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Spatially confined rigid membranes reorganize
their morphology in response to the imposed con-
straints. A crumpled elastic sheet presents a com-
plex pattern of random folds focusing the defor-
mation energy [1] while compressing a membrane
resting on a soft foundation creates a regular pat-
tern of sinusoidal wrinkles with a broad distribu-
tion of energy [2–8]. Here, we study the energy
distribution for highly confined membranes and
show the emergence of a new morphological insta-
bility triggered by a period-doubling bifurcation.
A periodic self-organized focalization of the defor-
mation energy is observed provided an up-down
symmetry breaking, induced by the intrinsic non-
linearity of the elasticity equations, occurs. The
physical model, exhibiting an analogy with para-
metric resonance in nonlinear oscillator, is a new
theoretical toolkit to understand the morphology
of various confined systems, such as coated ma-
terials or living tissues, e.g., wrinkled skin [3],
internal structure of lungs [10], internal elastica
of an artery [11], brain convolutions [12, 13] or
formation of fingerprints [14]. Moreover, it opens
the way to new kind of microfabrication design
of multiperiodic or chaotic (aperiodic) surface to-
pography via self-organization.

Several theoretical approaches have been proposed to
describe the wrinkling instability for very small compres-
sion ratio, i.e. near the instability threshold [2, 3, 7].
However, the large compression domain remains largely
unexplored with the notable exception of the wrinkle to
fold transition observed in Ref. [8] for elastic membrane
on liquid and the self-similar wrinkling patterns in skins
[9]. In the former case, the deformation of the membrane
is progressively focalized into a single fold, concentrating
all the bending energy. In contrast, for thin rigid mem-
branes on elastomers, large compression induces pertur-
bations of the initial wrinkles but the elasticity of the soft
foundation maintains a regular periodic pattern whose
complexity increases with the compression ratio.

A PDMS film, stretched and then cured with
UV/ozone, or a thin polymer film bound to an elastomer
foundation, remains initially flat. Under a slight com-
pression, δ = (L0 −L)/L0, these systems instantaneously
forms regular (sinusoidal) wrinkles with a well-defined
wavelength, λ0. Increasing δ generates a continuous in-
crease of the amplitude of the wrinkles and a continuous

shift to lower wavelength (λ = λ0(1 − δ) see Fig. 1g).
By further compression of the sheet, more complex pat-
terns emerge. Above some threshold, δ > δ2 ≃ 0.2, we
observe a dramatic change in the morphology leading
to a pitchfork bifurcation: one wrinkle grows in am-
plitude at the expense of its neighbours (Fig. 1). The
profile of the membrane is no longer described by a sin-
gle cosinusoid but requires a combination of two periodic
functions, cos 2πx

λ
and cos 2πx

2λ
. The amplitude of the 2λ

mode increases with the compression ratio, while the λ
mode vanishes. This effect is similar to period-doubling
bifurcations in dynamical systems [15, 16] observed in,
for example, Rayleigh-Bernard convections [17], dynam-
ics of the heart tissue [18–20], oscillated granular mat-
ter [21, 22] or bouncing droplets on soap film [23]. In
contrast to previous works, we describe here a spatial

period-doubling instability which is rarely observed [24].
Nonlinear coupling between two modes, one with double
the wavelength of the other, also appears in post-buckling
of cylindrical shells as reported in the classical work of
Koiter (see [25] and references therein).
The thin inextensible membrane of length L0 is com-

pressed horizontally by a distance ∆ = L0 − L along the
x-axis and is bound to an elastic foundation that ini-
tially fills the half-space y < 0. The system is assumed
to remain invariant in the z direction (see Fig. 1). The
projected length along the x-axis, L0 −∆, is given by

L0 −∆ = ∫
L0

0

dℓ cosφ, (1)

where ℓ is the arc length measured along the curve. The
quantity φ is the angle between the tangent to the surface
and the horizontal. The derivative of this angle with
respect to the arc length, ∂ℓφ, gives the local curvature
of the membrane (for clarity, partial derivatives such as
∂
∂ℓ

are written as ∂ℓ). The relative compression ratio is
given by δ =∆/L0.
The response of this thin membrane resting on an elas-

tomer substrate is determined through minimization of
the energy per unit of width, U . Two energetic contribu-
tions are to be considered: i) the elastic bending energy
of the thin sheet,

UB =
Bm

2
∫

L0

0

dℓ(∂ℓφ)2, (2)

where the parameter Bm is the bending stiffness of the
membrane (Bm ∼ Emh3, Em being its Young’s modu-
lus and h its thickness); ii) the energy of deformation
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FIG. 1: Evolution of morphologies, wavelengths and amplitudes with compression. System 1 (a,b): A PDMS
foundation is cured with UV/ozone which modifies the elastic properties of its surface. The thickness of the membrane is about
10 − 20 µm depending on the irradiation time. The wavelength, λ0, of the initial wrinkling instability is about 50 − 100 µm.
System 2 (c,d,e): A thin coloured stiff PDMS film is bound to a thick soft PDMS foundation. The thickness of the membrane
is about 200 µm and the initial wrinkle wavelength is about 3 mm. The compression ratios, δ, are equal to 0.165, 0.19 and 0.24
for panels c, d and e respectively. (f) The systems are compressed uniaxially along the x-axis. The wavelength and amplitudes
of the wrinkles are measured for successive values of the relative compression δ. (g) Amplitudes (A1, A2) and wavelength, λ,
as a function of the compression ratio δ. Experimental data for system 1 are reported with symbols ●, ◾ and ◆ for 30 min., 1h
and 2h of irradiation respectively whereas the symbol ▽ is used for system 2. Results of the linear (dotted lines) and nonlinear
(solid lines) theories are also reported. Before period-doubling, the expression of the amplitude A computed from Eqs. (1) is:
A

