = xk/r,

the last integral vanishes, and we obtain

−
∫

Ωδ

σ̃ij,jhmσ̃imdx = −1

2

∫
Sδ

|σ̃ · ν|2dΓ +
1

2

∫
Ωδ

σ̃ijhm,j σ̃imdx.(2.81)
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Combining (2.6), (2.80), (2.81), and integrating with respect to t, yields∫ T

0

∫
Sδ

|σ̃ · ν|2dΓ dt+

∫ T

0

∫
Sδ

Cimpsνm∂tuiνs∂tup︸ ︷︷ ︸
≥0 by (1.7)

dΓ dt = C2
δ ,(2.82)

where C2
δ satisfies the same estimate as C1

δ in (2.77).
The boundary integral Rδ can now be estimated by

|Rδ| ≤ β−1

∫ T

0

∫
Sδ

|σ̃ · ν|2dΓ dt+ β

∫ T

0

∫
Sδ

|∇u|2dΓ dt

≤ β−1|C2
δ |+ β

∫ T

0

∫
Sδ

|∇u|2dΓ dt,(2.83)

where β > 0 is still arbitrary.
For δ > 0 let %δ ∈ C∞(R), %δ increasing, %δ(s) = 0 if s ≤ δ/2, %δ(s) = 1 if s ≥ δ,

and let

ψδ(x) := %δ(dist (x, ∂Ω)).

Then ψδ is constant on Sδ for each δ. Integrating (2.76) with respect to δ ∈ [0, δ∗], 0 <
δ∗ ≤ δ0/2, after multiplication with (1− ψδ(x)), and using (2.83), we obtain∣∣∣∣∣

∫ T

0

∫
Uδ∗

(1− ψδ)
(|uεt |2 − Cijklu

ε
k,lu

ε
i,j

)
dx dt

∣∣∣∣∣ ≤ δ∗M + β−1δ∗M + βM,

where

Uδ∗ := {x ∈ Ω|dist (x, ∂Ω) < δ∗} = Ω \ Ωδ∗ .

As a consequence, we have for any τ > 0 the existence of a δ̄ = δ̄(τ) (independent of
ε) such that ∣∣∣∣∣

∫ T

0

∫
Uδ∗

(1− ψδ)
(|uεt |2 − Cijklu

ε
k,lu

ε
i,j

)
dx dt

∣∣∣∣∣ ≤ τ(2.84)

if δ∗ ≤ δ̄(τ). (Choose β = β(τ) := τ/(3M),

δ̄ := τ/(3M) min {1, β} = τ/(3M) min {1, τ/(3M)}.)
Writing 1 = ψδ +(1−ψδ) we conclude by (2.69) and (2.84) the claimed inequality

(2.68).
Now, the desired inequality (2.4) follows as ε ↓ 0 from (2.66), using (2.60)–(2.63)

and (2.68).
Finally, we shall prove the exponential decay for the radially symmetrical, homo-

geneous case. We consider the system (2.48), (2.49), now defined over the set

Ω := B(r1, 0) \B(r0, 0),

where we are denoting by B(r, 0) the ball of radius r with center in 0; i.e., Ω is an
annular region. First we treat the penalized problem, and we assume the following
boundary conditions:

u = 0,
∂θ

∂ν
= 0 on ∂B(r0, 0) = ΓD(2.85)
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and the contact conditions on ∂B(r1, 0) = Γc, which in our case can be written as

2µ
∂u

∂ν
· ν + λdivu = −1

ε
(uν − g)+ on Γc,(2.86)

θ = 0 on Γc.(2.87)

Observe that the boundary condition for θ in (2.85) is different from the Dirichlet
boundary condition studied before, but the corresponding existence theorems, both
for the penalized and for the original contact problem, hold as well; the proof carries
over almost literally, noticing, for example, that the Dirichlet boundary condition is
still given on Γc.

For simplicity in our notations we will drop the upper index ε. Since u, θ are
radially symmetrical solutions, we have

ui(t, x) = xiw(t, r), r = |x|,
θ(t, x) = ψ(t, r)

for some w and ψ. Then the system (2.48), (2.49) is equivalent to

wtt − (2µ+ λ)wrr − (2µ+ λ)
n+ 1

r
wr +

m̄

r
θr = 0,(2.88)

cθt − λ2θrr − λ2(n− 1)
θr
r

+ m̄nwt + m̄rwrt = 0,(2.89)

where w and θ satisfy

w(r0) = 0, θr(r0) = 0

among other boundary conditions. Note that there exist positive constants C0, C1

(which do not depend on ε) satisfying

C0

∫
Ω

|∇u|2 dx ≤
∫ 1

r0

|wr|2 dr ≤ C1

∫
Ω

|∇u|2 dx,

C0

∫
Ω

|ut|2 dx ≤
∫ 1

r0

|wt|2 dr ≤ C1

∫
Ω

|ut|2 dx.

To show the exponential decay we shall exploit the following two lemmas.
Lemma 2.5. Let q be any C2([r0, 1])-function such that q(r0) = 0 and q(1) = 1,

let α > 0, and let f be a function in W 1,2(L2). Then for any solution ϕ ∈ L2(H1) ∩
W 1,2(H1) ∩W 2,2(L2) of

ϕtt − αϕrr = f,(2.90)

we have that

− d

dt

{∫ 1

r0

q(x)ϕtϕr dr

}
= −1

2

{|ϕt(1, t)|2 + α|ϕr(1, t)|2
}

+
1

2

∫ 1

r0

q′(r)
{|ϕt|2 + α|ϕr|2

}
dr −

∫ 1

r0

q(r)ϕrf dr.

