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Multiple Radial Solutions for a Class of Elliptic Systems
with Singular Nonlinearities (*).

S. CINGOLANI - M. Lazzo - J. F. PADpIAL

Summary. - We study radial solutions u = (u,, uy) in an exterior domain of RY (N = 3) of the
elliptic system —Au+ V' (u) =0, where V is a positive and singular potential. We look for
solutions which satisfy Dirichlet boundary conditions and vawnish ot infinity. We prove exis-
tence of infinitely many radial solutions, which can be topologically classified by their wind-
ing numbers around the singularity of V. Furthermore, we study some qualitative properties
of such solutions.

1. — Introduction and statement of the results.

In the present paper, we aim to prove the existence of infinitely many radial sol-
utions u = (u;, #y) of the following problem:

—Au+V'(u)=0 in Q,
P) u=0 on 3%,

lim wu(x)=0,

|xi—>oo

where 2 = RY\B,(0), N = 3 and Vis a C! real map defined in an open subset of R2. By
V' = (Vg,, Vi,) we denote the gradient of V.
By some Pohozaev-type arguments (cf.[9,1]), it is easy to see that

1.1 —Au+g'(w)=0 inRY (N=3)

(*) Entrata in Redazione il 3 ottobre 1997.
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with ge C*(R*, R), g =0, k=1, does not admit nonconstant solutions with finite en-
ergy (for k =1, this result is also known as Derrick Theorem). These nonexistence re-
sults are based on scaling arguments thus, in order to regain solutions for (1.1), it is
convenient to replace RY by a domain which is not invariant under scalings. On the
other hand, even if this is the case (1.1) may admit no nontrivial solutions at all if g is a
smooth function, as can be easily checked.

In view of such results, we set problem (P) in the exterior domain of a ball, and we
consider a singular potential, namely we assume

(V1) there exists € = (&, &) = (0, 0) such that Ve C*(R*\{E}, R);
(V2) V(&) = W(0) for any & R?\{Z}.

As concernes the behaviour of V around the singularity, we assume a Strong Force
type condition (see [10]):

(V3)  there exist m, 6 >0 such that V(&) =m|E—Z| ™ for any 0 <|E—E|<4.

Let us introduce some notation. Let M''2(2, R?) be, as usual, the closure of
Cy” (2, R?) under the norm

lullor 2= (IVaur [z + [[Vatz 7).

As we are interested in radial solutions of (P), let us introduce ML2(£2, R?), the set of
radial functions in " 2(Q2, R?). By a radial weak solution of (P) we mean a function
ue ®L2(Q, R?) such that

j(vw<p+v'(u) @)dz=0 for any peCy(Q, R?).
Q

It is well known that radial weak solutions of (P) correspond to ecritical points in
DL2(2, R?) of the energy functional

E(u) = % [ 1Vut) |2 dz + [ (Vi) - V(0)) e
Q Q

For simplicity, we shall henceforth assume V(0) =0.

By Radial Lemma (cf. [5, 14, 4]), any radial weak solution « of (P) is continuous and
vanishes at infinity. Moreover, as a consequence of assumption (V3), » takes values in
RZ\{Z}. In other words, u describes a closed curve in the plane which starts and ends
at the origin without crossing the singularity, thus the winding number of « around &
makes sense (cf. Section Z). The nontrivial topological properties of the target space
(namely, the fact that the fundamental group of R?\{E} is isomorphic to Z) allow en-
dowing the set of radial weak solutions of (P) with a topological classification. There-
fore we shall look for radial weak solutions of (P) having prescribed winding number ¢
around the singularity of V, for any integer g.

The multiplicity result we shall prove is the following:
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THEOREM 1.1. — Assume (V1-V3). For any qeZ, (P) has at least oné weak radial
solution wu, with winding number around & equal to q. Furthermore:

i) u, e C*(Q);

ii) u, has exponential decay at infinity, together with its derivatives up to sec-
ond ordey, namely

|D*u,(x)| < Ce o, zeQ
for some C, k>0 and for |a| <2, provided the following condition holds:

R ACEE Vi, (®
V4) 0 < lim inf < lim sup

<4, j=1,2,.
J

REMARK 1.2, - As V'(0) = 0, (P) admits the trivial solution % = 0; our approach does
not guarantee that the solution found in Theorem 1.1, for g =0, is not trivial.

