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Abstract

Multigrid optimization schemes that solve elliptic linear and bilinear optimal control prob-
lems are discussed. For the solution of these problems, the multigrid for optimization
(MGOPT) method and the collective smoothing multigrid (CSMG) method are developed
and compared. It is shown that thought these two methods are formally similar, they provide
different computational properties.
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1 Introduction

Although the multigrid strategy was first introduced to design solvers for elliptic bound-
ary value problems, it is now considered as one of the most promising approaches for the
development of efficient optimization schemes. Some recent developments include the ap-
plication of one-shot multigrid schemes to optimality systems [ 1, 5], to unconstrained opti-
mization problems [9, 10, 12], and to inverse problems [15, 16].

The purpose of this paper is to investigate two representative multigrid methods for op-
timization: the collective smoothing multigrid method (CSMG) and the multigrid for opti-
mization method (MGOPT). In our investigation we consider the application of these meth-
ods for solving linear and bilinear elliptic optimal control problems. While both schemes
are based on the well known full approximation storage (FAS) scheme [6] they represent
different approaches to the solution of optimization problems. The CSMG scheme solves
optimal control problems by solving the corresponding PDE optimality system in one shot
treating all optimization variables collectively. As typical in multigrid development, this ap-
proach needs to customize the collective smoothing and intergrid transfer operators for each
individual problem, i.e. the CSMG cannot be used as a black-box solver for all optimization
problems. On the other hand, an appropriate design of the CSMG multigrid components re-
sults in a robust algorithm with typical multigrid efficiency. This fact is proved in [5] for
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linear control problems. In this paper, we propose a CSMG method for bilinear control
problems and use this scheme as a benchmark.

The motivation for investigating the MGOPT scheme [10, 12] is that it can be formu-
lated in a way that is not problem specific and therefore it appears to have much easier
and larger applicability. In the MGOPT scheme the multigrid solution process represents
the outer loop where the control function is considered as the unique dependent variable.
The inner loop in this scheme consists of a classical one-grid optimization scheme and the
other MGOPT components are chosen as those typical of a classical multigrid approach.
However, in contrast to the collective smoothing multigrid framework, we do not have yet a
criteria for choosing the MGOPT components. In fact, as we show later, the essential con-
dition for a ‘successful” application of the MGOPT scheme is that the reduced Hessian, that
is the Hessian of the optimization problem in the space of the control function, be positive
definite. This seams a much less restrictive requirement than ellipticity of the constitutive
equations of the optimality system which are required in the CSMG method. In this paper,
we consider the MGOPT method applied to linear and bilinear elliptic optimal control prob-
lems and compare its numerical performance with that of the CSMG method. We investigate
the influence of the choice of the one-grid optimization scheme on the MGOPT efficiency.
Furthermore, also based on theoretical considerations, we investigate the robustness of the
MGOPT scheme with respect to the choice of values of the optimization parameter.

In the following section, optimal control problems are formulated together with the
first-order necessary optimality conditions and the second-order sufficient conditions for a
minimum. In Section 3, we discuss two models for linear and bilinear distributed elliptic
optimal control problems. We remark that the bilinear optimal control model is a much
less investigated problem and it is similar to parameter identification problems. In Section
4, smoothing schemes for the proposed elliptic optimal control problems is presented. In
particular, we discuss a new robust collective smoothing scheme for optimal control prob-
lems with bilinear structure. The CSMG method and the MGOPT method are discussed in
Section 5 and Section 6, respectively. We illustrate the similar structure of the two schemes
even though the former applies to all dependent variables while the latter is formulated in
the reduced space of the optimization variable. Convergence of the MGOPT method and
results of numerical experiments follow to show the efficiency of both techniques and a
conclusion completes this paper.

2 Optimal control framework

An optimal control problem governed by a partial differential equation (PDE) is formulated

as follows
min J(y,u
uclU (v, u) (1)
c(y,u) =0
where ¢(y,u) = 0 is a PDE that represents the equality constraint. We consider ¢ to be
an elliptic PDE defined in a convex open 2 C R? with given boundary conditions. The
state and the control (optimization) variables of the constraint ¢ are denoted by y and w,
respectively. We assume that, for a given u the state equation admits a unique solution.
We consider a cost functional of the tracking type given by

J(y,u) = h(y) + vg(u), (2)

where v > 0 is the weight of the cost of the control. The functions g and h are required to
be twice continuously differentiable, bounded from below and g(u) — oo as ||u|| — oco.
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Given an optimization problem, the optimality system represents the first-order neces-
sary conditions for a minimum. In order to derive these conditions, letc : Y x U — Z for
appropriate Hilbert spaces Y, U and Z, and consider the following Lagrange functional

L(y,u,p) = J(y,u) + {c(y, u), p) 7,7+ »

where p is the Lagrange multiplier, also known as the adjoint variable. By equating to
zero the Frechét derivatives of L with respect to the triple (y, u, p), we have the optimality
system

c(y,u) = 0,
P (y) + cy(y,u)'p = 0, (3)
vg (u) + cu(y,u)*p = 0.

