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MULTIPLE ORTHOGONAL POLYNOMIALS
FOR CLASSICAL WEIGHTS

A. 1. APTEKAREV, A. BRANQUINHO, AND W. VAN ASSCHE

ABSTRACT. A new set of special functions, which has a wide range of appli-
cations from number theory to integrability of nonlinear dynamical systems,
is described. We study multiple orthogonal polynomials with respect to p > 1
weights satisfying Pearson’s equation. In particular, we give a classification
of multiple orthogonal polynomials with respect to classical weights, which is
based on properties of the corresponding Rodrigues operators. We show that
the multiple orthogonal polynomials in our classification satisfy a linear differ-
ential equation of order p+ 1. We also obtain explicit formulas and recurrence
relations for these polynomials.

1. INTRODUCTION

In this work we consider properties of multiple orthogonal polynomials Q7 of
vector index @ = (ni1,ng2,...,np). These are polynomials of one variable with
deg Q7 = |7i| := Z§:1 n;, which satisfy the following orthogonality conditions with
respect to p weights w; supported on contours v; (j =1,...,p):

(1.1) Qr(2)z"w;j(2)dz=0, v=0,...,n;—1, j=1,...,p.

Vi
Our attention goes to classical weights, by which we mean that each of these weight
functions is a solution of Pearson’s differential equation

(1.2) ((z)w(2)) + ¥ (x)w(z) =0,

with polynomial coefficients ¢ and . These multiple orthogonal polynomials ap-
pear as common denominators in Hermite-Padé rational approximation (of type II)
to p functions near infinity, in the same way as ordinary orthogonal polynomials
arise in Padé approximation to a function near infinity (see, e.g., [12, Chapter 4],
where these polynomials are called polyorthogonal polynomials). Many of these
polynomials have already been studied and applied to diophantine number theory,
rational approximation in the complex plane, spectral and scattering problems for
higher-order difference equations and corresponding dynamical systems (see the
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3888 A.I. APTEKAREV, A. BRANQUINHO, AND W. VAN ASSCHE

survey papers [1], [], [12], [I3], [16], [18]). In [4] a classification was given of mul-
tiple orthogonal polynomials with respect to semiclassical weights of class s > 1,
where s = max{deg ¢—2, deg 1y —1}, and the weights for the orthogonality relation
in (L)) are the same, but restricted to different contours v; for which

(1.3) Ay p(2)z" =0, v=0,1,..., j=12,...,p,

where A, f(z) indicates the difference of f at the endpoints of 4. A remarkable
feature of such semiclassical multiple orthogonal polynomials is the fact that the
polynomials with diagonal indices (n,n,...,n) can be represented with the help of
a Rodrigues formula:
_ d"
Qu(z) = w ™ (:) 73— ()" (=)

In this work we will focus on the cases for which the weight functions w; in the
orthogonality relations () satisfy a Pearson equation of the form

(¢(2)w(2))" + ¥;(z)w(z) =0,
and since the polynomial ¢ is now the same for each weight function, all the w; for
s = 0 are defined on the same contour ~y.

In Section 2 we give a classification of multiple orthogonal polynomials which can
be represented by means of a product of Rodrigues operators. The commutativity
of these operators is a sufficient condition for the orthogonality relations (LI) (see
Theorem [l). We investigate the cases when these Rodrigues operators commute,
and as a result we obtain a variety of semiclassical (s > 0) and classical (s = 0)
multiple orthogonal polynomials. In particular, for the classical weights we obtain
the following classification (Rodrigues formulas):

(14) Qal(z) = (wp 1(2)5%%(2)2%)

(o3 o) (s e ) [22]

where ¢ and the weights {wy} are taken from Table [I]

TABLE 1.
I N 7 ™
22 2% exp(vy/z) Bessel
z(z—=1) | z2%(z—1)* | Jacobi-Pineiro
z 2% exp(fz) Laguerre 1
and
1, d™
(15) Qalz) = (w, (2)7——wp(2)

dn2 dm™ .
(w5 @) (w6 () ) 7
where ¢ and the weights {wy} are taken from Table

Some special cases of classical multiple orthogonal polynomials have already
been considered by others. For example, the case of Jacobi-Pineiro polynomials
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MULTIPLE ORTHOGONAL POLYNOMIALS 3889

TABLE 2.

(o] fwedk, [ Case |
z 2% exp(Br2) Laguerre 11
1| exp(6/22% + Bxz) | Hermite

given in Table [1 was studied by L. Pineiro (cf. [11]) and in [3], [I8]; the case
of Laguerre I polynomials was considered by V. N. Sorokin in [14] and in [I8];
Laguerre I polynomials appeared in [12] and [I8]; multiple Hermite polynomials
were mentioned in [I8]. Most of the examples above first appeared in the context of
simultaneous rational approximation (Hermite-Padé approximation) for a system
of analytic functions with common singularities. Polynomials obtained by means of
a product of Rodrigues operators appear for instance in irrationality proofs, such
as the irrationality of 72 and ((3). See, for instance, [6] Appendix 2] and [5] where
such polynomials are disguised by several integrations by part, and [15], [16].

In Section 3 we present explicit formulas for the polynomials from Tables [ and 2]
and for the recurrence coefficients of the four-term recurrence relation when p = 2.
Multiple orthogonal polynomials possess different types of recurrence relations. For
example, from the Rodrigues formulas (T4)—(L3H) it follows that

p+1
Z tv,k(Z)Q(Tn,---,nk717"k+l/7nk+17~~~,np) (Z) =0
v=0

for any kK =1,...,p with polynomial coefficients
deglt, k] <1, v=0,....p+1, k=1,...,p.

However, we are interested in the recurrence relations that connect the polynomials
Q7 along the step line in the multidimensional table

(n1,m2,...,np) = (N1 +1,ng,...,np) = (1 +1Lma+1,...,mp) = -+

This type of recurrence relation is connected with the spectral theory of non-
symmetric difference operators and the corresponding nonlinear dynamical systems,
like the higher-order non-symmetric generalization of the Toda lattice, known as
the Bogoyavlenskii lattice ([2], [9], [I7]). The existence of such a type of recur-
rence relation for general multiple orthogonal polynomials in the diagonal case
(n1 =ng =---=mn,) was proven in [9], [10].

In Section 4 we prove our main result (Theorems 2] and B) that these systems
of multiple orthogonal polynomials satisfy an ordinary linear differential equation
of order p + 1 with polynomial coefficients and give a recursive representation for
the coefficients of this equation. For p = 2 we present explicit expressions for the
coefficients of this differential equation.

In Section 5 we obtain more detailed information about multiple Hermite poly-
nomials. For example, it is known that for the usual Hermite polynomials (p = 1)
the following differential equation holds:

(1.6) Qn(z) + (62 + B)Q(2) — dnQn(z) =0, n=0,1,....
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3890 A.I. APTEKAREV, A. BRANQUINHO, AND W. VAN ASSCHE

For the case p = 2 we have
(1.7)
Qs o) (2)H(2024B1+82) Q1 1y (2)H[(02+51) (02+52) = (n1+12—1)]Q(, 1y (2)
= 6[n1(02 + B2) + n2(02 + $1)]Q(n,,n,) (2) = 0.