REMARK 1.3. — Condition (V4) is fulfilled, for example, if in a neighbourhood of zero
V is a positive definite quadratie form.

REMARK 1.4. — In several differential problems involving a singular potential V sol-
utions are classified by some topological invariant related to the singularities of V. For
example, in planar dynamical systems solutions can be naturally classified by the wind-
ing number, as in our case (see[6,7,13] and references therein). In some recent pa-
pers [1-3], a suitable topological invariant (e.g., the topological charge) is introduced in
order to classify weak solutions of a quasilinear elliptic equation with a singular poten-
tial. Such an equation arises when looking for static solutions of a model equation, de-
fined in a four dimensional space-time, which admits soliton-like solutions.

2. - Variational setting.

For the sake of simplicity, any positive constant depending only on N will be denot-
ed by Cy.

We shall identify ®L2(Q, R?) with the «weighted» space ¢, defined as the closure
of Cy” ((1, + ), R?) under the norm

e 12

lall={ [+ @) 12+ s () [ dre
1
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Plainly, the energy functional £ can be rewritten as

©

E(u) = IVN”I(% |u’(r)|2+V(u(r))) dr, wued.

1

In the sequel, we shall need some embeddings properties of IC, which we briefly
recall. By Radial Lemma, every uedC is almost everywhere equal to some Ue
e C([1, + »), R?), such that

2.1) |U(r) | < Cyr® M2yl for any r=1.

By identifying % € 3 and U, (2.1) plainly implies that ¢ is continuously embedded in
the set of continuous and bounded functions from [1, + «) to RZ. It is easy to see that
IC is also continuously embedded in H!((a, b), R?), for any 1 <a <b. Indeed:

N + b
Jullf= [ r¥=tjur @) [2dr= [ @) dr;

1
on the other hand:

b (N-2)/N b
el = CN( j |u(r) | 2N/ =2 dr) = Cy(b—a) 2N j |u(r) |2 dr

a a

(we have taken into account the embedding @' 2(Q, R?) < L2N/WN-8(Q R?),
see [12]). As H'((a, b), R?) is compactly embedded in L * ((a, b), R?), if {u, } ¢ 3¢ con-
verges weakly in 3¢, then it converges pointwise in [1, + ) and uniformly on any com-
pact set contained in [1, + o). Furthermore, as H'((a, b), R?) is continuously embed-
ded in C>'2((a, b), R?), there exists a constant ¢ >0, depending on a, b such that

22 |u(¥) —u(s) | <c|r—s|"Flulpia,s -

3. — Multiplicity result.

As the elements of IC are continuous functions, it makes sense to consider the open
subset of 9¢ defined by A = {uwedC: u(r) # & Vr>1}, whose boundary is given by
A ={ueaC: AF > 1 st. w(@ = E}.

We aim to split A in the disjoint union of infinitely many components and then look
for minima of the functional £ in any of such components.
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Up to a parametrization, u e A can be identified with a curve 7%:[0, 11—R?\{E}

such that 7(0) = %(1) = 0. Let us define Ind () = the winding number of % around &
(e.g., cf.[11]). For any geZ, let

A,={ued: Ind(u) =q}.

For any g, A, is not empty; by the properties of the winding number, A, is an open

connected subset of A4 and A= UZA"'
ge

We are able to state our multiplicity result.

THEOREM 38.1. — For any qeZ, there exists uge A, such that E(ug)=inf E.
Moreover 49
3.1) lim E(uy)=+».

g *®

Let us first prove some useful lemmas.
LEMMA 3.2. — E is coercive in the 3¢ norm and weakly lower semicontinuous in A.

PRrROOF. - As V is nonnegative, E is coercive by definition. Let ue A and {u, }cA
be such that u, weakly converges to u; we aim to prove that li}zrl) inf E(u,) = E(u).

