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A method for the simulation of electron scattering and diffraction in solids and molecules within the cluster
approach is presented with explicit applications to photoelectron diffraction, electron scattering in molecules,
and low-energy electron diffraction. No approximations are made beyond the muffin-tin model, and, in par-
ticular, an exact representation of the free-electron Green function is used. All multiple-scattering paths are
accounted for up to an order of scattering that ensures convergence. The method relies upon a convenient
separation of the free-electron Green function in rotation matrices and translations along the z axis, which
greatly reduces the computation time and storage demand. The evaluation of the multiple-scattering expansion
is implemented using the fully convergent recursion method, which permits one to perform an iterative refine-
ment of the final-state wave function, as expressed in the basis set of spherical harmonics attached to each atom
of the cluster. Examples are offered in which the direct multiple-scattering expansion and the more elaborated
simultaneous relaxation method fail to converge, whereas the recursion method leads to convergence. The
computation time needed by the resulting computer program of electron diffraction in atomic clusters to
determine the self-consistently scattered wave function is proportional to N2(lmax11)3, where N is the number
of atoms in the cluster and lmax is the maximum angular momentum for which the scattering phase shifts take
non-negligible values. Within this method it is possible to establish that in practical cases N.1000 might be
needed for a convergence of the cluster size, although the angular averaging inherent in many experiments may
reduce this. The recursion method was also modified to reduce the effort in computing angular distributions of
photoelectrons and low-energy diffracted electrons, which now require negligible time for each angle of
emission once the wave function has been determined for a given electron energy. Angle and energy distri-
butions of core-level photoemission, elastic scattering of electrons from a free molecule, and low-energy
electron diffraction in large-unit-cell surfaces are calculated.
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I. INTRODUCTION

Multiple elastic scattering ~MS! plays a central role in the
description of electron transport inside solids and molecules
in different experimental spectroscopies like photoelectron
diffraction ~PD!,1–3 low-energy electron diffraction
~LEED!,4,5 Auger electron diffraction ~AED!,6 x-ray-
absorption fine structure ~XAFS!,7 and related techniques.

Various approximations are customarily employed to ef-
ficiently calculate MS effects. For relatively high electron
energies like most of the ones considered in this work
(.50 eV above the Fermi level!, electron scattering is rather
insensitive to the outermost region of the atomic potentials
that make up the solid or molecule. Therefore, the atomic
potentials can be well approximated by spherically symmet-
ric muffin-tin potentials.4 In addition, inelastic scattering is
usually treated in a phenomenological way via a complex
optical potential, or equivalently, inelastic mean free paths.4

Two different categories of computational schemes can be
distinguished, depending on the use made of the symmetry
of the atomic structure in the case of solids: layer-by-layer
methods and cluster methods. The former were primarily de-
veloped in the context of LEED, and take advantage of the
fact that the atoms of an oriented crystal are disposed in
layers parallel to the surface, resulting in remarkably effi-
cient algorithms for the transport between layers.4,8–10 The
latter do not require any sort of long-range order, and can be

applied to other classes of problems.11–17

In particular, when translational crystal symmetry is bro-
ken due to either the presence of randomly distributed adsor-
bates and defects or a localized character of the electron
source as in the case of PD and AED, cluster models provide
a natural approach for simulating MS effects that is sug-
gested by the fact that excited electrons cannot travel large
distances in real solids without suffering inelastic losses, so
that the region which actually contributes to the emission of
elastically scattered electrons defines a finite cluster sur-
rounding the adsorbate, defect, or emitter.11–17 This approach
is also suitable for dealing with similar scattering phenomena
in adsorbed or free molecules.

A hybrid model consisting of treating MS within a cluster
formed by concentric spherical shells was proposed by
Pendry18 and implemented by Saldin and co-workers19–21 to
simulate x-ray-absorption near-edge structure,19 LEED,20

AED, and PD.21 This method can in fact be advantageous in
LEED calculations when large surface unit cells are
considered.20

The more straightforward cluster approach adopted in the
present work was extensively employed in the past within a
single-scattering approximation, and it has been found to re-
produce qualitatively, and in several respects quantitatively,
many of the experimental features in both XAFS ~Refs. 7
and 22! and PD.2,6,23 However, higher orders of MS are
needed to improve accuracy and structural analyses.24 For
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example, by interpreting the terms of the MS series as paths
that the electron follows connecting atoms in the cluster in
all possible ways,25 characteristic MS effects like forward
focusing and defocusing along rows of atoms have been dis-
cerned in PD experiments.24

A basis set suited to describe the electron wave function is
provided by spherical harmonics and spherical Bessel func-
tions attached to each atom of the cluster. This incorporates
curved-wave effects in a natural way. Unfortunately, the
propagation of these functions between cluster atoms is com-
putationally very demanding.26,27,4 Since no intensive use of
crystal symmetry is made in cluster models, further approxi-
mations have been introduced in the past in order to make
feasible the calculation of the MS series. 28–37,2,7,6,11,13–15,21,22

In the high-energy limit, the propagation reduces to plane-
wave factors ~hence the name ‘‘plane-wave approxima-
tion’’!, and each term in the MS series becomes a product of
scattering amplitudes.7 Different expansions of the propa-
gated wave function in the finite region centered around each
cluster atom lead to the so-called small-atom
approximations.33,11 Among these, the point-scattering ap-
proximation goes beyond the plane-wave approximation by
multiplying the scattering amplitude by appropriate curved-
wave factors.35

As the experimental resolution increases, more accurate
theoretical analyses become necessary. These are compli-
cated by the fact that the number of multipole terms that are
needed rises rapidly with increasing electron energies. The
maximum of the significant angular momentum quantum
numbers scales roughly as lmax;krmt , where k is the elec-
tron momentum and rmt is the muffin-tin radius of the scat-
terers. Upon inspection of actual calculations, lmax is of the
order of 5 –20 for electron energies in the range 50–700 eV.
Since the number of different multipole components (l ,m)
used to describe the electron wave function around each
atom is (lmax11)2, the aforementioned propagation between
each pair of atoms involves multiplication by propagation
matrices, requiring (lmax11)4 complex products.

