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Multilevel Selective Harmonic Elimination PWM
Technique in Series-Connected Voltage Inverters

Li Li , Member, IEEE, Dariusz Czarkowski, Member, IEEE, Yaguang Liu, Member, IEEE, and
Pragasen Pillay, Senior Member, IEEE

Abstract—Selective harmonic elimination pulsewidth modu-
lation (SHEPWM) method is systematically applied for the first
time to multilevel series-connected voltage-source PWM inverters.
The method is implemented based on optimization techniques.
The optimization starting point is obtained using a phase-shift
harmonic suppression approach. Another less computationally
demanding harmonic suppression technique, called a mirror
surplus harmonic method, is proposed for double-cell (five-level)
inverters. Theoretical results of both methods are verified by
experiments and simulations for a double-cell inverter. Simulation
results for a five-cell (11-level) inverter are also presented for the
multilevel SHEPWM method.

Index Terms—Multilevel inverters, pulsewidth modulation in-
verters, selective harmonic elimination pulsewidth modulation.

I. INTRODUCTION

M EDIUM/LARGE motor drives, uninterruptible power
supply (UPS) systems, and high-power inverters in

flexible alternate current transmission systems (FACTS) need
switching elements which can bear high voltages and currents.
To overcome the limitations of semiconductor switches, several
new techniques and topologies have been developed [1]–[4],
such as multiple switching elements in one leg of an inverter
[5], [6], series-connected inverters [7]–[15], parallel-connected
inverters [16], [17], multilevel reactive power compensators
[18]–[21], multiple rectifiers for unity power factor correction
[22], optimization of motor performance indexes (such as
harmonic current, torque ripple, common mode voltage, and
bearing currents) [23], [24], and neutral-point-clamped (NPC)
inverters [25]–[27]. This paper focuses on series-connected
voltage-source PWM inverters. In this area, present control
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techniques are based on the following methods: 1) sinusoidal
PWM (SPWM) [8], [9]; 2) space-vector PWM (SVPWM)
[13]; 3) nonsinusoidal carrier PWM [7]; 4) mixed PWM [12],
[14]; 5) special structure of cell connections [11]; and 6)
selective harmonic elimination PWM (SHEPWM) [1], [15].
The SHEPWM-based methods can theoretically provide the
highest quality output among all the PWM methods. The
SHEPWM method presented in [1] offers the same number of
control variables as the number of inverter levels. Results given
in [15] are only for a five-level inverter allowing up to seven
switching angles without taking into account that inverter cells
should equally share the output power.

In this paper, a SHEPWM model of a multilevel series-con-
nected voltage-source inverter is developed which can be
used for an arbitrary number of levels and switching an-
gles. Simulation and experimental results for a five-level (or
double-cell) 22-angle single-phase inverter and a five-level
20-angle three-phase inverter are presented. Simulation results
for an 11-level (five-cell) 45-angle three-phase inverter are
also given. A reduced-order SHEPWM method by mirror
surplus harmonic shaping for five-level inverters is proposed
and experimentally verified. The paper is organized in the
following manner. The mirror surplus harmonic method is
presented in Section II, followed by a description and results of
the multilevel SHEPWM in Section III. Conclusions are given
in Section IV.

II. HARMONIC SUPPRESSION WITHMIRROR SURPLUS

HARMONICS TECHNIQUE

In this section, a new concept of mirror surplus harmonics
is introduced for selected harmonic elimination in double-cell
series-connected PWM inverters. This concept allows for re-
ducing the amount of computations in comparison with the mul-
tilevel SHEPWM. It will be shown that the obtained output har-
monic spectrum is close to that of multilevel SHEPWM.

A. Double-Cell Series-Connected Inverter Harmonic Model

In 1973, the selected harmonic elimination method for
PWM inverters was introduced [28] for single-cell (two-
and three-level) inverters. This method is sometimes called
a programmed PWM technique. Fig. 1 illustrates the gen-
eral quarter-wave symmetric triple-level programmed PWM
switching pattern. The square wave is choppedtimes per half
cycle. Owing to the symmetries in the PWM waveform, only
odd harmonics exist. The Fourier coefficients of odd harmonics
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Fig. 1. Waveform of triple-level SHEPWM.

in triple-level programmed PWM inverters with odd switching
angles are given by

(1)

where is the harmonic order.
Any harmonics can be eliminated by solving theequa-

tions obtained from setting (1) equal to zero [29]. Usually, the
Newton iteration method is used to solve such systems of non-
linear equations [30]. The correct solution must satisfy the con-
dition

(2)