Proof. To get the above equality, multiply (2.90) by qϕr and make an integration
by parts.
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Let us introduce the function ψ by

ψ(t, r) :=

∫ r

r0

θ(t, ρ) dρ.

Then ψ satisfies the following equation:

cψt − λ2ψrr − λ2(n− 1)

∫ r

r0

θr
r
dρ+ m̄n

∫ r

r0

wt dρ− m̄

∫ r

r0

wt dρ+ m̄rwt = 0.(2.91)

With these notations we have the following.
Lemma 2.6. Let q be any C2([r0, 1])-function such that q(r0) = 0 and q(1) = 1.

Then, for δ > 0 small enough, we have

d

dt

{∫ 1

r0

ψwt dr − δ

∫ 1

r0

q(r)wtwr dr

}

≤ −m̄
4

∫ 1

r0

|wt|2 dr − δ

4

{|wt(1, t)|2 + (2µ+ λ)|wr(1, t)|2
}

+ δ

∫ 1

r0

|wr|2 dr

+C

∫ 1

r0

|θx|2 dr.

Proof. Multiplying (2.91) by wt we get

d

dt

∫ 1

r0

cψwt dr =

∫ 1

r0

cψtwt dr +

∫ 1

r0

cψwtt dr

= λ2

∫ 1

r0

ψrrwt dr + (n− 1)λ2

∫ 1

r0

(∫ r

r0

θr
r
dρ

)
wt dr

−m̄(n− 1)

∫ 1

r0

(∫ r

r0

wt dρ

)
wt dr − m̄

∫ 1

r0

r|wt|2 dr +

∫ 1

r0

cψwtt dr

= λ2

∫ 1

r0

θrwt dr + (n− 1)λ2

∫ 1

r0

∫ r

r0

θr
r
dρwt dr

−m̄(n− 1)

2

(∫ 1

r0

wt dρ

)2

− m̄

∫ 1

r0

r|wt|2 dr − (2µ+ λ)c

∫ 1

r0

θwr dr

+(2µ+ λ)(n+ 1)

∫ 1

r0

ψ
wr

r
dρ− m̄c

∫ 1

r0

ψ
θr
r
dr

+c(2µ+ λ)ψ(1, t)wr(1, t).

Using Sobolev’s embedding theorem, we conclude from the above identity

d

dt

∫ 1

r0

ψwt dr ≤ −m̄
2

∫ 1

r0

r|wt|2 dρ+δ
∫ 1

r0

|wr|2 dr+Cδ

∫ 1

r0

|θr|2 dr+δ

4
(2µ+λ)|wr(1, t)|2.

Since w ∈ L2(H2) ∩ W 1,2(H1), θ ∈ W 1,2(H1) we can use Lemma 2.5 for ϕ = w,
α = 2µ + λ, and f = −(2µ + λ)nwr

r + m̄ θr
r ∈ W 1,2(L2). Hence, this proves our

conclusion.
Now we are able to prove the exponential decay for the penalized problem asso-

ciated to the dynamical contact case.
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Theorem 2.7. Under the above conditions, and with u0 such that u0 · ν ≤ g, the
energy Eε = Eε(t) to the penalized system (2.48), (2.49) defined by

Eε(t) :=
1

2

∫
Ω

|uεt |2 + Cijklu
ε
k,lu

ε
i,j + |θε|2 dx+

1

2ε

∫
Γc

|(uεν − g)+|2 dΓc

decays exponentially as time goes to infinity, i.e.,

∃C > 0, γ > 0∀ t ≥ 0 : Eε(t) ≤ C e−γt,(2.92)

where γ and C are independent of ε.
Proof. Multiplying as usual (2.48) by ut and (2.49) by θ we get, dropping ε for

simplicity,

d

dt
E(t) = −

∫
Ω

|∇θ|2 dx.

Multiplying (2.48) by u and integrating by parts over Ω we get

d

dt

{∫
Ω

uut dx

}
=

∫
Ω

|ut|2 dx−
∫

Ω

µ|∇u|2 + (µ+ λ)|divu|2 dx

+m̄

∫
Ω

∇θu dx− 1

2ε

∫
Γc

|(uν − g)+|2 dΓc,

from where it follows that

d

dt

{∫
Ω

uut dx

}
≤
∫

Ω

|ut|2 dx− 1

2

∫
Ω

Cijkluk,lui,j dx

− 1

2ε

∫
Γc

|(uν − g)+|2 dΓc + C1

∫
Ω

|∇θ|2 dx,

where C1, and C2, C3 below, are positive constants. Using Lemma 2.6 and choosing
η and δ small enough we get

d

dt

{∫ 1

r0

ψwt dr − δ

∫ 1

r0

q(x)wtwr dr + η

∫
Ω

uut dx

}

≤ −κ0

{∫
Ω

|ut|2 + |∇u|2 +
1

2ε

∫
Γc

|(uν − g)+|2 dΓc
}

+ C

∫
Ω

|∇θ|2 dx.

