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Abstract— In this paper, we study the performance of mul-
tihop free-space optical (FSO) wireless systems over turbulence-
induced fading channels. The analysis is carried out for systems
employing amplify-and-forward (AF) or decode-and-forward
(DF) relays and for turbulence channels which can be modeled by
the Gamma-Gamma distribution. An exact analytical expression
for the end-to-end outage probability of AF systems is obtained,
while a closed-form expression of DF systems is derived. The ave-
rage bit-error probability of a dual-hop FSO system employing
a DF relay is studied as a special case. Numerical examples are
also presented to illustrate the proposed analysis and to further
investigate the effects of the turbulence severity on the multihop
FSO systems’ performance.

I. INTRODUCTION

Free-space optical (FSO) communications has gained signi-
ficant research attention in recent years. Channels in FSO
systems have wider bandwidth and therefore are able to
support more users compared to radio frequency (RF) ones.
However, the existence of atmospheric turbulence, which takes
place because of the variations in the refractive index due to
inhomogeneities in temperature and pressure fluctuations, can
degrade the performance of the communication system mainly
over distances of 1km or longer [1]. The reliability of a FSO
link can be determined if we use an effective probabilistic
model for the turbulence. It has been observed that for weak
fluctuations, the distribution of received intensities is close
to a log-normal. For strong turbulence conditions Al-Habash
et al. proposed the Gamma-Gamma distribution, which is a
multiplicative random process and used to model both small-
scale and large-scale fluctuations [2].

The performance analysis of point-to-point coded FSO
links employing on-off keying (OOK) with intensity modula-
tion/direct direction (IM/DD), over weak or strong turbulence
conditions, has been an important field of research in recent
years with the works of Zhu and Kahn in [3], [4] and Uysal et
al. in [5], [6]. In order to increase the reliability of a FSO link,
an important technique has been introduced in the literature,
where the distance between the transmitter and the receiver
is scaling down via multihop routing [7]. This technique
is common in various wireless RF communication systems
where relayed transmission is providing broader and more
efficient coverage. Recently, a bit-error rate (BER) analysis
for decode-and-forward (DF) and amplify-and-forward (AF)

FSO relaying systems has been presented in [8]. Specifically,
the authors in [8] compared simulation results for multihop
DF relaying systems to single-hop optical links. Furthermore,
the AF relays use less complex circuitry because they just
amplify and forward the incoming signal without performing
any sort of decoding. On the other hand, the DF relays
decode the signal and then transmit the detected version to the
destination ones. The outage performance of multihop systems
employing relays was extensively studied for the case of RF
wireless communications [9]–[11]. However, to the best of the
authors’ knowledge, the outage performance of multihop FSO
communication systems has never been addressed in the past.

In this paper, the outage probability of a multihop FSO
communication system with AF or DF relays over strong
turbulence fading channels, is studied. For the case of AF
systems, we assume channel state information-based relays
with knowledge of the channel in the preceding hop. Closed-
form expression for the moment generating function (MGF) of
the inverse end-to-end signal-to-noise ratio (SNR) is derived
for the case of AF relays. Based on this expression, the outage
probability for independent and non-identical Gamma-Gamma
distributed channels is evaluated numerically via inverse La-
place transform. For the case of DF relays, the end-to-end
outage probability is a product of the cumulative distribution
functions (CDFs) of the point-to-point optical links. Moreover,
a dual-hop FSO system with DF relay is considered, and its
average BER performance is investigated.

The remainder of this paper is organized as follows. Sec-
tion II introduces the system and channel model assumptions.
Section III is dedicated to the outage performance analysis.
Next, the average error probability of a dual-hop FSO system
is examined in Section IV. Finally some numerical examples
and concluding remarks are provided in Sections V and VI,
respectively.

II. SYSTEM AND CHANNEL MODEL

A. System Model

A multihop FSO wireless communication system where
IM/DD links-hops using OOK is considered (see Fig. 1).
The modulated light source communicates with the destination
terminal through Ri, i = 1, 2, ...N − 1 optical transceivers,
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which act as relays-nodes all being in equidistance L. There-
fore, there are N point-to-point propagation links before the
light arriving to its destination. The received signal at each
intermediate relay and at the final destination, can be written
as

yN =
N∏

i=1

gi−1six +
N∑

i=1

ni

(
N∏

t=i+1

gt−1st

)
, g0 = 1 (1)

where si = ηIi denotes the instantaneous intensity gain of
the ith hop, x ∈ {0, 1} the OOK modulated signal, gi is the
gain of the ith relay, ni is the additive white Gaussian noise
(AWGN) signal at the input of the ith relay with power spectral
density N0, η the effective photo-current conversion ratio of
the receiver and Ii the turbulence-induced light intensity at the
ith hop. Then, the equivalent end-to-end SNR, i.e., the SNR
at the receiver, can be written as [9]