Let us consider one leg of a double-cell series-connected
PWM inverter shown in Fig. 2. Each cell of such a single-phase
inverter switches times per quarter cycle and produces
a three-level {−1, 0, 1} PWM waveform. This results in a
five-level −2, −1, 0, 1, 2 inverter output. Theoretically,
odd harmonics can be eliminated from the inverter’s spectrum
while keeping the fundamental components of both cells equal
to each other. Even harmonics are not present due to the PWM
waveform symmetry. The switching angles must be obtained
from the following system of nonlinear transcendental
equations:

(3)

where ’s are switching angles of the first cell, ’s are
switching angles of the other cell, and is the modulation
index. This paper explicitly requires an even fundamental

Fig. 2. Schematic diagram of a three-phase double-cell series-connected
PWM inverter (each cell requires a separate dc bus).

power sharing among cells. Convergence of numerical pro-
cedures used to solve (3) is sensitive to the starting values of
switching angles and requires considerable computation.

B. Reduced-Order Model of a Double-Cell Series-Connected
Inverter

Elimination of low-order harmonics from only one cell,
which will be called a general SHEPWM method, can be
obtained by solving a system of equations [28]

(4)

The first significant surplus harmonic from this cell has an am-
plitude . If it is desired to eliminate from the
output spectrum of the single-phase inverter, the other cell must
produce the harmonic of an amplitude . To pre-
serve the elimination of the low-order odd harmonics
and to set the amplitude of the harmonic to ,
the number of switching angles in the second cell must be in-
creased by one to . The switching angles of the second
cell fulfill the following system of equations:

(5)

An unexpected benefit of such a harmonic cancellation
is that the whole first cluster of significant harmonics from the
second cell becomes nearly a mirror image of the first cluster of
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(a) (b)

Fig. 3. Calculated frequency spectra for mirror surplus harmonic method. (a) Single phase system (from top to bottom): optimal 11 switching angles, general ten
switching angles, and inverter output versus harmonic order.M = 1:0. (b) Three phase system (from top to bottom): optimal 11 switching angles, general nine
switching angles, and inverter output versus harmonic order.M = 1:0.

significant harmonics from the first cell. Thus, the solution of
(4) and (5) approximates very closely the solution of(3). Sim-
ilar models can be developed for three-phase systems. The dif-
ference between single- and three-phase calculations is that for
a three-phase system triplen harmonics need not to be included
in the set of harmonics selected for elimination. Cancellation
of harmonics using (4) and (5) will be called a mirror surplus
harmonic PWM technique. This cancellation has been checked
for several values of and for a wide range of the modulation
index . An example for single- and three-phase inverters is
given below. Since systems of equations as in (4) do not have
analytical solutions, it is difficult to find a theoretical explana-
tion for the proposed method. It will be a subject of a future
research. Nonetheless, the proposed approach is a practical way
of finding an approximate solution to (3) and, hence, harmonic
suppression in double-cell series-connected inverters. For three
and higher numbers of cells, the direct SHEPWM described in
Section III should be used.

C. Simulation Example

Frequency spectra of waveforms obtained with the mirror sur-
plus harmonic method for single-phase and three-phase systems
are shown in Fig. 3(a) and (b), respectively. It can be clearly
seen that first clusters of significant harmonics of two cells in
Fig. 3(a) and (b) (first and second spectrum from the top) al-
most cancel each other in the output spectrum. In fact, the output
spectra in Fig. 3(a) and (b) are very close to what can be ex-
pected if the solution of (3) is used for generation of switching
patterns.

D. Experimental Results

The calculated switching patterns have been implemented
using a TMS320C30 digital signal processor (DSP) unit driving
IPM PM20CSJ060 power modules. The resulting inverter was
loaded by an induction motor. Figs. 4(a) and 5(a) show mea-
sured voltage harmonic amplitudes of both cells and the inverter
output for modulation index in this scaled-down ex-
perimental system. Time-domain waveforms of inverter outputs
are presented in Figs. 4(b) and 5(b). The experimental results
are in full agreement with theoretical predictions.

III. M ULTILEVEL SHEPWM TECHNIQUE

The multilevel SHEPWM technique has a theoretical poten-
tial to achieve the highest output power quality at low switching
frequencies in comparison to other methods. However, because
of its mathematical complexity, no significant results have been
reported thus far. One of the main challenges is to obtain a good
starting point when the solution of a nonlinear system of equa-
tions of the (3) type is attempted. This paper presents a concept
of obtaining the starting point by means of SHEPWM with a
phase shift. Then, a nonconstraint optimization [35] is used to
calculate the final solution of the multilevel SHEPWM problem.