λ0

=

√

δ

π
(1 − 3δ

8
−

17δ2

128
). The wavelength λ is computed from (11): λ

λ0

= 1 − δ +O(δ3, (B/λ0)2δ2), where B is the amplitude of

the subharmonic mode.

of the elastomer. The constraint of inextensibility of the
membrane (1) is taken into account with the help of a
Lagrangian multiplier F identified to the cross-sectional
pressure per unit length. The Euler-Lagrange equation
obtained from the energy of the system gives the equilib-
rium of normal forces along the membrane and is given
by

Bm∂4

ℓ y + F∂2

ℓ y + Py = 0, (3)

where y and Py are functions describing the vertical el-
evation of the membrane and the normal pressure from
the elastomer acting on the membrane, respectively. At

linear order, Py = KH(∂ℓy), where K is the stiffness
coefficient of the foundation proportional to its Young’s
modulus (K = 2E(1 − σ)/(1 + σ)(3 − 4σ), where σ is the
Poisson ratio, see Supplementary Information) and H is
the Hilbert transform. The first nonlinear contribution
due to the elastomer can be computed for periodic defor-
mation with one mode of frequency q and Eq. (3) reduces
then to

Bm∂4

ℓ y + F∂2

ℓ y +Kqy +K2q
2y2 = 0, (4)

where K2 is also proportional to the Young’s modulus
(K2 = E(1− 2σ)(13− 16σ)/2(1+σ)(3− 4σ)2, see Supple-
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mentary Information). Notice that, as for the linear re-
sponse of the susbtrate, the nonlinear term involves also
an Hilbert transform for multimode profile. Due to the
quadratic nonlinearity from the foundation, the equation
4 giving the profile of the membrane implies an up-down
symmetry breaking: vertical extension and compression
along the y-axis are no longer equivalent. This equation
can also be viewed as a spatial equivalent of a nonlinear
oscillator, like a simple pendulum, with which it shares
many similarities.
Equation (4) reduces to a linear oscillator for small

amplitudes of the instability. In this regime, the period
is independent of the amplitude, as for a simple pendu-
lum, in agreement with observation and usual theories.
Indeed, nonlinear terms can be neglected for small am-
plitudes and the curvilinear and Cartesian coordinates
coincide: ℓ ≃ x, φ ≃ ∂xy. Equation (4) admits sinusoidal
solutions y(x) = A cos(2πx/λ) provided that the pressure
F and the wavelength of the wrinkling instability are re-
lated by

F (λ) = 4π2Bm

λ2
+
λK

2π
. (5)

This relation shows that below a threshold F < Fc =

3q20Bm there is no associated wavelength and the mem-
brane stays flat. At the threshold, F = Fc, the wrin-
kling instability emerges and a unique and constant wave-
length, λ0, is selected [3, 26]

λ0 = 2π (2Bm

K
) 1

3

∼ h(E
K
) 1

3

. (6)

The selection of this particular wavelength is obtained
from a minimization of the energy through a minimiza-
tion of F . The inextensibility constraint (1) gives the
evolution of the amplitude of the instability as a func-
tion of the relative compression, A = ±λ0

√
δ/π. However,

neither the evolution of the wavelength with δ nor the
period-doubling bifurcation are captured by this linear
model.
To determine the supercritical morphology, we study

the stability of the single wavelength pattern in the
weakly nonlinear regime. We thus consider a small pe-
riodic perturbation, ǫu, characterized by a frequency k,
of the nonlinear solution for the shape of the membrane:
y → y+ǫu, ǫ being arbitrarily small. The equation for the
perturbation, u, in the leading order in the amplitude A
of the instability is then given by

Bm∂4

ℓu + F∂2

ℓu +Kku = −2K2kAq0 cos(q0ℓ)u. (7)

The term appearing in the right-hand side of this equa-
tion is due to the quadratic nonlinearity of the founda-
tion (stiffness K2). Interestingly, this equation is similar
to the Mathieu equation, describing resonance in para-
metric oscillators [27–30]. For usual forced oscillators,
like a simple pendulum with a variable length (the most
famous example of this resonance is given by the giant

censer, O Botafumeiro [29]), the unforced system is char-
acterized by a given period and the additional frequency
needed to produce a parametric resonance is provided by
an external agent. For all amplitudes of the forcing, the
resonance appears provided that forcing and oscillator
frequencies are related through k = q0/2.
In our system however, we should also consider a con-

straint related to the minimization of F (i.e., minimiza-

tion of energy since U(δ) = L0 ∫ δ

0
F (δ′)dδ′ where δ is

the relative compression) determining the amplitude of
the forcing term at which the 2λ mode emerges. Actu-
ally, the period-doubling instability cannot be observed
for amplitudes smaller than a threshold (i.e., defining a
compression threshold, δ2).
From equation (7), we can deduce that the profile