The recurrence relation for the usual Hermite polynomials (p = 1) is

Qn+1(2) = ((52 + ﬁ)Qn(z) + 5nQn—1(2)7

and for multiple Hermite polynomials with p = 2 it becomes

Q(n1+17n2)(z) = (62 + 61)62(%17”2)(2) + 6(711 + n2)Q(n1,n2—1)(z)
+ 0n1(B2 — B1)Qny—1,n0—1)(2).

We also give explicit expressions for the coefficients of the differential equation and
for the recurrence coefficients for these multiple Hermite polynomials for arbitrary
p (see Theorems @l and B).

In order to have a more complete understanding for the background of these
results, it may be helpful to look at the section “Open problems” in [18].

2. PROPERTIES OF RODRIGUES OPERATORS AND MULTIPLE ORTHOGONALITY

2.1. General properties. We start with some properties of Rodrigues operators

dn
(2.1) D[f] = w™(2) 7 [w(z)¢" (2)f (2)],
where w is a solution of the Pearson equation
(22) @o) +ow=0, o L _LTL,

with polynomial coefficients ¢ and ¢, and we define the class s by setting s =
max{deg ¢ — 2, deg) — 1}.

Proposition 1. Let ¢ be a polynomial given as a product of its polynomial factors

(2.3) d(2) = q1(2)q2(2) - - - qe(2),

and let T be an arbitrary polynomial with degT = N. Then for an arbitrary vector
index 7= (r1,...,7r¢) € Z5 we have

(2.4) Dlgi"qy* ... q)'T]) = q7" ¢35 . .qg‘f’,

where T is some polynomial with degT < (s +1)n+ N.
Proof. From (Z2) it follows that
B,.(z)

W) = S ),

where B,,(z) is a polynomial, deg B, < m(s + 1). Now applying the Leibniz rule
to the left-hand side of (2.4), we have

n (V)
Dlqi*q5* ... q,"T] = Z( )¢n p <¢"Hq ) :
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MULTIPLE ORTHOGONAL POLYNOMIALS 3891

Applying the Leibniz rule again to the v-th derivatives on the right-hand side, we
obtain

1 ) v ¢ (m)
<¢” II q;“iT> =Y <”) (gm) " <H qu> .
i=1 7n=0 n i=1

(m)
Notice that (qb”)(y_") has the factor ¢"~**" and the polynomial ¢” (Hle q{”T)

has the factor Hle q
polynomial has the factor Hle q

7%; hence, the left-hand side of (Z4) is a polynomial and this

%
T4
i

. The proposition is proved. O

As a consequence of this proposition we introduce the weighted Rodrigues oper-
ator

¢
(25) DA =D |77
j=1
where D is the operator defined in (2I) and ¢ is given by (£.3). Now we will

deduce some properties for the family of weighted Rodrigues operators {Dk,?k P 1o
with 7% = (ri, ..., 7¢%) and

l
(26)  Dig[f1(z) = wy, (2) wi(2)0™ (2) [[ ¢, ()1 (2) |
j=1
where {wy} is a family of solutions of Pearson’s equation with a fixed polynomial
¢ and a family of polynomials {¢}, i.e.,

(pwr)" + Yrwy = 0, k=1,...,p.

Our goal is to study the polynomials defined by products of Rodrigues operators.
Proposition [1 immediately gives:

Proposition 2. The function Qz, defined as

V4 P L
1) Qﬁ<z>=<nbk,ﬁ) ).
k=1

k=1j=1
is a polynomial of degree at most (s + 1)]|7|.

2.2. Commutativity and multiple orthogonality. Before stating the main re-
sult of this section, we recall some notions concerning moment-generating semiclas-
sical functionals of class s. In [4] the authors showed that the solutions of a Pearson
equation of class s together with the family of homotopically independent contours
of integration I' = {~; ;Ii, such that A, ¢(z)w(z)z” = 0 for j = 1,...,s + 1,
vr=20,1,..., form a family of integral functionals

feo [ feweyds,  j=1s+1,
%3

where the system of contours I' depends only on the position of the zeros of the

polynomial ¢. So if we take ¢ from the family {¢};_,, we will have the family of

integral functionals

(2.8) fe f(R)wk(z)dz, j=1,...,s+1, k=1,...,p.

Vi
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The following theorem shows that if the family of weighted Rodrigues operators
that defines the polynomial Qz, consists of commuting operators, then (27) gives
a multiple orthogonal polynomial.

Theorem 1. Let {wy}}_, be a family of weights satisfying a Pearson equation
((2)wk(2)) + u(2)wn(2) =0,  k=1.2,....p,

which, when restricted to the same system of contours ', form p(s+1) semiclassical
functionals as in [Z8). If for some {ny, 7 }i_, the Rodrigues operators { Dy 7, }%_,
defined by [26]) commute, i.e.,

Dk,FkODm,FM :Dm,FmODk,Fkv k7m€{1a27"'7p}a
then the polynomials {Qz} defined by [2.7) are multiple orthogonal polynomials of
index
(M1ye ey M, M2y ey M2y ey My ey M)
s+1 s+1 s+1

with respect to the family of integral functionals (2.8), i.e.,

(2.9) Q7 (2)z"wi(2)dz =0, v=0,1,...,np — 1,
Vi

forj=1,....s+1andk=1,...,p.
Proof. Because of the commutativity of the operators it is sufficient just to check
(using integration by parts) the first group of orthogonality relations in (29, i.e.,

the case £ = 1 in (Z9) (see [4] for details, where the theorem was proved for
p=1). O

For a better understanding of the above theorem, we present an example of how

this can be applied.

Example. The polynomial

1 d™2 1 dm™
— - n2,,—
Q(Z) = Wy dzn2 W2z =W, dzm

[wlznl(l - z)"ﬁnﬂ ,

of degree 2(ny + ns), with
(2.10) wi(2) = 2% (1 — 2)%eP?, k=1,2, <0, a1 —az ¢ Z,
satisfies 2(n; 4+ ng) orthogonality relations
1
/ Q(2)z"wi(z)dz = 0, v=0,....,np— 1, k=1,2,
S
/ Q(z)z"wi(z)dz = 0, v=0,....,n,—1, k=1,2.
1
This follows from Theorem [ and from the fact (see Proposition Bl below) that

the Rodrigues operators corresponding with the weights w; and we from (ZI0)
commute.
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MULTIPLE ORTHOGONAL POLYNOMIALS 3893

2.3. Classification by commutativity. Now we will clarify which weighted Ro-
drigues operators commute. This commutativity gives us families of multiple or-
thogonal polynomials with respect to solutions of the corresponding Pearson equa-
tion.

