MULTIPLE CHANGE-POINT ESTIMATION
WITH A TOTAL VARIATION PENALTY

Z. HARCHAOUI AND C. LEVY-LEDUC

ABSTRACT. We propose a new approach for dealing with the estimation of the location

of change-points in one-dimensional piecewise constant signals observed in white noise.

Our approach consists in reframing this task in a variable selection context. We use a

penalized least-square criterion with a £1-type penalty for this purpose. We explain how to

implement this method in practice by using the LARS/LASSO algorithm. We then prove

that, in an appropriate asymptotic framework, this method provides consistent estimators

of the change-points with an almost optimal rate. We finally provide an improved practical

version of this method by combining it with a reduced version of the dynamic programming

algorithm and we successfully compare it with classical methods.

1. INTRODUCTION

Retrospective Multiple Change-point Estimation consists in partitioning a nonstation-

ary series of observations into several contiguous stationary segments of variable dura-

tions, see

rodskv _and Darkhovsky

199:

9

2000). It is particularly appropriate for analyz-

ing a posteriori time series in which the quantity driving the behavior of the time series

jumps from one level to another different level at random instants called change-points.

Such a task, also known as temporal signal segmentation in signal processing, arises in

many applications, ranging from EEG to speech processing and network intrusion detec-

tion (Basseville and Nikiforow, 11993;

As argued by both (Carlstein et _al

199

uanaidh and Fitzgerald, [1996).

) and

Brodsky and Darkhovsky

2000

), in most

cases detecting changes of a time-evolving statistical quantity may be reduced to the de-

tection of changes in the mean of a new sequence derived from the initial one. Thus, we

Date: April 27, 2010.

Key words and phrases. Change-point estimation, LARS, LASSO, ¢;-type penalty.

1



2 7. HARCHAOUI AND C. LEVY-LEDUC

are interested in the estimation of the change-point locations ¢} in the following model:
Yi=pup+e, ti,<t<tp—1, k=1,...,K*+1, t=1,...,n, (1)
with the convention ¢ = 1 and tj..,; = n + 1 and where the {;}o<i<, are i.i.d zero-mean

random variables, having a sub-Gaussian distribution.

This problem has recently received much attention on the theoretical side, both in a

nonasymptotic and in an asymptotic setting by (Massartl, 2004) and (Yao and Au, [1989;

Lavielle and Moulines, 2000; [Boysen et all, 2009) respectively. From a practical point of

Y ) )

view, the standard approach for estimating the change-point locations is based on least-

square fitting, performed via a dynamic programming algorithm (DP), coupled with an

informational criterion such as the Schwarz criterion (Yao and Au, 1989) for choosing the

unknown number of change-points. Indeed, for a given number of change-points K, the

dynamic programming algorithm, proposed by [Fisher (1958) and [Bellman (1961), takes ad-

vantage of the intrinsic additive nature of the least-square objective to recursively compute
the optimal change-points locations with a complexity of O(Kn?) in time. Then select-

ing the number of change-points is usually performed thanks to a Schwarz-like penalty

A K, where A, is often calibrated on data (Lavielle and Moulines, 2000; [Lavielld, 20053),

Y ? Y

or a penalty K(a + blog(n/K)) as in (Massart, 2004; [Lebarbiei, 2005), where a and b

are data-driven as well. We should also mention that an abundant literature tackles both

change-point estimation and model selection issues from a Bayesian point of view, see

Ruanaidh and Fitzgerald (1996), [Fearnhead (200€) and references therein; we shall not
adopt such a point of view in this work.

While optimal from a maximum likelihood point of view in the case of Gaussian noise,
the application of the standard least-square approach, called LS in the remainder, is se-
riously harmed by a quadratic time-complexity in the total duration of the series of ob-
servations in its exact implementation. Yet approximate dynamic programming proce-

dures were devised in other contexts, such as for Dynamic Time Warping or the Viterbi

algorithm (Kolesnikov and Franti, 2003; |Gales and Young, 2008). Moreover, as pointed
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in [Hawkind (2001), a computationally efficient dynamic programming algorithm for change-

point estimation may be devised when a prior assumption of order-structure between the
segments is satisfied and therefore consists in restricting the change-point locations search
to a pre-specified set. Yet, designing a computationally efficient dynamic programming
algorithm for change-point estimation under general assumptions is still an open problem.

Therefore, an alternative formulation might be profitable from a computational point of
view, while keeping comparable performance when compared to the least-square method.
A natural way to lower the time-complexity of a fy-penalized least-square problem is

to relax the fy-penalty to an ¢i-penalty. This strategy has proved to be appropriate in

other statistical problems such as sparse PCA, sparse LDA, see ld’Aspremont. et _all (2008),

and [Moghaddam et all (2006). Hence, it boils down to estimating the change-point loca-

tions by solving

n

n—1
1
Minimize — E (Y; —ui)? + A\, E Ui — wil (2)
i=1

u€R™ n 4
=1

and recovering the change-point locations from the jumps in the {@;},—1 ., minimizing the
criterion in Eq. (). This alternative formulation yields a subquadratic time-complexity

in the length of the sequence of observations, and still remains asymptotically consistent

in terms of change-point estimation. Note that [Tibshirani and Wang (2008) introduced

the “fused lasso”, which corresponds to a two-step procedure where the first step is a
least-square change-point estimation with a total-variation penalty and the second is a
thresholding one to discard small jumps from the zero-mean, a method specifically designed
for spatial smoothing and hot spot detection in CGH data.

This article is organized as follows. In Section B, we describe how Eq. (B)) is related to the
the well-known Least Absolute Shrinkage eStimatOr (LASSO) in least-square regression

of [Tibshirani (1996), usually used for efficient variable selection. We show that it turns out
to be also useful for change-point estimation as well when used with a particular design
matrix. We take advantage of this relationship to devise a subquadratic change-point
estimation algorithm, called LS-TV for Least-Square with Total Variation penalty. In

Section Bl we give theoretical results concerning the estimation of the underlying piecewise
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constant function and the estimation of the change-point locations. More precisely, we
provide rates of convergence for the underlying piecewise constant function and for the
change-point instants and we show that we can attain almost optimal rates of convergence
in both cases. In Section Hl, we run numerical experiments to assess the empirical behavior

of LS-TV, and propose an enhanced version LS-TV* with better empirical performance.

2. METHODOLOGY

In this section, we describe the least-square change-point estimation with a total vari-
ation penalty LS-TV. In Section EZT we show how to recast the multiple change-point
estimation problem into a particular variable selection problem. Then in Section 22, we
describe a LAR-based implementation of LS-TV, and derive its time-complexity. The the-

oretical properties of LS-TV are given in Section

2.1. From change-point estimation to variable selection. The multiple change-point
estimation problem may be relaxed into a LASSO-type problem using appropriate auxiliary

variables.

Recall the multiple change-point model (Yao and A, [1989):
Yi=u+e, t=1...,n, (3)

where uy = pj for t;_, <t <ty —1, k=1,...,K*+ 1. We shall always assume in the
remainder of this section that the true number of change-points K* is known. The issue
of dealing with an unknown number of change-points will be addressed later in Sections
and @l

The least-square estimation method LS, which may also be viewed as the maximum-

likelihood approach in the case of Gaussian white noise, solves the following problem:

Minimize,err = iy (Vi — u;)?

subject to Z;:ll Wi —up = K*.
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We propose here to relax the above ¢, constraint into an ¢; constraint on the magnitude

of the jumps as follows:

Minimize,cgn % Z?Zl(yz‘ - Uz‘)2 (5)
5

subject to S ey — wg| < K*J7

max ?

where J*

max

= max<p<x+ |, —u}|. This alternative setting was previously elusively men-

tioned several times, in e.g. IMammen and Van De Geerl (1997) and [Boysen et _all (2009).

