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MULTIPLE BOUNDARY PEAK SOLUTIONS FOR SOME
SINGULARLY PERTURBED NEUMANN PROBLEMS

CHANGFENG GUI, JUNCHENG WEI, AND MATTHIAS WINTER

ABSTRACT. We consider the problem

2Au—u+f(u)=0 in Q
u>OinQ,g—Z:O on 09,

where € is a bounded smooth domain in RY, ¢ > 0 is a small parameter
and f is a superlinear, subcritical nonlinearity. It is known that this equa-
tion possesses boundary spike solutions such that the spike concentrates,
as € approaches zero, at a critical point of the mean curvature function
H(P),P € 09. It is also known that this equation has multiple bound-
ary spike solutions at multiple nondegenerate critical points of H(P) or
multiple local maximum points of H(P).

In this paper, we prove that for any fixed positive integer K there
exist boundary K — peak solutions at a local minimum point of H(P).
This implies that for any smooth and bounded domain there always exist
boundary K — peak solutions.

We first use the Liapunov-Schmidt method to reduce the problem to
finite dimensions. Then we use a maximizing procedure to obtain multiple
boundary spikes.

1. INTRODUCTION

The aim of this paper is to construct a family of multiple boundary peak

solutions to the following singularly perturbed elliptic problem

e2Au—u+uP =0 in Q, (1.1)
u>0 in Qand@:O on 0, '

where A = SN 8
in RN, e >0is a constant the exponent p satisfies 1 < p < N+2 for N > 3

is the Laplace operator, €2 is a bounded smooth domain

and 1 < p < oo for N = 2 and v(x) denotes the normal derlvatlve at z € 0€.
Equation (1.1) is known as the stationary equation of the Keller-Segal

system in chemotaxis. It can also be seen as the limiting stationary equation
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of the so-called Gierer-Meinhardt system in biological pattern formation, see
[33] for more details.

In the pioneering papers of [17], [20] and [21], Lin, Ni and Takagi estab-
lished the existence of least-energy solutions and showed that for e suffi-
ciently small the least-energy solution has only one local maximum point P.
and P. € 0f). Moreover, H(P.) — maxpecaq H(P) as € — 0, where H(P) is
the mean curvature of P at 0. In [22], Ni and Takagi constructed bound-
ary spike solutions for axially symmetric domains. The second author in
[33] studied the general domain case and showed that for single boundary
spike solutions, the boundary spike must approach a critical point of the
mean curvature; on the other hand, for any nondegenerate critical point of
H(P), one can construct boundary spike solutions whose spike approaches
that point. The first author in [11] constructed multiple boundary spike
layer solutions at multiple local maximum points of H(P) while the second
and third authors in [36] constructed multiple boundary spike layer solutions

at multiple nondegenerate critical points of H(P). Later these results were

N+2
N-2’

results for the boundary spike layer solutions have been obtained in [1], [2],
3], [12], [19], [26], [27], (28], [30] ete.

In this paper, we study the existence of multiple boundary peak solutions

improved by Y. Y. Li in [16] in a unified approach. When p = similar

at a local minimum point of H(P).

More precisely, we consider the problem
2Au—u+ f(u) =0 in Q,

(1.2)
u >0 inQand%:O in 0.

We will assume that f : RY — R is of class C'*7 and satisfies the following

conditions

(fl1) f(t)=0fort <0and f(t) » +oo ast — 0
(f2) There exist some constants 1 < py,pg,ps < (%)+ (=00 if N <

4; = % if N > 4) such that f(0) =0, f(0) = 0 and

f(u) = O(lu"), f'(w) = O(ju*™") as |u| — oo,
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C|¢|p371 if p3 > 2
|fulu+ @) — fu(u)] < { C(lg] + |81 if ps < 2.

(f3) The equation

Aw—w+ f(w)=0 in R,
> 0,w(0) =
w > 0,w(0) = max w(z), (1.3)
w— 0 atoo
has a unique solution w(y) (by the results of [9], w is radial, i.e.,
w = w(r)and w < 0forr = |y| # 0) and w is nondegenerate.

Namely the operator
L:=A—1+f(w) (1.4)

is invertible in the space H2(R"Y) := {u =u(ly|) € HQ(RN)}.

Two important examples of f are the following.
Example 1 (chemotaxis and pattern formation): f(u) = u” where
l<p<(f3)i(=o0if N =2=242if N > 2). It is easy to see that f
satisfies (f1), (f2) and (f3). This problem arises from the Keller-Segal model
in chemotaxis and the Gierer-Meinhardt system in pattern formation (see
[20], [21] and the references therein).
Example 2 (population dynamics and chemical reaction theory):
f(u) = u(u —a)(1 — u) where 0 < a < 3. This is a famous model from
population dynamics and chemical reaction theory (see [5], [14], [29]). If
N < 8 then by the result of [8], f satisfies (f1)-(f3).

Other nonlinearities satisfying (f1), (f2) and (f3) can be found in [6].

Let A C 02 be an open set such that

min H(P) > rlglenrgH(P). (1.5)

We now state the main result in this paper.