On the other hand, the number of atoms N needed in a
cluster to reach convergence is also important in the evalua-
tion of the computational demand of the problem. This num-
ber scales as the cube of the electron inelastic mean free path
~imfp!, l i . We estimate N as the number of sites of a simple
cubic lattice of lattice constant 2.5 Å that are contained in a
sphere of radius 1.5l i . The dependence of the universal
imfp curve on the electron energy must be also allowed
for.38–40 The relation between lmax and the electron momen-
tum discussed above has been assumed for a typical muffin-
tin radius rmt51.25 Å. In this way, one obtains the relation
between N and lmax shown in Fig. 1 by the solid curve.

In order to overcome the rapidly-growing computational
demand with increasing lmax , Rehr and Albers13 ~RA! pro-
vided a clever procedure based upon a separable representa-
tion of the free-electron Green function that allows one to
generalize the scattering amplitudes, substituting them by
matrices that describe each scattering event for a given type
of atom in such a way that the leading element of each ma-
trix reproduces the point-scattering approximation. Their
method, which produces reliable results when keeping only a

few more relevant elements in those matrices,13 is particu-
larly suitable to calculate the contribution of different indi-
vidual electron paths, and it has been implemented for PD
calculations by Kaduwela et al.17 and Chen et al.41

Rather than including all possible electron paths, Zabin-
sky et al.36 also showed that only a small fraction of all paths
contribute significantly to the MS series in XAFS. This per-
mitted them to reduce the total computational effort substan-
tially by only including in the calculation selected paths
whose contributions are already non-negligible within the
plane-wave approximation. Their approach is very efficient,
in particular if the so-called second-order RA separable rep-
resentation is used, where each scattering event within a
given electron path is typically represented by a 636 matrix.

More recently, Chen et al.41 used a similar approach in
the case of PD, incorporating an iterative evaluation of the
MS expansion within the framework of the RA separable
representation.13 In this approach, the number of complex
multiplications per iteration is 36N3.

In the present work, the MS expansion is evaluated using
an exact representation of the Green-function propagator. An
iterative procedure is followed that requires
'(10/3)N2(lmax11)3 multiplications per iteration. Wu and

FIG. 1. Minimum criteria for convergence on cluster size and
angular momenta in multiple scattering calculations ~solid curve!

and relative speeds of the present EDAC method versus the second-
order Rehr-Albers ~RA! separable representation ~broken curve!.
Criteria are expressed in terms of the number of atoms N as a
function of the maximum angular-momentum quantum number
lmax . The value of N for which convergence is achieved ~solid
curve! is estimated as the number of atoms contained within a
sphere of radius equal to 1.5 times the universal inelastic mean free
path l i , assuming an average nearest-neighbor separation of 2.5 Å.
l i depends upon the electron momentum k, which is in turn related
to lmax via lmax5krmt for a typical muffin-tin radius of rmt51.25 Å.
The number of complex multiplications needed per iteration is
(10/3)N2(lmax11)3 in EDAC and 36N3 in the RA representation,
and therefore, EDAC requires a shorter computation time as com-
pared with the RA method when N.0.1(lmax11)3 ~white area
above the broken curve! if all scattering paths are accounted for.
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Tong42 reported a lack of convergence in the exact MS ex-
pansion, and claimed that this problem can be overcome by
using the simultaneous relaxation method,43 consisting of
both mixing the result of each iteration with that of the pre-
vious one and using the updated components of the wave
function as they are calculated rather than waiting for a given
iteration to be completed. That iteration procedure is com-
pared in the present paper with the Haydock recursion
method,44–46 which was shown to be more robust and to lead
to full convergence even in cases where the former fails to
converge. In addition, the recursion method results in faster
convergence as compared with either the direct MS expan-
sion or the simultaneous relaxation method. These ideas have
been implemented in a fully automated computer code for
calculating electron diffraction in atomic clusters ~EDAC!. A
similar approach was recently employed in the description of
photon scattering in nanostructures.47 The computational
performance of EDAC as compared with the second-order
RA method is shown in Fig. 1 ~broken curve!: the EDAC
method is faster outside the shadowed area.

The MS theory is reviewed in Sec. II in a way suitable to
be employed within the selected iterative scheme. Further
computational details are given in Sec. III. In particular, sev-
eral iteration methods are discussed, and a modification of
the recursion method is introduced to allow one to calculate
scattered or emitted electron intensities for multiple direc-
tions simultaneously from a single MS calculation ~Sec.
III A!. Moreover, the free-electron propagators are decom-
posed into rotations and translations along the z axis, result-
ing in a significant reduction both in time and in storage
demand ~Sec. III B!. Particular examples of application to
PD, elastic electron scattering from molecules, and LEED
from surface structures with large unit cells are presented in
Secs. IV, V, and VI, respectively. Finally, the main conclu-
sions are summarized in Sec. VII.

Atomic units ~a.u., i.e., e5m5\51) will be used from
now on, unless otherwise specified. The notation of
Messiah48 for spherical Bessel and Hankel functions, spheri-
cal harmonics, and rotation matrices will be adopted.

II. MULTIPLE-SCATTERING THEORY

Let us begin by introducing the standard elements of mul-
tiple scattering theory in a Green-function approach. Con-
sider an electron of energy E described by the wave function
w0(r) that satisfies the free-electron Schrödinger equation

~H02E !w0
50, ~1!

where H052¹2/2.
The presence of a solid or molecule introduces a strong

perturbation that can be represented by the potential

V~r!5(
a

Va~r!,

where the sum is extended over atomic positions Ra . Within
the muffin-tin model adopted here, each atomic potential Va

vanishes outside a sphere of radius rmt
a ~the muffin-tin radius!

centered at Ra . These are nonoverlapping spheres, and V(r)
is set to a constant ~the muffin-tin zero! in the interstitial
region.