In order to further understand the behavior of the solution (s, ..., 4,) of this criterion,
let us denote by X,, the n x n lower triangular matrix with nonzero elements equal to one.

Then, by straightforward algebra, the problem in Eq. (H) may be rewritten as:

Minimizegegn %(YZ — (X,.0):)? ©)
subject to S8 < KT
The underpinning insight is the sparsity-enforcing property of the ¢;-constraint, which
is expected to give a sparse vector B", whose non-zero components would match with

change-points locations.

A major feature of Eq. () is that it exactly corresponds to the well-known Least Ab-

solute Shrinkage eStimatOr (LASSO) in least-square regression of [Tibshirani (1996), used

for efficient variable selection. However, as far as we know, neither thorough practical im-
plementation nor theoretical grounding has been given so far to support such an approach
for change-point estimation. Actually, the corresponding minimization can be solved by
using the LAR/LASSO algorithm described in [Efron et all (2004) and [Hesterberg et al
2008).

2.2. Implementation with Least-Angle Regression. In this Section, we detail the

process of the Least-Angle Regression (LAR) algorithm of (Efron_ et all, 2004). For the sake

Y

of generality, we shall describe here this algorithm when we look for K., change-points,
Kihax being a known upper bound on the true number of change-points. When implemented

with care, we get a time-complexity in O(nlog(n)) of the LAR/LASSO algorithm in the
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particular case of our model. This substantial reduction of the computational complexity

has to be contrasted with the complexity O(K y.,n?) of DP. We use in this section standard

notation given for instance in [Cormen et all (2001).

The process is described in Table [[ the different notations involved being explained
in the following in the description of each step of the algorithm. It essentially involves
four steps, each of them being solved in sub-quadratic time-complexity with respect to the
number of observations n. Suppose we have performed k — 1 iterations in the main loop

of the algorithm, then the current set of estimated change-points, that is the active set in

the variable selection framework, is ﬁ,k,l = {fl, o ,tAk,l} and the current set of estimated
segment levels is {uy(k — 1),...,u,(k — 1)}. We are now describing the computational

requirements of the k-th iteration of the algorithm.

First, we look for the next change-point #; to add to ,j\;z,k—l yielding the largest discrep-
ancy with the true signal. This requires, given {u(k—1),...,4,(k—1)}, the computation
of the n cumulative sums {> " i Gi(k —1)};=1,..n. These cumulative sums may actually
be computed in O(n) operations in time, using the simple recursion > " - i;(k — 1) =
> imjp1 Wik — 1) + @;(k — 1). Besides, to be included in the current set of change-point
estimates (“active set”), we need to locate the new change-point estimate with regard to
the other change-point estimates, which is formally equivalent to sort the set of obser-
vations. Therefore, the “change-point addition”-step in Table [ has a O(n + nlog(n))
time-complexity as long as k is smaller than K ..

Second, we have to compute the descent direction, which involves the multiplication of
the inverse of a (k x k)-matrix by a k-long vector. Indeed, X} is a matrix which consists of
the columns of X indexed by the elements of ’j\;k and 1; denotes a vector of dimension k
with each component equal to one. Given the current set of change-points ’ZAJM, the inverse
may be computed in O(k?) operations, since the entries of the inverse matrix of size (k x k)
are available in close-form beforehand, see (BH) in the Appendix. Then, the multiplication
of the (k x k)-inverse by 1; is computed in O(k?) operations. If k < K., then the

time-complexity of “descent direction computation”-step is upper-bounded by O(K?2,.).
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LS-TV with LAR/LASSO
Initialization, &£ = 0.
(a) Set 7,0 = 0.
(b) Set w;(0) =0, foralli=1,...,n

While k& < Kmax
(a) Change-point addition:
Find 7, such that
tr = Argmax Z Y, — Zﬁz(k - 1)
tE{l 7777 n}\?n,kfl 1=t i=t

(b) Descent direction computation:
Compute
wr = (X} X,) 1.
(c) Descent step search:

Search for 4 such that

y = Min (E:’L:t Vi — Z?:t ﬁl(/{;) Z?:t Yi+ E:’L:t QZ(k)) .
tG{l 7777 n}\?n,k 1 - Z?:t wkvi ’ 1 + E?Zt wkvi
(d) Zero-crossing check:
If

~ ~ def .
7> = min a]wk] <Zuz ) )

J

then, decrease 4 down to ¥ = 7, and remove ¢ from L,k, where

jdef Argmin  (ojwy ;)" <Zul ) .

J

TABLE 1. Description of the adaptation of LAR/LASSO algorithm for solv-
ing the LS-TV problem.
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Third, we search for the descent step. For similar reasons as for the first step, the
“descent step search”-step may be performed in linear-time O(n) time-complexity. Indeed,
again, this step involves the computation of n cumulative sums, which may be computed
recursively.

Fourth, we check the zero-crossing of the coefficients to exactly track the regularization
path of the LASSO. In this step, a; = sign(u,+1(k) — 4;(k)). Again, all computations
involved in this step hinge on cumulative sums as previously in the first step, and therefore
may be performed in O(n) time-complexity. Note that the maximum number of iterations
N needed in practice to decrease 4 to a small enough value to satisfy ¥ = 4 is unknown in
general, and no theoretically grounded upper-bound on N was provided in the literature
so far. In practice, we set N < K.« in our implementation, and we never encountered
any numerical issue which demanded a different (larger) setting of N. Hence, the “zero-
crossing”-step has at most O(Kyax n) time-complexity.

Thus, the implementation of LS-TV based upon the LAR/LASSO algorithm runs in
O(K3 . + Knaxnlogn) in time.

max

3. THEORETICAL RESULTS

In this section, we give some theoretical results providing justification on the relevance of
LS-TV for multiple change-point estimation. First, in Section B, we prove that LS-TV is
consistent in terms of estimation of the underlying signal. Second, in Section B2, we show
that LS-TV is also consistent in terms of change-point estimation.

The main point of both Section BJland Section B2 is the following. While the equivalence
of LS-TV to a particular LASSO problem is fruitful from a computational point of view, it
turns out to be less relevant for theoretical analysis. To get optimal results for LS-TV both
in terms of means and change-points estimation, the original formulation () is more useful

than the LASSO formulation.
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3.1. Estimation of the means. We consider here the multiple changes in the mean
problem as described in (). Our purpose is to estimate the unknown means g, . . ., (.4
together with the change-points from observations Y7, ..., Y.

Let us first work with the LASSO formulation to establish the consistency in terms of

means estimation. The model ([Il) can be rewritten as:

Y"=X,0"+", (7)
where Y = (Y7,...,Y,,) is the n x 1 vector of observations, X,, the n x n lower triangular
matrix with nonzero elements equal to one and " = (e7,...,&") is a zero mean random

vector such that the 7’s are i.i.d random variables with finite variance equal to o%. As for
[", it is a n x 1 vector having all its components equal to zero except those corresponding
to the change-points instants.