Theorem 1.1. Assume that condition (1.5) holds. Let f satisfy assump-
tions (f1)-(f3). Then for e sufficiently small problem (1.2) has a solution

u. which possesses exvactly K local mazimum points Q7, ..., Q% with Q° =
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(QF,....Q%) € I' x ... x I". Moreover H(Q5) — minper H(P),w(w) —
0,i,k,l=1,... K,k #1 as € — 0. Furthermore, we have

bmin;—1 x|z — Q5|)

€

) (1.6)

uc(r) < aexp(—

for certain positive constants a,b.
Theorem 1.1 can be derived from a more general theorem as follows.

Theorem 1.2. Let I';,1 =1, ..., K be open sets in 0S) such that

min H(P) > min H(P),i=1,..., K.
PEa, PeT;

Let f satisfy assumptions (f1)-(f3). Then for e sufficiently small problem
(1.2) has a solution u. which possesses exactly K local mazimum points

e Q% with QF = (Q5,...,Q%) € I't x ... x I'. Moreover H(QS) —
minpepiH(P),w(@) — 0,9,k 0l =1,.... K,k %1 as e — 0. Further-
more, we have

bmin;—y k(|z — Qﬂ))
£

u-(z) < aexp(— (1.7)

for certain positive constants a,b.

More details about the asymptotic behavior of u. can be found in the
proof of Theorem 1.2.

We have the following interesting corollary.

Corollary 1.3. For any smooth and bounded domain and any fized positive
integer K € Z, there always ezists a boundary K-peaked solution of (1.2) if

€ 1is small enough.

Theorem 1.1 is the first result in proving the existence of multiple bound-
ary spike solutions for problem (1.2) in any smooth bounded domain. Note
that the boundary spikes can approach the same point on the boundary when
A has a strictly local minimum point of H(P). This is new and interesting
in its own right.

We shall only prove Theorem 1.2. To introduce the main idea of the proof
of Theorem 1.2, we need to give some necessary notations and definitions
first.
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Let w be the unique solution of (1.3). It is known (see [9]) that w is

radially symmetric, decreasing and

lim w(y)e'y‘|y|¥ =co > 0.

ly|—o0

Associated with problem (1.2) is the following energy functional

J.(u) = ;/9(52|Vu|2+u2) - [ Fw
where F(u) = [y’ f(s)ds and u € H'(Q).

For any smooth bounded domain U we set Pyw to be the unique solution
of

(1.8)

u — () on U.

{Au—u+f(w):OinU,
o

Let 7 > 0 be a small number. Let I'; be as in Theorem 1.2. Set

P —P
A= {P = (P, .. Py) € Ty xTye, w1

) <me,k,l=1,.. K k#l}.
For P € 052, we set
Q={y:eyeQ}, Qp={y:ey+PecQ}.

Fix P= (P, P, ..., Px) € A. We set

P, P
Puiy) = Po_pwly = =), wily) =wly-—), ye,

K
w = ZPwi +®.p € H* (),
i=1

OPw; . i

Kep = spcm{a v =1, K, j=1.,N—-1}C HQ(QE),
Tp. .
OPw; . .

C.p = span { d d=1,.,K j=1,..,N—1} C L*()
anz.yij

where 7p, ,are the (N — 1) tangential derivatives at P; (without loss of
generality we assume that the inward normal derivative at P; is ey and
denote TP, 8 TP, in the rest of the paper.)

We first solve for ®.p in Kip up to Cép by using the Liapunov-Schmidt
reduction method. This method evolves from that of [7], [24] and [25] on
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the semi-classical (i.e. for small parameter h) solution of the nonlinear

Schrodinger equation

h2

?AU—(V—E)U—FUPZO (1.9)
in RN where V is a potential function and E is a real constant. The method
of Liapunov-Schmidt reduction was used in [7], [24] and [25] to construct
solutions of (1.9) close to nondegenerate critical points of V' for h sufficiently
small.

Then we show that ®.p is C' in P. After that, we define a new function

K
M(P) = J(3 Py + B.p). (1.10)
i=1

We maximize M.(P) over A. Condition (1.5) ensures that M.(P) attains
its maximum inside A. We show that the resulting solution has the properties
of Theorem 1.2.

The paper is organized as follows. Notation, preliminaries and some use-
ful estimates are explained in Section 2. Section 3 contains the setup of our
problem and we solve (1.2) up to approximate kernel and cokernel, respec-
tively. We set up and solve a maximizing problem in Section 4. Finally, in
Section 5, we show that the solution to the maximizing problem is indeed a
solution of (1.2) and satisfies all the properties of Theorem 1.2.

Throughout this paper, unless otherwise stated, the letter C' will always
denote various generic constants which are independent of ¢, for € sufficiently

small. § > 0 is a very small number. o(1) means |o(1)] — 0 as € — 0.

Acknowledgement. The research of the second author is supported by

an Earmarked Grant from RGC of Hong Kong.

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful esti-
mates. Throughout the paper we shall use the letter C' to denote a generic
positive constant which may vary from term to term. We denote Rf =

{(«',zNn)|zn > 0}. Let w be the unique solution of (1.3).
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Set )

Iw) =3 [ (Vwl+u?) = [ Fw)

Let P € 09). We can define a diffeomorphism straightening the boundary
in a neighborhood of P. After rotation of the coordinate system we may
assume that the inward normal to 9€) at P is pointing in the direction of the
positive xy-axis. Denote o' = (zy,... ,on_1), B'(Ry) = {z' € RN7!| |2'| <
Ro}, B(P,Ry) = {x € RN| |x — P| < Ry}, and Qy = QN B(P,Ry) =
{(«',zN) € B(P, Ry)|xxy — Py > p(2/ — P’)}. Then, since 02 is smooth, we
can find a constant Ry > 0 such that 9Q N Qg can be represented by the
graph of a smooth function pp : B'(Ry) — R where pp(0) =0,Vpp(0) = 0.