Let us assume that E(u,) is bounded (otherwise the claim is obvious); as a conse-
quence, ||u,| is bounded, hence |lu, | <C. Let Kcc(l, + %) and let us denote
2d = i%f |u(r) — E| > 0. Since u,, converges uniformly to % on K, there exists v e N such

that, for any n=v and re K, |u,(r) — u(r) | < d. Therefore, Mean Value Theorem ap-
plies and gives

V() = Vw) || = ) < sup 1V e, — 9l ) »

where B = {£eR?: dist (&, w(K)) <d}. As a consequence, V(u,) converges uniformly
to V(u) on any compact subset of (1, + «); in particular, for any E > 0:

+ R Jid
lim inf J Viu, (r)) dr= lim inf J Vu,, (r)) dr = J V(u(r))dr .
1 1 1 :

As R— + o, we obtain
+ o0 + o

lim inf j Viu, (r)) dr = j Viu(r)) dr

1 1

whence the claim. =

Assumption (V3) permits to control the behaviour of the functional £ at the bound-
ary of A.

LEMMA 3.3. ~ Let {u,, } c A be such that E(u,) is bounded. Then w, weakly converges
to some ue A (possibly up to a subsequence).
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ProOF. — As E(u,,) is bounded, u, is bounded in the 9 norm. As a consequence, it
weakly converges to some u € C, up to a subsequence. By contradiction, let us assume
u e 84, hence there exists 7 > 1 such that «(7) = £. By (2.2), there exists a constant C >
>0 (depending on 7) such that

|%n(7‘)—un(?~)|sc|r_7|1/z
for any re[(+1)/2, 27]. Since u,® — &, we have
|4 () = E| < [10() = ) | + |, @) = F[ S Cl7 =TV + 0(1);

therefore, there exists 0 < ¢ < (F +1) /2 such that |u,(r) —E| < for |r—TF|<gandn
sufficiently large. By (V3):

Bz [ Vedrzm [ |ue)-F|2drs
|r-F|<e |[r-Fl<e

=C J (Jr=F|+0(1))" ' dr

|[r—7F|<e@

(C >0 is a suitable constant) which implies E(u,)— + ® as n—> o, a contradic-
tion. =

Proor oF THEOREM 3.1. — Let geZ and let {v,} cA, be a minimizing sequence,
namely E('vn)—>i£1f E =:E, as n— . By Lemma 8.3, v, weakly converges to some

u,eA; we still haqve__to prove u,eA,. We claim that there exists d >0 such that
My, o= (linf ) |v,(r) — E| = d. By contradiction, assume that m,, —0 as n — «. By Radi-
, o

al Lemma, there exist R, ¢ > 0 such that |v,(r) —Z| = c for any » and for any r > RE.
For » sufficiently large, there exists 1 <7, <R, such that m, = |v,(r,) - E|. We can
plainly assume that 7, converges to some 7 < R. As v, converges to u, uniformly on
compact sets, letting n—> o gives u,(¥) = &, which contradicts u,e A and proves the
claim. Now, by Radial Lemma again, it easily follows sup |v,(r) — u,(7) | <d for n suffi-

ciently large; thus Ind (v,) = Ind(%,) for n large, that is u,e A, and
E,<E(u,) s liﬂ)iogf Ew,) =E,.

We are left to prove (3.1). We confine ourselves to positive integers (the proof is the
same in the other case). Let us notice that the sequence E, is nondecreasing. Indeed,
if u,ed,, then there exists [t;, t;]Cc[1, + @] such that wu,(¢) =u,(f;) and
Ind (%), 1,1) = 1. If we set v(r) = u,(r) for r<t, and o(r) = u,(r —t; + tp) for r>1,,
then veA,_, and
t 1
E,_1<EQ@w)= J (E |ug (r) |2 + V(uq(r))) rN-ldr+
1
+ o 1
+ j (E |u,) (r) |+ V(uq('r)))(r+ t— N tdr<E(w,)=E,.
ts
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If we assume E; bounded, then u, weakly converges in A and uniformly on compact
sets, by Lemma 3.3. Arguing as in the first part of the proof, it is easy to see that the se-
quence Ind (u,) is definitively constant, a contradiction.