Let us denote by A the set of non-zero components of 3" and by A its complementary

set defined as follows:
A=1{k, B #0}and A={1,....,n}\A. (8)

With the reformulation (), the evaluation of the means estimation rate amounts to finding

the rate of convergence of || X,,(3"(A\n) — )| to zero, f™(\,) satisfying:

~ ~

5" (An) = (B1(An)s - (M) = Arﬁg@gin{llY" = XaBl5 + Aall Bl } (9)

where [Ju||,, and [Ju[|; are defined for a vector u = (uy, ..., u,) € R" by [[ull, =n~' 30, uf
and [[ully = 77, [u;| respectively. Hence, within this framework, we are able to prove the

following result regarding the consistency in means estimation of LS-TV.

Proposition 1. Consider Y,...,Y, a set of observations following the model described
in [@). Assume that the €%’s are centered i.i.d Gaussian random variables with variance
02 > 0. Assume also that there exists Bpae such that for all k in A, |57 < Bmas, the set A
being defined in ([§). Then, for alln > 1 and C > 2v/2, we obtain that with a probability
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larger than 1 —n*=C"/8_if X, = Co/logn/n,

1/4
(3" 0) = )l < (202 (FE1)

The proof, which follows similar lines as [Bickel et all (2009), is postponed to Section [

Note that in Proposition [, where no upper bound on the number of change-points is
assumed to be known, we do not attain the known (parametric) optimal rate which is

of order 1/4/n derived by [Yao and Au (1989) where an upper bound for the number of

change-points is available. But, as we shall see in Proposition B] the rate of Proposition [
can be improved if the model and the criterion are rewritten in a different way and if an
upper bound for the number of change-points is available.

Indeed, let us now work in the standard formulation of LS-TV instead of its LASSO

counterpart, and write model () as:
Yi=u+e, t=1...,n, (10)

where uj = pj forty_;, <t <t;—1,k=1,..., K*+1 and estimate the vector (uf,..., u})

by using a criterion based on a total variation penalty as in IMammen and Van De Geer

1997):

n—1
W(An) = (1 (An), - -+, Un(Ny)) = Argmin {HY" —ul|? + A, Z |wir1 — uz\} : (11)

u€R™ i—1

The following Proposition gives the rate of convergence of @(\,) when an upper bound

for the number of change-points is known and equal to K ..

Proposition 2. Consider Yi,...,Y, a set of observations following the model described in
(@) where the ;s are zero-mean i.i.d Gaussian random variables with a variance o* > 0.
Assume also that u defined in () belongs to a set of dimension at most K., — 1. Then,
foralln > 1, Ain (0,1) and B > 0, if Ay = 0(AVB/2)(K e logn)?n=3/% — 6(2K a0 +
1)1/20-3/2,

P (||[i — u*|n > 0(BKmaslogn/n)?) < Ky ntt P04 /8 (12)
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The proof of this Proposition is postponed to Section [ The rate of convergence that we
obtain for the estimation of the means is almost optimal up to a logarithmic factor since

the optimal rate derived by [Yao and Al (1989) is O(n=1/?).

Let us now study the consistency in terms of change-point estimation, which is more
of interest in this paper. Again, we shall see that the LASSO formulation is less relevant

than the standard formulation for establishing the change-point estimation consistency.

3.2. Estimation of the change-point locations. In this section, we aim at estimating
the change-point locations from the observations (Y7, ...,Y;) satisfying model ([d). The
change-point estimates that we propose to study are obtained from the Bi()\n)’s satisfying

the criterion (@) as follows. Let us define the set of active variables by:

~

A\ = {@ e {1,...,n}, i\ # o} . (13)

Then, we define the change-point estimates by #;(\,,) satisfying:

A(An):{ﬂ()\n),...,fl AW)\(%)}, where f1(An) < - < gy () s (14)

| A(\,)| denoting the cardinal of the set A(X,,).

Discussion and related works. With such a reformulation of the change-point in the mean
problem, the change-point estimates can be seen as Lasso-type estimates in a sparse frame-
work. But, many classical assumptions under which the asymptotic properties of the Lasso

estimates have been studied are not satisfied.

For instance, the irrepresentable condition as defined in [Meinshansen and Yu (2009)

(P. 5) which ensures sign consistency defined in [Zhao and Yu (2006) is not satisfied in

the change-point in the mean problem. More precisely, sign consistency ensures that
P(sign(6™(\,) = sign(4")) tends to one as n tends to infinity and the irrepresentable

condition is a condition on the covariance matrix C™ defined by

C"=n"'X'X,,
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which requires that the following inequality holds element-wise:

|Ca(Clia) Tsign(B%)] < 1, (15)

where C}; is a sub-matrix of C™ obtained by keeping rows with index in the set / and
columns with index in J. The vector (7 is defined by (% = (08} )rea and sign denotes a
function mapping positive entries of a vector to 1, negative entries to -1 and null entries

to zero. In our case, there exists at least one component 7y such that

(1C%4(Cl)~sign(B)])ip = 1

This can be proved by computing explicitly the matrices C; , and (C7 )", see the Appen-

dix for further details. In terms of change-point estimation, it means, as already known,

see for example [Yao and A (1989) or [Lavielle and Moulined (2000), that we cannot have

a perfect estimation of the change-points.

Note that, IMeinshausen and Yl (2009) brought to light some less restrictive conditions

than the irrepresentable condition on the matrix C™ under which the Lasso estimates can
be proved to be consistent in the f5-norm sense. The main assumption consists in assuming

a my-incoherent design which means:

lim inf ¢uin(m,) > 0, where ¢uin(m) CASHE

= min ,
n— o0 ﬁ:||ﬁ||50§m ﬁlﬁ

with m,, = s,logn, s, being the sparsity of the model that is the number of non-zero

(16)

coefficients. In other words, a design is called m,,-incoherent if the minimal eigenvalue of a
collection of m,, variables is bounded from below by a positive constant. In our setting, if
the distance between two consecutive indices of non null coefficients is equal to one, then

foralln > 1
(bmin(mn) S 1/” )

this making the condition (IG) not satisfied in our case. A justification of this statement
is given in the Appendix.
These particularities of the change-point in the mean model prevent us from using the

techniques recently devised to study the asymptotic properties of the Lasso estimates in
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a general regression framework. However, the consistency of the #;()\,) defined in () is
established in Proposition Bl
Let us now detail the assumptions under which our theoretical results are established.

Define

I*. = min [|t}., —t} * o= min |l — w|, JL..= max |uj., —
min 1§k§K*| k+1 k|7 min 1<E<K* |luk;+1 :uk|7 max 1<k<K* |luk;+1 :uk|7

which are respectively the minimum interval length, the minimum and maximum jump
sizes. From now on, we shall work under the following assumptions

2

(A1) The €q,...,&, are iid zero-mean random variables with Var[e;] = o° satisfying:

there exists a positive constant 3 such that for all v € R, E{exp(ve;)} < exp(8v?).
(A2) The sequence {0, },>1 is a non increasing and positive sequence tending to zero as
n tends to infinity and satisfying nd, (J*, )%/ log(n) — oo.

(A3) The change-points t7, .. ., t%. satisfy I}

min

> no,, for all n > 1.

(A4) The sequence of regularization parameters {\,},>1 is such that (nd,J%,,) " 'n\, —

0, as n tends to infinity.
We first state a Lemma arising from the Karush-Kuhn-Tucker conditions of the opti-
mization problem stated in (f) which will be useful in the proof of the consistency of our

procedure.