From now on we omit the use of P in pp and write p instead if this can

be done without causing confusion. The mean curvatures of 92 at P is
H( )— o 121 1 pu( )Where

pizggi, i=1,... N—1
and higher derivatives are defined in the same way. By Taylor expansion we
have
1 V=
pla’ — P') = 5 Z ~ P)(x; - Py)
1 = ro
+5 2 pie(0) (@i — B)(w; = Pj)(wx — Pe) + Oz — P'[)
Sy

Recall that for a smooth bounded domain U the projection Py of H?*(U)
onto {v € H*(U)|0v/dv = 0 at AU} is defined as follows: For v € H*(U) let

w = Pyv be the unique solution of the boundary value problem

Aw—w+ f(v)=0 in U,
{ gu — on OU. (2.1)
Let h. p(z) = w( - ) Pao. , ( ) x € Q where
Qep={z€ R"|ez+ P € Q}.
Then h. p satisfies
e2Av—v =0 in Q,
{ % = %w(xgp) on 0S. (2:2)
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We denote
[ol|2 = €_N/ €2 Vo|* 4 v?].
Q

For x € Qy set now

ey =1 — P,
{ eyy =y — Py — p(' — P'). (2.3)

Furthermore, for x € )y we introduce the transformation 7" by

T;(x') = a;, i=1,...,N—1, (2.4)
TN($,):$N—PN—p<$,—P,). )
Note that then
1
= ~T(x).
L)
Let v; be the unique solution of
AU—U—O inRN (25)
32711}\, = \y| 2 Zzg 1 pl]( )yzy] on aRf '
where w' is the radial derivative of w, i.e. v’ = w,(r), and r = ﬂ’.
Note that vy is an even functions in y = (Y1, ..., yn—1). Moreover, it is

easy to see that |v;]| < Ce W for some 0 < p < 1.

Let x(z) be a smooth cutoff function such that x(z) =1, x € B(0,0.8Ry)
and y(x) = 0 for z € B(0, Ry)°.

In fact we set Ry be such that w(£) = 0.9ne.

Note that this y is as good as the cut-off function in [33].

Set

hep(z) = evi(y)x(z — P) + V. p(z),z € Q.
Then we have

Proposition 2.1.

||\I}6,P||s < C.

Proof. Proposition 2.1 was proved in [35] by Taylor expansion and a rigor-
ous estimate for the remainder using estimates for elliptic partial differential
equations. O

Similarly, we know from [35] that
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Proposition 2.2.
law GPQan] (I—P)

87’}3]. anj €

=w(y)x(x — P) + cws(z),z € Q

where ey = T'(x) and wy satisfies
Av—v=0 in RY,
321; =-1 (w” w ) ZkNJ—:ll Pt (0)yryy; — ‘w;] St pie(0)yy, on ORY

EEE

(2.6)

and

Jwlle < C.

Note that |w| < Cexp(—puly|) for some p < 1 and w; is an odd function
in 4. Finally, let

We have
Lemma 2.3.
ow ow
Ker(Ly) N H%(RY) = s an{ }
(Lo) N Hy(RY) = sp o Tuns
where HY(RY) = {u € H*(RY), g~ =0 on ORY}.

Proof. See Lemma 4.2 in [21]. O

Next we state some useful lemmas about the interactions of two w’s.

Lemma 2.4. Let P = (P, ..., Px) € A. Then we have

[ fwyw = G+ oy = =1k
e c (2.7)

where vy € X and X is defined as follows
S ={ ), ) dylb € RV [ = 1}. (2.8)
+

PP
ke l)

2, = {/RN Fw(m)e® dylb = (by, ..., by) € RN, by = 0, [b| = 1}.
+

Furthermore, if w( = ne, we have vy € Xy where

(2.9)
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P.—P,
|k Pe=Pl _, ~ we have

Proof: Note that as
P.— P P, — P ~ -
w(l I l|) _ (| I l|)_%€_@(1+0(1))~ (2.10)

€ €
Hence if we straighten the boundary at P, we have

/ Jwy)w, = / f(w gpk)(l—l—o(l))
= w4 o) /R Sty - =y A
- w(’P’jPl'm FoV) [ fluly)etdy

+

for some b = lim._, 2 I P € RN, |b| = 1.
Note that if w('Pk Pll) ne, we have P, — P, and by = 0 where by is the
N —th component of b.
0
Note: v = Y-
Next we are going to show three technical lemmas.