The wave function w that satisfies the full Schrödinger
equation (H01V2E)w50 can be written w5w0

1f ,
where f is the scattered part. Using matrix notation,49 the
latter can be expressed in terms of the atomic-cluster T ma-
trix as

f5G0Tw0, ~2!

where G0 is the free-electron propagator that satisfies (E

2H0)G051, and k5A2E is the electron momentum. Defin-
ing the cluster Green function G via (E2H02V)G51, the
T matrix can be written T5V1VGV . An implicit depen-
dence on E is understood in these expressions.

The key ingredient of MS theories is the reduction of the
T matrix of the cluster to the Ta matrices of the individual
muffin-tin potentials Va . The latter are defined by the self-
consistent relation

Ta5Va1VaG0Ta . ~3!

Following Beeby,25 T can be written as a series expansion
whose terms represent all possible electron scattering paths.
More precisely,

T5(
a

La ,

where

La5Ta1 (
bÞa

TbG0Ta1 (
gÞb

(
bÞa

TgG0TbG0Ta1•••

~4!

accounts for MS paths in which the first scattering event
occurs at atom a and two consecutive scattering events take
place always at different atoms of the cluster. From Eq. ~4!,
T can alternatively be defined as

T5(
a

S Ta1 (
bÞa

LbG0TaD
5Ta0

1 (
bÞa0

~Lb1LbG0Ta0
!, ~5!

for any atom a0 .
Inserting Eq. ~5! into Eq. ~2!, the scattered wave reduces

to

f5(
a

S fa
0
1 (

bÞa
G0Lbfa

0 D , ~6!

where

fa
0
5G0Taw0 ~7!

represents the first-order contribution to MS. The second
term on the right-hand side of Eq. ~6! can be understood as
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the propagation of the results of scattering at atom a to every
other atom of the cluster b , followed by subsequent MS
starting at the latter.

Some information on the structure of the scattered wave
function can be gained by considering explicit expressions
for G0 . That is,

G0~r2r8!5

21

2p

e ikur2r8u

ur2r8u

522k(
L

hL
(1)~kr! j l2m~kr8!~21 !m

~r.r8!, ~8!

where hL
(1)(kr)5ilh l

(1)(kr)Y L(Vr) represents an outgoing
spherical wave, jL(kr8)5il j l(kr8)Y L(Vr8

) is a mixture of
outgoing and incoming spherical waves that exhibits no net
flux into or out of a closed surface containing the origin, h l

(1)

is a spherical Hankel function,48 j l is a spherical Bessel func-
tion, and L5(l ,m) labels spherical harmonics Y L . Since, by
virtue of Eq. ~3!, Ta vanishes outside the muffin-tin sphere
a , one finds, using Eqs. ~7! and ~8!, that

fa
0 ~r!5(

L
hL

(1)@k~r2Ra!#fa ,L
0 ~9!

for ur2Rau.rmt
a .50 Therefore, fa

0 is a superposition of out-
going spherical waves centered on Ra . Following a similar
argument in Eq. ~6!, the self-consistently scattered wave can
be written

f~r!5(
a

(
L

hL
(1)@k~r2Ra!#fa ,L ~10!

for r outside the muffin-tin spheres. Equation ~10! states that
the scattered wave finds its sources in the muffin-tin spheres,
from which it emerges as a combination of outgoing spheri-
cal waves.

The propagation of fa
0 from atom a to atom b , which is

needed in the evaluation of Eq. ~6!, can be performed by
using Eq. ~9! and the translation formula of spherical
harmonics26,27,4

h
L8

(1)
@k~r2Rb!#5(

L
jL@k~r2Ra!#Gab ,LL8

, ~11!

where

Gab ,LL8
54p(

L9

h
L9

(1)
@k~Ra2Rb!#

3E dVY L~V !Y L9
~V !Y

L8
* ~V !.

Equation ~11! is valid provided that ur2Rau,uRa2Rbu; this
condition is satisfied when r is contained inside the muffin-
tin sphere bÞa , and nonoverlapping spheres are considered.
It is also convenient to represent G0 in the basis set of

spherical harmonics attached to each atom of the cluster.
Using Eqs. ~8! and ~11!, one finds26,27,4

G0~r2r8!522k(
LL8

jL@k~r2Ra!#

3 j l82m8
@k~r82Rb!#~21 !m8Gab ,LL8

,

~12!

and this expression is valid in the present context for a
Þb , and r and r8 lying inside different nonoverlapping
muffin-tin spheres.

With the help of these expressions, all spatial integrals
that are implicit in Eqs. ~4! and ~6! ~see Ref. 49! can be
collected in the so-called scattering matrix elements:

ta ,LL8
522kE drdr8 j l2m@k~r2Ra!#

3~21 !mTa~r,r8! jL8
@k~r82Ra!# . ~13!

For spherically symmetric potentials, ta ,LL8
becomes diago-

nal, and it is given in terms of the scattering phase shifts d l
a

as48

ta ,LL8
5ta ,ldLL8

5 sin d l
ae id

l
a

dLL8
. ~14!

Finally, using Eqs. ~4! and ~9!–~13!, and identifying co-
efficients that multiply into the same functions hL

(1)@k(r

2Ra)# , Eq. ~6! leads to

f̃a5f̃a
0
1 (

bÞa
taGabf̃b

0
1 (

gÞb
(

bÞa
taGabtbGbgf̃g

0
1••• ,

~15!

where f̃a
0 and f̃a denote column vectors of components

fa ,L
0 and fa ,L , respectively, Gab represents the matrix of

components Gab ,LL8
, the scattering matrix ta has compo-

nents given by Eq. ~14!, and matrix multiplication involves
summation over indices L, L8, etc.

III. COMPUTATIONAL PROCEDURE

The time employed in the direct evaluation of Eq. ~15!
grows exponentially with the number of terms on the right-
hand side. However, an iterative procedure makes it feasible
to evaluate the MS series until convergence is achieved, as
discussed below in Sec. III A,41,42,47 where several iteration
methods are examined in connection with the solution of that
equation, including a modification of the recursion method
that allows us to calculate intensities simultaneously for
many angles in the far electron field from a single MS cal-
culation.

An exact representation of the free electron Green func-
tion is used in the present work, and this is made possible in
part thanks to the saving in both computation time and stor-
age demand achieved through the method introduced in Sec.
III B: decomposition of the Green function into elementary
rotations and translations while keeping track of the latter, so
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that they are not unnecessarily re-calculated during the full
MS evaluation.