A. Specific Harmonic Elimination with Phase Shift

Phase shift is an effective and simple method to decrease har-
monic content in multilevel converters. The most common ap-
plication of phase shifting in PWM inverters is in carrier-based
modulation schemes [8], [9]. In this paper, phase shift together
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(a) (b)

Fig. 4. Experimental single-phase spectra and waveforms with mirror surplus harmonic method. (a) Frequency spectra (from top to bottom): upper cell, lower
cell, and inverter output. (b) Output voltage waveforms and load current (from top to bottom): upper cell voltage (V), lower cell voltage (V), inverter output voltage
(V), and current (105 V/A).

with three-level SHEPWM is used to obtain a starting point for
multilevel SHEPWM calculations.

Let us consider a three-cell single-phase PWM inverter
as an example. Assume that the cells have identical voltage
spectra with low-order harmonics eliminated by the classical
SHEPWM. To preserve high amplitude of the fundamental,
the phase-shift angle among the three cells should be small.
Using (1), the harmonic content of the reference cell, the
lagging cell , and the leading cell can be described as

(6)

Adding the cell voltages in (6), the multilevel inverter output
harmonics are given by

(7)

where is the th harmonic of the inverter output voltage.

The phase shift angle may be selected by the following
heuristic approach. If the number of switching angles in a
quarter period is , the first significant harmonic crest for
each cell is just above the th harmonic. One of the crest
harmonics (usually, the largest one) can be eliminated by the
phase shift, and others will be suppressed. If the
harmonic is selected for elimination, the phase-shift angle
can be obtained as

(8)

Fig. 6 shows the phase diagram of the fundamental and
harmonic. Fig. 7 presents an example of the surplus harmonic
suppression with phase shift in a three-cell inverter with .
The resulting equals 5.71.

B. Starting Point of Multilevel SHEPWM

The phase-shift technique for surplus harmonic suppression
presented in the previous subsection can be easily generalized
for a -cell ( ) system. The obtained switching
angles may be used as starting points to calculate a solution for
a nonlinear system of equations of the (3) type. An application
of this idea to double-cell and five-cell inverters is presented
next.

C. Multilevel Selective Harmonic Elimination

Consider a two-cell series-connected PWM inverter. With
switching angles per quarter wave for each cell, there are 2
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(a) (b)

Fig. 5. Experimental three-phase spectra and waveforms with mirror surplus harmonic method. (a) Frequency spectra (from top to bottom): upper cell line-to-line
voltage, lower cell line-to-line voltage, and inverter line-to-line output voltage. (b) Output voltage waveforms and load current (from top to bottom): upper cell
line-to-line voltage (V), lower cell line-to-line voltage (V), inverter line-to-line output voltage (V), and phase current (125 V/A).

Fig. 6. Phase-shift diagram for a three-cell inverter.

variables and, consequently, harmonics can be elimi-
nated. The amplitude of theth voltage harmonic at the inverter
output is given by

(9)

Setting the fundamental to a desired value dictated by the mod-
ulation index and equating selected harmonics to zero re-
sults in a system of nonlinear equations which is very difficult to
solve numerically. To alleviate computational problems, a non-
constrained optimization approach [35] has been proposed. The

target function of this new optimization scheme can be written
as

(10)

where are penalty factors. The optimiza-
tion starting point is obtained by the phase shift method de-
scribed above. Fig. 8 presents an example of a starting point for
a three-phase two-cell inverter.

D. Simulation and Experimental Results

Simulation results of multilevel SHEPWM in a double-cell
inverter are given in Fig. 9(a) and (b) for single-phase and
three-phase systems, respectively. It can be observed in the
first and second spectra from the top that low-order harmonics
are present. However, these harmonics are out of phase and
of equal amplitudes. Consequently, they do not appear at the
converter output. Experimental results for the double-cell
single-phase and three-phase systems are presented in Figs. 10
and 11. The experimental setup was the same as that used for
the mirror surplus harmonics method (see Section II).

The multilevel SHEPWM was also verified for a five-cell se-
ries-connected PWM inverter with nine switching angles per
quarter wave per cell. The simulation results at a modulation
index are presented in Figs. 12 and 13. It can be seen
in Fig. 12 that the low-order harmonics are suppressed by more
than 45 dB up to the 137th harmonic (8.2 kHz). Fig. 13 shows
that the cells share the fundamental component of the output
power equally.
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Fig. 7. Frequency spectra of phase-shift harmonic suppression in a three-cell inverter: single-cell voltage (top) and inverter voltage (bottom).

Fig. 8. Frequency spectra of an optimization starting point for a three-phase two-cell inverter obtained by phase-shift harmonic suppression (fromtop to bottom):
upper cell, bottom cell, and inverter output.
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(a) (b)

Fig. 9. Calculated frequency spectra for multilevel selective harmonic elimination PWM method. (a) Single-phase system (from top to bottom): two optimal
11 switching angles, and inverter output versus harmonic order.M = 1:0. (b) Three phase system (from top to bottom): two optimal 10 switching angles, and
one-phase output versus harmonic order.M = 1:0.