The first lemma is about some relations of several integrals associated with

win Ry_1.
Let
e N\ T (211)
NN VW |
We have
Lemma 2.5.
N -3
= [ Fly Dy Py — 5 [ Pl Py (212
2 RN 1
_ N-1 29/ 20,12 7,/
N+t = == [ lely = [ el Py
/12 /
+/RN—1 fw)wly'|*dy’. (2.13)

Proof:
Let y = (¥',yn). The operators A and V below are with respect to
y € RV, and the integrations are with respect to v’ = (¢/,0) € RVN~1. We

will also use r for |¢/].
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By straightforward computations we have

/R]H ly'[*Aw(Vw - y)dy'

= WN-_2 /Ooo(w”(r) + NT_ 1w’(7°))w’(r)rN+1dr

= P [
(N +1)(N —3)

= 71,

2

and

[ P (T y)dy

= W2 /Oo w' (r)w(r)yrN dr
0

N +1

wN,g/ rNw?dr
2 0
N+1

_ 21712 /
=——3 /RN*lw\y\dy

and

o W)V - y)dy

= WN_2 /OO fw)w (r)r™dr
0
=—(N+ 1)wN_2/ N F(w)dr
0
——(N+1) [ F(w)lydy.
RN-1
Since w satisfies

Aw—w+ f(w) =0,y € RY

11

(2.14)

(2.15)

(2.16)

(2.17)

by multiplying (2.17) by |¢/|*(Vw - y) and integrating it with respect to ¢’ in

RN=1 we obtain (2.12).
N -1

/RN—l [/ |PwAwdy’ = wy—_s /Ooow(r)(w"(r) + T_w’(r))TN dr

N -1
2

_ N—-1 297
__(N_Fl)ﬁyl—i_T/RN—lw dy

= —Wn_2 /OOO N (w'(r))* +

*© N-2 2
wN_g/O r T fwdr

Multiply (2.17) by |¢/|*w and integrate it in RY¥~!. Then (2.13) is derived.
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This proves Lemma 2.5.

g

Lemma 2.6. For any function G(t) in C**7([0,00)) with G(0) = G'(0) = 0,

we have

[ Gty = [ Gy —HP); [ Gl 0y Py +ofe).

N-1
+

Proof:

Since w decays exponentially in y at infinity, we have

/Qs ) G(w(y))dy = /(QO) G(w(y))dy + o(c)

e, P

= o G(w(y))dy — n G(w(y))dy + o(¢)

4\
N
-
=)
J—
S
—~
@\
(=)
=
q
—~
s
—~
<
N
~—
N———
U
<
+
QS
—
~—

N-1
- - , .. . . ,
B /Rf Glol)dy /I \<R0 w(y’,0)) Z pii (0)yiy;dy

1,j=1

w O Y1)y + oe)

= [, Gty =<t (P [ Gl 0)lyFay +o(o)

+

= [ Gy —eH(P) [ Gl 0)lyPdy +ofe) (219

N—1
where
(5 (%) 0
€ €
and

(Q)e.p = {yley + P € Qo}.
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Hence Lemma 2.6 is proven.

O
Lemma 2.7.
[ e )= cH(P)" [ udy + ofe)
wa Q. pW — W) =€ 1 Jon Wy +ole).
Proof:
Using (2.5), (2.17) and the exponential decay of w and vy, we have
| Fw)e iy = [ (- Awyo(y)dy
RY RY
ow ovy
[t =B+ [ o~y
1 =
!/ — /
=5 |, W' () ]Z_l pi; (0)ysy;dy
1
) R w( Z pii (0 |yz| dy’
1 o0
= EH(P)WN_Q/ w(r)w' (r)r¥ " tdr
0
. N-1 9 7
= ———H(P) /RN_I widy'. (2.19)
In view of Proposition 2.1, Lemma 2.7 follows immediately.
U
The next lemma is the key result in this section.
Lemma 2.8. For any P = (Py, ..., Px) € A and ¢ sufficiently small
K K
J-(>_ Pw;) = 5N[§I( w) — (71 + of ZH
i=1
1 & ~- B
2 o o, (2.20)
ke l=1,k+l

where 1 is defined in (2.11) Y = Yk € X and X is defined by (2.8) and 1
is defined in (2.11).
Furthermore, if w(

(2.9).

Proof:

P Pll) = ne, we have Yy € X1 where Xy is defined by
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We shall prove the case when K = 2. The other cases are similar.
Since P = (P, P») € A, we have that w(‘Pl_fPﬂ) < ne.
First we look at the case K = 1. Note that by Proposition 2.1, Lemma

2.6 and Lemma 2.7 we have
rz—P
& [1V(Pa pw*—2)R + [ Po, pul

- 6AN’/ f(w)PQE,Pw
QE,P

=gV flw)w + fw)(Po, pw — w)
(f, s [, )

= ([ pw =) [ Sl Py

2
+5H(P)N4_1 [ ) +0(e)).

rz—P
€

)’

(2.21)

Similarly we have

| PP, pw(*—=))ds
=gl (/Q&P F(w)dy + /Q&P(F(Pgapw) — F(w))dy)

z—P

= ([ Pty —ea(P) [ Sl Fay

+5H(P)N4_1 /R wlPdy) + 0(5)) . (2.22)

Then
Je(Po, ) = N (S1(w) —~ wH(P) +0(e)).

For the case K = 2, we can write

/Q F(Pwy+Puw,) = /Q F(Pwy+Puws)+ /Q F(Pwi+Pun)+ | F(PurtPus)
1 2 3

=L+L+1;
where I;,7 = 1,2, 3 are defined at the last equality and
1 1
M ={lz-h[<S|P =B}, Q={z-Pl<h- DRl

Q3 - Q\(Ql U Qg)
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For I3, we have

1P — P

|€—N]3| S C/ (wl + w2)2+a — O(w( ’)1—}-0.50) — O(6l+0'50).