Proposition 3. Let {wy},_; be a set of solutions of Pearson’s equation with coef-
ficients {¢, V¥i}, such that

w(2) = ¢*(2)f(2),  k=1....p,

where q is one of the polynomial factors of ¢ of degree 1. Then the weighted Ro-
drigues operators, defined by

dn

Dk = w,;l(z) danr

’wk(Z)an(Z), kzla"'ap7
commaute.

Proof. Tt is sufficient to consider the case ¢(z) = z and p = 2. Let us consider the
result of applying the product of the operators to an arbitrary function h,

~ ~ dm™ dn2
DyoDafh(2)] = f7H(2)z ™ oo {+d— [2%272 £ (2)h(2)]
Taking the formal power series (Laurent) expansion
FERGE) = Y e,
v=—00
we have
2 2 — - —a dm aj+ni—a dr as+ns+v
DloDQ[h(z)] = f l(z) Z Cuz IMZ 1+n1 2dz_n22: 2+n2+
A N dm
= f (2 Z cpz” ™ T 2T (0 v 4 1),
v=—00
= 2 Z (o + v+ 1), (e +v+1),,2"
= DQ o Dl[h(z)] .
This proves the proposition. ([l

Proposition 4. Let {wi},_; be a set of weights such that

wi(z) = M5 f(z),  k=1,...,p.
Then the weighted Rodrigues operators

i
- d

commute.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3894 A.I. APTEKAREV, A. BRANQUINHO, AND W. VAN ASSCHE

Proof. We have to check that D; o Dy[h(z)] = Dyo D;[h(z)]. Take the formal power

series expansion f(z)h(z) = >0 __¢,2"; then we have
- - s dm dn2
Dy o Do[h(2)] = f(2) VZOO cl,e_ﬁlz%e(ﬁl_@)zdzn2 P27y
) Y e e 3 ("2> ) LT
= v dzm =\m 2 "
e e] ni ng
=17 3 e (7)ot 3 () e ez
V=—00 =0 m=0

Thus
Dy o D, [h(2)]

= “ - n n o —1m Qni — vV—

v=—00 m=0 [=0
and so Dy o Dy[h(2)] = Da o Dy[h(2)]. O
The PropositionsBland[d give us families of multiple orthogonal polynomials with
respect to classical (s = 0) and semiclassical (s > 1) weight functions. For example,

we can classify multiple orthogonal polynomials for classical (s = 0) weights (Jacobi,
Laguerre, Hermite, and Bessel weights). In fact, these polynomials are

(211) Qalz) = <wp1(z)jﬁwp(z)z%>

(0 @ a2 (0 @) e ) [ 22 "

where ¢ and {wy}_, are taken from Table [ and

212) Qal) = (1" () (o))

_ dnz _ dm -
. <w2 1(2) T w2(2)> <w1 1(2) T wl(z)) oI(2),
where ¢ and {wy}}_, are taken from Table[2l These polynomials satisfy the mul-
tiple orthogonality relations

/Qﬁ(z)z”wk(z)dzzo, v=0,....,nx—1, k=1,....p,
r

with respect to the corresponding classical weights from the above-mentioned tables
and the classical paths of integration, i.e., the interval [0,1] for Jacobi-Pineiro
polynomials, the interval [0, c0) for multiple Laguerre (I and II) polynomials, the
interval (—o0, 400) for multiple Hermite polynomials, and a circle around the origin
for multiple Bessel polynomials.
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3. EXPLICIT EXPRESSIONS AND RECURRENCE RELATIONS

In this section we present formulas for all cases of multiple orthogonal polynomi-
als from our classification and for the coefficients of their recurrence relations. We
restrict ourselves to the simplest case of multiple orthogonality, i.e., when p = 2. As
a matter of fact, to get formulas for arbitrary p, and particularly to present them in
a compact way, is very difficult, and perhaps this may be impossible for some cases.
Later, in Section 5, we will deal with arbitrary p for the case of multiple Hermite
polynomials. Observe that we impose some restrictions on the parameters for these
families: these restrictions are only needed for the orthogonality relations and en-
sure the integrability of the functions. The polynomials, the differential equation
(see Section 4.3) and the recurrence relations are also valid when we drop these re-
strictions on the parameters. Most of these formulas can be found in [1§] (and see
the references there), except for multiple Bessel polynomials. Moreover, in [18] only
the diagonal cases (n+1,n) — (n,n) — (n,n—1) — (n—1,n—1) and (n+1,n+1) —
(n+1,n) — (n,n) — (n,n—1) were considered. The first case can be obtained from
the general case (n1 +1,n2) — (n1,n2) — (n1,n2 —1) — (n1 — 1,19 — 1) by setting
n1 = ng = n; the second case by setting n; = n and no = n+1 and by interchanging
the weights w; and wz, since Q(n, 5, (2; W1, W2) = Qg ,my) (25 w2, w1 ).

3.1. Multiple Laguerre polynomials II.

e System of weights and orthogonality relations

wg(2) = 2% exp(Br2),

where a > —1, 31,52 < 0, and 51 # (3,
/ Q(nhm)(z)z”*aeﬁkz dz =0, v=0,1,...,n,— 1, k=1,2.
0
e Rodrigues formula

Q (2) = L P2z d" e(B2—P1)z am Pz ynitnata
(n1,m2) dzm2 dz™ '
e Explicit formula

k+j

A fa+n+no) (atny +k iz
= ny! !E E k3 .
Qi na) () = malna ( ny —k >< ng — j )ﬂl 2 k151

k=0 j=0

¢ Recurrence relations for the monic polynomials P, n,) = Qny,n0)/ 01" 05

ZP(nl,YLQ)(Z) = P(n1+17n2)(z) + bn17n2P(n17n2)(Z)
+ Cnl,nzp(nl,ng—l)(z) + dnhnzp(n1—1,n2—1)(z)v

with
b __Patmna(Br £ fa) + Baa + 2115,
e B132 ’
. _ (mfF +neft)(m + na +a)
o (B152)? ’
d _ (B = Bo)(m + e+ a)(m +np+ o —1)
e 53 B2 '
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3.2. Multiple Laguerre polynomials I.

e System of weights and orthogonality relations

wi(z) = 2% exp(Bz),
where 8 < 0, a,a3 > —1, and oy — an ¢ Z,
o0
/ Qeaina)(2)2 e dz =0,  v=0,1....m—1, k=12
0
e Rodrigues formula

dn2 dm
_ oo, —fz naotaz—aq ni+ay Bz
Q(nyna)(2) = 27 %€ Tt Tt e,

e Explicit formula

ni na + + + —k 6] ni+ng—k—j
Q(nhnz)(z) — 0! ZZ (nl i 041) (711 n2 ‘ Q2 ) (751 Z_)]g)!(ng —j)!.

k=0 75=0 J

e Recurrence relation for the monic polynomials P, n,) = Q(nhm)/ﬂ”l*‘m:

2n1 +ng + a1 +1
ZP(nhnz)(Z) - P(n1+1,n2)(z) - ﬂ P(nhnz)(z)