A. Iterative solution of the MS series

It is easy to see that the sum of the first n11 terms on the
right-hand side of Eq. ~15!, f̃a

n , obeys the recurrence rela-
tion

f̃a
n
5f̃a

0
1ta (

bÞa
Gabf̃b

n21 ~n.0 !. ~16!

That is, the difference between f̃a
n and f̃a

n21 is just the nth
sum on the right-hand side of Eq. ~15!. Each term in that sum
contains n products by matrices ta , that is, it can be inter-
preted as the contribution of paths along which the electron
undergoes n atomic-scattering events.

Taking the n→` limit in Eq. ~16!, one finds

f̃a5f̃a
0
1ta (

bÞa
Gabf̃b . ~17!

The direct inversion of Eq. ~17!, sometimes called giant-
matrix inversion, is prohibitive in many cases, since it re-
quires performing ;N3(lmax11)6 complex products. How-
ever, this has been carried out by some authors for small
values of N and lmax ,51,52 and is also commonly used within
individual layers in a surface with small number of atoms per
surface unit cell.4,5 Three different iterative techniques have
been used and compared in the present work to evaluate
Eq. ~15!: ~a! direct Jacobi iteration; ~b! simultaneous
relaxation,43 previously used in this context;42 and ~c! the
Haydock recursion method.44–46

(a) Direct Jacobi iteration. This method is based upon the
iterative evaluation of Eq. ~16!. Starting with f̃a

0 , each itera-
tion of Eq. ~16! leads to the next order of scattering, and this
procedure has to be carried out until convergence is
achieved. Substituting fa ,L

n for fa ,L in Eq. ~10!, one obtains
the approximate wave function calculated up to order n of
MS. Since the wave-function coefficients fa ,L span a space
of dimension (lmax11)2N , Eq. ~16! can also be regarded as
the power series inversion formula 1/(12X)uf&5(11X

1X2
1•••)uf&, where X is a matrix that operates on that

space, defined in terms of ta and Gab , and uf& is the vector
of coefficients fa ,L . Unfortunately, when any of the eigen-
values of X has a magnitude larger than 1, this expansion
series fails to converge. This problem was already discussed
in the context of LEED ~Ref. 9! and PD.42 Faster convergent
schemes can be found that do not require an extra computa-
tional effort, at the price of dismissing the intuitive physical
picture of going to the next order of scattering with each
iteration step. This is the case of the simultaneous relaxation
method and the recursion method discussed next.

(b) Simultaneous relaxation (SR) method. This consists of
using the latest values of f̃a

n as soon as they are calculated.
In addition, the result obtained from its iteration is mixed
with the previous result to improve convergence. Then the
iteration formulas become

f̃9a
n
5f̃a

0
1ta (

bÞa
Gabf̃8b

n

and

f̃a
n
5hf̃9a

n
1~12h !f̃a

n21 ,

where f̃8b
n
5f̃9b

n for b,a and f̃8b
n
5f̃b

n21 otherwise, and h
is a mixing parameter typically adjusted in the range 0,h
,2 in order to accelerate convergence. For 0,h,1 one has
what is termed underrelaxation.43

(c) Modified recursion method. With the notation of point
~a! above, Eq. ~17! can be written uf&5(l2X)21uf0& (l
51). The relevant magnitude in which we are interested is
the electron current at the detector, which is proportional to
u^ f uf&u2 with a suitable definition of the final detected wave
function in a given direction ^ f u ~see, e.g., Sec. IV below!.
Haydock’s recursion method44,46 permits one to obtain this
matrix element by iterative refinement. Here l plays the
same role as the energy in calculations of solid ground-state
properties.45,46 Although we are only interested in the value
l51 in the present case, the recursion method is advanta-
geous because it is fully convergent for any matrix X. Actu-
ally, it produces rigorously exact values when the iteration is
carried out (lmax11)2N times, although convergence is
achieved much earlier, typically in less than 20 iterations in
the examples presented in the present work.

In many cases, one is interested in calculating angular
distributions of emitted or scattered electrons ~e.g., in Fig. 3!.

FIG. 2. C 1s photoemission intensity in a cluster formed by two
carbon atoms separated by 1.2 Å as a function of iteration step. The
incoming light is linearly polarized with the polarization vector par-
allel to the interatomic axis. The emission occurs in the forward-
scattering direction ~see the inset!. The electron energy is 15 eV.
Results obtained from different iteration methods are compared: the
recursion method of this work ~solid circles!, which converges rap-
idly to the exact result derived via giant-matrix inversion ~GMI!;
the direct Jacobi iteration ~open circles!, for which the number of
iteration steps equals the scattering order; and the simultaneous re-
laxation ~SR! method ~Refs. 42 and 43! for various values of the
relaxation parameter h ~thin broken curves!. The intensity has been
normalized to that of an isolated C atom.
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Unfortunately, the recursion method requires carrying out
the MS iteration procedure for each direction of emission
~i.e., for each ^ f u). Here we have modified the recursion
method so that it allows one to obtain intensities for various
directions of emission with a single MS calculation, provided
one stores the moments mn5^ f uXnuf0& for each ^ f u and each
iteration step n. Our modified method is based upon the
double recurrence

uap11&5@~X†
2ap

*!uap&2bp
*uap21&]/bp11* ~18!

and

ubq11&5@~X2aq!ubq&2bqubq21&]/bq11 , ~19!

where the starting values are ua21&5ub21&50, ua0&
5u f &/Am0*, and ub0&5uf0&/Am0, and an and bn are com-
plex numbers. Upon inspection, one can easily prove that

^a iub j&5d i j ~20!

if one chooses

an5^anuXubn& ~21!

and bp11 such that ^ap11ubp11&51. Haydock’s recursion
method is recovered in the special case where X5X† and
u f &5uf0&.44 These recurrences share in common with Hay-
dock’s method the property that the matrix of components
^a iuXub j& is tridiagonal, as can be seen from Eqs. ~18!, ~19!,
and ~20!, and this permits writing the desired matrix element
as the continued fraction44

^ f u~l2X !21uf0&5

^ f uf0&

l2a12

b1
2

l2a22

b2
2

l2a32•••

.