3

For I, using w(m) O(e) we have

Efle = /(Ql)E (F(Pwl) + f(Pwl)Pw2> + O(€1+0.50)

— F(Pwy) + /(Ql)g f(w)wy + O(£1057)

Qe

1 N -1
= [ Fw)—cHP) (5 [ FlyPdy - = [ ey
R+ R R

1+0.50
+/(Ql)gf(w1)w2+0(5 )

Similarly,

1 N -1
-Ng7 _ _ - "2,/ _ 2.9,/
sb—@ﬂmsmwgémﬂwmw | ey

+/ Flws)wy + O(1+057).

Hence

8’NJ€(Z Puw;)

=1

1
= [2<Z<|vaz’2 (Pwi)Q)) + VPuV Pwy + Pw; Pw,|

Qe

— F(Pw1+Pw2)
Qe

= [ SVl (Pu + [ )P

i=1

— | F(Pw; + Pw,)

Qe

’7152]‘1 +/ fw1 Pw,

P — P
E

- fWWw—AMJWMM+vW( )+ 0 0%))

(Ql)s
|Py — Py

; )+ O('057)).(2.23)

1€ZH — (72 +o(1))w(
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Here we have used Lemma 2.4

/QE flw)ws = (2 + 0(1))w(|P1;P2|)
and similarly
= 0 w M
/(91)5 Flwws = (2 + o(1))Jw(——),
/(92)5 flws)wn = (721 + 0(1))10(”71;})2') = (n2 + o(l))w(ujla_%').

3. LIAPUNOV-SCHMIDT REDUCTION

In this section, we reduce problem (1.2) to finite dimensions by the Liapunov-
Schmidt method. We first introduce some notations.
Let H%(€.) be the Hilbert space defined by

HZ (L) = {u e H*(.)

Define
Se(u) = Au—u+ f(u)
for u € H%(Q.). Then solving equation (1.2) is equivalent to
Sc(u) =0,u € Hy ().
Fix P = (Py,..., Px) € A. To study (1.2) we first consider the linearized

operator

K
Le:ur— Au—u+f (ZPU},;) u,

i=1
HY(Q.) — L*(0).

It is easy to see (integration by parts) that the cokernel of L. coincides

with its kernel. Choose approximate cokernel and kernel as

Ca,P = ICE,P

= Spal
P anm.

izl,...,K,jzl,...,N—l}.
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Let . p denote the projection fromZL?(€).) onto Cel,P. Our goal in this section

is to show that the equation

K
Tep © SE(Z f)U)Z + (I)&p) =0
i=1
has a unique solution @, p € ICEL,P if € is small enough and P = (P, ..., Px) €
A.
As a preparation in the following two propositions we show the invertibility

of the corresponding linearized operator.

Proposition 3.1. Let L.p = 7m.p 0 Ea. There exist positive constants €,
such that for all e € (0,8) and P = (Py,... ,Px) € A

ILep @Iz = M@l (3.1)
for all® € Klp.
Proposition 3.2. For any e € (0,&) and P = (Py,... ,Px) € A the map
L.p=m.pol.: ’Cgl,p — Cj,_P
18 surjective.

Proof of Proposition 3.1: We will follow the method used in [7], [24],
[25], and [35]. Suppose that (3.1) is false. Then there exist sequences
{erx}, {Px} = {(Pik,..., Pxx)}, and {®x} (i = 1,2,... K, k = 1,2,...)
with e, > 0, Py € A, &, € ’CaszPk such that

e — 0, (3.2)
P, — P e, (3.3)
| Ley, P il z2(02,) — O, (3.4)
1Pkl 20.,) = 1, k=1,2,.... (3.5)
For y =1,2,... ,N — 1 denote
Cijk = 0 Puw; ./ Pw;
OT(p, 1) aT(pi’k)j 200,)
where
Puialy) = Popwly = 25), g€y
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Note that
< Civjr ks Cingak >= 0iyin0jyjy + O(e) as k — oo

by Proposition 2.2 , the symmetry of the function w and the fact that P € A
(recall that w(‘P’“E;P”) < ne). Here 0;,;, is the Kronecker symbol. Further-

more, because of (3.4),

K N-1

2
ol =X X ([, Eadeus) —0 56
€k

i=1 j=1
as k — oo. Let g, x, p and T be as defined in Section 2. (Note that we

allow Ry — 0 but % — 00). Then T has an inverse T~! such that
T-': T(B(P,Ry) N Q) — B(P, Ry) NS

Recall that ey = T'(z). We use the notation 7™ if P is replaced by P;. We
introduce new sequences {¢; } by

1

Piry) = X(Z- (1) er) 2 ((T9) (o) (3.7)

for y € RY. Since T and (T”)~! have bounded derivatives it follows from

(3.5) and the smoothness of y that
H%’,kHH?(Rf) <C
for all k sufficiently large. Since also
13 ll 22 r2\ B0, RY) — O as I — oo

uniformly in k for all k£ large enough there exists a subsequence, again de-
noted by {¢; .} which converges weakly in H 2(Rf\r’ ) to a limit ¢; o as k — oo.