4. - Regularity results.
In the present section we.adapt to our setting the arguments in[4, Section 4].

LEMMA 4.1. - Assume (V1). Any radial weak solution of (P) is o classical
solution.

PROOF. — Let u a radial weak solution of (P). By Radial Lemma, we have ue
eC’(Q,RH)NL (2, RY);by (V1),V'(u) e C*(Q, R?) N L > (2, R?). Since u is a weak
solution of (P), AueLl.(2, R?), hence

Au(x) =V’ (w(x)) a.e. in Q.
The right-hand side being continuous, we get ue C*(2, R?). =

LEMMA 4.2. — Assume (V1), (V2) and (V4). Then any radial solution of (P) has ex-
ponential decay at infinity, together with its derivatives up to second order,
namely

|D*u(x) | < Ce M7l 2eQ

Jor some C, k>0 and for |a|<2.

PROOF Let u = (u;, ) be a radial solution of (P). By Lemma 4.1, u € C?; as a radial
function, u; (j =1, 2) satisfies

N-1
4.1) —u) — U + Ve, (u(r)=0.
r
Let w; ="~ 1u?; then
Ve,(w(r)  (N-1)N-3)
’M)j” =2 + 5 'M)]' .
u; (1) 4r

By (V4), since u(r) —0 as r— + o, there exist 7, ¢ > 0 such that w' = czwj. It is easy
to see that the function 2; = ¢~ (w; + cw;) is nondecreasing in [ry, + ®). If 2;(7) >0
for some 7 > 7y, taking into account (2.1) yields

4@ e S wj' (r) + cwy(r) S ¢+ o1+ o™ |y (1) |

for any r > 7 (here and in the sequel, ¢, ¢;, ... are positive constants). Thus, for 7 suffi-
ciently large:

,’,.N—l |uj’(7') I2>c4,r—162m"
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a contradiction, since ™ ~V/2y/ () is in L®(1, + ). As a consequence, z;(r) <0 in
[ro, + ), whence (e“w;) < 0 in [ry, +). Then for some C>0 |u;(r)|<
<Cr ¥-D2g=e in [r,, + o). Next, by (V4) there exist m,>m; >0 such that
my |ui(r) | < | Ve, (u(r))| < my |u;(r) | for r large. Taking into account (4.1), the expo-
nentlal decay of u; and arguing exactly as in [4, Section 4], the exponential decay of u;
and u;" can be obtained. =

5. — Proof of the main result and additional remarks.

Proor oF THEOREM 1.1. — By Theorem 3.1, for any qeZ, (P) admits a radial weak
solution %, € 4, such that E(u,) = 1nf E. By Lemma 4.1 and 4.2, respectively, i) and ii)
in Theorem 1. 1 hold. =

REMARK 5.1. — Let us consider the quasilinear problem

—div(|Vu|P"EVa) + V' (u) =0 in Q,
GRY) u=0 on 342,

lim w(x) =

x|~ =

where Q = R¥\B,(0) and 1 < p < N. As before, we assume that V'is a C* real map, de-
fined in R*\{€} (£ #0), which has a global minimum at &= 0. As concernes the be-
haviour of V around the singularity, We now assume that V(&) =2m|E—&|% in a
neighbourhood of £, with 7 >0 and p’ is the exponent conjugate to p.

It is natural to give a variational formulation of (5.1) in ML (2, R?), the closure of
the set of radial functions in Cy* (2, R?) under the norm ||Vu[2». In such a space, Radial
Lemma holds: any ue ®3:P (2, R?) can be identified with a continuous function and
|u(z) | < C|z|*~¥7||Vull» (cf. [8]). One can therefore repeat the arguments in Section 3
and prove that for any g€ Z, (5.1) has at least one weak radial solution u, with winding
number around Z equal to gq.
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