(* means adjoint.) The first differential equation in (3) is called the state equation and the
second one is the adjoint equation. The last equation yields the optimality condition.

To better understand the importance of the last equation we introduce the reduced cost
functional .J given by

J(u) = J(y(u),u), 4)

where y(u) denotes the unique solution to the state equation for a given u. One can show
that the gradient of J(u) with respect to w is given by

V(1) = vg'(u) + cu(y, u)"p(u), (5)

where p(u) solves the adjoint equation for a given u and corresponding y(u).

In a convex setting where the optimal control solution is unique, solving the optimal-
ity system is equivalent to solving the optimal control problem. However, in general,
c(y,u) = 0 may represent a nonlinear PDE and g and h may be locally non convex
wherein problem (1) may have multiple extremals including minima, maxima, and even
saddle points. Therefore additional conditions must be satisfied to guarantee that the solu-
tion is a minimizer. For the second-order optimality conditions, we assume that (y, u, p)
satisfy the optimality system (3) and the following

Le:(y,u,p)(v,0) 2 allol®, e >0 Yoe N(d(y,u), (6)

where z = (y, u) and ¢(y, u) represents the linearized constraint. We assume that the null
space NV (¢/(y,u)) can be represented by N (c/(y,u)) = T(y,u)U, where U is the space
where the control is defined and

T(y,u) = [ _Cﬁ_:cu } :
such that ¢, and ¢,, are evaluated at (y(u), u). Therefore, we can write condition (6) as
V2(u)(w,w) > eol|w||*> >0 YweUl. (7)
The operator V2] is the reduced Hessian defined by

V2j(U) =T (y, U) Lzz (y, uap) T(y7 u)

where y and p solve the state and the adjoint equations for a given . Hence, v2J (u) is
given by

V2] = Lyy + C* Ly, C — Ly C — C* Ly, ®)
where C = C(y,u) = c;l(y, w)c,(y,u). Notice that the reduced Hessian matrix V2.J

is symmetric. Thus, condition (7) requires that the smallest real eigenvalue of the reduced
Hessian be positive.
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3 Linear and bilinear elliptic optimal control problems

In this section, we discuss linear and a bilinear elliptic optimal control problems. In our
setting the linear optimal control problem possesses a unique solution while for the bilinear
case existence but no uniqueness of the optimal solution can be proved [!1]. From an
inverse problem point of view, the linear case represents a simplified source identification
problem. On the other hand, the bilinear case belongs to the class of parameter identification
problems.

We choose a cost functional given by

1 v
J(y,u) = 5\\y—ZI!2Lz(Q) +§HUH%2(Q)7 ®)

where z € L?(Q) is the target function. This choice corresponds to h(y) = ||y — |2, @

and g(u) = %||u||%2(9)
We focus on the following linear elliptic optimal control problem

min  J(y,u),
—Ay—u =f in (10)
y =0 on 09,

where f € L?(Q) and U = L?*(Q). In this case, u is a distributed control over §2. The
solution to (10) is characterized by the following optimality system

“Ay—u = f in €,
y = 0 on 05},
—Ap+y = =z in €2, (11)
p = 0 on 02,
vu—p = 0 in €.

From Equations (5) and (8), the reduced gradient is given by

VJ(u) = vu —p, (12)

and the reduced Hessian is
V2J(u) = vl + A2 (13)

We see that V2.J (u) is strictly positive and its eigenvalues are given by

1

Amn =V + 74 (m? 4+ n?)?

form,n € N
which are all positive. The smallest eigenvalue is A,,;;, = v > 0 and therefore the solution
to the optimality system is guaranteed to be a minimizer. However, smaller v correspond to
more flat minima and more stiff optimality systems.

Before we discuss the bilinear case, we consider two conditions regarding the reduced
Hessian which are needed in Section 7. These conditions are necessary for proving of
convergence of the MGOPT scheme. First, we have the ellipticity condition given by

(V2] (u)v,v) > B||v]|* forsome S > 0.

We find an appropriate /3 as follows

(V2J(u)v,v) (I + A72)v,v) = v(v,v) + (A 2v,0)

> v(v,v) = vlv|*.
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Hence 8 = v. Also we have the Lipschitz condition
V2] (u) — V2J(v)| < Al|u — v|| uniformly for some A > 0.

And it is easily shown that A = 0 since ||V2j(u) — V2j(v)|| =0.
Next, consider the case of a bilinear optimal control problem given by the following

min  J(y, u),
—Ay—uy =f in Q (14)
y =0 on 0.

Similar to the linear case, we choose f € L?(£2) and U = L?(f2). The solution to problem
(14) is characterized by the following optimality system

—Ay—uy = f in €2,
y = 0 on 912,
—Ap+y—up = =z in €2, (15)
p = 0 on 912,
vu—yp = 0 in €.