We are now going to show that ¢; .o = 0. As a first step we deduce
0
/ oo =0, j=1,... ,N-L (3.8)

This statement is shown as follows (note that det DT = det DT~ = 1)

OPw;y, ((TW) (e
/N%k(y) k (( )~ ( kzy)>
R+
x ., OPw;, ,x — Py

87‘(131.7,6)1_ Ek
-N
= — P ®p(— d
i, X = P ) g B () da

J

dy
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T 8Pwl A S
— (p )
=Ck / €k (‘97' ( €k )

N T ani,k r— P
2\ €k OT(Py), €k
_N x . OPw; i ,x — Py
- 1— (o — P)]@p( = 7
o [ 1 X Pl S )
_ x ow r— Py OPw;j, ,x — Py,
=0 5kN/ CI)]C(*) A ( ) - ( )
Q\Qo €k 8(Pz,k)J €k aT(PL',k:)j €k
ow z— P 0Pw;, ©— P
___-N 1— . P@ ® ( z,k) i i,k i,k
o [ == Paled ) | 5 o o) "o )
ow r — P
__-N o (X ( z,k)
“k /Q\Qo k(f?k)a(Pz k) Ek

i [ [0 e = P)len(D) a(ijfk), (F=%)

€k
where (2 is as defined in section 2. In the last expression the first two terms
tend to zero as k — oo since g,V ®; is bounded in L*(Q) and the term
in the square bracket converges to 0 strongly in L*(€2). The last two terms
tend to zero as k — oo because of the exponential decay of dw/0(F, ), at
infinity.

We conclude

lim sup
k—o0

OPw, ((T(”;1 (@fy))] ‘ —0

aT(Pi,k)j

/R . @i (y)

i=1,....K, j=1,...,N—1.

(3.9)
This implies (3.8).
Let Ky and Cy be the kernel and cokernel, respectively, of the linear oper-

ator S{(w) which is the Fréchet derivative at w of
So(v) = Av—v + f(v),
So : Hy(RY) — L*(RY)

ou
=07.
a?JN }

where

H3(RY) = {u € Hy(RY)




20 CHANGFENG GUI, JUNCHENG WEI, AND MATTHIAS WINTER

Note that
Sp(w)v = Av — v + f'(w)v,

Kozcozspan{?U:l,...,N—l}.

j
Equation (3.8) implies that ¢; ., € Kg. By the exponential decay of w and

by (3.4) we have after possibly taking a further subsequence that
APi o = Pico + (W) i 00 = 0,
ie. @i € Ky. Therefore ¢; o = 0.
Hence
ir — 0 weakly in H*(RY) as k — oo. (3.10)
By the definition of ¢;; we get ®, — 0 in H? and
H®k|’L2(Qek) —0 as k — 00.

Furthermore,

K
||f/(z sz‘)@knm(gek) — 0
i=1
and therefore

(A = 1)@yl L2, ) — 0 as k — o0.

Since

/ VO[* + Df =/ (1= A) ] Py

Q. ey,
< OI(A = 1) 120, )

we have that

||®k||H1(QEk) —0 as k — oo.

In summary:
||A®k||L2(Qek) — 0 and ||(I)k7||H1(Qek) — 0 (311)

From (3.11) and the following elliptic regularity estimate (for a proof see
Appendix B in [35])

1Pkl 20,y < CUIAP] L2,y + [Pkl (ar,)) (3.12)
for @), € H%(9.,) we deduce that

||®k»||H2(QEk) —0 as k — oo.
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This contradicts the assumption

1Pkl 2(0.,) =1

and the proof of Proposition 3.1 is completed. O
Proof of Proposition 3.2:
We define a linear operator T from L?().) to itself by

T = Te,P © Lo Te, P

Its domain of definition is H%(£2.). By the theory of elliptic equations and
by integration by parts it is easy to see that T is a (unbounded) self-adjoint
operator on L?(f2.) and a closed operator. The L? estimates of elliptic equa-
tions imply that the range of T is closed in L?*(€).). Then by the Closed
Range Theorem ([37], page 205), we know that the range of T is the orthog-
onal complement of its kernal which is, by Proposition 3.1, K. p. This leads
to Proposition 3.2. O

We are now in a position to solve the equation

K
7p 05> Pw; + ®.p) = 0. (3.13)

=1

Since L p|k. is invertible (call the inverse L;llp) we can rewrite
K
® = —(Lop omp)(S:(3_ Pui))
i=1
—(L_p o mep)Nep(®P)
=G.p(P) (3.14)

where

N.p(®) = sg(fj Puw; + @)

— [Se(; Pw;) + S;(; Puw;)®]

and the operator G.p is defined by the last equation for ® € H%(Q.). We

are going to show that the operator G, p is a contraction on
B.; ={® € H*(Q)|||®|| n2(0.) < 6}

if 0 is small enough.
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In fact we have the following lemma

Lemma 3.3. For ¢ sufficiently small, we have

[Nep| < C(|0ep |7 +[@cp[™), (3.15)

K
1S-(> Pwi)ll 2.y < Ce s, (3.16)

i=1
Proof: (3.16) follows from the mean value theorem.
To prove (3.17), we divide the domain into (K + 1) parts: let Q = UXTQ;

where

1-9
Qi ={lz— P < ?%;?’Pk — P} i=1,., K Qg = Q\UL, Q.

Note that
K

Ss(; Pwi) = f(zfz Pw;) — Zf(wi)‘

i=1
We now estimate S. (3%, Pw;) in each domain.