µ =

N∏
i=1

s2
i g2

i−1

N∑
i=1

ni

(
N∏

j=i+1

g2
j−1s

2
j

) . (2)

One choice for the gain was proposed in [12] for RF links as
g2

i = 1/
(
s2

i + N0

)
. This gain aims to limit the instantaneous

output power of the relay if the channel gain of the preceding
hop, si, is low. By substituting the above gain in (2), the
derived equivalent SNR at the receiver can be expressed by
[9, eq. (2)]. From (2), the derivation of the distribution of µ
is very difficult, if not possible, to be extracted. However, by
setting the gain as the inverse of the fading state g2

i = 1/s2
i ,

the relay just amplifies the incoming signal with the inverse
of the channel of the previous hop, regardless of the noise of
that hop. As mentioned in [9], such a kind of relay serves as
benchmark for all practical multihop RF systems employing
AF relays. Equivalently, the end-to-end SNR of the considered
multihop FSO system can be extracted as

µ =

(
N∑

i=1

1
µi

)−1

(3)

where µi = η2I2
i /N0 is the instantaneous electrical SNR of

the ith hop.

B. Channel Model

To characterize the FSO channel from a communication
theory point-of -view, a statistical representation of turbulence-
induced fading has to be given. Several probability density
functions (PDFs) to describe strong turbulence effects have
been proposed included the K and I −K distributions, howe-
ver an effective statistical model has been proposed by [1],
[2] to describe both small-scale and large-scale atmospheric
fluctuations, the Gamma-Gamma model. This model factorizes
the irradiance as the product of two independent random
processes each one having a Gamma PDF. The derivation of

S

R1 R2 RN-2 RN-1

D

g2 gN-2 gN-1g1

Modulated
Light Source
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(Optical Receiver)

On-Off keyed 
Light Pulses

Fig. 1. Multihop FSO communication system.

the Gamma-Gamma distribution is given in [2] resulting in

fIi
(I) =

2 (αβ)(α+β)/2

Γ (α) Γ (β)Ii

(
I

Ii

)α+β
2 −1

× Kα−β

[
2

√
αβ

(
I

Ii

)]
, I ≥ 0

(4a)

where Ii denotes the average irradiance of the ith channel,
Kν [·] is the νth-order modified Bessel function of the second
kind, defined in [13, eq. (8.432)], and α, β are the effective
number of small-scale and large-scale eddies of scattering
environment, where the two scales are implemented mathe-
matically by inserting heuristic spatial-frequency filters into
weak-turbulence integrals for scintillation index. According to
[2], [14]

α =


exp


 0.49β2

0(
1 + 0.18d2 + 0.56β

12/5
0

)7/6


− 1



−1

(4b)

β =


exp


 0.51β2

0(
1 + 0.9d2 + 0.62d2β

12/5
0

)5/6


− 1



−1

(4c)

where β2
0 = 0.5C2

nk7/6L11/6 is the Rytov variance for a plane
wave in weak scintillation theory and d =

(
kD2/4L

)1/2
the

parameter characterizing the receiver aperture diameter and
hence aperture averaging effects. Here, k = 2π/λ is the optical
wave number, λ is the wavelength, C2

n denotes the index of
refraction structure parameter and D is the diameter of the
receiver collecting lens aperture.

Hence, after a simple power transformation of the random
variable (RV) Ii, the PDF of the electrical SNR of each hop,
µi, can be derived as

fµi
(µ) =

(αβ)(α+β)/2

Γ (α) Γ (β)
√

µiµ

(√
µ

µi

)(α+β)/2−1

× Kα−β

[
2

√
αβ

√
µ

µi

] (5)
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where µi = (ηE[I])2 /N0 is the electrical average SNR,
defined in [3].

By following the definition, Fµi
(µ) =

∫ µ

0
fµi

(z)dz and
using (5), the derived integral for the CDF of the Gamma-
Gamma channel is not a tabulated one. In order to evaluate it,
the CDF can be written as

Fµi
(µ) =

(αβ)(α+β)/2

2Γ (α) Γ (β) 4

√
µi

α+β

×
∫ µ

0

z(α+β)/4−1G2,0
0,2

[
αβ√
µi

z1/2

∣∣∣∣ −
α−β

2 , β−α
2

]
dz

(6)

where Kν [·] using [15, eq. (14)] is written in terms of
the Meijer’s G-function Gm,n

p,q [·] [13, eq. (9.301)]. Therefore,
using [15, eq. (26)], a closed-form1 solution for (6) leads to

Fµi
(µ) =

(αβ)(α+β)/2

Γ (α) Γ (β)
4

√(
µ

µi

)
α+β

× G2,1
1,3

[
αβ

√
µ

µi

∣∣∣∣ 1 − α+β
2

α−β
2 , β−α

2 ,−α+β
2

]
.