For a given u, y(u) and p(u) are the solutions of the state and adjoint equations with
homogeneous Dirichlet boundary conditions. Their existence requires that the operator
(A+u) be invertible. Now notice that u cannot be constant on {2 since it satisfies u = yp/v
and it inherits the homogeneous boundary conditions as the state and the adjoint variables.
Then we can use Lemma 3.2 from [8] based on the following theorem [7] that we state
without proof.

Theorem 1 Let Q C RY (d > 2) be open and connected, let V € L] () for some g > 2
with q > M%. Ify € HE (Q),

(—A+V)p=0
and ¥ (x) = 0 on an open, non-empty subset of ), then 1) = 0 on Q.

We can now derive the reduced gradient and the reduced Hessian using (5) and (8) as
follows R
VJ(u)=vu—yp (16)
and X
V2J(u) = vI+y(A+u) 2y +p(A+u) "y + y(A+u)p. (17)

In this case, we cannot state positivity of the reduced Hessian. And it is difficult to find
the ellipticity and Lipschitz constants unlike in the linear case. However, since p = (A +
u)~!(y — z) we can expect that for sufficiently accurate tracking, i.e. small ||y — z||, and
moderate values of v the reduced Hessian is a positive definite operator. This situation may
take place whenever z is (almost) attainable. That is, there exists a u such that y(u) ~ z.

4 Discretization and collective smoothing

We discuss multigrid methods for optimization problems that are formally expressed by
set of equations Au = f in a domain (). Correspondingly, we need to define a hierarchy
of problems Ajup = fx, indexed by k = 1,2,..., L. These problems are assumed to be
defined in (2, that represents () with a discretization parameterized by grid size hj;. We have
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hiy > hg > --- > hp, > 0, and for simplicity we assume that hx_1 = 2 hg. The number
of interior grid points will be ny, and any function in €2, is a vector of size ng. We denote
this vector space with V. In the space V}, we introduce the discrete L? inner product (-, -)y
with the corresponding norm ||u|x = v/ (u, u).

For multigrid purpose we define a restriction operator [ ,’j_l : Vi = Vi1 and a pro-
longation operator [ ,’j_l : Vi1 — Vi. We require that they satisfy (I ,l:_lu,fu)k,l =
(u, I ,’:_lv)k for all w € Vi, and v € Vj_4. That is, the restriction operator is the adjoint of
the interpolation operator.

Now we consider the discrete version of the optimality system (11) for the linear control
case. Let us consider finite difference discretization and —Aj denotes the minus five-point
Laplacian. We have

—Apyr —ur = fr,
—Appp Y = 2, (18)
vup —pr = 0.

Let x € Qp where x = (ihg, jhi) and 4, j are the indeces of the grid points arranged
lexicographically. Hence, in expanded form we have

~(Yi—1j F Yit1j + Yijo1 + Y1) Ty — Ry = Wi,
—(pi—1,j +Div1j + Pigo1 +Dije1) FApig + PPy = kP,
vui; —pij = 0.

Let wy = (yk, uk, Pk). A collective smoothing step on w updates the values y; ;, p; ;, and
u; ; such that the resulting residuals of the state and adjoint equations at that point are zero.
We first set

Aij = —(Wi1j+Yir1j +¥ij +vijr) — h*fij, and (19)
Bij = —(pi-1j+Pit1j+ Pij-1+ pijr1) — bz
The values A; ; and B; ; are considered constant during the update of the variables at ij.
Hence, we have the following system of equations of three variables y; ;, u; j and p; ;

Aij+ 4y — hPuiy = 0,
Bij+4pij +h?yi; = 0,
vui; —pij = 0.

Since this is a linear system, we can compute the updates for the variables y; ;, u; ; and p; ;
in the following way

Yij (i) (h*ui j — Aij),
pijluij) = 15(=h*uij+h*A;; — 4B ;).

ST

(20)

&=

To obtain an update u; j, we require that it satisfies the optimality condition vJ (u) =
vu — p(u) = 0. Hence, we have

1
Ui = 60 + pA

With this u; ; we use (20) to update the values of the state and adjoint variable at the i, j
grid point. A sweep of this smoothing scheme consists in an ordered sequential update of
u; j and y; ;, p; ; on all grid points.

Next, we define the smoothing iteration for the discrete bilinear elliptic optimal control
problem given by

(h*A;; — 4B, ).

—ARYr — Uk Yk S
—Appr F Yk —ULDPE = 2k, (21
vup —yrpr = 0.
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In this case, we have

—(Yic1j + Yit1j F Yij1 +Yije1) + i — hPuijyi; = h2fij,
—(Pic1j + Pit1j + Pij—1 + Dij+1) +4pij + B2y — hPuiipi; = h zi,
Vi = Y pij = 0.

Using the same notations as in (19), A; ; and B; ; are considered constant during the update
of the variables at ¢7. Hence, we have the following system of equations of three variables

Yi,j» Wi j» and p;

Aij+dyi; —hWuijy; = 0,
Bij+4pij + h*yij — huijpi; = 0,
VUi~ YijPij = 0.