In Qgy1, we have

K
‘SE(Z PwZ)’ S (wl + ... +’LUK)1+U S O(g%)

i=1

Hence, using also the fact that w(y) decays exponentially in |y| we obtain

K
1+o
150~ Pwi)|l12((@p 1)) < Oe72).

i=1
In ;,2=1,..., K, we have

IS0 Pul < 32 (If (w)ws| + | £ (wi)(Pw; — w))]) |

J#
FOQ_(1Pw; ™7 + wy[79)) + O(|Pw; — w;] 7).
J#

Using Proposition 2.1 and the facts that Pw, w and v, decay exponentially,
we obtain

K lto

1S-(3_ Pwi)ll 2.y < O =)
=1
O
Thus

IG-p(®)llr20.) < A7 (lI7ep © Nep (@) 220)
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K
+Hmep o (S:(3_ Pwi))llz2@.)

i=1
<AO(c(8)5 +e2)
where A > 0 is independent of § > 0 and ¢(§) — 0 as 6 — 0. Similarly we
show
1Gep(®) = Gep(®) 20y < A Ce(0)[|@ — @l 2o
where ¢(d) — 0 as § — 0. Therefore M. p is a contraction on Bs. The
existence of a fixed point ®.p now follows from the Contraction Mapping

Principle and ®. p is a solution of (3.14).

Because of
[ pllm) <A (INep(®ep)ll2 @)
K
+||.S: Z w;) |l 2(0.))
<A 'C(e = + ¢(6)[|Pepll m2(00))
we have

140
H(I)E,PHHQ(QE) S Ce=2 .

We have proved

Lemma 3.4. There exists€ > 0 such that for every (N+1)-tuplee, Py, ... , Pk
with 0 < ¢ <& and P = (P, ..., Px) € A there is a unique ®.p € K.p sat-
isfying S-(X1, Pw; + ®.p) € C.p and

[P pll 20 < Ce s (3.17)

The next lemma is our main estimate.

Lemma 3.5. Let . p be defined by Lemma 3.4. Then we have

K
J.()_ Pw;+ ®.p) (3.18)
=1
K K
=N ?](w) —me Y H(P)
=1
1 |P, — B

5 S (v +o(1)w( ) +o(e)

k=1, Kkl €
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where 1 and 7y are defined in Lemma 2.5.

Proof:
In fact for any P € A, we have

K K
5_NJ8(Z Pw; + (I)&P) = E_Nja(z Pw;) + ga,P(q)&P) + O(”(DE,PH%{?(QS))

=1 =1

where
gs,P (q)s,P)

K K
_ /Q S (VPw;Vd. p + Puy®. p) — /Q £ Pu))®.p
€ =1

€i=1

= [Z fwi) — f(; Puw;)|®. p

Qe ;3

K K
< D2 fwi) = FQ_ Pwi)l 2l ®pll e
i=1

i=1
S 0(51-1-0)

by Lemma 3.3 and Lemma 3.4.
Estimate (3.19) now follows from Lemma 2.6 and Lemma 3.4. O

Finally, we show that ®, p is actually smooth in P.
Lemma 3.6. Let ®.p be defined by Lemma 3.4. Then ®.p € Ct in P.

Proof. Recall that @, p is a solution of the equation

K
Tep 0 S:(>_ Pw; +®.p) =0 (3.19)

=1

such that
®.p € Kp. (3.20)

By differentiating equation (3.19) twice we easily conclude that the functions
Pw; and 9*Pw;/(d7p, ,07p,,) are C' in P. This implies that the projection
mep is C' in P. Applying 9/07p, ; gives

K K ‘
Tep O DSE(Z Pw; + . p) (Z OPu; + 8@671,)

i=1 i 0tp, 07,
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aﬂ-&P X
0 5.(Y. Pw; + ®.p) = 0. (3.21)
aTP‘

i, i=1
where
K | K
DS.> Pwi+®.p) =A -1+ f (> Pw; + ®.p).
i=1 i=1
We decompose gf—;jp_ into two parts:
Y

8@5713 a(Dg’P aq)a,P
= + [ —
8Tpm. arpm. 1 aniyj 9

where (g%,p)l € K.p and (8(1)8’1))2 € Kip.

o oTp, .
by j b j

We can easily show that (gf;’f’ is continuous in P since
1,7 1
OPw
d.p—r =0, k=1,.,K, I=1_. ,N—-1
Qe 87'13]“
and
8<I>5,p OPw;, / 82Pwk —0
Q. O7p,; OTp,, 0. °F otp, ,07p,, B

ki=1,...,K lj=1..,N—-1

We can write equation (3.23) as

X 8(I)z-:P
WE,P O DSE(Z ]DQUZ + (135713) (7’)2

i=1 I7p,

K X OPw; 0,
+7T€’P o DSE(Z sz + (I)z-:,P) <Z ad + ( ’P)1>

i=1

87r57p

K
0S.() Pw;+ ®.p) = 0. (3.22)

=1

+87'1:'Z.J.