~22!

Different terminations of the iteration procedure have been
proposed,44 but in the present context, our results are quite
insensitive to the particular choice.

Rather than directly evaluating these recurrences, an
equivalent recurrence can instead be constructed using the
quantities

Ipq
n

5^apuXnubq&.

Multiplying Eq. ~19! by ^apuXn, one finds

Ipq11
n

5@Ipq
n11

2aqIpq
n

2bqIpq21
n #/bq11 , ~23!

and, similarly, from Eq. ~18!,

Ip11,q
n

5@Ipq
n11

2apIpq
n

2bpIp21,q
n #/bp11 . ~24!

Moreover, Eq. ~21! can be recast as

ap5Ip ,p
1 , ~25!

and the normalization factor bp11 becomes

bp115AIpp
2

2ap
2
2bp

2. ~26!

Now ap and bp , and therefore also Eq. ~22!, can be evalu-
ated using Eqs. ~23!, ~24!, ~25!, and ~26! recursively with the
starting values I00

n
5mn /m0 and Ip ,21

n
5I

21q
n

50. The rel-
evance of this procedure is that it permits calculating the
matrix element @Eq. ~22!# directly from the moments mn ,
which are in turn obtained from a single MS calculation for
as many ^ f u’s as desired.

Comparisons of rapidity of convergence using these itera-
tion methods are offered in Figs. 2, 3, and 4 for PD, and in
Fig. 7 for electron scattering. The results are discussed in
more detail in Secs. IV and V.

An important point about the iteration methods just de-
scribed is that the number of products of scattering matrices
ta per iteration is N in all of them, whereas the number of
Gabf̃b products is N(N21). Therefore, in realistic clusters,
where N.100 ~see Fig. 1!, no substantial relative increase in
computational effort is introduced if one goes beyond the
commonly used spherical muffin-tin approximation, that is,
if nondiagonal scattering matrices like those needed to rep-
resent nonspherical potentials53–55 ~e.g., in photoelectron dif-

FIG. 3. ~a! Schematic representation of the cluster used in pho-
toelectron diffraction calculations. Only atoms whose sum of dis-
tances to the emitter ~darkest atom! and to the surface is smaller
than dmax are included in the calculation ~gray atoms!. This criterion
leads to a parabolic surface with the focus coinciding with the emit-
ter. ~b! R-factor @Eq. ~34!# variation with the number of atoms N for
Cu 2s photoemission from the third layer of a Cu~111! surface.
Azimuthal scans have been considered with a polar angle of emis-
sion of 35°, a photoelectron energy of 100 eV, and p-polarized light
under normal incidence conditions, as shown schematically in the
lower left corner of the figure. The inset shows the intensity as a
function of azimuthal angle for various cluster sizes, as indicated by
labels, normalized to that of the direct emission without inelastic
attenuation.
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fraction in oriented molecules56! or spin-orbit coupling53 are
considered. Since most of the computational effort is in-
vested in products by Gab matrices ~vector addition takes a
negligible time!, we have devoted Sec. III B to a description
of how to minimize their computational cost.

B. Optimization of products of Green functions

Following previous authors,26,13,14 the Green function
Gab that propagates a free electron along an interatomic
bond vector dab5Ra2Rb will be expressed in terms of the

FIG. 4. ~a! R-factor variation with scattering order for azimuthal
scans of W 4 f photoemission from a W~110! surface covered with
one monolayer of 131 O ~Ref. 59!. The emitter is taken to be in
the third W layer, the photoelectron is emitted with an energy of
250 eV and a polar angle of 46°, and the incident light is circularly
polarized and coming perpendicular to the surface ~see the inset!.
The cluster consists of N565 atoms @dmax51 nm; see Fig. 3~a!#.
Results derived from the recursion method ~solid curves and
circles! are compared with those obtained using direct Jacobi itera-
tion ~broken curves and open circles!. Thick and thin curves show
R-factor values according to the definitions of Eqs. ~34! and ~35!,
respectively ~i.e., the relative value of the average deviation and the
maximum deviation, respectively!. ~b! Same as ~a! for N5189 at-
oms @dmax51.4 nm; see Fig. 3~a!#. ~c! R-factor variation with lmax

under the same conditions as in ~a! for dmax51.2 nm ~solid curve
and solid circles!. The variation of the R factor for the atomic scat-
tering amplitude as defined by Eq. ~36! is shown by the broken
curve and open circles. Also shown is the expected lmax value based
on the simple criterion of lmax5krmt .

FIG. 5. W 4 f photoemission intensity as a function of the polar
direction of emission for a W~110! surface covered with one mono-
layer of 131 O and illuminated with left circularly polarized light
~Ref. 59!. Represented is @I(u ,w)2I0(u)#/I0(u), where I0(u) is
the average of the intensity over azimuthal angles. The photoelec-
tron energy is 250 eV. The emission takes place from the top-most
~oxide! W layer. Dark regions correspond to high intensity. ~a!

EDAC calculation for a cluster consisting of N5393 atoms (dmax

518 Å!. The position of the oxygen is shown schematically in the
inset. An average over the two symmetry-equivalent positions of
the oxygen has been performed. The direction of normal emission
corresponds to the center of the figure, and the polar angle u is
proportional to the distance to that point ~the range actually plotted
is 46°<u<63.5°). ~b! Experimental results taken from Ref. 59.

FIG. 6. Azimuthal dependence of the photoemission intensity
from s levels of a row of Xe atoms adsorbed near a step in a Pt~111!

surface. Top part: the Xe atom is on the lower terrace at the step
edge. Bottom part: the Xe atom is on the upper terrace. In all cases,
the Xe atoms are located in Pt continuation sites. ~See the schematic
representations on the right-hand side.! The photoelectron kinetic
energy is 60 eV. The electron take-off angle is 30°. The light is
unpolarized and incident perpendicular to the terraces.
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propagator along the z axis by using rotation matrices
R

mm8

(l) (abg), where (abg) are the corresponding Euler
angles.48 In a first step, the bond vector dab is rotated onto
the z axis by applying the matrix13,48

Rab ,LL8
5d ll8

R
mm8

(l)
~0,u ,p2w !, ~27!

where (u ,w) are the polar angles of dab . Then the electron
is propagated along the bond vector, now directed along the
z axis, and for which the Green function reduces to

Gab ,LL8

z
5dmm8

A4p (
l9

A2l911i l9h
l9

(1)
~kdab!