2 2
ni +ns +ning + N1y + nad

+ 52 P(nl,nzfl)(z)

ni(n1 +a1)(n1 + a1 — az)
_ 63 P(nl—l,ng—l) (Z)

3.3. Jacobi-Pineiro polynomials.

e System of weights and orthogonality relations
wi(z) = 2% (1 = 2)%,

where o, a1, 0 > —1 and ay — as ¢ Z,

1
/ Q(nhm)(z)z”*a’“(l—z)adz:0, v=0,1,....,n,—1, k=1,2.
0

e Rodrigues formula

— ,T02(] _ - dm na+az—ai dm nit+ai 1— at+ni+nz
Qnymo) (2) = 272(1 = 2) T’ T’ (1-2) .

e Explicit formula

n1 N2 a1 +n a+ny+n
B n 1 1 1 2
Q(nyny)(2) = (=1)" T2 Iny! ZZ ( k ) ( ny—k )

k=0 j=0
(052 +n1 + ng — k) (a +k +n2) Zn1+n27k*j(z _ 1)k+j.
J n2 —J

e Recurrence relation for the monic polynomials P, y.):

ZP(nl,nz)(Z) = P(n1+1,n2)(z) + bn17n2P(n17n2)(Z)
+ Cn17n2P(n1,n2*1)(Z) + dn17n2P(n171,n2*1)(Z)a
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MULTIPLE ORTHOGONAL POLYNOMIALS 3897

with
bnin, = A(ni,ng,ar,a2) + A(ng,ni, a0, 01 +1) + C(ng + 1,ne + 1, a1, a2),
Crine = A(ni,ne,a1,a2)C(ng,n1 + 1, a0, 1)
+ A(ng,n1, 2,01 + 1)C(na,ny + 1, a0, 1)
+ A(ni,ng, a1, a2)B(n1, ng, a1, as),
dpyny = A(na,ne, a1, a2)B(ni, na, a1, a2)C(n1, na, a1, az),
and

A(ni,n2, 01, az)
ni(ny +ne +a+ ag)(ng +ng + @)
(n1+2ns+a+a)(2ny +na+a+a1)(2n +ne+a+ay +1)°
B(ni,n2,a1,a)

(n4+a1 —ag)(ny +ne+a+ay)(ng +ne+a—1)
(n1+2n2+a+az—1)2n1+n2+a+a1)2n +np+a+o; — 1)’
C(’I’Ll,TLQ,Oq,OéQ)

(m+a)(nm+ne+a+ar—1)(ng +ne +a+ag—1)
(n1+2ns+a+as—2)2n1+ne +a+a; —2)2n1 +no+a+a; — 1)

The recurrence coefficients were already given in [18] for the diagonal cases, but the
formulas there are rather unwieldy. The representation using the functions A, B, C'
is suggested by the formulas and the analysis in [3, Example on pp. 518-519].

3.4. Multiple Bessel polynomials.

e System of weights and orthogonality relations

wi(2) = 2% exp(y/2),

where a1 — ag ¢ Z,
/Q(nhm)(z)zwrake”/z dz =0, v=0,1,...,np— 1, k=1,2,
T

with T={z€C:|z| =1}.
e Rodrigues formula

mn mn
Q( y(2) = z_”e_”/z—d - z"2+(’2_“1—d : Z2mtnataroy/z
ni,n2 - dzm2 dzm ’

z z

e Explicit formula

Qn1n2)(2) = ii <T1Lcl) (T?)

k=0 j=0
X (n1 + ng + a1 + Dg(ng + ag + k + 1) (—) 1 T2 k=i gkt

e Recurrence relation for the monic polynomials P, y,):

ZP(m,nz)(Z) = P(n1+1,n2)(z) + bm,mp(nl,nz)(z)
+ Cn17n2P(n1,n2*1)(Z) + dn17n2P(n1*1,n271)(Z)7
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with
bnime = A(ni,ne, ar,a2) + Ang,ni,az,01 + 1)+ C(ng + 1,ne + 1,09, ),
Crine = A(ni,ne,a1,a2)C(ng,n1 +1, a0, 1)
+ A(n2,n1,a2,0{1 + 1)0(”2,”1 + 1,042,0&1)
+ A(nlan?aa17a2)B(n17n27a1aa2)v
dnhnz = A(n17n27a17a2)B(n17n27a1aa2)c(n1an2aalva2)v
and

A(ni,n9, a1, )
—yni(ny + na + a9)
(n1 +2ng + a2)(2n1 +ne + a1)(2n1 +ne + g +1)°
B(nl,ng,al,ag)

—v(n1 + a1 — az)(ng + n2 + 1)
(n1 +2ns +as —1)(2n1 +n2 + a1)(2n1 +n2 +ag — 1)’
C(’I’Ll,TLQ,Oq,OéQ)
Y1 +ne+a1 —1)(n1+ng +az—1)
(n1+2ns+as —2)(2n1 +n2 + a1 —2)(2ny +ne +ag — 1)

Observe that the multiple Laguerre polynomials (I and II) and the multiple
Bessel polynomials are limiting cases of the Jacobi-Pineiro polynomials. Indeed, if
wi(z) = 2% (1 —z)® are the weights for Jacobi-Pifieiro polynomials, then the limits

lim wy(=Bz/a)/(=B/a)™
a— 00
are the weights for multiple Laguerre I polynomials; for ap = —fga the limits

lim a®wi(1 — z/a)
a— 00
give the weights for multiple Laguerre IT polynomials; and for ar = [ — a the
limits
lim wy(—az/v)/(a/7)*

a— 00

are the weights for multiple Bessel polynomials. One can verify that the corre-
sponding limits for the recurrence coefficients indeed give the correct expressions.

4. DIFFERENTIAL EQUATION FOR MULTIPLE ORTHOGONAL POLYNOMIALS
FOR CLASSICAL WEIGHTS

In this section we prove that the multiple orthogonal polynomials Q7 of index 77 =
(n1,...,mnp) with respect to classical weights satisfy an ordinary linear differential
equation of order p 4+ 1 with polynomial coefficients. We also obtain recurrence
formulas to determine these coefficients. Then we use the obtained formulas to
derive explicit expressions for the coefficients of the differential equations for all
multiple orthogonal polynomials in our classification for p = 2.
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4.1. Differential equations for Table 2. First we consider the polynomials de-
fined by (L), i.e.,

1) @ale) = (' () () )

= o

dn

(wQ_l(’z)dz—nsz(Z)> (w;l(z) am wl(z)) P (2).

dz™

The information that will be used is that {ws} are solutions of the Pearson equation

! —Bs(z)w z 5=
(4.2) wi(z) = o) s(2), 1,...,p,

with the data given in Table BI (multiple Hermite and Laguerre II polynomials).
This data implies that the quantity

Bs(z)  Bi(2)
P(z)  ¢(2)
does not depend on z. This identity will play an important role for the derivation of

the differential equation. We start with the polynomial R (z) = ¢V (z), where N is
an arbitrary nonnegative integer. Observe that R; satisfies a first-order differential

(4.3)

:ﬂs_ﬂk; 37k:17"'7p7

equation
r01(2)R1(2) + r1,1(2)R1(2) =0,
with
(4.4) ro1(2) = ¢(2), ra(z) = —N¢'(z).
Then we define the polynomial
(15)  Ren(®) = () e w(R(),  s=1.p.
We assume that the polynomial R satisfies the differential equation of order s,
(4.6) ro,s RS (2) + 11 RV (2) + - + 15 Ro(2) = 0,

and we will prove that the polynomial R, satisfies a differential equation of order
s+ 1 and determine the coefficients of that equation.