We see that the resulting system of equations is nonlinear and thus computing the updates for
the variables u; j, y; ; and p; ; requires to apply a local Newton step. This approach results
in a non robust smoothing iteration apparently because we have multiple solutions for u; ;
that are close. In fact, as we show below, the condition vu; ; — v; j(ws ;) pij(uij) = 0
results in a quartic polynomial equation for u; ; and therefore four roots are possible. To
determine these solutions we construct the quartic polynomial and solve it exactly by using
the Cardano-Tartaglia formula. In this way we can explore among the possible solutions of
the optimization step. To construct the quartic polynomial, we can define y; ; = y; ;(us ;)
and p; ; = p; j(u; ;) as functions of u; ; as follows

Yij(uig) = e Aig

piyj(uiyj) = W(hzfl@j + h23¢7ju7;7j — 4Bz’,j)a

and equate the reduced gradient to zero, i.e. V.J(u) = vu — y(u)p(u) = 0. Hence we have
a quartic polynomial equation in u; ; given by

Vh6u;17j — 121/h4u‘?7j + 48Vh2u127j — (64V + h,QAZ"jBl‘,j)ui’j — (hQAZZ,j — 4Ai,jBi,j) =0.

The solutions of the quartic polynomial are either four real or two real and two complex.
The two complex conjugate solutions can be disregarded. In order to find the minimizer, we
choose the minimum real solution of the quartic polynomial which minimizes

“ 1 1
Jij () = 5 (i) = 2ig)° + B) u?.

With this condition, we get a robust and efficient smoothing iteration.

S The collective smoothing multigrid (CSMG) method

The CSMG scheme is based on the nonlinear multigrid full approximation storage (FAS)
method applied to the optimality system with a collective smoothing. This method shows
mesh independence due to its robustness with respect to the value of the weight of the
control. Some recent applications of the CSMG method to linear control problems with
state and control constraints are presented in [2,4]. To illustrate the CSMG method consider

Ap(wy) = f, (22)

where Ag(-) represents the discrete optimality system and wy = (yg, ug, pr)- Let the col-
lective smoothing iteration be denoted by S}, such that we get an update wa = Sk (wé‘l, fr)-
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Starting with an initial approximation w{ 1> We apply -1 times the smoothing scheme and ob-
tain w . Now, the desired solution wy, can be written as wy, = wzl + ey, for some error ey,
Wthh is assumed to be smooth. We also have the residual r, = fr — Ak( ') associated
with w kl Thus, the error ey, can be viewed as the solution to the following equatlon

Ak(w% -+ 6k) =71+ Ak(’wvl). (23)

Next, we want to solve problem (23) on a coarser grid 2;_1. Define wy_1 := I k=1 k s
er—1. Here, wy_1 represents a coarse-grid approximation to wg. To determme Wg_1 We
define a coarse-grid representation of A(-) by Ay_1(-), we approximate w,"' by I {:_1
and I 'ry = [T (i, — Ag(w])). Hence, we have the following equation

A1 (w—1) = L7 fie — Ap(w]?)) + A1 (IF 1w, (24)
We define
Tt = A1 (I Hwlt) = L Ay (wh), (25)
then equation (24) can be written as
Ap—r(wp—1) = I fo + 7ot (26)

The term 75_1 is called the fine-to-coarse residual correction. The solution of equation
(24) provides e;_1 = wi_1 — [ ,’jflwzl. Therefore, we have a correction to the fine grid
approximation as follows

wy, = wlt + I (wp—y — I tw)b). (27)

Finally, we apply o iterations of the smoothing algorithm to damp possible high frequency
errors that may arise from the coarse grid correction process. The following algorithm
presents the method described above.

Algorithm 2 (CSMG algorithm) /Initialize wg to be an initial approximation at resolution
k. If k = 1 (coarsest resolution), solve A (wy) = fi and return. Else if k > 1,

1. Pre-smoothing
Apply 1 iterations of an optimization algorithm to the problem at resolution k.

wL:Sk(wL_l,fk), 1:1727"'771

2. Coarse grid problem
Compute the residual. v, = fi, — Ap(w]")

Restrict the residual. r1._1 = I,]j_lrk
Restrict the solution of (1). w]' | =1 ,’j_lw%
Compute the fine-to-coarse residual correction.

Too1 = Ao (wity) = I A (wit),  fot = 15 fi + o

Apply v cycles of CSMG (71, 7y2) to the coarse grid problem Ay_1(wi_1) = fr—1 to
obtain wy_1

3. Coarse grid correction

Prolongate the error. e = I} (wy_1 —w]* )

v1+1

The coarse grid correction is given by w]' ™ = w]" + e.