should be described by a multimode solution of the form,
y(ℓ) = ∑∞k=1Ck cos(kq0ℓ/2). Indeed, without any loss of
generality, the wrinkled pattern can be assumed to be
described by an even function since the system is invari-
ant under horizontal translation. The numerical analy-
sis of equation (4), adapted to multimode periodic solu-
tions, shows a very good agreement with experimental
data (Fig. 1g). Notice that the convergence is already
reached with the four first modes (see Supplementary In-
formation). The relevance of the model is further demon-
strated by the excellent agreement between experimen-
tal and calculated profiles (Figs. 2c and d). We should
emphasize that the model relies on a single parameter,
K2/K, that determines the period-doubling threshold δ2.
In order to preserve an explicit analysis and to cap-

ture the physics of the model, we restrict the following
discussion to the ansatz y(ℓ) = A cos(q0ℓ)+B cos(q0ℓ/2).
Substituting this ansatz in Eq. (4), we obtain a system
of two equations in A, B and F , admitting two solu-
tions. A trivial solution corresponds to the evolution
before period-doubling: F /(q20Bm) = 3 and B = 0 (A be-
ing determined by the inextensibility constraint). The
second solution involving a subharmonic mode (B ≠ 0)
reads

F̄ = 17/4 + 2Ā, (8)

B̄2
= 2Ā (5 + 8Ā) . (9)

where F̄ = F /(q20Bm), Ā = 2K2Aq0/K and B̄ =

2K2Bq0/K. Equation (39) is no longer invariant under
a change of sign of A. Indeed, the amplitude A of the
harmonic mode can be either positive or negative since
the nonlinear system is characterized by a up-down sym-
metry breaking due to the quadratic nonlinearity of the
foundation upon deformation. Fig. 2a and b shows the
evolutions of both solutions with the amplitude, Ā. The
symmetry breaking induces two regimes. For Ā > 0, F̄ is
always larger than the value associated to the harmonic
mode alone, i.e. F̄ = 3. The corresponding shape for
the membrane is forbidden and thus not observed ex-
perimentally, see Fig. 2b. In contrast, for Ā < 0, the
emergence of a subharmonic mode is energetically fa-
vorable (F̄ < 3) beyond a threshold value, see Fig. 2a.
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FIG. 2: Predictions of the model and comparison with experimental profiles. (a), (b) Evolution of the cross-sectional
pressure F and of the amplitude B of the subharmonic mode as a function of the amplitude A of the harmonic mode. Arrows
indicate the path followed by the systems during compression. (Insets) Representative shapes of the membrane according to
the value of F . (c) Comparison between theoretical and experimental profiles of the membrane for system 1 for two values of
δ. (d) Comparison between theoretical and experimental profiles of the membrane for system 2 for two values of δ.

From Eq. (9), we observe that B̄ starts to grow precisely
from this threshold. This analysis does not, however,
imply that an harmonic mode with a positive ampli-
tude, Ā > 0, is stable against subharmonic perturbations.
Indeed, the above analysis is performed using, without
loss of generality, an even function to describe the evo-
lution of the wrinkled pattern. Having found the ener-
getically favorable pattern in this case, we can use the
translation invariance to generate equivalent patterns:
y(ℓ − π/q0) = −A cos(q0ℓ) + B sin(q0ℓ/2). The sign of A
being now reversed, it implies that an harmonic mode
with a positive amplitude is also unstable against sub-
harmonic perturbations above the same thershold and
leads to the same wrinkled pattern but translated.

Through the inextensibility constraint, the threshold
for Ā implies the existence of a critical relative compres-
sion, δ2, for the onset of the period-doubling instability.
Using the relation between A and δ at the lowest order,

we obtain

δ2 = ( 5

32(K2/K))
2

≃ 0.02
(1 − σ)2(1 − 2σ)2 . (10)

The critical compression needed to observe a period-
doubling bifurcation for wrinkling instability, δ2, strongly
decreases with the Poisson ratio of the elastic foundation.
The values found numerically for the ratio K2/K ∼ 0.25
yield a Poisson ratio around 0.44 which is close to the
value usually reported in literature for PDMS (∼ 0.48).
Moreover, this model based on nonlinear oscillator

should imply that, for larger amplitudes of the 2λmode, a
period-quadrupling bifurcation characterized by a wave-
length 4λ would appear. This behaviour is indeed ob-
served in Fig. 3a, b for compression ratios larger than
0.26. This last observation clearly suggests that cascades
of spatial period-doubling bifurcations can be observed
for the elastic instability of rigid membrane, provided
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membrane resting in between two identical soft PDMS foundations for a relative compression δ ≃ 0.23 (d) Profile of a thin stiff
PDMS membrane bound to a soft PDMS foundation for a relative compression δ ≃ 0.23.