Theorem 2. Let {ws} be a set of solutions of the Pearson equation [&2) with
coefficients satisfying (&3). Then the polynomial Rsi1 defined by ([&H) satisfies
the following differential equation:

To,s+1Rgi+11)(Z) + T1,s+1Rgi)1(Z) + o 4 Trer1s11Rs11(2) =0,

where the coefficients {rp s11} are defined by

B
(47) Te,s+1 = Tt,s + ?Sré—l,s + (ns + 1)7”2,1’5
-1 (k)
s+1—0+k B,

for £=0,...,s+1 and the initial data given in (E4).

In the formula (L7) we use the convention that r¢ s =0 for £ < 0 or £ > s. For
N = |ii| we see that R,+1 = Q7; hence we have the following corollary.
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Corollary 1. The polynomials Q7 defined by [@1)), (E2), and @E3I) satisfy a dif-
ferential equation of order p+ 1,

41
QO,p+1Q§3p T Gpt+1,p+1Q7 = 0,

where the coefficients {qrp+1,{ = 0,...,p + 1} are given by qept1 = Tept1, and
{rep41} are recursively defined in [@0), with initial data o1 = ¢ andryy = —|7i|¢’.

We proceed with the proof of this result, splitting it into several propositions.

Proposition 5. Suppose Rs satisfies (&0]) for some s € {1,...,p} and Y;(z) :=
ws(2)Rs(2) with ws defined by [@2). Then Ys satisfies the differential equation

(48) yO,sYg(S) (Z) + yl,sytg(871)(z) +oe A+ yS,SYS(Z) = 07
with the coefficients ye s given by

YA .
(4.9) vealz) = (-1 ( —iF J) a3 (e (2),

j=0 J
where
Bs(2)
(4.10) aj(z) = Waj,l(z) —aj_4(2), ao=1
Proof. First we prove that from the definition of Y it follows that
& k
(4.11) ugfﬁk)—-jgj(—l)”(y>aylgk”% k=0,...,s

v=0

We proceed by induction. The base k = 0 is true by the definition of Ys. Suppose
(11 holds for k — 1. From the Pearson equation (£2)) we have

" B
w,RK) = (wngkq)) _ ?swngkq).

Substituting in the right-hand side of this expression the formula (@IT) for k& — 1,

we have
wsRF) = ki:l(—l)” <k - 1)@ y (k=)
s ~ v ves
k k-1 By < k—1
S D (i AR LR SV (i L )

and therefore

wngk) = GOYs(k) - (_1)19(&2_1 —a1ap—1)Ys

¥ izj—l)” [(’“‘ 1>ay - (’“: 1) (s - )] y )

Now because of the Pascal triangle identity

(- 0)

and (II0), we arrive at (ELITI).
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To finish the proof of the proposition, we multiply (@8] by ws(z) and use (II).
Collecting the terms with the same order of derivative of Y;, we arrive at (@9).
The proposition is proved. ([

Proposition 6. Suppose Y, satisfies [L8) with polynomial coefficients y; s such
that

(4.12) degyjs <1, j=0,...,s.

Then, Vi(z) = Ys(ns)(z) satisfies the differential equation

(4.13) v0,s VETD (2) 4 01, sV (2) 4+ -+ +vs41,5Va(2) = 0,
with coefficients

Vo,s = Yo,s,
(4.14) Vj.s (s + 1)y 1.6 + Yiss
VUs41,8 = (ns + 1)y./s,s'

Proof. Because the polynomials y; s have degree less than or equal to one, the
validity of (@II3) and (@I4) immediately follows after differentiating (@) ng + 1
times. (]

Proposition 7. Suppose Vi satisfies [@EI3) for some s = 1,...,p and Rsy1 is
defined as follows:

Vs(2)

wg(2)’

Rs+1(2ﬁ) =
where wy satisfies [E2). Then Rsi1 satisfies the differential equation

(4.15) 70,01 RSV (2) + 11601 R (2) 4+ rop1 s 1 Rera (2) = 0,

with the coefficients

¢
(4.16) Te,s+1(2) = Z (S M V) by (2)ve—v,s(2),

v=0 v
where
CBE oy ) e
(4.17) b, (z) = o) by_1(z) +b,_1(2), bo=1.

Proof. The proof of the proposition is along the same lines as for Proposition Bl It
is based on the identity

V(k) zk: (V> (R (2)
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Proof of Theorem [2 Under the conditions of Propositions BHTZl substituting (E9)
in (AI4) and then in ([{I0) we obtain:

14
s+1—40+v
Te,s+1 = Z ( ” )buvlu,s

v=0
4
s+1—0+v
= Z ( v )by {(ng + 1)y27y71’s + yé—u,s}
v=0
‘ s+1—-4+v iy (s—l+v—+]
= Vz:% < v >by ;}(_1)3 ( j >aj7"[,,j’s

(et 1) )(a;mu,s )

qufl(_l)j (s — Z‘f‘ v+1 +]
’ J

Rearranging the terms in the last formula, we have

iem (S+1—L+m\ (s—L+Ek
(418 Te,s+1 = ZTE ksz ) < m >< kE—m bmakfm

cmfS+1—C0+m\ (s+1—-L+Ek
ey {27711”2 = ( m >< k—m )bma;ﬂm

m=0

k
S+ 1—=C+m\[(s+1-L+E
+ 7"27171@5 Z(_l)k ( m )( k—m )bmakm} ’

m=0

for £ = 0,...,s+ 1. The internal summations simplify significantly. Indeed, the
following proposition holds:

Proposition 8. If {a,,b,} are defined as in (I0) and ([EID), then the following
identities hold for k=1,2,3,...:

i _mfs+1—=C+m\ [(s—L+Ek
a) mz::o(_l)k ( m )( k—m )bmak—m
(BN\YTY (s—t 4k
(%) (59
(b) (_1)k—m<5+1—€+m><5+1—€+k)bma;€m

o m k—m
 (BN\Y (s—t+k+1
--(3 . ,

k
Ckem(stl=Lltm\ (s+1-L+E B
@ (T (T s =

m=

T
L

3
I

(e}
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k
m(S+1—C0+m\ (s+1—-0+k
g () (T T s

m=0

For the identity (d) we use the notation

)= 22, 110 -0 a0 =1

bu2(2) = B¢(i))bu1,2( )+, 1(2), oz =1,
and
419)  A(e)= B2 =Bal) 0 i (), ap=1.