3E dVY lm~V !Y l90~V !Y
l8m
* ~V !. ~28!

Finally, the bond vector is rotated back to the original posi-
tion, and one finds13,41

Gab5Rab
21Gab

z Rab . ~29!

A recurrence relation has been reported that permits evaluat-
ing Eq. ~28! efficiently.15 The rotation matrices can be in turn
decomposed into azimuthal and polar rotations as48

R
mm8

(l)
~0,u ,p2w !5R

mm8

(l)
~0,u ,0!~21 !m8e iwm8.

This decomposition of the Green function permits us to re-
duce both ~i! the storage required to evaluate the MS series
and ~ii! the computational effort.

~i! A significant reduction in memory demand can be ac-
complished if the coefficients of each polar rotation
R

mm8

(l) (0,u ,0), each azimuthal rotation (21)m8eiwm8, and
each propagation along a bond distance Gab ,LL8

z are com-
puted and stored once and for all the first time that they are
encountered during the full calculation. Since actual clusters
on which MS calculations are to be performed possess in
general a certain degree of symmetry, the total number of
different bond distances and bond polar angles is consider-
ably reduced as compared with the total number of bond
vectors. To illustrate this, let us take the example of a
simple-cubic-lattice cube of side p in units of the lattice con-
stant; this cluster contains p3 atoms and (2p21)3

21 differ-
ent bond vectors, a number that has to be compared with at
most 3p2 bond distances, since the square of the distance
between any pair of atoms has to be equal to an integral
number, and the distance between opposite corners is A3p .
A better estimate for this case results in '1.8p2 different
bond distances.

~ii! For a given maximum value of the angular momentum
number lmax , the dimension of each vector f̃a is (lmax

11)2, so that every matrix-vector product Gabf̃b involves
(lmax11)4 complex multiplications. However, all of the
three matrices that appear on the right-hand side of Eq. ~29!
are sparse, as can be seen from Eqs. ~27! and ~28!. A detailed
inspection leads to the conclusion that only '(10/3)(lmax
11)3 complex multiplications are needed to evaluate the
product Gabf̃b when Gab is decomposed as shown in Eq.
~29!. This is a factor of '3lmax/10 smaller than the direct
matrix-vector product.

Further reduction in computational and storage demand
can be achieved if symmetry relations for the Green function
and the rotation matrices48 are used ~e.g., Gab ,lm ,l8m

z

5Gab ,l82m ,l2m

z ). The overall reduction in storage demand
comes ultimately from the decomposition of the Green func-
tions, as shown in this section, so that many of the rotation
matrices and propagators along the z axis ~all of them sparse
matrices! are shared by Green functions connecting different
pairs of cluster atoms. In the examples reported below, the
time needed to calculate and store the matrices defined in
Eqs. ~27! and ~28! is negligible compared with the time spent
in the iterative evaluation of Eq. ~16!.

C. Electron attenuation, temperature effects, and

surface barrier

The effect of electron inelastic scattering is easily ac-
counted for in a phenomenological way by multiplying the

FIG. 7. ~a! Scattering probability of 809-eV electrons from C60

molecules as a function of scattering angle. Experimental results
~circles! taken from Ref. 64 are compared with single-scattering
~broken curve! and multiple-scattering ~solid curve! calculations.
An average over molecular orientations has been performed. ~b!

Scattering probability of 100-eV electrons from C60 molecules as a
function of scattering angle calculated for various iteration steps
~see labels! using the recursion method ~solid curves! and direct
Jacobi iteration ~broken curves!.
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propagator Gab
z of Eq. ~28! by an exponentially decaying

function of the bond distance, exp(2dab/2l i), where l i is
the inelastic electron mean free path,38–40 and the 1/2 factor
reflects the fact that this function goes inside the wave func-
tion rather than the electron probability. Also, the propaga-
tion from each atom to the detector has to be accompanied
by a corresponding exponential attenuation that takes care of
the part of the path contained inside the cluster ~or below the
surface in the case of a solid sample, of which the cluster
represents just a part!. Inelastic scattering, together with MS,
reduces the scattering range, making LEED and PD excellent
surface analysis techniques. In the case of core-level photo-
emission, the photoelectrons ejected from a solid or molecule
thus provide information only on the vicinity of the ionized
atom, and features coming from the interaction with distant
atoms are attenuated by a finite inelastic mean free path. The
effect of thermal vibrations has been incorporated as is gen-
erally done in LEED analyses4 by means of temperature-
dependent phase shifts that take into account an average dis-
placement of the cluster atoms in their thermal motion.

Refraction at the surface barrier or inner potential V0 re-
quires correlating the direction of emission as seen from in-
side a solid with the actual direction of detection outside of
it. The relation between these two is easily obtained by in-
voking conservation of the electron momentum parallel to
the surface, and taking into account the loss of electron ki-
netic energy in the motion normal to the surface. A transmis-
sion factor is also needed,57 especially for nearly grazing
emission ~i.e., when the normal kinetic energy is only a few
eV above the vacuum threshold!. Diffraction of electron
components reflected back from the surface has been ne-
glected, although we note that this can play a very important
role at very low normal kinetic energies.

We now apply this general methodology to three impor-
tant classes of experiment: core-level photoelectron diffrac-
tion, elastic electron scattering from molecules, and low-
energy electron diffraction at surfaces.