Lemma 3. Consider Yy, ...,Y, a set of observations following the model described in (I0).
Then, (t(\), ... ta(\y)) defined by @) and (1 (Mn), ..., Gn(Nn)) defined by: a;(N\,) =
(Xnf™(A\n))i, where X, is an x n lower triangular matriz with nonzero elements equal to

one and the (B;(M\n))i<i<n are obtained in @), satisfy:

n n )\n R
Z Y; — Z ai:”Q &, forall 0=1,.. A\ (17)
i:té()‘n) i:tﬁ()‘n)
and
Zn:Yi—zn:ﬁi<n—)\" forall j=1,...,n (18)
Z:] Z:j —_ 2 ) ) Y )
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using the convention: &y = +1, if g,y > U,n,)—1 and &y = —1, otherwise. The vector

(U1 (An)y - -+ Un(An)) has the following additional property:
(M) = fir s for teaaOn) <t <teO) =1, k=1,.... AN\ + 1, (19)

where |A(N,)| denotes the cardinal of the set A(\,) defined in (I4).

The proof of Lemma Blis given in Section [l Then, we state a Lemma which allows us to
control the supremum of the average of the noise and which will also be useful for proving

the consistency of our estimation criterion.

Lemma 4. Let (g;)1<i<n be a sequence of random variables satisfying Assumption (Ad).

If {v,}n>1 and {x, },>1 are two positive sequences such that v,z?/log(n) — oo , then

Sn—1
P max |(sn—rn)_1§ gil>x, | =0, asn— 0.
1<rp<snp<n :
[rn—sn|>vn 1="Tn

The proof of Lemma @l is postponed to Section [

Proposition 5. Let Yy,...,Y, be a set of observations satisfying model (@) then under
Assumptions (Adl)-(AQ), the change-points estimators {t(\,), . .. ,f\A(An)\()\n)}nzl defined
by ([[d), satisfy, if |.Zl()\n)| = K* with probability tending to one:

]P(max \fk—t;|§n5n)—>1, asmn — oo . (20)
1<kh<K*

The proof of Proposition Bl is given in Section [

Under the assumptions of Proposition B, the 7;’s defined for all £ € {1,..., K*} by
tr = [n73] are consistent estimators of the 7;’s defined by ¢ = [n77], forall k € {1,..., K*}
with the rate ¢,,.

Note that with 4, = (logn)?/n, J&, > (logn)4, A, = \/logn/n or A\, = /logn/n*?,
the assumptions (ABP)—(AH) are satisfied leading thus to a rate of order (logn)?/n for the
estimation of the 7. With this choice of parameters, we obtain an almost optimal rate for

the estimation of the 77 (up to a logarithmic factor) since the optimal rate is of order 1/n

according to [Yao and Au (1989).
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This result has also to be compared with the work by ILavielle and Moulined (2000).

They also obtained a rate in 1/n using a least-square approach in the case where the (&)

are not necessarily independent random variables but with more restrictive assumptions

than ours on I*. and J*. . Indeed, it is assumed in Theorem 7 of [Lavielle and Moulines

min min*

2000), that min;<p<gx+ |77, — 75| = AL where AZ is a positive constant and that J7, is
a positive constant.

In Proposition B the number of estimated change-points is assumed to be equal to the
true number of change-points. Since this information is not in general available, we propose

to evaluate the distance between the set ’j\; K= {fl, o ,fK} of K estimated change-points

and the set of the true change-points 7" = {t}, ..., t}.} by using as in [Boysen et _all (2009)
the two quantities 5(’]71[(”’];*) and 5(’];;”’3;;&, where &(-]|-) is defined for two sets A and
B by

E(A||B) = sup inf |a —b| . (21)

beB acA

Note that we recover the Hausdorff distance between the sets A and B with
A(A, B) = sup{E(A||B); E(B||A)} .

Obviously, when K = K*, Proposition B implies that, under the same assumptions,
E(ﬁ,K*H’];*) < nd, and 5(’];*||’]A;L,K*) < nd,, with probability tending to one as n tends to
infinity. In the case where K > K*, we prove in Proposition B that &(7,, x|/ 7*) < né, with
probability tending to one as n tends to infinity.

Proposition 6. Let Y, ..., Y, be a set of observations satisfying model [) then under As-
sumptions (AD), (AR), (AQ) and if né,J%,;,2 ) log(n®/A2) — oo, the change-points estima-
tors {t1(\n), . t‘A ) (An) tnz1 defined by (), satisfy, if |A(N)| > K* with probability

tending to one:

P(£(T, 4o IT0) Snba) =1, asn— o0 (22)

Note that with &, = (logn)?/n, J=%,, > (logn)'/*, A\, = y/logn/n or A\, = /logn/n*?,
the assumptions (AB)), (AH) and né,J%; ?/ log(n®/A\2) — oo of Proposition @ are fulfilled.

mln
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Now, we shall investigate the empirical behavior of LS-TV on simulated data. In the

remainder, we focus on the so-called Blocks dataset introduced in [Donoho and .Johnstone

1994) which contains K* = 11 change-points. One may indeed consider the Blocks dataset

as a typically difficult dataset for multiple change-point estimation, since both segment

levels and segment lengths are highly heterogeneous.

4. EXPERIMENTAL RESULTS

4.1. Specified number of change-points. The Blocks dataset introduced in the paper

Donoho and Johnstond, [1995, page 1201, Table 1) was subsampled down to 1000 points

as depicted in Figure[ll and corrupted with Gaussian white noise at three different levels:

low-noise when o = 0.05, medium-noise when o = 0.10, and high-noise when o = 0.50.

-2 _ = =
0 500 1000 20 500 1000 20 500 1000 0 500 1000

FIGURE 1. The Blocks dataset, subsampled to 1000 observations, and rescaled
to mean zero and variance one, displayed without noise (on the far left), and with

respectively low-noise, medium-noise and high-noise (from left to right).

To assess our large-sample consistency result which stated that n=1& (ﬁ || 7%) = op(1),
as n tends to infinity, we ran Monte-Carlo simulations to investigate the empirical per-
formance of LS-TV in terms of nflé'(’]A;%K*HT*) = n~'max;—; g+ |t — t;| in the three
different noise settings. For each noise setting, we generated 100 replications of the Blocks
dataset corrupted with Gaussian white noise. The results are displayed in Table Bl In all
noise conditions, the large-sample change-point estimation consistency of LS-TV is con-
firmed. In high-noise conditions, even for medium-scale samples, that is for n = 1000,
the change-point detection ability of LS-TV remains satisfactory. For large-scale samples,
that is for n = 5000, the performance continue improving both on average and standard

deviation.
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Low-noise Medium-noise High-noise

n=1000 0.0200 £ 0.0068 0.0200 £ 0.0098 0.0230 4= 0.0185

n=>5000 0.0127 £0.0059 0.0127 £ 0.0082 0.0127 £ 0.0169

~

TABLE 2. Performance in terms of £(7, g+||7*) of LS-TV on the Blocks dataset
corrupted with low-noise (o = 0.05), medium-noise (¢ = 0.10), and high-noise

(0 = 0.50). The values after + correspond to the standard deviations.

Since, in general, the number of change-points is unknown, we shall investigate in the
next section the impact of misspecifying the number of change-points. For this purpose,
we study the evolution of both {S(ﬁKH’]’*), S(T*H’]A;LK)}, as K =1,...,3K" in the three

different noise settings.
4.2. Unspecified number of change-points.