that the up-down symmetry is broken. Such a cascade is
known to lead to chaos after several bifurcations [15, 16].
There is however a geometric limitation in our system in
contrast to previously reported temporal period-doubling
cascade. Indeed, the evolution of the pattern saturates
as soon as sharp folds appear (see Fig. 3b). For instance,
due to finite thickness of the membrane, we experimen-
tally reached at most period-quadrupling structures.
A further confirmation of our approach can be ob-

tained. Our interpretation of the period-doubling bi-
furcation in rigid membrane on elastomer implies that
the dynamics should be governed by nonlinear terms of
even order, which break the up-down symmetry. Conse-
quently, systems with an up-down symmetry, like a thin
elastic membrane resting on a liquid [8], do not develop a
period-doubling instability. Interestingly, we could make
trilayers restoring the symmetry. Indeed, a system com-
posed of a thin elastic membrane in-between two identical
soft foundations, one below and one above the membrane,
does not exhibit the period-doubling bifurcation. Instead
it develops patterns similar to those observed with float-
ing membranes. In Fig. 3b and c, we compare the profile
of the membrane when there are one or two foundations
for the same compression ratio.
The second salient feature of the nonlinear wrinkling

instability is the continuous decrease of the wavelength
with the compression ratio δ. This effect arises from the
change from curvilinear to Cartesian coordinate. The
wavelength is measured along the horizontal x-axis while
the shape of the membrane is determined in curvilinear
coordinates ℓ where it is constant. For a periodic profile
y(ℓ), with a wavelength λℓ, λx ≡ λ is given by

λ = ∫
λℓ

0

dℓ cosφ = ∫
λℓ

0

dℓ
√
1 − (∂ℓy)2. (11)

The evolution of the wavelength along the horizontal x-
axis at the leading order in the amplitude of the insta-
bility, A, is given by

λ

λ0

= 1 −
(Aπ)2
λ2
0

= 1 − δ (12)

in very good agreement with experimental data in
Fig. 1g.
The universal model describing the formation of

wrinkled patterns based on nonlinear oscillator dynam-
ics should explain observations in very different fields.
For example, a better understanding of the elastic
instability of rigid membranes will help to determine
the exact mechanisms leading to the growth of wrinkled
morphology in living systems. It is also a new blueprint
to develop multiple-length-scale microfabrication tech-
niques useful in the design of specific topography.

Methods
Experiments were carried out using polydimethylsilox-

ane (PDMS) elastomer (Sylgard 184) purchased from
Dow Corning. Two different systems were studied. Sys-
tem 1: a bare elastomer of PDMS is irradiated with
UV in presence of oxygen. Ozone is generated and will
affect the crosslinks density of the PDMS outer sur-
face. The rigidity of the surface drastically increases
with the irradiation time to finally yield a brittle over-
layer covalently bound to the uncured elastomer. Sys-
tem 2: multilayers prepared by a simple assembly of
monolayers of different elastic properties. The “rigid”
and “soft” layers correspond to elastic modulus values of
1200 and 10 kPa, respectively. To ensure a very strong
adhesion between both PDMS films and avoids delam-
ination during the compression, these two PDMS elas-
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tomers were assembled by contact after a plasma cur-
ing (in a Plasma Cleaner oven). The experimental set-
up was a custom-built stretching/compressing device.
The UV/O3 modified PDMS was compressed by using
a stretched/curing/release experiments. The measure-
ments were achieved using image analysis from micro-

tomed slices of the samples. The bilayer PDMS assem-
bly were compressed by inducing a macroscopic radius
of curvature. The measurements were performed from
macro photography of the cross-section of the samples
(see Supplementary Information for further details).
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Supplementary information for “Multiple-length-
scale elastic instability from period-doubling bi-
furcation cascade mimics parametric resonance of
nonlinear oscillators”

I. MATERIALS AND METHODS

Experiments were carried out using polydimethylsilox-
ane (PDMS) elastomer (Sylgard 184) purchased from
Dow Corning. By changing the proportion of crosslinker,
we have adjusted the elastic properties of the elastomer.
The elastic moduli measured for various crosslinked
PDMS elastomers is given in Fig. 4 [1].
Two different systems were studied: i) UV/O3 cured

PDMS films (system 1) and, ii) multilayers prepared by
a simple assembly of monolayers of different elastic prop-
erties (system 2).
By irradiating a bare elastomer of PDMS with UV

in presence of oxygen, we generate ozone molecules that
modify the crosslinks density of the PDMS outer surface.
As demonstrated by numerous studies [2], the rigidity
drastically increases with the irradiation time to finally
yield a brittle overlayer covalently bound to the uncured
elastomer. As showed below, the thickness of modified
PDMS layer increases with irradiation time.
In contrast, the multilayers systems were prepared

by assembling two PDMS films of different rigidity
(high/low crosslinks density with high/low elastic modu-
lus). The “rigid” and “soft” layers correspond to elastic
modulus values of 1200 and 10 kPa, respectively. After a
plasma curing during four minutes (in a Plasma Cleaner
oven), these two PDMS elastomers were assembled by
contact. The plasma curing ensures a very strong adhe-
sion between both PDMS films and avoids delamination
during the compression of the multilayer.
The experimental set-up was a home-made stretch-

ing/compressing device. The UV/O3 modified PDMS
was compressed by using a stretched/curing/release ex-
periments (maximum compression ratio, δ ≃ 0.55). The
measurements were achieved from image analysis from
microtomed slices of the samples perpendicular to the
symmetry axis of the pattern. Due to the very small
wavelength observed for UV/O3 systems (10 − 100µm)
a microscope was required. The bilayer PDMS assem-
bly were compressed by inducing a macroscopic radius
of curvature (maximum compression ratio, δ ≃ 0.4). The
measurements were performed from macro photography
of the cross-section of the samples.