Proof. We only give the proof of identity (d). The other identities are corollaries
of this one or can be proved in the same way. We have

z’“: m_ (Hl—trmls+1-C4k)
Pt mi(s + 1= Ok —m)(s+1—L+m)l ™ k™2
S+1—l0+ k) ok
_< R >Z(—1) (m>am,1bkm,g.
m=0
Now, suppose that
k—1
k—1
A7 e —]_ m m bfmf
k—1 mzz:o()<m)a,1k 1,2

is true. Then

Ap = (bi2 —aq, 1)Ak71 + A,

—
-1
=(bi2—a11) Z < )am,1bk1m,2
k— k—1
-1 k-1
Z ( )a;n,,lbk—l—m@ + Z(—l)m( m )am 161 m,2
k

m=0
k

k—1 = k—1
= z_:o(_l)u( » )au+1,1bk—1—y,2 + Vz:_o(—l)u( y )awlbk_wg .

=
Increasing the summation index in the first sum and using the Pascal triangle
identity, we obtain

S (ot

The proposition is proved. (|

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3904 A.I. APTEKAREV, A. BRANQUINHO, AND W. VAN ASSCHE

We continue with the proof of the theorem. Separating in (4.I8) the terms for
k = 0 and using the identities (a)—(c) from Proposition [l we obtain

‘ (k—1)
s—0+k By
Tes+1 =Tes + ZW—k,s< ) (-)
= k—1 10)
-1 (k)
s—{0+k+1 B
7”271,5 _Zrl—l—k,s< k ) (f)

k=1

+ (ns + 1)

Finally, after cancellation of identical terms, we obtain the recurrence formula of
the statement of the theorem:
S

/
Tos+l =Tes +T0—1,s— + Tgfl,s(ns + 1)

¢

-1

(k)
s—C0+k+1 B,
S ()

k=1

To complete the proof of the theorem, we have to show that the y¢ s (obtained
by (£9)) are polynomials of degree less than or equal to one. We can do this by
induction. Suppose that ([I2) is true for some s. Therefore, by ([@I4) for the
coefficients of (£I3) we also have

(4.20) deguve s <1, £=0,...,s+ 1.
Then, substituting (@I16) in (£9) we have

14
Js+1—Cl+v
Ye,s+1 = Z(_l) ( v )au,erlréu,erl
v=0
‘ s+1—E+v S (s+l—l+v+]
= Z(_l) Ay, s+1 Z . bj’s’l)[,,,,j’s .
v=0 v =0 J

Now collecting the terms with the same index (v + j) we find

4 k
mfs+1—C0+m\ (s+1—-L+Ek
Yo,s+1 = ;)Ué—k,s Z (_1) ( m ) ( k—m )am,s—i-lbk—m,s-

m=0

Finally applying the identity (d) from Proposition Bland taking into account (F20)
and (3), we obtain that the internal sum is a constant and

degyes+1 <1, £=0,...,5+ 1.
This proves the theorem. 0

4.2. Differential equations for Table 1. Now we proceed with the more difficult
case of polynomials defined by (IC4), i.e.,

n
1, d™

(4.21) Qa(z) = <w,, (Z)dz—npwp(z)znp>
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where the classical weights {ws} are taken from Table 1 (i.e., Jacobi-Pineiro, multi-
ple Laguerre I and multiple Bessel polynomials). All these weights are characterized
by the relation
B - B —
(4.22) o(2) = Bi(z) s —ow oy y
¢(z) z

If we denote

(4.23) We 7 1= 22v=1"" s=1,....p,

)

then {w; 7} remains in the same class as {w,} and formula (@21]) for the polyno-
mials Q7 can be rewritten in the form of (LH),

(4.24) Qj—ff) - <w;%(z) Cin:p w,,,ﬁ(z)>
() a2 (b)) [22]

However, we cannot apply Theorem [2] directly to get the differential equation for
Qi/7'"!, because the set {w, 7}7_; does not satisfy condition ([@3). Nevertheless
condition ([22), which we have instead of ([£3), guarantees the existence of a
differential equation of order s + 1 for Q;/2/™!, and therefore for Q.

Theorem 3. Let {ws} be a set of solutions of the Pearson equation ([EZ) with
coefficients satisfying (E22). Then the polynomial Rsy1, defined by (BEH) with
Ri1(2) = (¢(2)/2)N, satisfies the following differential equation.:

To,s+1Rgi+11)(Z) + T1,s+1Rgi)1(Z) + - 4 Trer1s41Rs11(2) =0,

where the coefficients {re s41} are defined by

¢
1—
(4.25) rpsp1 = Z (s + {+ l/) by.s

v=0 v
l—v l—v—k .
ns + 1\ d* (s—bl4+v+k+]
S ) e (T A
k=0 j=0
for £=0,...,s+ 1, with initial data

(4.26) r0,1(2) = @7 r,1(z) =—-N (M> ,

z
and functions {a, s} and {b, s} defined by (AI0) and @ID), i.e.,
B;
Qys = ?aufl,s - ai/—l,sv ap,s = ]-;
B
bu,s = ?Sbl/—l,s + bi/71757 bO,s =1.

Using identities connecting the summations of b, 5, a, s and binomial coefficients
(as in Proposition 8) it is possible to reduce the number of sums in [@2H) and
to cancel a, s and b, s (like we did in Theorem Bl). However, it seems that this
procedure does not give an expression for rysy; in a more compact form than
(EZF). Observe that for N = |fi| we have that R, (2) = Qa(2)/z™; hence we
have the following corollary.
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Corollary 2. The polynomials Qg defined by @2I), (A2, and (E22) satisfy a
differential equation of order p+ 1,

1
qo,p+1Q§~LpJr URTRE Gp+1,p+1Q@Q7 = 0,
where the coefficients {qep+1,£ =0,...,p+ 1} are given by

¢ l—v
. p+1—v d ~|7|
dep+1 = VX;O ( - >TV71)+1 dzéfuz ’

and {r, 11} are recursively defined in [E28), with initial conditions ([E26).

Proof of Theorem [31 We proceed along the same lines as in the inductive derivation
of formula (47). Using the same notation

p dne
Rsi1 = wy dane

we have by Proposition 5 that Y; satisfies differential equation (4.8]) of order s,
Yo,s Vi (2) + y1, YTV (2) -+ s Ya(2) = 0,

with the coefficients y, s given by (£9),
¢ )
(5 =L+

o) =17 ("

Jj=0

—1
Yo=w, Vs,

JaseCeireos o)

However, now we cannot assume that condition (ZI2]),
degy; s <1, 7=0,...,s,
holds. It will not be valid because instead of [£3) we have ([£22]). Nevertheless we
assume that condition
(4.27) degzyps <s—{C+1, £=0,...,s,

is valid. This condition can be verified later by induction using (£22)) like we did
in the proof of Theorem [2l Under this assumption, the function Y; satisfies the
differential equation

Zy07sY;(s) + o+ Zys,sYS = O,

with polynomial coefficients of degree restricted by [@27)). Thus, differentiating the
last equation ng + 1 times, we arrive at the differential equation of order s + 1 for
the function Vi,