4.2.1. Performance of LS-TV. We consider here the performance of LS-TV on the Blocks
dataset corrupted with three different levels of noise, when the true number of change-
points is unknown. For each noise level, we generated 100 replications of corrupted versions
of the Blocks dataset. For each noise replication, we measured both £ (’]A;l kx||7*) and
S(T*Hﬁ,K) for all K = 1,...,3K*. We display in Figure B the results averaged over all
replications for both errors. Also, note that the optimal trade-off between the two types

of error is reached almost exactly at the true number of change-points K = K*.

0.259

Q
0.2 0.25

015 0.2
0.15
0.1
0.1

0.05

0.05

v,
10 20 30 1 10 20 30

FIGURE 2. The evolution of the two types of error as K = 1,...,3K*, that is

-----------

ent noise settings (low, medium, high noise from left to right).
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4.2.2. Comparison with the standard least-square (LS) approach. Let us now compare the

performance of LS-TV with the performance of the standard least-square estimation of

multiple change-points theoretically studied by [Yao and Au (1989). The latter criterion

provides a number of K change-points for the model () by

K ti ty
Minimizez Z (Y; — fix)?, where Jiy o (te — tp—1) " Z Y; .

1< <tg . )
k=1 1=t _1+1 1=ty _1+1

A computationally efficient way of solving this minimization is based on a dynamic pro-

gramming algorithm (DP), originally proposed by [Fishen (1958); Bellman (1961) and de-

scribed in (Kay, 1993, Chapter 12). While a naive approach would require a O(2") time-

complexity, DP has a time-complexity of O(K n?) if we look for at most K change-points
within the signal. For a fair comparison, we used exactly the same settings for both meth-
ods LS-TV and LS.

From Table @l displayed in Section B, we can see that LS-TV reaches satisfactory perfor-
mance, in terms of both types of errors, in all noise settings as well as LS. It is worthwhile
to emphasize that, while LS has a O(Kn?) time-complexity when implemented with the
DP algorithm, our method LS-TV has only O(Knlog(n)) time-complexity. We can also
remark that the variance of E(T*H’j}?(‘TV) is larger than the variance of £ (’T*HﬁLf() It is
then interesting to remedy this issue, without harming the sub-quadratic time-complexity

of LS-TV.

0.2

0.2 0.25

0.15
015 0.

0.15
01 0.1

1.

0.1

¥

0.05 0.05 0.05

1 10 20 30 1 10 20 30 1 10 20 30

FIGURE 3. The evolution of the two types of error as K = 1,...,3K*,
that is  {& (ﬁL}S{-TV* | 7*)}k=1,. 3K+  displayed  with  squares  and
{E(T*||’i&§<'TV*)}K:L___73K* (“4+7), in different noise settings (low, medium

and high noise from left to right).
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In the next section, we show how LS-TV may be further enhanced, both in mean and
variance in both types of errors, when combined with an additional step based on a reduced-

search dynamic programming algorithm.

5. AN ENHANCED VERSION OF LS-TV: LLS-TV*

We now propose an enhanced version of LS-TV, called LS-TV*, which combines two
steps. First, we run LS-TV with K = K., larger than K*, and get a set of change-point
estimates ’]AZL Koae- Oecond, we run a reduced version of DP searching L < K.« change-
points over the set ’ZA; Koaes instead of {1,...,n} as in the raw DP algorithm, which finally
yields a new set of change-point estimates S, 1, C ’j\; Konax -

From Table H], we observe that for K = 30 the error £(7 *||’j\;bLIS() becomes larger than
E(T *||’j;LIS(TV) in all noise settings. This suggests that one type of error made by LS-
TV stabilizes in the over-segmentation regime, that is when K > K*, whereas the same
type of error made by LS still increases. Therefore, one might think of running LS-TV to
look for an a priori much larger set of change-points than the true number of change-points,
that is to look for K., > K* change-points with K., < n, and then propose a way
of selecting the best change-point estimates within the large set of change-point estimates
obtained by LS-TV.

We suggest running a dynamic programming algorithm to perform this post-selection.

More precisely, we aim at minimizing, for each K in {1,..., Kyax}:

173

K th
ca . _ _ def —
Minimize E E (Y; — fir)?, where i = (tp —tp_1)"" g Y. (23)

tp<---<tp ) '
s.t tl,...,tKeﬁL’ k=1 i=tp_1+1 i=tp_1+1

Kmax
The above algorithm, subsequently called rDP, outputs for each K = 1,..., K. a new
set of change-point estimates S, x C ’j\; K- We call LS-TV* the method which combines
LS-TV with a post-selection based on rDP.

First, we investigate how LS-TV* improves on LS-TV in terms of error variance. The
settings are the same as previously. We observe in Table Hl that the post-selection step

indeed consistently reduces the variance of both errors obtained by LS-TV.
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0.2 0.2 0.25

0.15 0.15

0.15
0.1 0.1

*

0.1

*

0.05 0.05 0.05

1 10 20 30 1 10 20 30 1 10 20 30
FIGURE 4. The evolution of the two types of error as K = 1,...,3K*, that is
{E@E™VNT ko, i (907) and {E(TH|TEF™V ) ko, sice (7)), in dif-

ferent noise settings (low, medium and high noise from left to right).

Second, we check whether LS-TV* improves, on average, the performance of LS-TV. As
Figures Pl @lland Table Elshow, not only LS-TV* yields much lower error rates than LS-TV in
both types of errors, but LS-TV* also obtains similar error rates when compared to LS.
Since the overall time-complexity of LS-TV* is O(K3, + Kpanlog(n)), and the overall
time-complexity of LS is O(Kpyan?), then, as long as K* < K. < n, LS-TV* obtains
the same performance results as LS at a much lower computational cost. In order to give
an idea to the reader of the actual computation times of LS-TV*and LS, we give in Table

the computation times of both methods when they are applied to the Blocks dataset for

several values of n and K.

(n,Kmax) (100,5) (500,15) (1000,30)

LS 0.021s  0.466s 2.464s

LS-TV*  0.005s  0.119s 0.689s

TABLE 3. Computation times in seconds of LS and LS-TV* for several values of

n and Kpax.

Note that Figure ll gives an appealing intuitive understanding of the statistical behavior
of multiple change-point estimation methods. While the first type of error £ (’j\' I7*) may
be interpreted as the maximum error in the change-point location from estimated change-

points to true change-points, the second type of error £ (T*||’]A‘) may be interpreted as the
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maximum error in the change-point location from true change-points to estimated change-
points. As the number of estimated change-points increases, the first type of error £ (’j\'HT*)
decreases while the second type of error £(7*||T) increases. Finally, £(7]|T*) quantifies
the over-segmentation error while £(7° *||’]A' ) quantifies the under-segmentation error.

As presented here LS-TV* does not include a model selection part. A thorough practical
version of LS-TV* should incorporate a data-driven way of choosing the optimal number
of change-points K, and hence the optimal set of change-point estimates Sm 7~ This issue

is left for future research.

6. CONCLUSION AND PROSPECTS

The standard least-square estimation approach LS suffers from an overwhelming time-
complexity for performing change-point estimation in long time series of observations. We
showed, both theoretically and practically, that an alternative solution to the multiple
change-point estimation problem, solved by a least-square fitting with a total variation
penalty LS-TV, allowed us to get a lower time-complexity while keeping competitive per-
formance in terms of change-point estimation, even in high-noise settings.