(a) (b)

Fig. 10. Experimental single-phase spectra and waveforms with multilevel selective harmonic elimination PWM method. (a) Frequency spectra (from top to
bottom): upper cell, lower cell, and inverter output. (b) Output voltage waveforms and load current (from top to bottom): upper cell voltage (V), lower cell voltage
(V), inverter output voltage (V), and current (105 V/A).
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(a) (b)

Fig. 11. Experimental three-phase spectra and waveforms with multilevel selective harmonic elimination PWM method. (a) Frequency spectra (from top to
bottom): upper cell line-to-line voltage, lower cell line-to-line voltage, and inverter line-to-line output voltage. (b) Output voltage waveforms and load current
(from top to bottom): upper cell line-to-line voltage (V), lower cell line-to-line voltage (V), inverter line-to-line output voltage (V), and phasecurrent (125 V/A).

(a) (b)

(c) (d)

Fig. 12. Simulation results of five cell series-connected inverter. (a) Frequency-analysis PWM. (b) Bode graph of frequency spectra. (c) Phase voltage of five-cell
inverters. (d) Line voltage of five-cell inverters.
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(a) (b)

Fig. 13. Voltage spectra and waveforms for each cell in five-cell series-connected inverter. (a) Frequency-analysis PWM. (b) Output voltage of one cell.

(a) (b)

Fig. 14. Experimental three-phase spectra and waveforms with selective harmonic elimination PWM method and with regular-sampled PWM method. (a)
Frequency spectra of inverter line-to-line output voltages: SHEPWM (top) and regular-sampled PWM (bottom). (b) Waveforms of inverter line-to-line output
voltages: SHEPWM (top) and regular-sampled PWM (bottom).
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E. Comparison with Sinusoidal Carrier Techniques

The advantage of the SHEPWM method over conven-
tional sinusoidal modulation methods is that it allows the
achievement of similar quality of the output waveforms at a
reduced switching frequency. This feature is very important
for high-power applications in which power devices cannot be
switched at high frequencies due to unacceptable switching
losses. Fig. 14 compares experimental frequency spectra and
time-domain waveforms of line-to-line voltages of a three-phase
PWM inverter controlled, in one case, with the selective har-
monic elimination PWM method and with the regular-sampled
PWM method in the second case. The harmonic spectra of
both waveforms are similar. The main harmonic cluster starts
around 2 kHz. To achieve such comparable spectra, 38 pulses
per phase were needed for the regular-sampled method versus
only 22 pulses for SHEPWM. That translates into reduction of
the switching frequency by 42%.

The main disadvantage of the SHEPWM method is its
complicated hardware implementation. Recent results from
the research community [31]–[34] show two approaches to
SHEPWM real-time implementation. One is to fine tune
conventional PWM techniques like regular-sampled [31]
or space-vector methods [33], [34] to closely approximate
SHEPWM switching patterns. Another one is to simplify the
nonlinear harmonic elimination equations [32] in order to
obtain real-time approximate solutions using modern digital
signal processors.

IV. CONCLUSIONS

A multilevel selected harmonic elimination PWM method
has been proposed. The computational difficulties of multilevel
SHEPWM methods are overcome by development of an inverter
model for nonconstraint optimization. The optimization starting
point is obtained using a phase-shift surplus harmonic suppres-
sion technique. Simulation and experimental results are pre-
sented for a double-cell series-connected voltage source PWM
inverter in single-phase and three-phase configuration. Simula-
tion results for a three-phase five-cell inverter are also given.
The multilevel SHEPWM method is capable of providing very-
high-quality output waveforms.

A new reduced-order method of mirror harmonic suppres-
sion in a double-cell series-connected PWM inverter is also sug-
gested. Instead of using a difficult-to-solve system of non-
linear equations, the two inverter cells are considered separately.

low-order harmonics in the first cell are eliminated with
a standard SHEPWM harmonic elimination scheme. An addi-
tional switching angle is allowed in the second cell to shape its
frequency spectrum in such a way that it mirrors the spectrum of
the first cell. The results obtained from the solution of the two
systems of equations of orderand closely approximate
the solution of a system of equation. Hence, the difficulty
and amount of calculations are greatly reduced. Experimental
tests, conducted for an inverter with switching angles
per quarter wave in the first cell, show harmonic suppression
that is comparable with that for a multilevel SHEPWM.

Further work should focus on practical real-time implementa-
tion of the multilevel SHEPWM method and extending this ap-

proach to optimization of various performance indexes in PWM
multilevel inverters, e.g., distortion factor or magnetic noise.
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