So taking N large enough we obtain

d

dt

{
NE(t) +

∫ 1

r0

ψwt dr − δ

∫ 1

r0

q(x)wtwr dr + η

∫
Ω

uut dx

}

≤ −κ0

{∫
Ω

|ut|2 + |∇u|2 + |∇θ|2 dx+
1

2ε

∫
Γc

|(uν − g)+|2 dΓc
}

for some κ0 > 0 being independent of ε. Since we also have the relation∣∣∣∣
∫ 1

r0

ψwt dr − δ

∫ 1

r0

q(x)wtwr dr + η

∫
Ω

uut dx

∣∣∣∣ ≤ C2E(t),

we conclude, taking N large enough, that

L(t) := NE(t) +

∫ 1

r0

ψwt dr − δ

∫ 1

r0

q(x)wtwr dr + η

∫
Ω

uut dx
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satisfies

d

dt
L(t) ≤ −γL(t) ⇒ L(t) ≤ L(0)e−γt

for some positive constant γ which is independent of ε, and hence

E(t) ≤ C3E(0)e−γt.

By our choice of the initial data, the right-hand side of the above inequality is bounded,
which proves the theorem.

Using the lower semicontinuity of norms, when ε → 0 we finally obtain that the
energy associated with the original contact problem also decays exponentially; that
is, we have proved

Theorem 2.8. The energy E = E(t) to the system (1.1), (1.2), (1.3), (1.5), (2.85),
(2.86),

E(t) :=
1

2

∫
Ω

|ut|2 + Cijkluk,lui,j + |θ|2 dx,

decays exponentially as time goes to infinity; i.e.,

∃C > 0, γ > 0, ∀ t ≥ 0 : E(t) ≤ CE(0) e−γt.(2.93)

3. Linear quasi-static thermoelasticity. Replacing the boundary conditions
for u by Dirichlet type boundary conditions, we consider the following linear elliptic-
parabolic initial boundary value problem:

−(Cijkluk,l),j + (mijθ),j = 0, i = 1, . . . , n,(3.1)

∂tθ − (kijθ,i),j +mij∂tui,j = 0,(3.2)

θ(t = 0) = θ0,(3.3)

u/∂Ω = 0, θ/∂Ω = 0.(3.4)

According to the paper of Shi and Xu [13], the known results on well-posedness are
restricted to one-dimensional situations (see Day [3]) or to homogeneous and isotropic
media for Ω being equal to the unit disk on R

2; see [13], where methods from the
theory of complex functions are basic ingredients of the proofs.

Here, we discuss the general case of a bounded C2-reference configuration Ω in
any space dimension, allowing the medium to be anisotropic and nonhomogeneous
(the C2-assumption on the boundary can be weakened). All coefficients are assumed
to be sufficiently smooth functions.

Theorem 3.1. (i) Let θ0 ∈ H2(Ω) ∩H1
0 (Ω). Then there exists a unique solution

(u, θ) of (3.1)–(3.4) with

u ∈ C0([0,∞), (H3(Ω) ∩H1
0 (Ω))3),

θ ∈ C1([0,∞), L2(Ω)) ∩ C0([0,∞), H2(Ω) ∩H1
0 (Ω)).

θ and u decay to zero exponentially as t→∞, i.e.,

∃d1, d2 > 0 ∀t ≥ 0 : ‖θ(t, ·)‖+ ‖u(t)‖H1 ≤ d1e
−d2t‖θ0‖.
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(ii) If m̄ := ‖(mij)ij‖L∞ is sufficiently small and if ∂Ω is smooth, and addition-
ally θ0 ∈ H2(m−1)(Ω), m ≥ 2, satisfies the usual compatibility conditions, then

u ∈
m⋂
j=0

Cj([0,∞), (H2(m−j)+1(Ω))3), θ ∈
m⋂
j=0

Cj([0,∞), H2(m−j)(Ω)).

The higher derivatives decay to zero exponentially; i.e.,

∃d4 > 0 ∀t ≥ 0 : ‖θ(t, ·)‖H2(m−1) + ‖u(t)‖H2m−1 ≤ d4e
−d2t‖θ0‖H2(m−1) .

Proof of Theorem 3.1. The natural decoupling arising from (3.1), (3.2) is obtained
using the elasticity operator

E = − ((∂jCijkl∂l))ik,

which is well defined in (L2(Ω))n with domain

D(E) = (H2(Ω) ∩H1
0 (Ω))n

(cf. [9, 11]), and

E−1 : (L2(Ω))n → D(E)

is continuous, as well as

E−1 : H−1(Ω) → (H1
0 (Ω))n,

where H−1(Ω) is the dual space to (H1
0 (Ω))n. Introducing the operator G in L2(Ω)

by

Gv := v −M∇E−1∇′M ′v,

where M = (mij)ij , and H := L2(Ω) equipped with the inner product 〈·, ·〉H defined
by

〈v, w〉H := 〈Gv,w〉,
we can rewrite the equation for θ as

θt +Aθ = 0.(3.5)

Here, A : D(A) ⊂ H → H, D(A) := H2(Ω) ∩H1
0 (Ω), Av := −G−1(kijv,i),j .

A is self-adjoint and positive definite and has a compact inverse. If d1 =
d1(E

−1, (mij)) denotes the square root of the norm of G in L2(Ω) and d2 denotes the
smallest eigenvalue of A, we conclude

‖θ(t, ·)‖ ≤ ‖θ(t, ·)‖H ≤ e−d2t‖θ0‖H ≤ d1e
−d2t‖θ0‖.

This completes the proof of Theorem 3.1 (i). The proof of (ii) immediately follows
from Lemma 3.2 by differentiating the equation for θ with respect to t.