IV. CORE-LEVEL PHOTOELECTRON DIFFRACTION

In this section, our methods are applied to the case of
photoelectron diffraction. Describing the interaction with the
external radiation H rad to first order, the perturbed part of the
time-dependent wave function f(r)exp(2iEt) is given by

f~r!5E dr8G~r,r8!H rad~r8!f i~r8!, ~30!

where f i(r) is the initial-state core-electron wave function,
and G(r,r8) is the cluster Green function discussed in Sec. II
and evaluated at the final electron energy E. The photo-
excitation of a core-level electron in a solid or molecule can
be well described within the dipole approximation when the
radiation wavelength is much larger than the dimensions of
the initial core-electron state, in which case one can take
H rad5C ê•r, where ê is the photon-polarization unit vector
and C is a normalization constant.

In matrix notation, expressing G in terms of T as G

5G01G0TG0 and using Eq. ~5!, Eq. ~30! becomes

f5G0H radf i1G0Ta0
G0H radf i1 (

bÞa0

G0LbG0H radf i

1 (
bÞa0

G0LbG0Ta0
G0H radf i ,

where a0 is taken to be the emitter. Noting that Ga0
5G0

1G0Ta0
G0 is the Green function of atom a0 , one finds

f5Ga0
H radf i1 (

bÞa0

G0LbGa0
H radf i ,

which can be compared to Eq. ~6! to redefine

fa
0 ~r!5daa0

CE dr8Ga0
~r,r8!ê•r8f i~r8!. ~31!

We are interested in values of r outside the muffin-tin sphere
of the emitter a0 , whereas the integral in Eq. ~31! involves
r8 inside the muffin-tin sphere ~i.e., the region where the
core-electron wave function takes non-negligible values!.
Under these conditions, Ga0

can be written as48

Ga0
~r,r8!522k(

L
hL

(1)@k~r2Ra0
!#FL

*~r8!exp~ id
l

a0!,

~32!

where FL(r)5i lF l(r)Y L(Vr) is a solution of (H01Va0

2E)FL50, and F l is chosen such that it is finite at the origin
~the regular solution!. Inserting Eq. ~32! into Eq. ~31! and
comparing the result with Eq. ~9!, one obtains

fa ,L
0

522kCdaa0
e id

l

a0

^FLue•ruf i& ,

which includes the dipole matrix elements ^FLue•ruf i& and
phase shifts d

l

a0 that are well known in the theory of atomic
photoelectric cross sections.48 Finally, the MS coefficients
fa ,L are obtained from fa ,L

0 as explained in Sec. III, and
f(r) is given by Eq. ~10! outside the muffin-tin spheres.

When r lies at the electron detector ~i.e., for r much larger
than the interatomic distances of the cluster! we are in the
far-field limit, and can approximate hL@k(r2Ra)#' exp(ikr

2ikf•Ra)Y L(V)/kr , where kf5kr/r and V is the polar di-
rection of r ~i.e., the detector!. Therefore, using Eq. ~10!, the
measured electron intensity per unit of solid angle in the far
field becomes

I~V !5UCk (
a

e2ikf•Ra2za/2l i(
L

Y L~V !fa ,LU2

, ~33!

where za is the distance from atom a to the surface along the
direction of emission, and l i is the inelastic electron mean
free path. In general, comparison with experiments requires
performing an incoherent sum over different degenerate ini-
tial states and possibly over various emitters a0 .

For PD from atoms on or below a solid surface, and for
which the entire ~focused! photon beam is intercepted by the
sample, the intensity can be given in electrons per steradian
per incoming photon by choosing the normalization constant
as uCu2

54pks(v/c)/cos ui , where v is the photon energy,
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c is the speed of light, u i is the polar angle of incidence of
the light with respect to the surface normal, and s is the
surface density of emitters equivalent to a0 ~i.e., those of a
given layer parallel to the surface!.

The present formalism is particularly efficient when cal-
culating photoelectron angular distributions: once the coeffi-
cients fa ,L have been obtained for a given electron energy,
the photoelectron intensity for each emission direction is
readily calculated using Eq. ~33!. When using the modified
recursion method outlined in Sec. III A, ^ f uf& corresponds
to the expression inside the modulus in Eq. ~33! and the
moment n is given by mn5^ f ufn&2^ f ufn21& , where ^ f ufn&
is calculated from the coefficients faL

n obtained in the nth
iteration.

The relative performances of the various iteration meth-
ods discussed in Sec. III A for calculating PD from a simple
sample consisting of two carbon atoms is analyzed in Fig. 2,
where the inset illustrates the details of the geometry. This
constitutes a severe test of multiple scattering, since the in-
teratomic distance is relatively small. Within the resolution
of the figure, the recursion method ~solid circles! converges
in just six iterations to the result of the exact giant-matrix
inversion. In single scattering ~SS!, that is, at iteration 1, the
direct Jacobi iteration ~open circles! is already much worse,
and subsequent scattering orders clearly show a lack of con-
vergence. Neither is such lack of convergence prevented by
using the SR method ~broken curves! over a wide range of
the relaxation parameter h . The lower the value of h , the
slower is the increase in intensity with iteration step, but the
lack of convergence remains.

This lack of convergence comes about in MS when the
absolute value of any of the eigenvalues of the matrix X

discussed in Sec. III A is larger than 1. In a basis set that
makes this matrix diagonal, each eigenvalue x i enters the
direct Jacobi MS expansion of 1/(12X) as 1/(12x i)51
1x i1x i

2
1••• , and this expansion is only convergent when

ux iu,1. This is a well-known problem in LEED,4,5 where
various schemes have been devised to prevent it, such as
renormalized forward scattering4,5,9 and reverse scattering
perturbation.5,19 The SR method provides a cure in many
cases,42 but it is not sufficiently general, as illustrated by Fig.
2. Instead, the recursion method has a well-established con-
vergent behavior,44 and therefore, it will be employed from
now on unless otherwise specified.

Figure 3~a! shows our choice of the cluster used to repre-
sent photoemission from a given atom ~darker circle! within
a solid surface. The cluster is formed by those atoms con-
tained within a parabolic surface where the emitter coincides
with its focus. The parameter dmax determines the size of the
cluster ~see Fig. 3!. The parabolic surface comes from the
condition that the maximum electron path length inside the
solid, where the inelastic attenuation is effective, be at most
dmax within SS for normal emission.