00, VI 4 pugy Ve =0,

where the coefficients now have a more general representation than in ([@.14]), namely

Y4
ng + 1\ d¢F
(428) UZ,S_Z<€_k>W(Zyk,S), 620,...,84-1.
k=0

Finally, applying Proposition 7 we have the representation (&I4]),

re,s41(2) = 2[: (S o V) b, (2)Ve—1,s(2),

1%
v=0

for the coefficients of the differential equation for Rsy;. Plugging formulas ([£28)
and ([E9) into the last expression, we arrive at ([{2h). O
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4.3. Explicit expressions for p = 2. Here we apply Theorems 2l and [3 to obtain
explicit expressions for the coefficients {gs3,¢ = 0, ..., 3} of the differential equation

3 2
(4.29) qO,zQEn)hm) + Q1,3an)17n2) +2,3Qny n2) T 13.3Q(nymz) = 0,

for various multiple orthogonal polynomials @y, n,) from our classification (see
Tables 1 and 2).
Multiple Laguerre II polynomials For the weight functions

w;(z) = z%exp(B;z),  j=1,2, 2 €[0,00),

the corresponding multiple orthogonal polynomial Q(,, .y satisfies the differential
equation (@29) with the coefficients

qQo3(z) = 227

a13(2) = 2281+ B2) +2z(a+ 1),

@3(2) = 22B1Be+ 2 [(B1 + Bo)(a+ 1) — nif — nafe] + ala+ 1),
@33(2) = —2B102(n1 +n2) — a(nif1 + nzfe).

Multiple Laguerre I polynomials For the weight functions
w;(z) = 2% exp(Bz), i=12, z€[0,00),

the corresponding multiple orthogonal polynomial Q(,, »,) satisfies the differential
equation ([A29) with the coefficients

Qs3(2) = 2%

n3(2) = 2822+ (1 +ag+3)z,

@23(2) = 2°B%+zB(c1 + a2 —n1—n2+3) + (a1 +1)(az + 1),
g33(2) = —zB%(n1+n2) — B(n1 + no + ning + aing + asny).

Multiple Bessel polynomials For the weight functions

wj(z) =z% exp(7/2)7 Jj=12 |Z| =1,

the corresponding multiple orthogonal polynomial Q(,, »,) satisfies the differential
equation ([£:29) with the coefficients

QO,3(Z) = 24,
q3(z) = 2[(o1+az+5)z—29],
@,3(z) = 22[2(041 +ag+2)+araz — aing — asng — NiNg

—ni(ny +1) — na(ng + 1)] — 2y(a1 + ag + 3) + 2,
3,3(2) = —zlomaa(ni +n2) + (a1 + a2)(n1 + ne + ning)
+ a1nj + aond +ni +n3 + nina(ng +na + 2) + ny + o

+ v(aamny + agng + n% + ng + ning + n1 + na).
Jacobi-Pineiro polynomials For the weight functions

wi(z) =2%(1—-2)%  j=12, 2€[0,1],
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the corresponding multiple orthogonal polynomial Q(,, .y satisfies the differential
equation ([A29) with the coefficients

Q,3(z) = 22(2 — 1)2,
a(z) = 2(z—1)[2a+1)z+ (o +as+3)(z— 1),
0@3(z) = ala+ 122 + (g + 1) (ag + 1) (2 — 1)?

—z(z=1[(a+a1+n1+1ny+ (a+az +n2+ 1)ng + ning
— (a+ 1) (a1 + a2+ 3)],
@33(2) = —az[(a+ai+n+1)n + (a+az +n2+ 1)ng]
—(z=1D[m(a+ar+n +1) (a2 +n2+1)
+ na(a+ag +ng + 1)(a1 + n1 + 1)] — anine.

5. SPECIAL CASE: MULTIPLE HERMITE POLYNOMIALS

In this section we study in more detail and for general p the case of multiple
Hermite polynomials. The multiple Hermite polynomials of index 7 = (n1,...,np)
are such that

o 4
(5.1) / Qi(z)z" exp {522 + ﬂkz} dz =0,
— 00
v=0,...,n,—1, k=1,...,p,

where § < 0 for integrability and 81 # (2. The Rodrigues formula is

mn

(5.2) Qa(z) =exp {—222 _ ﬁpz} ddz; exp{(Bp — Bp-1)z}

n:

2 dnl 5
dzn2 exp (02 = B1)z} dom °P {522 + 512} )

5.1. Differential equation. From the Rodrigues formula it follows that

(5.3) Qi(z) = Rpt1(2),

where

(5.4) Ropa(2) = w;l(z)j:; wa()Ro(2),  s=1,....p,
and

(5.5) Ri =1, wi(z)=(6z+ Bs)ws(z).

We have from Theorem [J that
(5.6) 710,s(2)R{(2) + 11,5 (2) RV (2) + - + 1o 5(2) Ra(2)

=Y rems(2)RM(z) =0,
m=0

where the coefficients ry s can be determined by the recurrence
(5.7)  reer1 =105+ 0z +B)reo1s + (s + 1)y = ns(s4+2 = £)0r4 2,
with initial conditions

ron =1, ri1=0,
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and some boundary conditions
7“34_173:0, 821,2,..., 7“[7320, ?<0.

Applying the recurrence we obtain:

p=1:ro2=1, r12 =202+ 1, ro2 = —dny;

p=2:r03=1,713=202+P1+ P2, 23 = (62+1)(dz+ f2) + (1 —n1—na),
r33 = —0[n1(0z + B2) + na(dz + B1));

p:?): 7’0’4:1, 7’1’4:3(52"‘61"'[324'[33;

3
roa= > (0z+8;)02+B5,) +6(3 =D ny),
j=1

1<51<j2<3
3

[106= +8)) +61(1 = (n1 +n2)) (62 + B3) + (L = (n1 + n3)) (8= + B2)

j=1

73,4

+ (1 = (n2 4+ n3))(0z + B1)],
a4 = —0[n1(02 + B2)(02 + B3) + na(dz + 41) (02 + B3)
+n3(02 + 1) (02 + B2)] — 6°[n1 + na + ng).

The differential-recurrence equations (5.7) can be solved for an arbitrary s in an ex-
plicit form. In order to state the result, we introduce some notation and convention.
We define a set of multi-indices I}! for p,q € N as follows:

{j17j27"'7jq}6-[g<:>1§j1 <j2<"'<jq§p'

We have that I? = {{1,2,...,p}}, I} = {0} (hence IJ is not empty: it has one
element, namely the empty set) and

Il =10, ifg>porq<0.

We use the convention that the empty product is 1 and the empty sum is O.