We see several future research directions for this work. In the last section of the paper, we
proposed an enhanced version of LS-TV called LS-TV*, with better empirical performance
and similar time-complexity. We would like to provide thorough theoretical support to this
method, which would involve a statistical analysis of the two steps LS-TV and reduced DP
(rDP). Besides, since a lot of real datasets include a non-negligible proportion of outliers,
we would like to derive a robust version of both LS-TV and LS-TV*, and establish the

corresponding theoretical results.

7. PROOFS

Proof of Propositiond By definition of 37(),) given by (), we have

Y™ = 8" )17+ Aall B )l < Y™ = X" 15+ Aall 871l -
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K=1 K=11 K =20 K =30
Low Medium High Low Medium High Low Medium High Low Medium High
169 169 169 .000 .000 .001 .000 .000 .001 .000 .000 .001
LS (.014)  (.033)  (.041) (.000) (.000) (.001) (.000) (.000) (.001) (.000) (.000) (.001)
.000 .000 .000 .023 .023 027 072 .072 072 .086 .086 .086
(.000)  (.000) (.001) (.025) (.025) (.025) (.018) (.018) (.017) (.014) (.014) (.014)
.250 .250 .250 .020 .020 .040 .000 .000 .020 .000 .000 .019
LS-TV (.000)  (.000) (.042) (.006)  (.006) (.009) (.000) (.000) (.007) (.000) (.000) (.009)
.000 .000 .001 .034 .041 .042 071 071 .075 .081 .081 .081
(.000)  (.000) (.002) (.030) (.031) (.028) (.025) (.025) (.022) (.020) (.020) (.020)
.169 .169 .169 .000 .000 .001 .000 .000 .001 .000 .000 .001
LS. TV* (.014)  (.033)  (.041) (.000) (.000) (.005) (.000) (.000) (.001) (.000) (.000) (.001)
.000 .000 .000 .029 .029 .033 .071 .071 .072 .082 .082 .082
(.000)  (.000) (.001) (.023) (.023) (.024) (.015) (.015) (.014) (.013) (.013) (.013)

TABLE 4. Performance in terms of 5( n k|| 7*) and S(T*HT k) for different
values of K of LS, LS-TV and LS-TV* on the Blocks dataset corrupted with low-
noise (¢ = 0.05), medium-noise (¢ = 0.10) and high-noise (¢ = 0.50). For each
method, the first and second lines correspond to the mean and standard deviation
of (7, K ||77) respectively and the third and fourth lines correspond to the mean
and standard deviation of & (T*H%,K) respectively. Kp.x was set to 30 in all

experiments.

Using (@), we get

Thus,

[ X (5"

. 2 -
1Xa(8" = B" O+ (8" = B (\) X" + A Zlﬁk )| <A Zlﬁk

N 2 A
=B Al < —(8" (M) = B7) Ko™ + A D UBFT = 18(a)) = A Y 165 (h

JEA jEA
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Observe that
2 An n\/ v/ n ~ - n 1 - n
(") = B Xt =23 (B0n) = A | D e
=1 i=j
<A /2} Then, given that the €]'’s are

Zl_]l
2

iid zero-mean Gaussian random variables with variance o=,

B n 2)\2
-1
m§;P< ZE>Mﬁ<Zw%8ﬂnJHJ'
Thus, if A, = Coy/logn/n,

Let us define the event £ = (}_, {n_l

we obtain that

P(E) < n'~@/% .

With a probability larger than 1 — n'=*/8 we get
1Xa(8™ = B"A)n < A D 1850) = 871+ A D (1871 = 13,00 = X D 13;(0)]
Jj=1 JEA jeA

where A and A are defined in (). Given that

Z |BJ()\H) - ﬁ;b| = Z |BJ()\H) - ﬁ]n| + Z |BJ()\H)| )

JjeEA jeA

we obtain that, with a probability larger than 1 — n!~¢*/8,

”XH< ﬁn( H2 = 2)\ Z ‘ﬁn| o 200—\/@2 ‘ﬁn‘ < 2CUﬁmamK*\/@

jeEA

O

Proof of Proposition[d For notational simplicity, we shall remove the dependence of u in

An. By definition of 4 as a minimizer of the criterion ([[Il), we get:

n—1

o
Y™ =@l + A Y fiioer = ] S Y™ =l + A0 ) fufey — ] -

i=1
Using model (), the previous inequality can be rewritten as follows:

n—1

n—1
a2 < A, (z s — 1)~ S i ) zez
=1

i=1
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Using the Cauchy-Schwarz inequality, we obtain

(2

A A 2 .
i — w2 < 2n\a || — u*||n + - > el —u) .
i=1

Thus, defining G(.) for v in R™, by: G(v) = (.7, &i(v; — u}))/(ov/n||v — u*]],,), we get:

1=

i — |2 < 20\l — w?l +

= ] G0

Let {Sk h<k<k.m.. be the collection of linear spaces to which @ may belong, Sk denoting
a space of dimension K. Then, given that the number of sets of dimension K is bounded

by n’*, we obtain

P(||a — u*||, > an) < P(nA, + crn_l/QG(ﬂ) > a,/2)

KmaX
< Z n® P(sup G(v) > n'?0 /2 — n??07tN,) . (24)
K=1 vESK

Using that, Var(G(v)) = 1, for all v in R", we obtain by using an inequality due to Cirel’son

Ibragimov and Sudakov in the same way as in the proof of Theorem 1 in [Birgé and Massart

2001), that for all g > 0,

P(sup,cs, G(v) > Elsup,cs, G(v)] + 8) < exp(=57/2) . (25)

Let us now find an upper bound for E[sup,cq, G(v)]. Denoting by W the D-dimensional

space to which v — u* belongs and some orthogonal basis ¢, ..., 1¥p of W, we obtain
n n D n D
D i i Dict 52‘(2;’:1 a;jtj;) Dic1 52‘(2;’:1 ;i)
sup G(v) < sup ==—— = sup 5 = sup B )
wew o/l aeme oyl P aplsle  acrr oyn(Sr, a2

Using the Cauchy-Schwarz inequality, we derive

1/2

sup G(v) < sup Zj:l (g Eja) < (Uzn)—l/Q Z <Z Ei%‘,i)
j=1 \i=1

vESK a€eRP U\/ﬁ(Z?Zl Oé?)l/2
By the concavity of the square root function and by using that D < K.« + K*+1 <
2K hax + 1, we get
Elsup,cs, G(v)] < (2Kpmax + 1)7% . (26)
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Using (24), @3) and €8) with 3 = n'/?07a,, /2 — n®207 '\, — (2Kmax + 1)/2, we get

1 /n'?aq, ?
]P)(Ha_u*nn Z an) S Kmax €xXp Kmax lOg’I’L S ( 9 - ng/QU_l)‘n - (2Kmax + 1)1/2) )
o

2

which is valid only if 3 = n'/207 a,/2 — n*207'\, — (2K ax + 1)Y/? is positive. Thus,

writing for a constant A in (0, 1),
n32aI\, + (2K max + 1)1/2 = Anl/Qa’lan/Q ,

gives

P(||a — u*||, > an) < Kpax €xp {Kmax logn —

8 o2

Thus, if a,, = (Bo?Kpyax logn/n)Y/2, we obtain the expected result. O

Proof of Lemmald. A necessary and sufficient condition for a vector 3 in R™ to minimize
® defined by: ®(3) = >0 (Vi — (X,.0):)? + n)\, Y_r, |6, is that the zero vector in R"
belongs to the subdifferential of ® at point B that is:

(XEO = X)), = "sian(d,), if f #0.
n\, N
(XT = X, 3,0 < ™20 4, = 0.