II. INFLUENCE OF UV/O3 ON PDMS
ELASTOMERS

As demonstrated by several studies, UV/O3 curing of
PDMS generates a rigid overlayer by a chemical trans-
formation of the PDMS chains, the chemical composition

Ratio PDMS/crosslinker
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FIG. 4: Evolution of the elastic modulus of the PDMS elas-
tomers as a function of the fraction of crosslinker (the fraction
recommended by Dow Corning is 10% to obtain the more rigid
elastomers).
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FIG. 5: Evolution of the wavelength at the threshold, λ0, with
the curing time in UV/O3 oven (irradiation time). The solid
line corresponds to a fit of the data with a rational scaling
law (λ0 ∝

√
t).

for very long irradiation time corresponding to brittle sil-
ica [2]. In addition, the wrinkling instability can be used
to check the finite size of the modified PDMS surface
(Fig. 5).

Considering the relation λ0 ∝ h(Em/E)1/3 (where h,
Em and E are the thickness, the elastic modulus of the
rigid “membrane” and the elastic modulus of the founda-
tion, respectively), the evolution of the initial wavelength
with irradiation time is in agreement with a diffusive be-
haviour. Indeed, the UV/O3 curing affects the outer sur-
face of the PDMS film up to an effective thickness, heff,
expected to grow with the irradiation time according a√
t law.

III. PARAMETRIZATION, EQUATION FOR
THE MEMBRANE AND ORIGIN OF THE

NONLINEARITY

The membrane is assumed to be inextensible and in-
variant along one direction such that it is completely de-
termined by its (x, y) Cartesian coordinates. Let ℓ be
the curvilinear coordinate and φ the angle between the
tangent to the surface and the horizontal direction. Ac-
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cording to elementary differential geometry, the shape of
the surface is then parametrized by

(x, y) = (∫ ℓ

0

ds cosφ,∫
ℓ

0

ds sinφ) ,
= (∫ ℓ

0

ds
√
1 − (dsf(s))2, f(ℓ)) , (13)

where f gives the height of the membrane as a function
of the curvilinear coordinate. In addition, the derivative
∂ℓφ is equal to the curvature of the membrane.
The thin rigid membrane resting on the soft thick foun-

dation is assumed to be invariant along one direction.
Consequently, the evolution of the system under com-
pression is described in a plane (x, y). For small de-
formations, the equation giving the shape of a free and
inextensible plate resting initially at y = 0 and invariant
along one direction reads [3]

Bmy(IV ) + Fy′′ = 0, (14)

where Bm = Emh3/(12(1 − σ2)) is the flexural rigidity.
Em is the Young modulus, σ is the Poisson coefficient and
h is the thickness of the plate. F is the in-plane applied
load on the plate. For large deformations, the nonlinear
terms are of odd order and the first nonlinearity is cubic.
Indeed, this system has an up-down symmetry: bending
up or down a plate is energetically equivalent.
If an elastomer fills the semi-plane y < 0, an additional

term, describing the force normal to the surface due to
the elastomer, must be added to Eq. (14). For small
deformations, the linear theory of elasticity can be used.
The equation satisfied by the displacement vector, u⃗, is
given by [3]

(1 − 2σ)∆u⃗ + ∇⃗ (∇⃗ ⋅ u⃗) = 0, (15)

where σ is the Poisson ratio. We assume that there
is no deformation along the z-axis; the deformation is
then studied in the (x, y)-plane. Under this condition,
Eq. (15) reduces to

2(1 − σ)∂2

xux + (1 − 2σ)∂2

yux + ∂
2

xyuy = 0,

2(1 − σ)∂2

yuy + (1 − 2σ)∂2

xuy + ∂
2

xyux = 0. (16)

The boundary conditions are ui(x, y → −∞) = 0 (i = x, y),
ux(x, y = 0) = 0 and uy(x, y = 0) = f(x), where f(x) is
a known function describing the shape of the surface of
the foundation. The vertical force per unit area at the
surface of the elastic substrate subject to deformation
f(x) is given by [3]

Py(x, y = 0) = σyi ni, (17)

where there is summation on repeated indices and where
n̂ is the unit normal vector to the surface. At the lowest
order in the amplitude of f(x), we simply have n̂ = (0,1)
and Py is given by σyy(x, y = 0). To compute this quan-
tity, we solve Eq. (16) with the appropriate boundary

conditions given above. Once the displacement vector is
known, the strain tensor is computed, in linear theory of
elasticity, from [3]

uik =
1

2
( ∂ui

∂xk

+
∂uk

∂xi

) . (18)

The stress tensor is then given by

σik =
E

1 + σ
(uik +

σ

1 − 2σ
ullδik) . (19)

To solve Eq. (16), we use the Fourier transform of ui(x, y)
along the x-axis

ũi(k, y) = F(ui(x, y)) = 1√
2π
∫
∞

−∞

ui(x, y)eikxdx. (20)