Theorem 4. The coefficients of the differential equation ([58) for multiple Hermite
polynomials (B11) are

0
resii= ., [[0z+8,)

{gnterfin=1

[5] s—(£—2k) 0—2k
k (S + 1-— £)2k (S + 2 — K)Qk,Q
+ Z g Z 2k k| - 2k—1(k —1)! Z N, H (52+ﬂjn)a

k=1 { . 2—2k n=1 —
Jn}€Els ) BP
! {in}y=I\{jn}

[V

fort=0,1,...,s+ 1.
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Proof. We rewrite the coefficients stated in the theorem for the indices (s — m, s),

form=20,1,...,s,
[55™] m—+2k—1
(5.8) Ts—m,s = Z 5" Z a}(ﬁm) - bém) Z N,
k=0 i eI::m—2k p=1
UnJeted (i }=1" 1\l
s—m—2k
II ©=+8:).
n=1

where ak ) and b( have the following expressions:

m m 1
o™ =1, o™ = (m2+ )
by =0, b =1,

(m) _ (m)ar
T e —1,2... k=23
b(m)_ (m+1)2k—2 m =1,z ) — 4y Iy )
k (2k —2)!1

and for m = 0,

a” =0, b =0, 0¥ =1,

al” =0, 0" =2k —-3)1,  k=23,....
From the expressions for the coefficients a,im) and b,im) we deduce the recurrence
relations
(5.9) a,(cm) = a,(cmfl) + (m+ 2k — 2)ak )1,
(5.10) B = b 4 (m+ 2k — 3)b(™,
+2k -1

11 it = TR gl
(5 ) k m+ 1 k
(5.12) B = (m+1)al" T — (m+ 2k — 2)al™).

Now we prove formula (5.8) by induction. The base s = 1 of the induction follows
from the initial conditions ro.; = 1 and 71,1 = 0. Next we assume that (.8) is valid
for some s and m = 0,1,...,s and we will check it for s+1 and m =0,1,...,s+ 1.
We have

(513) Ts+1—m,s+1 = T's+1—m,s + (52 + 65)T5 m,s
+ (nS + 1) Ts— m,s (m + 1)715(57’5,»”1,1,5 .

Notice that
d

q o1
dz Z Héz—l—ﬁh =dp—q+1) Z H(52+ﬂj,,,)

Unpely n=l Unyerg =1
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and

d p—q q
Ly | | Tes
n=1

e —
tnte {iu}ﬁfg\{jﬂ}

P—q q—1
=d(p—q) Z Z ni“H((SZ-i-ﬁjn)'
(nyerg™t P51 n=1

{7'/Ar}=I;Z:\{jn}

We substitute (5.8) in (B13):

rerlfm,erl
s+1—m
= X H (62 +5,) +
Ib+1 m =

m—+2k s—m—2k+1
+ot Y <<m D plmh an‘L) I ©z+8,)+

psti-m—2k p=1 n=1

§—

+(62 + fs) Z 1__[ (6z+ B;,) +

1oy =1
m—+2k—1 s—m—2k
+4* Z <a§€m) — bgcm) Z niu> H (0z + B;,) +
I::In,—% n=1 =

Fne+ 1) 40 Y ((m+2k'— 2)ay")

1577”72k+1

—(m+2k=3)b" > i) [ Gz+8)+

m—+2k—2 ) s—m—2k—+1
p=1 n=1

m+2k—2
st 5 (de e E )

s—m—2k+1 =1
7y K

s—m—2k-+1

H ((52 + ﬂj") +

n=1
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With the help of (&I1l) and a combination of the terms in the third and fourth

curly brackets, we obtain, using (5.9), (510) and (5.11)),

s+1—m

Ts+1—m,s+1 = Z H 62: + 6],,

s1-m
m—2k—1 s—m—2k+1
4 5F Z (a;m) _ b}(cm) Z ni,;,) H (0z+B;,) + -+,
I§;+177n72k
and the theorem is proved. ([l

5.2. Recurrence relation. In this subsection we derive the recurrence relation of
multiple Hermite polynomials for arbitrary p from the differential equation.

Theorem 5. For the multiple Hermite polynomials (1) we have the following
recurrence relations:

(514) Q(n1+1,n2,...,np)(z) = (52 + BI)Q(nl,ng,...,np_l,np)(Z)

P
] Z nu‘| Q(nl,nQ,...,np_l,np—l)(z)

v=1

5Znu ]Q(nl,nQ, Mp—1— 1np—1)( )+

0 Z nu Bl/ Bp 1= ﬁu) co (6p—k+1 - Bv)] Q(nl,...,np_kfl,.“,npfl)(Z)

+on1(Bp — B1)(Bp—1 = B1) - (B2 — B1)Qny-1,....n,—1)(2) -
Proof. Relation (B.14)) follows from the differential equation (5.G]),

p+1

3 rriempn (2)QT(2) = 0.
m=0

We consider the case p = 2. From the Rodrigues formula (5.2) for Q7 we have
(515) znl,ng)(z) = Q(n1+1,n2)(z) - (52 + 61)@(%1,”2)(’2)7

and, because of the commutativity of Rodrigues operators,

(516) znl,ng)(z) = Q(nl,n2+1) (Z) - (52 + 62)@('@1,”2)(’2)'

Therefore we need to prove that

(517) Q/(nl,nQ)(Z) = wﬁthTm—l('z) + 7ﬁQn1—1,n2—1(Z)a

and find the coefficients wz and 77 (independent of z). To do this, we take the
differential equation for Q,, »,) (see previous subsection),

(5.18) L(Qa) = Q% (2) + [0z + B1) + (62 + 52)] QY ()
+ (82 + B1) (02 + B2) — 8(n1 +nz — 1)] QL (2)
— 0[n1(0z+ B2) + na2(0z + 51)] Qr(z) =0,
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and differentiate it, to obtain

(5:19) QY (2) +20Q% (=) + (62 + B1) + (02 + 2)] QY (2)
+ [(02 4+ B1)(62 + B2) — 0(na + 2 = )] Q) (2) + [20%2 4 8(B1 + 52)] Q) (2)

— 6 [n1(6z + B2) + n2(dz + B1)] Qg)(z) —8%(n1 +n2)Qia(2) = 0.
Now replace the last term on the left-hand side of (5I9) by means of (516]); then

62(n1 + 12) Qs ) (2) = 821 +12) Q1) 1,1y (2) + (62 + B2)Qns ms 1) (2)]

and substituting (5.17) in the obtained equation, we arrive at the identity (because
of the differential equation (5.18))

YL Qs ~1mz-2) + Wil Qs 1) + (02 + B1) + (62 + B Q) )
+[(6z4 B1)(6z+ B2) — 6(n — 1+ — 1 —1)] Q'Y

(nl,TLQ—l)

—0[(n1 = 1)(6z + B2) + (n2 — 1)(0z + B1)] Qny no—1) }
—d(ny + n2)5Q5Lll)7n2_1 —8(n1 +n2)8(0z + $2)Qny ns—1 = 0,

for wz = §(ny + n2). Thus, we proved (5.17), which together with (515) gives
us the desired recurrence relation. We have already found the expression for the
coefficient wy in this recurrence relation (see above). Finding an expression for vz
goes along similar lines. The proof for general p can be given in the same way using
the explicit expressions for the differential equation in Theorem O
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