Using that (X7Y™); = >3, Yy and that (X[a); = Y°p_ dy, since X, is a n x n lower
triangular matrix having all its non zero elements equal to one, we obtain the expected

result. O

In the remainder, for any sequence of random variables, say, 71, ..., Z,, we shall use the
following notation
Z(r;s) o ZZi’ forany 1 <r <s<n. (27)
Proof of Lemma[g Using the notation introduced in (), we obtain
e(rn; sn — 1) ie
—~ T >z, < P({|l————=
Sp —Tn ’ - o Z < n

1<rp<sp<n
‘T'n_sn‘zvn

P max
1<rp<sn<n
|7‘n*3n|zvn
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Using Assumption (All), we get that for all n > 0,

P (g > ) < expl—(s, — 1), [Efexp(ne) )

< exp[—n(sn, — 1) Tn + B0 (8, — 1)) -

Since the sharpest bound holds for n = z,, /23, we get

P (g > ) < expl—a (50 — a)/48]

Sn — Tn

Since the same bound is valid when ¢; is replaced by —¢;, we get that

"

Hence, we obtain that

%' > xn) < 2exp[—22(s, — 1) /48] .

P max >z, | <2n?expl—v,22/40],

1<rn<sp<n | Sy — Ty
|7’n_5n|27}n

which completes the proof. O

Proof of Proposition . In this proof, we shall use the notation introduced in (). Since
P(max;<p<gs |t — t5] > nd,) < 2221 P(|t), — t| > nd,), it suffices to prove that for all
k=1,...,K* P(A,) — 0, where A, = {|ty — tr| > nd,}. Defining the set C, by

c, - { max [i — £1] < f;m/z} , (28)

0<k<K*

it is enough to prove that P(4,,NC,) — 0, and that P(A4,,NC,) — 0. Let us first prove
the first statement. Note that (2§) implies that

thoy <ty <tp,, forallke{1,...,K*}.

Let us first consider the case where ¢ < tr. Applying ([§) in Lemma Bl with j = ¢} and
(@) in Lemma B with ¢ = k gives respectively

zn:Yi—zn:ﬁi <n)\,/2 and Zn:Yi—zn:ﬁi:ndk)\n/Q.

1=t} i=t}, i=ty, i=ty,
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This yields, using (IJ) in Lemma Bl that the event C, ; defined as follows, occurs with
probability one:

Coute = {10k = ) (ks — 1) + (B — ) (s — i) + (st — 1) < nda)

Using that P(A, , NC,) =P(A, N ChiNCy), we get

]P<An,k‘ NC,) <P (n)‘n/nén > |:UZ+1 - NZ‘/?’) +P ({karl - /~L2+1| > |/~L2+1 — pil/3} N Cn)
ety tr —1 . .
wp ({0 k- i3} 0 4

tr— iy,
def

- P(An,k,l) + P(An,k,Q) + P(An,k,B) .

By Assumption (AH), nA,/(nd,J};,) < 1/3, for n large enough, leading to P(A,, ;1) — 0.
By Lemma B with x,, = J%;./3, v, = nd, and Assumption (AR), P(A,x3) — 0. Let us
now address P(A,, ;). Using ([[¥) in Lemma Bl with j = (¢ +1;,,)/2 and with j = ¢}, and

using the triangle inequality, we get

(th+trs1)/2 -1 (th+tr,,)/2 -1
5 Y — E ;| < nAy .
i=t} i=t}

Since we are in the event C,, and f;, < tf, 4; = fig41 within the interval [tf, (tE+t5,,)/2 —1],

which gives |(t5,, —t5) (i1 — fws1) /2+e(th; (8 +1th,1)/2 —1)| < nA,. This implies that

(thar — ) |ias = fuesa| /2 < o + o8 (84 1520)/2 — 1))

Therefore, we may upper bound P(A4,, 4 2) as follows

P ({lfks1 — tgsa] = e — 13l /33 N C)

<P (nhn > (6o — E)l1hey — 1k]/12) + P (

et (G +5)/2 — 1)‘

A i - i) |
k+1 k

which is arbitrarily small if nA,, < Iy, - Jx;,/12 for n large enough, and, by Lemma H if

min
I (I
min min

Assumptions (AH), (AB]) and (AH). Since the proof in the case t; > % follows from similar

)?/log(n) — oo, as n tends to infinity. The last two conditions hold thanks to

reasoning, we have proved that P(A, , N C,) — 0, as n tends to infinity.
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We now prove that P(A,; N C,) — 0. Recall that by definition of C,, given in [E£J),
*in/2} . We now split P(4,,, N C,) into three terms:

C, {maxke{l K*) |t — tr] > 1

P(A,xNC,) =P(A,, N DY) + P(A, N D) +P(A, N D).
where

DW= o {there existsp € {1,...,K*}, 1, <t * 1y NCh,
DI € ffor allk € {1,...,K*}, ti_, < <tf,}NC,,

D o {there existsp € {1,...,K*}, t, >t +1} NnC,

Let us first focus on P(A,, ;N D,(Lm)) and consider the case where f;, < ty, since the other

case can be addressed in a similar way. Note that

K*
P(An N DY™) < P(Ap g N Brsre N DY) + Z P(Ciy N Bigi N D) (29)
l=k+1

where B,, = {({, — te) > Ini/2} with the convention By y1 g+ = {(n — tj.) > Lr,/2}
and G, = {(t; — ty) > I*,./2}. Let us now prove that the first term in the right-hand side
of (9) tends to zero as n tends to infinity, the arguments for addressing the other terms
being similar. Using ([[8) and (@) in Lemma B with j = ¢; and ¢ = k, on the one hand
and ([8) in Lemma B with j = ¢} and () in Lemma B with ¢ = k& + 1 on the other hand,

we obtain respectively:
i — 03] s—at] < et eCiustt — )] and [frs — 6] s — | < nhacH o5 s — 1)
(30)

Defining F,, by:

= {1 —pil < na/(n0n)+2n N0/ T+ (G —t0) e (B i = D)+ (Fr—10) 7 e (th frn— 1)1}
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we obtain

P(An i N Biay N DY) SP(E, N (8 — i) = 10,3 0 {(Fkn — 1) > [i/23)
S P(nAn/(n0n) = |y — pil/4) + P/ L > gy — 1il/4)
Pt — ) et — DI 2 [t — il /43 0 {(E — B6) > n6,})
+P{(feer — 1) He(iston — DI 2 [y — mil /43 0 { e — 1) 2> L /2)) -
By Assumptions (AH), (AB) and (AH), P(A,x N Bir1xN D,(Lm)) — 0, as n tends to infinity,

which concludes that P(A,,, N D) — 0.
Let us now focus on P(A,, ; N D,(f)). The latter probability can be upper bounded by

K*
B(DY) < 3" 2 1P(max{1 < 1 < K*, § <t} = k)
k=1
K*~1K*-1
< 2K SN P, — d > Lo /2) 0 (e — £ > Tn/2))
k=1 m>k
+ 25 IP({then — txee > 15 /2)) (31)

Consider one term of the sum in the right-hand of (BIl). Using BU) with & = m, we get

P({tn, = tm > Inin/2} 0 {msr — £, > Iin/2}) < P(Anda /T = |10 — il /3)