(7)

III. OUTAGE PROBABILITY

A. AF Relays

The outage probability is defined as the probability that
the instantaneous SNR falls below a specified threshold µth,
which represents a protection value of the SNR above which
the quality of the channel is satisfactory. In case of the
system under consideration, the equivalent end-to-end outage
probability can be expressed by

Pout(µth) = Pr (µ ≤ µth) = Pr
(

1
µ
≥ 1

µth

)

= 1 − L−1

(M1/µ(s)
s

)∣∣∣∣
s=1/µth

(8)

where L−1 (·) is the inverse Laplace transform and M1/µ (·)
is the MGF of 1/µ. Using (3) and due to the independency
of the turbulence-induced fading channels, M1/µ(s) can be
written as

M1/µ(s) =
N∏

i=1

M1/µi
(s). (9)

Using (5) and the definition of the MGF of 1/µi, i.e.,
M1/µi

(s) =
∫∞
0

e−s/xfµi
(x)dx, yields

M1/µi
(s) =

(αβ)(α+β)/2

2Γ (α) Γ (β) 4

√
µi

α+β

∫ ∞

0

x(α+β)/4−1

× G1,0
0,1

[
s

x

∣∣∣∣ −
0

]
G2,0

0,2

[
αβ√
µi

x1/2

∣∣∣∣ −
α−β

2 , β−α
2

]
dx

(10)

1Note, that the Meijer’s G-function is a standard built-in function in
most of the well-known mathematical software packages such as MAPLE,
MATHEMATICA, and MATLAB. In addition, using [15, eq. (18)], the
Meijer’s G-function can be written in terms of the more familiar generalized
hypergeometric functions [13, eq. (9.14.1)].

where the exponential function is written in terms of the
Meijer’s G-function [15, eq. (11)]. Hence, by applying [13,
eq. (9.31.2)], (10) can be rewritten as

M1/µi
(s) =

(αβ)(α+β)/2

2Γ (α) Γ (β) 4

√
µi

α+β

∫ ∞

0

x(α+β)/4−1

× G0,1
1,0

[
x

s

∣∣∣∣ 1
−

]
G2,0

0,2

[
αβ√
µi

x1/2

∣∣∣∣ −
α−β

2 , β−α
2

]
dx.

(11)

The integral in (11) can be evaluated using [15, eq. (21)],
resulting in

M1/µi
(s) =

(αβ)(α+β)/2s(α+β)/4

4πΓ (α) Γ (β) 4

√
µi

α+β

× G5,0
0,5

[
(αβ)2 s

16µi

∣∣∣∣ −
α−β

4 , α−β+2
4 , β−α

4 , β−α+2
4 ,−α+β

4

]
.

(12)

By substituting (12) in (9), M1/µ(s) is derived in closed
form. Consequently, the outage probability given in (8), can be
evaluated using any numerical method for the inverse Laplace
transform (e.g., as the one used in [9]).

B. DF Relays

When a multihop FSO communication system is employing
DF relays, then the outage performance of the system depends
on the outage probability of each hop. Hence, the outage
probability is given by

Pout(µth) = Pr [min (µi) ≤ µth] = 1 −
N∏

i=1

Pr [µi ≥ µth]

= 1 −
N∏

i=1

[1 − Fµi
(µth)] .

(13)

By substituting (7) in (13), Pout(µth) can be derived in closed
form.

IV. A SPECIAL CASE: AVERAGE BER FOR DUAL-HOP

FSO SYSTEMS WITH DF RELAYS

In this section, the average BER for a dual-hop FSO system
with DF relay over independent and identically distributed
(i.i.d.) Gamma-Gamma turbulence-induced fading channels,
is presented. Equivalently to RF case, the overall conditional
probability of error is given by [16, eq. (11.4.12)]

P
(total)
b (E|µ1, µ2) =Pb(E|µ1) + Pb(E|µ2)

− 2Pb(E|µ1)Pb(E|µ2)
(14)

which, when averaged over i.i.d. Gamma-Gamma RVs µ1 and
µ2, reduces to

P
(total)
b (E) = 2Pb(E) − 2P 2

b (E) (15)

where Pb(E) is the average BER per hop.
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In general, a union upper bound on the average BER is
given in [17] as

Pb(E) ≤ 1
π

∫ π/2

0

[
1
n

∂

∂N
T (D(θ),N) |N=1

]
dθ (16)

where nc is the number of information bits per transmission,
N is an indicator depends on the number of bits in error,
T (D(θ),N) is the transfer function associated with the state
diagram of a particular trellis-coded modulation scheme and
D(θ) is based on the derived pairwise error probability.