The PDE system (16) reduces then to this ODE system

(1 − 2σ)d2yũx − ikdyũy − 2(1 − σ)k2ũx = 0,

2(1 − σ)d2yũy − ikdyũx − (1 − 2σ)k2ũy = 0. (21)

This last system of equations can be decoupled to obtain

d4yũx − 2k
2d2yũx + k

4ũx = 0,

ikdyũy + 2(1 − σ)k2ũx − (1 − 2σ)d2yũx = 0. (22)

The solution which satisfies the boundary conditions
reads

ũx(k, y) = ikf̃(k)(3 − 4σ) y e∣k∣y,
ũy(k, y) = f̃(k)(4σ − 3)(4σ − 3 + ∣k∣y) e∣k∣y. (23)

Using Eqs. (18) and (19) in Fourier space, we obtain

P̃y(k, y = 0) =K ∣k∣ f̃(k), (24)

where

K =
2(1 − σ)E(1 + σ)(3 − 4σ) , (25)

E being the Young’s modulus. Consequently, the quan-
tity to be added to Eq. (14) is given by

Py(x, y = 0) =KF−1(∣k∣ f̃(k)). (26)

This expression still involves the Fourier transform of
f(x). It is possible to obtain an equivalent form involving
only f(x). The Hilbert transform, H, of a function f(x)
is a linear operator given, by definition, by the convolu-
tion of f(x) and h(x) = 1/(πx): H(f(x)) = (h ⋆ f)(x).
Using the properties of the Fourier transform we then
have

F (H(∂xf(x))) = √2πF(h)F(∂xf(x)),
=

√
2π (− i√

2π
sgn(k)) (ikf̃(k)),

= sgn(k)kf̃(k) = ∣k∣f̃(k). (27)
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Using this last relation, we can now write

Py(x, y = 0) =KH(∂xf(x)). (28)

Due to the property of the Hilbert transform (like
H(cos(qx)) = sin(qx) and H(sin(qx)) = − cos(qx)), for
a periodic profile characterized by only one frequency q,
this additional term is equivalent to qy. Consequently,in
the linear regime, the equation to solve for a periodic de-
formation characterized by only one frequency q is then
given by

Bmy(IV ) + Fy′′ +Kqy = 0, (29)

where K =K(E,σ) is the stiffness of the elastic founda-
tion.
Now, we extend this result for the response of the sub-

strate to the case of larger deformations where nonlin-
earities are not negligible. Here, we compute the first
nonlinear correction to the response of the foundation
restricting our analysis to deformations relevant to our
system. The purpose of this paper is to understand the
emergence of the subharmonic mode. We thus perform
a weakly nonlinear analysis valid up to the threshold of
the period-doubling instability.
For larger deformations, the contribution of the elastic

foundation must be computed using nonlinear elasticity
theory. The relation between the strain tensor uik and
the displacement vector u⃗ is now given by [3]

uik =
1

2
( ∂ui

∂xk

+
∂uk

∂xi

+
∂ul

∂xi

∂ul

∂xk

) , (30)

where there is summation on repeated index. In linear
theory of elasticity, the quadratic term on the right-hand
side of (30) is neglected (see Eq. (18)). It is however
possible to rederive the equation of elasticity taking into
account this nonlinear term since the equation satisfied
by the displacement vector is obtained at equilibrium by
∂σik/∂xk = 0, where the expression of the stress tensor is
given by (19). This nonlinear equation reads

(1 − 2σ)∆ui +∇i (∇⃗ ⋅ u⃗) (31)

+ (1 − 2σ)∑
kℓ

∂2uℓ

∂x2

k

∂uℓ

∂xi

+∑
kℓ

∂2uℓ

∂xk∂xi

∂uℓ

∂xk

= 0,

with i = 1,2,3. For a given shape of the deformation of
the elastic foundation, the normal force per unit area, P⃗ ,
is still computed from the relation Pi = σiknk, where n⃗ is
the unit normal vector to the surface. Once P⃗ is known,
it can be added to (29). Setting η =

√
δ, all quantities are

expanded in power of η. Equation (31) is then solved in
perturbation with appropriate boundary condition and
in particular uy(x, y = 0) = A cos(qx)+C cos(2qx), where
A is assumed to be of order η and C of order η2. The
nonlinear terms of Eq. (31) being quadratic, the first non-
linear mode of the wrinkled pattern of our system will
be of the form cos(2qx). This nonlinear shape used as
boundary condition should describe accurately enough

the profile of our system up to the emergence of the sub-
harmonic mode. Sufficiently near the threshold of the
period-doubling instability, the amplitude of this sub-
harmonic mode remains very small with respect to the
dominant mode. The nonlinearity associated to this sub-
harmonic mode should thus remain negligible.
The lowest nonlinear response of the elastic defor-

mation to a periodic deformation of the system with
frequency q is then found to be Py = Kq(A cos(qx) +
2C cos(2qx))+ (K2/2)A2q2 cos(2qx), with K2 = E(1 −
2σ)(13 − 16σ)/2(1 + σ)(3 − 4σ)2. At order η2, this ex-
pression can be written as Py = Kqy +K2q

2(y2 − ⟨y2⟩),
where ⟨⋅⟩ = λ−1 ∫ λ

0
⋅dx. For our purpose, since we are

considering periodic solutions, it can also be written as
Py = KH(y′) +K2[H(y′)2 − ⟨H(y′)2⟩]. To simplify the
notations, the average term is dropped in the following
equations, and in the main text, but is taken into account
in the computations. The resulting nonlinear equation,
valid only for wrinkled pattern characterized by only a
single mode of frequency q, is then found to be

Bmy(IV ) + Fy′′ +Kqy +K2q
2y2 = 0. (32)

In this equation, cubic or higher order nonlinear terms,
coming from the bending of the membrane or the defor-
mation of the foundation, are neglected. Notice that for
multimode profile, characterized by several frequencies
qi, the nonlinear equation involving the Hilbert operator
should be used.