Lemma 3.2. Let s ∈ N0.
(i) G : Hs(Ω) −→ Hs(Ω) is continuous.
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(ii) A has the usual elliptic regularity property; i.e., v ∈ H2(Ω) ∩ H1
0 (Ω) and

Av ∈ Hs(Ω) imply v ∈ Hs+2(Ω) and ‖v‖Hs+2 ≤ cs‖Av‖Hs .
(iii) If m̄ (= ‖(mij)ij‖L∞) is small with respect to the norm of E−1, then G is a

homeomorphism of Hs(Ω).
Proof. (i) Using the boundedness of E−1 : Hs−1(Ω) −→ Hs+1(Ω) (cf. [7]), the

assertion is obvious.
(ii) is a consequence of (i) and the elliptic regularity of ∂jkij∂i.
(iii) G = (Id+B) with the bounded operator B := M∇E−1∇′M ′, and the inverse

of G is given by a Neumann series if ‖B‖Hs→Hs < 1; this is fulfilled if m̄2 < cs(E
−1),

where cs(E
−1) is essentially the norm of E−1 : Hs−1(Ω) −→ Hs+1(Ω).

4. Quasi-static contact problems—existence and stability. We consider
the following problem:

−(Cijkluk,l),j + (mijθ),j = 0, i = 1, . . . , n,(4.1)

∂tθ − (kijθ,i),j +mij∂tui,j = 0,(4.2)

θ(t = 0) = θ0,(4.3)

u|ΓD = 0, σijνj|ΓN = 0, θ|∂Ω = 0,(4.4)

uν ≤ g, σν ≤ 0, (uν − g)σν = 0, σT = 0 on Γc.(4.5)

Shi and Shillor [12] gave an existence proof, provided

m := sup
x,i,j

|mij(x)| is small enough.(4.6)

Ames and Payne [1] proved a uniqueness and continuous dependence result.
We shall prove an existence result using a penalty method, which will also allow

us to prove the exponential stability. The condition (4.6) will also be required.
Definition 4.1. (u, θ) is a solution to (4.1)–(4.5) for given θ0 ∈ H1

0 (Ω) if, for
any T > 0,

u ∈ L2(H1
ΓD ), ((Cijkluk,l),j)i=1,...,n ∈ L2(L2), ut ∈ L2(H1),(4.7)

θ ∈ L2(H2 ∩H1
0 ) ∩ C0(H1

0 ), θt ∈ L2(L2),(4.8)

θ(t = 0) = θ0,(4.9)

uν ≤ g on (0, T )× Γc a.e.,(4.10)

and for all w ∈ L∞(H1
ΓD

) with wν ≤ g on Γc the following inequality holds:

∫ T

0

〈Cijkluk,l, wi,j〉dt−
∫ T

0

〈Cijkluk,l, ui,j〉dt−
∫ T

0

〈mijθ, wi,j − ui,j〉dt ≥ 0;(4.11)
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and for all z ∈ L2(H1
0 ) the following equality holds:

∫ T

0

〈θt, z〉+ 〈kijψi, z,j〉+ 〈mij∂tui,j , z〉dt = 0.(4.12)

A solution will be obtained by studying an associated penalized problem for the
parameter ε > 0, then proving a priori estimates, and finally letting ε tend to zero.
The advantage will be that finally the exponential stability can be proved. The
penalized problem to be solved first is given as follows:

−(Cijklu
ε
k,l),j + (mijθ

ε),j = 0, i = 1, . . . , n,(4.13)

∂tθ
ε − (kijθ

ε
,i),j +mij∂tu

ε
i,j = 0,(4.14)

θε(t = 0) = θ0 ∈ H1
0 (Ω),(4.15)

uε ∈ L2(H1
ΓD ), ((Cijklu

ε
k,l),j)i=1,...,n ∈ L2(L2), uεt ∈ L2(H1),(4.16)

θε ∈ L2(H2 ∩H1
0 ), θεt ∈ L2(L2),(4.17)

uε|ΓD = 0, νjCijklu
ε
k,l|ΓN

= 0, σT|Γc = 0,(4.18)

σν(u
ε)|Γc = −1

ε
(uεν − g)+|Γc .(4.19)

A solution of this penalized problem, for fixed ε > 0, will be obtained by a fixed point
argument. For this purpose let Γ > 0 and

WΓ := {u ∈ L2(H1) | ((Cijkluk,l),j)i=1,...,n ∈ L2(L2), ut ∈ L2(H1),

‖ut‖L2(H1) ≤ Γ, ‖((Cijkluk,l),j)i=1,...,n‖L2(L2) ≤ Γ}.
Lemma 4.2. WΓ is a Banach space with norm ‖u‖WΓ := ‖u‖L2(H1).
Proof. This follows from the completeness of L2(H1) with respect to the norm

‖ · ‖WΓ and the weak compactness of balls in L2(L2), respectively, L2(H1).
For v ∈WΓ we define

u = Sv

and hence the map S as follows. Let θ be the solution to the parabolic equation

θt − (kijθ,i),j = −mij∂tvi,j ,(4.20)

with initial value

θ(t = 0) = θ0.(4.21)

Then there exists a solution θ with the regularity

θ ∈ L2(H2 ∩H1
0 ) ∩ C0(H1

0 ), θt ∈ L2(L2).(4.22)
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Now let u be the solution to the penalized problem

−(Cijkluk,l),j + (mijθ),j = 0, i = 1, . . . , n,(4.23)

u|ΓD = 0, σijνj|ΓN = 0,(4.24)