As in the proof of Propositions 3.1 and 3.2, we can show that the operator

K
Tep O DSE(Z Pw; + . p)

i=1
is invertible from K}'p to C.p. Then we can take inverse of T.poDS. (YK, Pw+

®. p) in the above equation and the inverse is continuous in P.

ani (8‘1)5,P
Orp, ;7 N OTP,

that (0®.p/(07p,,))2 is also continuous in P. This is the same as the C
dependence of @, p in P. The proof is finished. O

Te, P

. . . .0
Since )1 € K. p are continuous in P and so is e, We conclude
[2%)
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4. THE REDUCED PROBLEM: A MAXIMIZING PROCEDURE

In this section, we study a maximizing problem.
Fix P € A. Let ®. p be the solution given by Lemma 3.4. We define a
new functional
K —
M.(P) = JE(Z Pw;+®.p) : A — R. (4.1)
i=1

We shall prove

Proposition 4.1. For € small, the following maximizing problem
max{M.(P): P € A} (4.2)
has a solution P* € A.

Proof: Since J.(XF, Po_pw + ®.p) is continuous in P, the maximizing
problem has a solution. Let M_(P¢) be the maximum where P € A.

We claim that P¢ € A.

In fact for any P € A, by Lemma 3.5, we have

M) = 2| S 1) — =) H(P)

LS o)

2 kl=1,...K,k#l

| P, — P
£

)+o(e)].

Since M. (P¢) is the maximum, we have

0 Y HE) + -3 (o o1 P
=1 kAL
< S HE) + L G+ o = 4 o)

i=1 €Al 2 €

for any P = (P, ..., Px) € A.
Choose P; such that H(P;) — minper, H(P) and w( %=1 — 0. This
implies that

7 ; H(P)+ ! ge:l(;%l +o(1))w(

for any § > 0.

|PE = I S
—r )<
) =m ;:1 min H(P) +6
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Note that OA C {P; € OL; or w(@) =en}. Hence if P € A |, we have
that either
H(P;)) > min H(P) > glilp H(P)+ 2n
ely

~ Pedr;
for some i =1, ..., K and 19 > 0 (by condition (1.5)) or
1 |P.— Pl
“w(———) =1
for some k # [.
Hence if P € A we have

K
1 1 Pr—Pf
w3 HED) + 25+ o)y FE 1)
i—1 €A 2 €
K
> 7 min H(P) + min(y;no, min VM)
;PGFZ k#l,’w(‘Pk;Pll):nE

Note that min

we have

L/ - Yii > infr ey, T > 09 > 0 since for any 7 € Xy,

1
= [ fw)et =

— <b7y> > O
» 3 [ fwe

A contradiction to (4.3) if we choose 0 small enough.
It follows that P® € A.
This completes the proof of Proposition 4.1. O

5. PROOF OF THEOREM 1.2

In this section section, we apply results in Section 3 and Section 4 to prove
Theorem 1.1, Theorem 1.2 and Corollary 1.3.
Proofs of Theorem 1.1, Theorem 1.2 and Corollary 1.3
By Lemma 3.4 and Lemma 3.6, there exists £y such that for ¢ < g9 we
have a C! map which, to any P € A, associates ®. p € /Cép such tha
t
OPwy,

K
SE(Z Pwl + (I)&P) = Z [65%] ) (51)
i=1 k=1,..,K;l=1,.,N—1 TPy,

for some constants ay; € REWNV-D,
By Proposition 4.1, we have P € A, achieving the maximum of the maxi-

mization problem in Proposition 4.1. Let &, = ®, p- and u, = Efil PQ£7P§w+
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®. p-. Then we have
0

87'pi7j
Hence we have
IE . Pw; + @,

/ [VU5V ( =1 w + ,P)

lp_p:M.(P)=0,i=1,.,K,j=1,... N—1

8( i[il P’LUZ + @571))

|p—p-

OTp, [ppe + ue OTp,
I(XE | Pw; + ®.p)
- € = : =Pe| — 0
f(ue) o7, |p=p-]
Thus o(P o
/ VuV wz + 2ep) |p—p-
anz+(I)s 8sz+q>s
Ue ( ») lp=p — f(u.) ( ») lp—p- =0
aniyj ani,j
fort=1,..,.Kand j=1,... N —1.
Therefore we have
OPwy, O( Pw; + P,
Z (73] W ( Wi ’P) = 0. (52)
k=1, K;l=1,. ,N—1 Q. 07p,, otp, ;
Since . p € ICE%P, we have that
8Pwk. 8@6,p . 82Pw,
Q. ankyl otp,; n Q. 07p,,07p, &P
82Pwi
< ||
<l gl oerlie
= O(721%").
Note that 5Pws IP .
Wi w;
= —0;101: (A 1
Q. Otp,, O7p,;  €° £01;(A + o(1))
where 5
Yy,
RY a3/1

Thus equation (5.2) becomes a system of homogeneous equations for ay,
and the matrix of the system is nonsingular since it is diagonally dominant.
Soau=0k=1,...,.K,l=1,..N—1.

Hence u, = 3K PQ&PZ_Ew + @ p,. pe is a solution of (1.2).

By our construction, it is easy to see that by the maximum principle

ue > 0in 2. Moreover e¥ J.(u.) — %[(w) and u, has only K local maximum
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points 5, ..., Q5% and Q5 € 9. By the structure of u. we see that (up to a
permutation) Q¢ — Pf = o(1). This proves Theorem 1.2.

Theorem 1.1 follows from Theorem 1.2 by taking I'; =T',i =1, ..., K.

Finally, we prove Corollary 1.3.

If © is not a ball, then H(P) has a local minimum on some open set I',
Theorem 1.1 can be applied.

If Q is a ball, Corollary 1.3 follows by minimizing energy in symmetric
spaces. See [20] and [22].

(]
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