IV. PERIOD-DOUBLING BIFURCATION

We consider the equation that the shape of the surface
of the system, y, must satisfy at the quadratic order

Bmy(IV ) + Fy′′ +KH(y′) +K2H(y′)2 = 0. (33)

The solution at quadratic order that minimizes the en-
ergy, i.e. minimizing F , can be written as

y = A cos(q0ℓ) + super-harmonic terms of orderη2, (34)

with A = ±2η/q0, given by the inextensibility constraint

and η =
√
δ. We perform now a linear stability analysis of

this solution against periodic perturbations, u, character-
ized by a single frequency k. We substitute the function
y+ ǫu into Eq. (33), ǫ being an infinitesimal quantity. At
the first order in ǫ and η we obtain

Bmu(IV ) + Fu′′ +KH(u′) = −2K2H(y′)H(u′), (35)

= −2K2Aq0 cos(q0ℓ)H(u′).
Since u is characterized by a single frequency k, this equa-
tion can be written as

Bmu(IV ) + Fu′′ +Kku = −2K2Aq0k cos(q0ℓ)u. (36)

This equation is identical to Eq. (7) reported in the
main text. We rescale now the parameters, the indepen-
dent variable and the function as follow: F = F̄ q20Bm,
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K = 2q30Bm, K2 = K̄2q
3
0Bm, q0ℓ = z and u = ū/q0. Equa-

tion (36) takes now the form

ū(IV ) + F̄ ū′′ + 2ωū = −2Aq0K̄2ω cos(z)ū, (37)

where ω = k/q0. Assuming ū = cos(ωz), we obtain

(ω3
− F̄ω + 2) cos(ωz) = −Aq0K̄2 [cos((1 − ω)z)

+ cos((1 + ω)z)] . (38)

If ω < 1/2, keeping the lowest order Fourier modes, the
equation is satisfied provided F̄ = ω2

+ 2/ω. However for
these values of ω, F̄ is always larger than the value ob-
tained for the harmonic mode, i.e. F̄ = 3. Consequently,
this mode, cos(ωz), cannot emerge because the shape
adopted by the system is the one that minimizes F . If
ω > 1/2, the equation cannot be satisfied by keeping only
the lowest order Fourier mode. However, if ω = 1/2, the
equation is satisfied if

F̄ = 17/4 + 2Aq0K̄2. (39)

The amplitude of the harmonic mode, A, is either pos-
itive or negative since the system, at the linear order,
has an up-down symmetry. However, adding a quadratic
nonlinearity breaks this symmetry, this is why Eq. (39)
is no longer invariant under a change of sign of A. For
large enough (in absolute value) negative values of the
amplitude A, i.e. −Aq0K̄2 > 5/8, Eq. (39) shows that
adding a subharmonic mode to the shape of the mem-
brane leads to a smaller value of F̄ than the value ob-
tained with an harmonic mode alone. This critical am-
plitude implies a threshold, δ2, for the period-doubling
instability through the inextensibility constraint. This
mechanism not only explains the emergence of the sub-
harmonic mode but also selects the correct sign for A
leading to profiles actually observed in experiments, see
Fig. 6. Obviously, this analysis does not, however, imply
that an harmonic mode with a positive amplitude, A > 0,
is stable against subharmonic perturbations. Indeed, the
above analysis is performed using, without loss of gen-
erality, an even function to describe the evolution of the
wrinkled pattern (y(ℓ) = A cos(q0ℓ)+B cos(q0ℓ/2)). Hav-
ing found the energetically favorable pattern in this case,
we can use the translation invariance to generate equiv-
alent patterns: y(ℓ − π/q0) = −A cos(q0ℓ) +B sin(q0ℓ/2).
The sign of A being now reversed, it implies that an
harmonic mode with a positive amplitude is also unsta-
ble against subharmonic perturbations above the same
threshold and leads to the same wrinkled pattern but
translated. However, the amplitude of the subharmonic
mode cannot be obtained with the linear equation (37)
and is computed in Sec. V.