+P({(ty, — tw) T le(Emith, = DI = gy — #l/3} 0t — ) = [3n/2})

+ P({(Fmr — ) " el s — D) = gy — il /33 0 {(Engr = £) 2 Tin/2}) -
By Assumptions (AH), (AB]) and (ABl), P({t*, —t, > I*; /2y V{1 — 5, > I /2}) — 0,

as n tends to infinity. Let us now consider the last term in the right-hand side of (BII).
Using [B0) with £ = K* leads to

P({tic: — txc > I /2}) < P30/ T > sy — Wi /3)

+P({(ther — Ere) T He(lres iew — DI 2 heen = il /33 N {(Eer — Tx+) = T /2})

+P{(n — e + 1) (i n)| = [Hieess — wic:| /3}) -
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By Assumptions (AZ), (AB) and (AH), P({t}. —tx- > I*;,/2}) — 0, as n tends to infinity,
which gives: IP)(D,(f)) — 0. In a similar way, we can prove that: P(D,(f)) — 0, as n tends to

infinity which gives that P(A, ;N C,) — 0 and concludes the proof. OJ

Proof of Proposition[d. In this proof, we shall use the notation introduced in (7). By

Lemma 2 of [Meinshansen and Yu (2009), we get that with probability tending to one

A < O (32)

where C' is a positive constant equal to o2 + K*2.J*2

max*

In order to prove that
P({S(ZM(M)\”ZL*) >nd,} N {|AN)| > K*}) — 0, asn — oo,
it is enough to prove that
PUE(T, 100, I1T) 2 180} 0 {E* < LA < CnfX2}) = 0, asm— o0

Note that

P({5(ﬁ,wn>|l\7n*)} N{E* <A\ < Cn/AY)

Cn/)\2
< PE(Tuw | T) 2 n6,) + Y PE(ToxlT;) 2 ndy) . (33)
K>K*

The first term of the right hand-side of (B3) tends to zero as n — oo since it is upper
bounded by P(max;<g< s+ |ty — tr] > nod,) which tends to zero by Proposition Let us
now focus on the second term on the right hand-side of (B3). Note that

Cn/X2 Cn/Xj K*
> PETk|T) =ns) < DY) PVI<I<K, |i —t;] > nd,)
K>K~* K>K* k=1

Cn/X\2 K*

YN ST P(Buga) + P(Bags) + P(Bars) |

K>K* k=1
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where

Epra={V1<I<K, |t; —t;| > né, and ; < t}},
Epro={V1<I<K, |t; —t;| > né, and ; > 1}},

Bors={31<I<K—1, |ty —t}] > nby, |tiy1 —t§| >nd, and ; <t < {11} .
Let us first upper bound P(E,, x.1). Remark that
P(Epp1) =P(Enpi N {tx >t }) + P(Epp1 N {tx <t 1}).

Applying ([[¥) in Lemma B with j = ¢} and () in Lemma B with ¢ = K in the case where

tg > t;_, gives with probability one

|t = E){ (= i) + (Wer — fie)} + el by — D] <y,

Thus,

P(Epka N {tx > tiy}) < P(nAa/(n0n) = g — i ]/3) + Pl phsr — Al = i = il /3)
+P({|(th — ) ety — D] = 1k — piaal/3} 0 {1t — Ex| = nd,})

def 1 2
=P, +P(ES) ) +P(EY) ).

By Assumption (AHI), nA, /(nd, J*

m

) < 1/3, for n large enough, leading to CnK*/)\fLIP’(ET(:,)M) —
0. By Lemma B with z,, = J*, /3, v, = né, and using that nd,J%; */log(n®/\2) — oo,

CnK*/)\%IP’(EiJ)M) — 0. Let us now address IP’(ES,)“) Using ([¥) in Lemma B with j =t}

and with j =t} ;, we get
Gerr — o) lphy — Al < ndn + [e(ts thyy — 1)1
Therefore, we may upper bound IP’(E,SQ;I) as follows:

P(lpky = Bl = [0k = i l/3)

<P > (G — )k — 1 l/6) + PUE — ) et i — DI > [k — 15411/6) -
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By using Assumptions (AH), (AB) and nd,J*, */log(n®/A?) — oo, we conclude as pre-
viously that CnK*/ )\Z]P(E,(f,)“) — 0. The same arguments can be used for addressing
P(E, 1N {tx <t; ,}). We can address in the same way the term P(E,, 1)

Let us now focus on P(E, ;. 3). Note that P(E,, j 3) can be split into four terms as follows:
P(Bnka) = P(Eyla) + B(B) + P(EDL) + P(E,)

where

Eylks = Buga N {tios < B <t <t}

Byiks = Puks OV {tioy <0 <t fria >t}

Eigl)cs = Epr3N {ti <tp i, thy <l < Y I

Bpes = Bups V(i S iy, 40 S}
As for addressing P(E,, .1 N{tx > t5_,}), we have to use Lemma[ two times. For IP’(ET(:,)%?)),
we first use ([¥) and () in Lemma B with j = ¢} and ¢ = [ respectively. Second, we use
(X and (@) in Lemma B with j = t; and ¢ = [ + 1 respectively. For P(Eﬁf,)cvg), we first
use Lemma B with j = ¢ and £ = [. Second, we use Lemma B with j = ¢} and j =} ;.
For IP(ET(L?:;?)), we first use Lemma B with j = t;_, and j = t}. Second, we use Lemma

with j =t and ¢ = [ + 1. Finally, for ]P’(E,(f,)w), we first use Lemma B with j = ¢;_, and

J = ty. Second, we use Lemma B with j = ¢} and j =t ;. OJ
APPENDIX

Discussion about Condition (I3). Let us compute the different matrices arising in (3.

The matrix C7 4 is a K* x K* matrix defined by:

n—ti+1 n—-t+1 n—-t3+1 ... n—th +1
n—ts+1 n—-t+1 n—-t3+1 ... n—th +1

nClia=| n—t5+1 n—t5+1 n—t5+1 ... n—te+1 | . (34

n—=t.+1 n—t,+1 n—4t.+1 ... n—=1%, +1
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As for (C74) 7Y, it is a K* x K* symmetric tridiagonal matrix satisfying:

n~H(Cha)™ (35)
T 0 o ... .. 0
—dyy dyy+dsy  —dss o ... .. 0
= o —dsy  dsy+dys —dys 0 . 0 ,
0 0 :
0 0 . 0 0 —dyogoo1 diesine + dre s

where dy; = (tf — ¢7) 7!, for 1 < k, I < K* and dgeyq 0 = (n — 5 + 1)1
Since ay1 = 1 where A = (ai,j)lgigan*,lngK* = CLLLA(C.Z.A>_1 and Q1,5 = 0, for all

2 < j < K*, the irrepresentable condition ([[H) is clearly not satisfied.

Discussion about Condition (Id). Let M = {t1,...,t,,} be a set of indices of cardinal m.
Using (B3), one can see that, as soon as M is such that t; —t; = 1 for all 7 and j such
that j —i =1, n=1(C% )" is a tridiagonal matrix with diagonal terms equal to 2 except
the first one which is equal to 1 and extra diagonal terms equal to -1. Such a matrix is
symmetric and positive since all the determinants of its sub-matrices are equal to 1. Thus,
the maximal eigenvalue of (C"; 4)~* is larger than n implying that the minimal eigenvalue

of C" 4 is smaller than 1/n. Hence, Condition (Id) is not fulfilled.
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