4. Post-smoothing
Apply ~s iterations of a smoothing algorithm to the problem at resolution k.

ulo = Sp(wi L fe)y =y 42, e+l
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6 The multigrid for optimization (MGOPT) method

The multigrid for optimization (MGOPT) method was first introduced by Nash [12] and
Lewis and Nash [9, 10] as an extension of the multigrid scheme to optimization problems.
To illustrate the MGOPT method, consider a discrete (locally) convex optimization problem

n%in <jk(uk) - (fk,uk.)k.> . (28)

This problem is equivalent to solving

Vi (ur) = fi. 29)
We introduce the term f in order to give a recursive formulation of the MGOPT scheme.
At finest resolution k = L we set fr = 0.

Our focus is on optimal control problems where Jp represents the reduced cost func-
tional. To evaluate Jj, at uj, we compute yi (uy) and to determine \Y (ug) we need yy (uy)
and py(uy). The MGOPT scheme is formulated in terms of the functional and its gradient
that implies the (formally exact) solution of the state and adjoint equations.

Let S; be an optimization algorithm on the space V. such that uﬁg = Sk(ufl) for
l=1,2,...,v1. We require sufficient decrease as follows

T (uh) = (fres ul)e < e (ub D) = (fio ul D=l V T () — fie] |2 for some n € (0,1).

Let ug be an initial approximation to the solution of Equation (28). After an application of
71 iterations of an optimization algorithm, we obtain u,". Hence, it follows that the desired
solution uy is given by uy = uzl + ey, for some error eg. Therefore, problem (29) can be
written as

VJk(uZI + ek) = fk

or equivalently as
Vde(ul' + ex) = Vidp(ul') = fi — ViJr(ul!). (30)

Next, we will represent problem (30) on a coarser grid Vj,_;. We define uzl + e on Vi_q
as
up—1 = It + ey (31)

On the left hand side of equation (30), we represent ij() by ij,l(-) and u]' by
I ,’C‘“_Aluzl. On the other side, we apply the restriction operator / ,]j_l and we get [ ,f_l( fr —
VJi(u]")). Hence, we have the following equation

Ve 1(up—1) = I o — IV T (ut) + Vi (I )b, (32)
If we represent 75,1 as
i1 = Vi1 (17 uh) — I VI (), (33)
then equation (32) can be written as
Vi1 (ug—r) = I fi + 7. (34)

The term 7 _1 is called the fine-to-coarse gradient correction. Solving equation (34) is the
same as solving the coarse-grid optimization problem

min <jk71(uk71) - (fkﬂﬂk—l)lwl) (335)

Uk —1
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where fr_1 = I,f_lfk + 77._1. Assume that the solution to (35) is u;_1. Then we can define
the coarse-to-fine minimization step as follows

up = uzl + aI,]j_l(uk,l — I,’:_luzl). (36)

The term « is the step length obtained after a line search procedure in the direction given by
If (up—y — 1 ,’j_luzl). Finally, we apply . iterations of the optimization algorithm and

we get the solution uzlﬂﬁl.

Remark 3 Let us consider the coarse grid optimization problem given in equation (35).
Denote ug,_1 =1 ,’j_luk, then the gradient of the coarse grid functional is

Vet (ur—1) —  (fe—1, We—1)k—1)
= VJi—i(ug—1) — fr—1
= ijfl(ukfl) — [I,l;_lfk + ij,l(uk,l) — I,ie_lek(uk)
= LT'Vi(ug) — I f
= It (ij(uk) - fk) .

Note that in the second equality, we use the definition of fi._1 and T_1. This shows that the
gradient of the coarse grid functional at uy_1 is the same as the restriction of the gradient
of the fine grid functional at uy,.

We are now ready to present one cycle of the iterative MGOPT method.

Algorithm 4 (MGOPT algorithm) /Initialize ug to be an initial approximation at resolu-
tion k. If k = 1 (coarsest resolution), solve min (jk(uk) — (fk,uk)k) and return, i.e.,
U

solve ij(uk) = fr. Elseif k > 1,

1. Pre-optimization
Apply 1 iterations of an optimization algorithm to the problem at resolution k.

ufk = Sk(uf,c_l), I=1,2,....,m

2. Coarse grid problem
; ; o gk—1, 7
Restrict the solution of (1). w;" | = I} " u;!
Compute the fine-to-coarse gradient correction.

Tho1 = Ve (ulty) = VI, free1 =17 i+ Tieea

Apply one cycle of MGOPT (71, 2) to the coarse grid minimization problem

min (jk—1(uk—1) - (fk—1,uk—1)k—1>

Uk —1

to obtain u,,_,

3. Coarse-to-fine minimization

Prolongate the error. e = I | (u; | —u)" )
Perform a line search in the direction e to obtain a step length .
The coarse-to-fine minimization step is given by uZlH = uzl + ape.
4. Post-optimization
Apply s iterations of an optimization algorithm to the problem at resolution k.

ul = Spub ), l=m 42, t+r+l
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7 The convergence of the MGOPT method

The convergence of the CSMG scheme is already well established using local Fourier analy-
sis; see for example [4,5]. Much less is known on the convergence properties of the MGOPT
scheme that we discuss in the following. Assume that jk(uk) — (fr, ug ) is twice Frechét
differentiable for each k. Moreover, v2J & 1s (locally) positive definite and satisfies the fol-
lowing conditions: (V2.Jy,(u)v,v) > B[v|? and ||V2Jg(u) — V2Je(0) ||k < AJu — o]k
uniformly for some constants 5, A > 0. We use the expansion

R R R 1 L .
Jk(u + Z) = Jk(u) + (fk, Z) + (VJk(u) — fr, Z)k + 2/ (VQJk(u + tZ)Z, Z)kdt. (37)
0
The following lemma will be necessary for the results that follow.