σν(u)|Γc = −1

ε
(uν|Γc − g)+, σT = 0 on Γc.(4.25)

A solution u to (4.23)–(4.25) is obtained by minimizing

J(u) := 〈Cijkluk,l, ui,j〉 − 2〈(mijθ),j , ui〉+
1

ε

∫
Γc

|(uν − g)+|2dΓ

on

{w ∈ (H1(Ω))n| w = 0 on ΓD},

where t is regarded as a parameter.
Theorem 4.3. If Γ = Γ(θ0) is chosen large enough and if m̄ is small enough,

where the required smallness is independent of ε, then

S : WΓ →WΓ

and S is a contraction mapping.
Proof. Let v ∈WΓ and u := Sv. By the definition of u we immediately obtain

‖u‖L2(H1) ≤ c1m̄‖θ‖L2(L2),(4.26)

‖((Cijkluk,l),j)i=1,...,n‖2
L2(L2) ≤ c22m̄

2‖θ‖L2(H1)

≤ c22m̄
2‖θ0‖2 + c23m̄

4‖vt‖2
L2(L2)

≤ c22m̄
2‖θ0‖2 + c23m̄

4Γ2,(4.27)

where, in this proof, c1, c2, . . . will denote constants that neither depend on m̄ nor on
ε. In order to see that u ∈WΓ, we have to estimate ut. Let h 6= 0 and

vh(t, ·) := (v(t+ h, ·)− v(t, ·))/h, uh(t, ·) := (u(t+ h, ·)− u(t, ·))/h,
θh(t, ·) := (θ(t+ h, ·)− θ(t, ·))/h.

From the obvious differential equations for uh and θh we obtain

∫
Ω

Cijklu
h
k,lu

h
i,jdx−

∫
Γc

νjCijklu
h
k,lu

h
i dΓ =

∫
Ω

θhmiju
h
i,jdx.(4.28)

For the boundary term, we obtain, using the notation

u1(t, ·) := u(t+ h, ·), u2(t, ·) := u(t, ·),
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∫
Γc

νjCijklu
h
k,lu

h
i dΓ =

∫
Γc

σ1
ν(u

1
ν − g) + σ2

ν(u
2
ν − g)dΓ

−
∫

Γc

σ1
ν(u

2
ν − g) + σ2

ν(u
1
ν − g)dΓ

= −1

ε

∫
Γc

|(u1
ν − g)+|2 + |(u2

ν − g)+|2dΓ +
1

ε

∫
Γc

(u1
ν − g)+(u2

ν − g)

+(u2
ν − g)+(u1

ν − g)dΓ

=

∫
Γc∩Γ+

. . . dΓ +

∫
Γc\Γ+

. . . dΓ,(4.29)

where

Γ+ := {x ∈ Γc|u1
ν > g and u2

ν > g}.∫
Γc∩Γ+

. . . dΓ = −1

ε

∫
Γ+

(u1
ν − u2

ν)
2dΓ ≤ 0,(4.30)

∫
Γc\Γ+

. . . dΓ = −1

ε

∫
Γc\Γ+

|(u1
ν − g)+|2 + |(u2

ν − g)+|2dΓ

+
1

ε

∫
Γc\Γ+

(u1
ν − g)+(u2

ν − g) + (u2
ν − g)+(u1

ν − g)dΓ

≤ −1

ε

∫
Γc\Γ+

|(u1
ν − g)+|2 + |(u2

ν − g)+|2dΓ ≤ 0.(4.31)

The estimates (4.29)–(4.31) imply∫
Γc

νjCijklu
h
k,lu

h
i dΓ ≤ 0.(4.32)

Combining (4.28) and (4.32) we get the estimate

‖uh‖2
L2(H1) ≤ c24m̄

2‖θh‖2
L2(L2)

≤ c24m̄
2‖θt‖2

L2(L2)

≤ c24m̄
2‖θ0‖2 + c25m̄

4‖vt‖2
L2(H1),(4.33)

which implies ut ∈ L2(H1) and

‖ut‖2
L2(H1) ≤ c24m̄

2‖θ0‖2 + c25m̄
4‖vt‖2

L2(H1)

≤ c24m̄
2‖θ0‖2 + c25m̄

4Γ2.(4.34)

Choosing m̄ and Γ such that

m̄2(c23 + c25) ≤
1

2
,(4.35)

Γ2 = Γ2(θ0) = 2‖θ0‖2 max {c22, c24},(4.36)
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we conclude from (4.27) and (4.34) that S maps WΓ into itself.
Now we prove the contraction property. For this purpose let

vj ∈WΓ, uj := Svj , j = 1, 2.

Let θj denote the solution to (4.20), (4.21) with respect to vj . Replacing uh by
u12 := u1− u2 and so on, we can derive analogous estimates to those given in (4.28)–
(4.33) and conclude that

‖u12‖2
L2(H1) ≤ c24m̄

2‖θ12‖2
L2(L2)

≤ c25m̄
4‖v12‖2

L2(H1),(4.37)

which proves that S is a contraction if

c5m̄
2 < 1.(4.38)

The unique fixed point u of S, together with the associated θ, is then the desired
solution to the penalized problem; i.e., we have proved the following.

Theorem 4.4. For given ε > 0 and θ0 ∈ H1
0 (Ω) there is a unique solution (uε, θε)

to the penalized problem (4.13)–(4.19), provided m̄ is small enough.
From the estimates in the proof of Theorem 4.3, we conclude the validity of the

following lemma.
Lemma 4.5. (θε)ε is bounded in W 1,2(L2) ∩ L2(H2 ∩H1

0 ) ∩ C0(H1
0 ), (uε)ε is

bounded in W 1,2(H1), and ((Cijklu
ε
k,l),j)i=1,...,n is bounded in L2(L2).