Using a convolutional code with rate 1/3 and constraint
length of 3, the transfer function of this code is [18, eq. (8.2.6)]

T (D(θ),N) =
D6(θ)N

[1 − 2ND2(θ)]2
. (17)

The exact D(θ) is given in analytical form by [6, eq. (24)]2

D(θ) =
2 (αβ)

α+β
2

Γ(α)Γ(β)

∫ ∞

0

I
α+β

2 −1 exp
(
−τ

4
I2

sin2 θ

)

× Kα−β

[
2
√

αβI
]
dI

(18)

where τ = Es/N0 is defined as SNR per optical link with
Es being the total transmitted energy from the source or the
DF relay. Also, the noise can be modeled as AWGN with zero
mean and variance N0/2, independent of the on/off state of the
received bit. By applying [15, eq. (21)] in (18), a closed-form
solution can be extracted as

D(θ) =
2α+β−1

2πΓ(α)Γ(β)

× G1,4
4,1

[
4τ

(αβ)2 sin2 θ

∣∣∣∣ 1−α
2 , 2−α

2 , 1−β
2 , 2−β

2
0

]
.

(19)

By substituting (19) in (16) and using (14), an upper bound
for the average BER of the dual-hop FSO system can be easily
evaluated.

V. NUMERICAL RESULTS

In Fig. 2, the end-to-end outage probability is plotted as a
function of the normalized to outage threshold average SNR
per hop, µ/µth, assuming i.i.d. Gamma-Gamma channels (i.e.,
µi = µ) for several values of N . The obtained results indicate
that the outage performance of the system degrades with an
increase of the number of hops and shows similar behavior
with the RF multihop systems. Furthermore, Fig. 3 compares
the outage probability of a triple-hop FSO system with AF
relays to a triple-hop one with DF relays versus the number
of hops. It is obvious that DF systems slightly outperformed
compared to AF ones and the performance gap is increasing
with an increase of N . This result is similar as in RF multihop
communications. Finally, in Fig. 4, the average BER for a dual-
hop FSO using a DF relay, is plotted. Also, in order to compare
its error performance with point-to-point links, we use the

2Note that in [6, eq. (24)], the power term (α + β) /2 is missing from the
product (αβ).

Fig. 2. End-to-end outage probability of an N -hop FSO system over
i.i.d. Gamma-Gamma channels versus µ/µth for several number of hops
(α = 4, β = 2 for all hops).

Fig. 3. Effect of increasing the number of hops on the end-to-end outage
performance of a triple-hop FSO system using AF or DF relays over i.i.d.
Gamma-Gamma channels (α = 4, β = 2 and µ/µth = 40dB for all hops).

same values for the parameters that affect the system as the one
used in [6]. Therefore, we assume wavelength λ = 1550nm
and the refraction index C2

n = 1.7× 10−4. Also it is assumed
D � L leading to d = 0 and hence no aperture averaging is
possible. The distances between hops are equal and selected as
L = 3000m and L = 3400m resulting in channel parameters
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Fig. 4. Upper bounds on the average BER for a dual-hop FSO system with
a DF relay over i.i.d. Gamma-Gamma channels versus average SNR per hop.

(α, β)=(2.73, 1.25) and (α, β)=(2.26, 0.65), respectively. It is
observed that the dual-hop FSO system is outperformed com-
pared to the single-hop optical links investigated in [6]. This
result was also extracted in [8] via simulations. The simulation
results depicted only for BER≈ 10−6 and for parameters
(α, β)=(2.26, 0.65) due to the long simulation time and are also
slightly lower compared with the analytical ones. Therefore,
since a BER ≈ 10−9 has practical interest in FSO systems,
our analytical expressions can serve as a reliable method to
evaluate the BER performance of dual-hop links.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we examined the outage performance of
a multihop FSO wireless system implemented by AF or
DF relays. For these types of relays the outage probability
was evaluated and analyzed. Furthermore, the average error
probability is studied for the special case of a dual-hop system
with a DF relay. Numerical examples were also provided for
illustration purposes. The analysis presented in this paper can
be easily extended to other turbulent channel models (e.g., K
or I − K) and may contribute to a number of open issues

for future investigation such as error rate analysis of FSO
multihop systems with AF relays and how the delay in DF
systems affects the overall performance of the system.
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