Lemma 5 Assume that (V.Jj,(u) — fz,v)x < 0 for u,v € Vi, . Let v satisfies the condition

1 ~1
0 <~y <=25VJp(u) — fx,v) [/ (V2T (u + tvv)v,v)kdt} for some 6 € [0, 1].
0

Then
—y(1 =8 (V(u) = frv)i < Ju(u) — Je(w+30) +7(fr, v) < =(VI(u) = fr, 0)i.

Proof. Set z = v in Equation (37). For the first inequality, the restriction to - is used.

A A

1
Te(u+v) = Jp(u) +v(fev) + (VJi(w) = fo, y0)k + % /O (V2 Jk(u + tyv)yo, yo)rdt

A

1
= Jp(u) +v(fx,v) + v(ij(u) — frs0)g + ;/0 (Vij(u + tyv)v, v)dt -y

< Je(w) +v(far0) + Y (VIk() = fro 0k +
1 1 -1
;//0 (V2T (u + tyv)v, v)pdt (—25(ij(u) — fr )k [/0 (V2] (u+ t’yv)v,v)kdt} )
< Juw) +(fey 0) + (V) = fisv)e = Y0V () = fi )i

Then

—y(1 = 8)(Vk(u) = fu,v)i < Ji(u) = Ji(u+y0) +¥(fa, v)

which proves the first inequality stated in the lemma. For the second inequality, the positiv-
ity of V2.J, is used. We have

~ ~

1
Jp(u+v) = Je(u) +(fr,v) + (V) = fo, )i + % /0 (V2T (u + tyo)yv, yo)pdt

2

1
— jk(u) +v(fr,v) + 7(ij(u) — [k, 0)k + 2/0 (Vij(U + tyv)v, v)dt

~

> Je(u) + (e, v) + YV IR(w) = fi 0)k-
Then

A

Jp(w) = Ji(u +90) + (e, v) < =YV Tk(w) = fi, v)-

We now discuss an explicit estimate for the step length « such that the condition of
sufficient decrease is satisfied. This is proven in the lemma that follows.
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Lemma 6 Assume that (V.Jj,(u) — fz,v)x < 0 for u,v € V.. Let

—(VJg(u) - fr V)
Ml + (V2 (W), v)k

a(u,v) = min {2 } where A > 0.

Then
0< —%O‘(Ua V) (VJk(w) = fi, o)k < Ji(u) = Jp(u + a(u, 0)0) + alu, 0)(fr,v).

Proof. Sety = a(u,v), § = 5 and z = a(u, v)v in Lemma 5. First, we will show that

1
/ (V2 (1 + taw)o, v)pdt < Ao]? + (V2 (w), v)s.
0

1
/ (V2J(u + tav)v,v)dt
0
1.
= / (V2T (u + tav)v,v), — (V2J,(w)v, ), + (V2 I (1), v)k} dt
0 L

1. X 1 .
= / (V2 Ik (u + tav)v, v);, — (V2Jk(u)v,v)k] dt + / (V2T (w)v, v),dt
ot 0

1 -
_ / (V2 + tew)o, o) = (P (), v)e] db -+ (V2Ji(w)o, o)
0 L
1
< [ Ntavlulelat + (72w, o
0

1
= dalpl} [ e+ (T

IN

Aol 4 (V2] (u)v,v)y, since a < 2.
Then from the given assumption for o, we have

a(u,v) < —(ij(U) - Trs V) < _(VAjk(u) — fr, 0k '
Allollf + (V2Jk(wv, v)e — [y (V2 (u+ taw), v)dt

Notice that « satisfies the condition of Lemma 5 with § = % Hence it follows that

0< —%aw, ) (Vi) = firo 0D < Ji(w) = Ji(u + au,0)0) + a(u, v) (fr, v)-

O

Finally, we will discuss the lemma which shows that the coarse-to-fine minimization with
step length o given by Lemma 6 is a minimizing step. It is also not required to solve
the coarse grid minimization problem exactly. This is however (formally) required on the
coarsest grid.