Now we can prove the existence of a solution to the quasi-static contact problem.
Theorem 4.6. For given θ0 ∈ H1

0 (Ω) there exists a solution (u, θ) to (4.1)–(4.5)
in the sense of Definition 4.1, provided m̄ is small enough.

Remark. The solution is unique, which follows from the result of Ames and Payne
[1].

Proof. Let (uε, θε) be the solution to the penalized problem according to Theorem
4.4. From Lemma 4.5 we conclude that there exists a subsequence, again denoted by
(uε, θε), and (u, θ) such that

θε
∗
⇀ θ in L∞(H1

0 ),(4.39)

θε ⇀ θ in W 1,2(L2) ∩ L2(H2 ∩H1
0 ),(4.40)

uε ⇀ u in W 1,2(H1),(4.41)

((Cijklu
ε
k,l),j)i=1,...,n ⇀ ((Cijkluk,l),j)i=1,...,n in L2(L2).(4.42)

It shall be proved that (u, θ) is a solution to (4.1)–(4.5). It remains only to justify the
relations (4.11) and (4.12). Since (uε, θε) satisfies (4.12), we can use (4.39)–(4.42) to
also see that (u, θ) satisfies (4.12).

For w ∈ L∞(H1
ΓD

), wν ≤ g on Γc, we have

∫ T

0

〈Cijklu
ε
k,l, wi,j − uεi,j〉dt−

∫ T

0

〈mijψ
ε
t , wi,j − uεi,j〉dt

=

∫ T

0

∫
Γc

σεν(wν − uεν)dΓ dt
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= −1

ε

∫ T

0

∫
Γc

(uεν − g)+(wν − uεν)dΓ dt

= −1

ε

∫ T

0

∫
Γc

(uεν − g)+(wν − g)dΓ dt+
1

ε

∫ T

0

∫
Γc

(uεν − g)+(uεν − g)dΓ dt

≥ 0.(4.43)

Using the lower semicontinuity of norms and (4.39)–(4.42), we obtain

∫ T

0

〈−Cijkluk,l +mijθ, ui,j〉dt ≥ lim
ε↓0

sup

∫ T

0

〈−Cijklu
ε
k,l +mijθ

ε, uεi,j〉dt.(4.44)

From (4.43) and (4.44), we conclude the validity of (4.11).
Finally, we want to describe the exponential stability.
Let uε, θε denote the solution to the penalized problem as given in Theorem 4.4.

Similarly as in [1] we change variables from θε to ψε, where

ψε(t, x) :=

∫ t

0

θε(s, x)ds+ ψε0(x).(4.45)

Here, ψε0 ∈ H2(Ω) ∩H1
0 (Ω) is defined as solution to

(kijψ0,i),j = θ0 +miju
ε
i (t = 0),j ,(4.46)

where uεi (t = 0) is defined by θ0 via (4.13). Then (uε, ψε) satisfies

ψεt − (kijψ,i),j +miju
ε
i,j = 0.(4.47)

Multiplying (4.47) by ψt we obtain

1

2

d

dt

∫
Ω

kijψ
ε
,iψ

ε
,jdx = −

∫
Ω

|ψεt |2dx−
∫

Ω

miju
ε
i,jψ

ε
t dx.(4.48)

From (4.13) we obtain

−
∫

Ω

miju
ε
i,jψ

ε
t dx = −

∫
Ω

Cijklu
ε
k,lu

ε
i,jdx+

∫
Γc

νjCijklu
ε
k,lu

ε
idΓ

= −
∫

Ω

Cijklu
ε
k,lu

ε
i,jdx−

1

ε

∫
Γc

|(uεν − g)+|2dΓ.(4.49)

From (4.48), (4.49) we have

1

2

d

dt

∫
Ω

kijψ
ε
,iψ

ε
,jdx ≤ −

∫
Ω

|ψεt |2dx−
∫

Ω

Cijklu
ε
k,lu

ε
i,jdx−

1

ε

∫
Γc

|(uεν − g)+|2dΓ.(4.50)

On the other hand we obtain from (4.13), (4.14)

−
∫

Ω

(Cijklu
ε
k,l),j∂tu

ε
idx+

∫
Ω

θεt θ
εdx−

∫
Ω

(kijθ
ε
,i),jθ

εdx = 0,

which implies

1

2

d

dt

{∫
Ω

Cijklu
ε
k,lu

ε
i,j + |θε|2dx

}
= −

∫
Ω

k,jθ
ε
,iθ

ε
,jdx+

∫
Γc

σεν∂t(u
ε
ν − g)dΓ

= −
∫

Ω

kijθ
ε
,iθ

ε
,jdx−

1

ε

∫
Γc

(uν − g)+∂t(uν − g)dΓ,
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where

1

2

d

dt

{∫
Ω

Cijklu
ε
k,lu

ε
i,j + |θε|2dx+

1

ε

∫
Γc

|(uεν − g)+|2dΓ
}
≤ −

∫
Ω

kijθ
ε
,iθ

ε
,jdx.(4.51)