V. NUMERICAL ANALYSIS OF THE MAIN
NONLINEAR EQUATION

In order to confirm the period-doubling mechanism
proposed in the main text, we analyze numerically the

A cos(l), A < 0
A cos(l) + B cos(l/2), A < 0, B > 0
A cos(l) + B cos(l/2), A < 0, B < 0
A cos(l), A > 0
A cos(l) + B cos(l/2), A > 0, B > 0
A cos(l) + B cos(l/2), A > 0, B < 0

Energetically
favorable

(observed in experiments)

Energetically
unfavorable

(not observed in experiments)

x

y

Elastomer

Air

FIG. 6: Schematic views of the possible shapes of the mem-
brane after period-doubling according to the sign of the har-
monic mode.

nonlinear equation (5) in the main text, namely

Bmy(IV ) + Fy′′ +KH(y′) +K2H(y′)2 = 0. (40)

We use a rescaling similar to the one proposed in Sec. IV
except for the function: F = F̄ q20Bm, K = 2q30Bm,
K2 = K̄2q

3
0Bm, q0ℓ = z and y = u/(q0K̄2). Equation

(40) reduces then to

u(IV ) + F̄ u′′ + 2H(u′) +H(u′)2 = 0. (41)

We search solutions under the form

u(z) = N

∑
k=1

ck cos(kz/2), (42)

with ck = 2q0(K2/K)Ck where Ck are the expansion co-
efficients introduced in the main text. Substituting the
form (42) into (41) we obtain a system of N equations
with N + 1 unknowns (F̄ and ci, i = 1, . . . ,N). N un-
knowns can be expressed in terms of c2, for example.
This last coefficient is determined from the inextensibil-
ity constraint.

For N = 2, the computation is analytical and is already
sufficient to understand the mechanism for the emergence
of the subharmonic mode. Remembering that the terms
u and u2 are operators that should be multiplied by the
frequency of the modes on which they act, we obtain the
following system of equations

c2(3 − F̄ ) + c21
8
= 0

c1

16
(17 − 4F̄ + 8c2) = 0. (43)

This system admits two solutions. The first one is F̄ = 3
and c1 = 0 (c2 being determined by the inextensibil-
ity constraint). This solution correspond to the evolu-
tion of the shape of the membrane without subharmonic
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FIG. 7: Evolution of F̄ and the amplitudes A1,2 (see Fig. 1 of
the main text for the definition) as a function of the rescaled
amplitude of the harmonic mode for several values of N .

mode. The second solution characterized by a subhar-
monic mode is

F̄ =
17

4
+ 2c2 (44)

c21 = 8c2(F̄ − 3) = 2c2 (5 + 8c2) . (45)

The expression for F̄ is identical to Eq. (39) obtained
in Sec. IV. The amplitude of the harmonic mode, c2,
can be either positive or negative since the system, at
the linear order, has an up-down symmetry. However,
adding a quadratic nonlinearity breaks this symmetry,
consequently the expression (44) for F̄ is no longer in-
variant under a change of sign of c2. For large enough
(in absolute value) negative values of the amplitude c2,
i.e. −c2 > 5/8, Eq. (44) shows that adding a subhar-
monic mode leads to a smaller value of F̄ than the value
obtained with the harmonic mode alone, i.e. F̄ = 3. The
situation is summarized in Figs. 2a and b in the main
text.
For N = 4, only the solution without subharmonic

mode can still be obtained analytically in a simple form;
it reads

F̄ = 4 −

√
1 + (c2

2
)2

c1 = c3 = 0

2c4 = 1 −

√
1 + (c2

2
)2. (46)

We see again that the quadratic nonlinearity breaks the
up-down symmetry since for any sign of c2, c4 is always
negative. The solution containing a subharmonic mode

−c2
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FIG. 8: Evolution of the Fourier mode coefficients as a func-
tion of the rescaled amplitude of the harmonic mode forN = 8.

or solutions for larger N are obtained numerically. In
Fig. 7, we study the convergence for the evolution of F̄
and A1,2 (see Fig. 1 of the main text for the definition)
when the solution is expanded as Eq. (42) for several val-
ues ofN . Convergence is essentially reached forN = 4. In
Fig. 8, we present the evolution of the coefficients of the
Fourier modes as a function of the rescaled amplitude,
c2, of the harmonic mode for N = 8. We find that the
subharmonic mode emerges for c2 = c

∗

2 ≃ −0.42. Return-
ing to the original variable, we find that the subharmonic
mode emerges when the amplitude, A, of the harmonic
mode reaches the value

A

λ0

= −
0.42

4π(K2/K) . (47)
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FIG. 9: Threshold, δ2, of the period-doubling instability as a
function of the strength of the nonlinearity K2/K. The low-
order relation (48) (blue dashed curved) is compared to an
higher order relation obtained from Eqs. (47) and (49) (black
solid curve).

The amplitude of the harmonic mode is related to the
relative compression δ through the inextensibility con-
straint. We thus obtain an expression for the threshold
in compression, δ2, for the emergence of the subharmonic
mode. At the lowest order, we have A/λ0 =

√
δ/π which

leads to

δ2 ≃ ( 0.105(K2/K))
2

. (48)
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FIG. 10: Numerical evolution of F as a function of the rel-
ative compression δ. The analytical expression (46) for the
evolution of F without subharmonic mode is also presented.

An higher order expression A/λ0 as a function of δ reads

A

λ0

=

√
δ

π
(1 − 3

8
δ −

17

128
δ2) . (49)

This last expression together with (47) yield an higher
order relation for δ2 which is plotted, together with (48),

in Fig. 9.

Finally, in Fig. 10, we present the numerical evolution
of the pressure F as a function of the relative com-
pression δ together with corresponding profiles of the
membrane.
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