Lemma 7 Letu € Vi, and define 1 = I,f_lu. Let v € Vi,_1 and define v = I,if_l(v — ).
Assume
Ti1(0) = (fe—1, ) < Jo1(@) — (i1, @)
where
(fe1,9) = (I fi+ Vs (@) — 15 Vk(v), 0)
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and

(fors@) = (T fo 4+ Vo (@) = £V (), @)
respectively. Then

Ti(u+ a(u, v)v) = Jy(w) = alu,v)(frv) < ga(u,v) (V) = fr, )

where o is the same as in Lemma 6. Strict inequality holds if

Ji1(0) = (fe1,0) < Joo1(@) — (i1, ).

Proof. First, show that (ij(u) — fx,v)x < 0. From Equation (37),

l\')\P—‘

1
(VI = fuszi = it 2) = i) = (5o2) = 5 [ (Vi t2)z, 2t
< it 2) = )~ (i 2).

Let z = ¥ — @, w = @ and replace k by k — 1. Then

(Ve 1 (@) = foo1, 0 —@)p1 < Jp1(0) = Jp_1 (@) — (fo_1,0 — @)
= Jeo1(®) = (fr-1,9) — [Ji-1(@) = (fa-1, )| < 0.

Also, we have

(VJe(w) = fiov)e = (Vi(u) = frr IE_1 (6 — @)k
= (7N (Vk(u) = fr), 0 — @)p—
= (VJpo1(@) = fro1,7 — @)1 < 0.

The last equality can be referred to Remark 3 and it follows from Lemma 6 that

A

Ji(u+ a(u, v)v) — Jp(u) — a(u,v)(fr,v) < za(u,v)(VIg(w) — fi, v)k

N)\H

It appears clearly from the proofs that global convergence of the MGOPT method de-
pends critically on the descent direction d which in turn requires local positivity of the
Hessian. We can conclude with the following remarks.

Remark 8 For d to be a descent direction the following three conditions should be satisfied

[12].

o The convexity properties of the optimization problem on the finest resolution must be
well approximated by the problem on the coarse resolution .

o The multigrid subproblems min <jk,1(uk,1) — (fk,l,uk,l)k,1> are solved with

certain accuracy.
o The restriction and prolongation operators satisfy the condition

I,’C‘Ll = c(I,"fl)—r for a constant ¢ > 0.

This assumption is standard for multigrid algorithms. In our case, this is true for
1 ]]j ~L as a full weighing restriction and I ,l:_l as a bilinear interpolation with ¢ = 4.
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We state the convergence of the MGOPT method.

Theorem 9 Let jk(uk) — (fx, uk)x be twice Frechét differentiable for each k. Moreover,
let V2J, be locally Lipschitz continuous and satisfies (V2 Jy(w)v,v), > Bllv||2 together
with ||V2J,(w) — V2], (0) ||k < A|u — vl| uniformly for some positive constants 3 and \
in a neighborhood V; of u;, where uj, is the solution to problem (28). Then MGOPT method
provides a minimizing iteration.

Proof. Let u € V. Then A = {u € Vi : Jp(u) = (frou) < jk(ug) - (fk,ug)} isa
compact set. By induction, let £k = 2 and define uy, to be the result of the MGOPT step and
Up_1 = arg n{}n (jk_l(u) — (fr-1, u)k_1>. Using the result of Lemma 7, we have

ue Vg1

Te(ur) = (frowe)r = J(SPE@P™) = (fr, SEP)
< Jpt + alf (o — I M) = (i) + adf_y (-
< Jewl) = (fior ul"
= J(STuR) = (frr ST (uf))
< Je(ud) = (fro ud):

Note that strict inequality holds in all steps if VJp — fx is nonzero. For k > 2, by induction
hypothesis and Lemma 7, the theorem holds. [

8 Numerical results

In this section, we present the results of numerical experiments on the computational perfor-
mance of the proposed multigrid schemes as solvers for distributed elliptic optimal control
problems. Choosing different values of the weight of the cost of the control, we gathered the
CPU time (in seconds) until a stopping tolerance of tol = 10~® for the norm of the reduced
gradient is satisfied. For all computations, we use v; = 2 = 2 pre and post smoothing
steps. This means that one cycle of the CSMG and of the MGOPT method uses y; +v2 = 4
iterations of the smoothing algorithm on the finest grid. We consider an elliptic optimal
control problem with a discontinuous target function z as depicted in Figure 1. We use this
setting when solving both the linear and bilinear control problems.
First, we discuss the following linear elliptic optimal control problem

. 5 2
min J(y,u) == 3lly — 2|32 + Sllull?.,

—Ay—u =f in
y =0 on 0N.