Combining (4.50) and (4.51) we obtain

d

dt

1

2

{∫
Ω

Cijklu
ε
k,lu

ε
i,j + |θε|2 + kijψ,iψ

ε
,jdx+

1

ε

∫
Γc

|uεν − g)+|2dΓ
}

≤ −
{∫

Ω

Cijklu
ε
k,lu

ε
i,j + |θε|2 + ki,jθ

ε
,iθ

ε
,jdx+

1

ε

∫
Γc

|(uν − g)+|2dΓ
}
.(4.52)

Multiplying (4.14) by ψε, we obtain

1

2

d

dt

∫
Ω

|ψε|2dx = −
∫

Ω

kijψ
ε
,iψ

ε
,jdx−

∫
Ω

miju
ε
i,jψ

εdx

≤ −1

2

∫
Ω

kijψ
ε
,iψ

ε
,jdx+ c1

∫
Ω

Cijklu
ε
k,lu

ε
i,jdx,(4.53)

where the constant c1 > 0 is independent of ε.
Let

Eε(t) :=
1

2

{∫
Ω

Cijklu
ε
k,lu

ε
i,j + |θε|2 + kijψ

ε
,iψ

ε
,jdx

+
1

ε

∫
Γc

|(uεν − g)+|2dΓ +
1

2c1

∫
Ω

|ψε|2dx
}
.(4.54)

Then the estimates (4.52) and (4.53), together with Poincaré’s estimate applied to
ψε, imply

d

dt
Eε(t) ≤ −βEε(t), t ≥ 0,(4.55)

for some constant β > 0 which is independent of ε. Hence we have proved the
following.

Theorem 4.7. For fixed ε > 0 the “energy” Eε, defined for solutions (uε, ψε) to
the penalized problem (4.13)–(4.19) in (4.54), decays to zero exponentially; i.e.,

∃β > 0 ∀t ≥ 0 Eε(t) ≤ Eε(0)e−βt,(4.56)

and β is independent of ε.
If

E(uε, ψε)(t) := Eε(t)− 1

2ε

∫
ΓC

|(uεν − g)+|2dΓ,

then obviously

E(uε, ψε)(t) ≤ Eε(0)e−βt.

Lemma 4.8.

(i)

∃α1 > 0∀ε > 0 : E(uε, ψε)(0) ≤ α1‖θ0‖2,(4.57)
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(ii)

∃α2 > 0 ∀ε > 0 ∀t ≥ 0 :
1

ε

∫
Γc

|(uεν − g)+|2dΓ ≤ α2‖θ0‖2.(4.58)

Proof.

−Cijklu
ε
k,l(0) = −(m,jθ0),j , i = 1, . . . , n.

This implies

∫
Ω

Cijklu
ε
k,l(0)uεi,j(0)dx+

1

ε

∫
Γc

|(uεν(0)− g)+|2dΓ ≤ −
∫

Ω

mijθ0ui,j(0)

≤ c1‖θ0‖2 +
1

2

∫
Ω

Cijklu
ε
k,l(0)uεi,j(0)dx,

where c1 > 0 is a constant. Therefore

∫
Ω

Cijklu
ε
k,l(0)uεi,j(0)dx+

1

ε

∫
Γc

|(uεν(0)− g)+|2 ≤ 2c1‖θ0‖2.(4.59)

∫
Ω

|ψε(0)|2dx+

∫
Ω

kijψ
ε
,i(0)ψε,j(0)dx ≤ c1‖ψε0‖2

H1

≤ c1(‖θ0‖2 + ‖mijui,j(0)‖2) (by (4.46))

≤ c1‖θ0‖2, (by (4.59)).(4.60)

We use c1 to denote various constants being independent of ε.
The estimates (4.59), (4.60) prove (4.57). From (4.51) and (4.59) we conclude for

t ≥ 0

1

ε

∫
Γc

|(uεν(t)− g)|2dΓ ≤ α2‖θ0‖2(4.61)

for some α2 > 0. Hence (4.58) is proved.
Corollary 4.9. ∃β1, β2 > 0 ∀t ≥ 0 ∀ε > 0 : E(uε, ψε)(t) ≤ β1‖θ0‖2e−β2t.
Now let (u, ψ) be the solution to the quasi-static problem obtained from (uε, ψε)ε

as ε ↓ 0 (Theorem 4.6). Let the “energy” of (u, ψ) be defined by

E(t) :=

∫
Ω

Cijkluk,lui,j + |ψt|2 + kijψ,iψ,jdx.(4.62)

Then the exponential stability is expressed in the next theorem.
Theorem 4.10.

∀t ≥ 0 : E(t) ≤ β1‖θ0‖2e−β2t(4.63)

(β1, β2 from Corollary 4.9).
Proof. Corollary 4.9 and the weak lower semicontinuity of the norm yield the

proof.



1334 JAIME E. MUÑOZ RIVERA AND REINHARD RACKE

5. Smoothing in the interior for the quasi-static contact problem. The
linear, quasi-static problem with Dirichlet boundary conditions has smoothing prop-
erties like those known for the solutions to heat equations, in particular, the solution
(u, θ)(t, x) is infinitely smooth in t and x as soon as t > 0, no matter how smooth the
initial data are (cf. the remarks in section 3). This behavior cannot be expected, in
general, for the quasi-static contact problem because of the mixed boundary condi-
tions for u. We shall prove that the solution (u, θ) to the quasi-static thermoelastic
contact problem (4.1)–(4.5) is infinitely smooth with respect to x in the interior of Ω
if t > 0.

Naturally, we assume in this section that all coefficients are C∞-smooth. We also
assume that (u, θ) is a solution to (1.1)–(1.5) as given in the previous section. Let
ϕ ∈ C∞0 (Ω) such that suppϕ ⊂ Ωδ0/2 for some δ0 > 0, with Ωδ0/2 open such that

Ωδ0/2 = {x ∈ Ω|dist (x, ∂Ω) > δ0/2}.

Also let

ϕ = 1 in Ω3δ0/4.

and

(ũ, θ̃) := (ϕu, ϕθ).

Then (ũ, θ̃) satisfy

−(Cijklũk,l),j + (mij θ̃),j = Ri(u,∇u, θ), i = 1, . . . , n,(5.1)

θ̃t − (kij θ̃,i),j +mij∂tũi,j = Q(ut, θ,∇θ),(5.2)

θ̃(t = 0) = θ̃0 := ϕθ0,(5.3)

supp ũ, supp θ̃ ⊂⊂ Ω.(5.4)

Here Ri and Q are given by

Ri = −ϕ,l,jCijkluk − ϕ,l(Cijkluk),j − ϕ,jCijkluk,l + ϕ,jmijθ,(5.5)

Q = −ϕ,i,jkijθ − ϕ,i(kijθ),j − ϕ,jθ,i + ϕ,jmij∂tui.(5.6)

In particular,

suppRi ∪ suppQ ⊂ supp∇ϕ ⊂⊂ Ω.

Let r1 > 0 such that Ω ⊂⊂ B := B(0, r1).
Let (w, ϑ) solve in (0,∞)×B:

−(Cijklwk,l),j + (mijϑ),j = 0, i = 1, . . . , n,(5.7)

ϑt − (kijϑ,i),j +mij∂twi,j = 0,(5.8)
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ϑ(t = 0) = θ̃0,(5.9)

w|∂B = 0, ϑ|∂B = 0.(5.10)

The linear, quasi-static problem (5.7)–(5.10) can be solved as shown in section 2
assuming

θ0 ∈ H2(Ω) ∩H1
0 (Ω),(5.11)

and (w, ϑ) is smooth in B as t > 0. Let (v, %) be the solution in (0,∞)×B to

−(Cijklvk,l),j + (mij%),j = Ri, i = 1, . . . , n,(5.12)

%t − (kij%,i),j +mij∂tvi,j = Q,(5.13)

%(t = 0) = 0,(5.14)

v|∂B = 0, %|∂B = 0.(5.15)

The right-hand sides Ri, Q satisfy

R = (R1, . . . , Rn) ∈W 1,2(L2), Q ∈ L2(H1).(5.16)

The system (5.12)–(5.15) can be transformed into a parabolic equation for %, essen-
tially, as in section 3:

v = −E−1∇′Mθ + E−1R, v|∂B = 0,(5.17)

where

M = (mij)ij , E = (−∂jCijkl∂l)i;

hence

%t +A% = F,(5.18)

%(t = 0) = 0,(5.19)

%|∂B = 0,(5.20)

where

A% = −(Id−M∇E−1∇′M ′)−1(kij%,i),j ,(5.21)

F = Q−M∇∂tE−1R.(5.22)

The regularity of R and Q given in (5.16), as well as the mapping properties of the
operator E (cf. section 3), imply

F ∈ L2(H1).(5.23)
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This regularity of F implies for the (existing) solution % to (5.18)–(5.20)

% ∈ L2(H3(Ωδ0/2), %t ∈ L2(H1(Ωδ0/2))(5.24)

by the usual regularity for parabolic equations (see, for example, p. 11 in [14]) applied
to ∂j%, smoothly cut off in Ωδ0/2.

By (5.17) and (5.24) we conclude

v ∈W 1,2(H2(Ωδ0/2)).(5.25)

By uniqueness we have in (0,∞)×B

ũ = w + v, θ̃ = ϑ+ %.

Since (w, ϑ) is smooth for t > 0, we conclude from (5.24), (5.25), and

u = ũ, θ = θ̃ in Ω3δ0/4(5.26)

that, for any τ > 0,

u ∈W 1,2((τ,∞), H2(Ω3δ0/4)), θ ∈ L2((τ,∞), H3(Ω3δ0/4)),

θt ∈ L2((τ,∞), H1(Ω3δ0/4)),(5.27)

i.e., more regularity for (u, θ). This implies (cf. (5.16))

R ∈W 1,2((τ,∞), H1(Ω3δ0/4)), Q ∈ L2((0,∞), H2(Ω3δ0/4)),(5.28)

i.e., higher regularity for F in (5.18).
Proceeding by induction (δ0 > 0 chosen appropriately) we have proved the fol-

lowing.
Theorem 5.1. Let θ0 ∈ H1

0 (Ω). Then the solution (u, θ) to (4.1)–(4.5) satisfies

∀τ > 0∀Ω′⊂⊂Ω ∀m∈N : u∈W 1,2((τ,∞), Hm(Ω′)), θ ∈W 1,2((τ,∞), Hm(Ω′)).(5.29)

This interior smoothing effect in x carries over to smoothing in t, which can be
seen by differentiating the equation for (ũ, θ̃) with respect to t and applying the same
arguments again. As a corollary we have the following.

Corollary 5.2. Let θ0, (u, θ) be as in Theorem 5.1. Then

∀τ > 0 ∀Ω′ ⊂⊂ Ω : u ∈ C∞((τ,∞)× Ω′), θ ∈ C∞((τ,∞)× Ω)).(5.30)
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