Let Q = (0,1) x (0,1) and f,z € L?(f2) given by

flzy) =1
(2, on (0.25,0.75) x (0.25,0.75)
(@y) = { 1, otherwise ’

Notice that z is not attainable because of the boundary conditions. The numerical results
for this case are shown in Tables 1 and 2. We can see from Table 1 that choosing different
values for the parameter v, the CSMG method converges within eight iterations. We also
obtain that the number of iterations is independent on the parameter v and on the mesh size.
For the one grid optimization scheme, we use the gradient method (GM) and the nonlinear

k—1
— Ik

u,)))
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Figure 1: The target function z.

conjugate gradient (NCG) scheme [13]. As shown in Table 2, there is a constant increase
in the computational time as the parameter v decreases. This property is also inherited by
the MGOPT method using both GM and NCG as smoothing algorithms. MGOPT with
NCG on the other hand exhibits a faster rate of convergence compared to the MGOPT with
GM. In all cases, the MGOPT procedure greatly improves upon the stand-alone one grid
optimization scheme and the resulting performance may become comparable to the optimal
performance of the CSMG algorithm. The numerical solutions y and u for v = 10~% are
shown in Figure 2.

Table 1: Results of linear elliptic optimal control problem using CSMG method.

v mesh iter  J IV L, p  time (sec)
65 x 65 8 0718 9.64e-11 0.053 0.8

le-2 129x129 8 0.701 9.91e-11 0.053 32
257 x 257 8 0.692 9095e-11 0.054 15.3

65 x 65 8 0.163 3.96e-12 0.090 0.8

le-4 129x129 8 0.154 3.90e-12 0.083 32
257 x 257 8 0.151 3.88e-12 0.082 15.3

Next, we discuss a bilinear elliptic optimal control problem as follows

min J(y,u) = glly — 2172 + 5lul7.,

uel
—Ay—uy =f in
y =0 on 0N.

Let Q = (0,1) x (0,1) and f,z € L?(f) given by

fley) =1
(2, on (0.25,0.75) x (0.25,0.75)
dwy) = { 1,  otherwise '

For this case numerical results are shown in Tables 3 and 4. We can see from Table 3 that
the CSMG method exhibits almost independence of the number of iterations on v on the size
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Table 2: Results of CPU time (seconds) of linear elliptic optimal control problem using gradient method
(GM), MGOPT with GM (MGOPT"), nonlinear conjugate gradient (NCG) and MGOPT with NCG (MGOPT?).

v mesh GM MGOPT! NCG MGOPT?
65 x 65 2.2 1.9 0.9 0.9

le2 129x129 113 8.7 45 4.1
257 x 257  57.5 40.0 23.1 20.7

65 x 65 27.9 23.0 4.9 4.1

le-4 129 x 129 144.1 743 262 23.2
257 x 257  723.0 344.8 131.8 88.6

Figure 2: Numerical solutions for the state (left) and control (right) variables of the linear
elliptic optimal control problem using v = 10~

of the mesh where the problem is being solved. Together with the total CPU time, we also
include the CPU time for the computation of the roots of the quartic polynomial as this takes
about 70% of the whole computational time. Here, our purpose is to show robustness of the
collective smoothing procedure while we have made no effort in implementing a fast quartic
polynomial solver. Similar to the linear case, we show in Table 4 the computational time
for the onegrid optimization scheme using GM and NCG schemes. For solution processes
exceeding 20, 000 seconds we stopped the calculation. This table shows that MGOPT with
NCG is faster than MGOPT with GM. The numerical solutions y and u for v = 10~ are
shown in Figure 3.

9 Conclusion

We presented two multigrid schemes for solving elliptic optimal control problems, the
CSMG and the MGOPT methods. The numerical results showed that the CSMG scheme is
faster compared to the MGOPT method. It also provides mesh independent and parameter
independent convergence. On the other hand, it was shown that the MGOPT scheme greatly
accelerates one grid optimization schemes. While the application of the CSMG scheme re-
quired a carefully designed collective smoother specific for each problem, the application
of the MGOPT scheme did not require any adaptation to the problem.
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Table 3: Results of bilinear elliptic optimal control problem using CSMG method. (* time for computing the
roots)

v mesh iter J IV, p  time (sec) time (sec) *
65 x 65 8 0.863 2.06e-11 0.081 47.6 33.2

le-2 129x129 9 0.843 1.85¢-12 0.083 221.9 155.8
257 x 257 9 0.834 1.90e-12 0.084 912.8 641.3

65 x 65 10 0.158 1.55e-08 0.287 59.7 41.5

le-4 129 x 129 10 0.151 1.46e-08 0.366 243.1 170.1
257 x 257 10 0.148 1.45e-08 0.434 997.5 696.7

Table 4: Results of CPU time (seconds) of bilinear elliptic optimal control problem using gradient method
(GM), MGOPT with GM (MGOPT"), nonlinear conjugate gradient (NCG) and MGOPT with NCG (MGOPT?).
(- longer that 20, 000 seconds)

v mesh GM MGOPT! NCG MGOPT?
65 x 65 1.2 1.0 0.8 0.8

le2 129x129 5.2 4.9 4.0 3.7
257 x 257 25.1 19.1 19.0 18.8

65 x 65 - — 17079.0 160.7

le-4 129 x 129 - - - 805.7
257 x 257 - - - 41124

Figure 3: Numerical solutions for the state (left) and control (right) variables of the bilinear
elliptic optimal control problem using v = 1074
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