Convergence with the number of cluster atoms N}dmax
3 is

analyzed in Fig. 3~b! for photoemission from a Cu 2s level
situated on the third layer of a Cu~111! surface and at a polar
emission angle of u535°. The geometry under consider-
ation is illustrated schematically in the lower left corner of

the figure, and the atoms are again within the paraboloid of
Fig. 3~a!. Plotted here is the reliability factor, defined as58

Rave5
uIN

2I`u

I`
, ~34!

where the average is taken over all azimuthal directions of
emission ~cf. inset!, IN is the intensity calculated for an
N-atom cluster, and I` is actually obtained for N51856. The
solid curve and circles correspond to the result obtained from
the recursion method, where convergence is achieved in less
than 20 iterations. A smooth convergence can be seen in the
N→` limit. For N'160, which is suggested by Fig. 1 as a
convergence criterion for the electron energy under consid-
eration ~100 eV!, one has Rave50.16. The inset shows azi-
muthal scans obtained for different cluster sizes, in order to
facilitate an understanding of the actual meaning of Rave in
terms of curve comparisons. For N5944 ~dotted curve in the
inset!, one has Rave50.03 and convergence is already quite
good as compared to the N51856 case, although some small
discrepancies can still be distinguished in the height of the
peaks around 30°, 60°, and 90°, so that over 1000 atoms are
needed to obtain convergence within the resolution of the
figure. We note, however, that most real experimental situa-
tions involve averaging over some finite solid angles, and
this can lead to an effective reduction in the cluster size
needed.

The open circles in Fig. 3~b! show the reliability factor
obtained from the Jacobi method for various scattering or-
ders ~5, 9, 13, 17, 21, and 25!, where the spread in the posi-
tion of the circles makes evident a lack of convergence. The
latter is more pronounced for larger clusters. In this sense,
the Jacobi method has to be regarded as an asymptotic series
unable to converge below a certain reliability factor in the
present case.

Figures 4~a! and 4~b! show the performance of the recur-
sion method ~solid circles, for which only odd iteration or-
ders introduce variations by construction of the method! as
compared with that of direct Jacobi iteration ~open circles! as
a function of iteration step for 4 f photoemission from the
third W layer in a W~110! surface covered with one mono-
layer of 131 O and with an emission angle of 46°.59 Two
different definitions of the reliability factor have been used,
based upon either the relative average deviation given by Eq.
~34! by substituting N by the iteration step n (Rave , thick
curves!, or the maximum deviation over the azimuthal scan
~thin curves!

Rmax5
max$uIn

2I`u%

I`
, ~35!

respectively, where the average is performed over azimuthal
scans for a polar angle of emission u546°. Both iteration
methods show similar convergence behavior for the rela-
tively small cluster of Fig. 4~a!, consisting of N565 atoms.
However, for the larger cluster of Fig. 4~b! (N5189), the
Jacobi method fails to converge, whereas the recursion
method shows a steady convergent trend.
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As pointed out above, the computational cost of EDAC
scales as (lmax11)3 with lmax . Consequently, it is desirable
to have a criterion to limit the value of lmax used in actual
MS calculations while maintaining the required degree of
accuracy. This criterion is provided by the reliability factor
for the atomic scattering amplitude f,

R f5

1

3AE dVu f lmax2 f lmax5`u2

E dVu f lmax5`u2

, ~36!

where the integrals are extended over all scattering directions
V . Figure 4~c! shows the dependence of R f on lmax for
250-eV electrons scattered on W atoms ~open circles! as
compared with the reliability factor for MS under the same
conditions as in Fig. 4~a! for N5123 atoms ~solid circles!.
The latter has been obtained from Eq. ~34! by varying lmax
rather than N for azimuthal scans with polar angle of emis-
sion u546°. Both Eqs. ~34! and ~36! are proportional to
relative variations of the atomic scattering amplitude, so that
one is comparing quantities of the same order of magnitude.
Actually, they exhibit a similar behavior with lmax , as shown
in Fig. 4~c!, which indicates that Eq. ~36!, whose computa-
tion requires a negligible time as compared with MS calcu-
lations, offers a good estimate of the error that is made when
finite values of lmax are used, thus providing a criterion to
determine the appropriate value of lmax before performing
actual MS calculations. Similar results are obtained for other
values of u . Interestingly, all angles of scattering enter into
the definition of R f , and this is consistent with the fact that
MS in a solid involves a dense set of single scattering angles.
Also shown in Fig. 4~c! is the lmax value obtained from the
simple criterion mentioned earlier (lmax5krmt), which is
11.3.

As another PD example, Fig. 5 shows the angular distri-
bution over the upper-hemisphere for W 4 f photoelectrons
coming from the outer W layer of a W~110! surface covered
with one monolayer of 131 O and illuminated with left
circularly polarized ~LCP! light under normal incidence, as
shown in the insets. The quantity actually plotted is
@I(u ,w)2I0(u)#/I0(u), where I0 is the average of the inten-
sity over azimuthal angles. In calculating the data displayed
in Fig. 5~a!, the MS procedure has been carried out only once
for all directions of emission, as explained in Sec. III A, thus
saving considerable time. Figure 5~a! exhibits reduced sym-
metry with respect to that expected for W~110! owing to the
fact that LCP light is used, and also because the oxygen
atoms are displaced with respect to a center of symmetry of
the surface ~see the schematic top view!. Two different do-
mains can also exist on this surface:59 the one depicted in the
insets, and another one with the oxygen lying in a mirror-
image symmetry-equivalent W valley. The average over the
result obtained from both domains has been performed. The
maximum intensity ~bright regions! near the @001# azimuthal
direction is rotated clockwise, as expected from the use of
LCP light and f core levels.60,61,59 This rotation reproduces
very well the available experimental data shown in Fig. 5~b!,
and taken from Ref. 59.

As a last example of PD, we consider photoemission from
atoms near surface steps, where the lack of symmetry makes
it difficult to use layer-by-layer methods in simulations,
while the cluster approach is perfectly suited for that pur-
pose. Prior x-ray PD experiments on O adsorbed on stepped
Cu surfaces indicated, for instance, a high sensitivity to
structure via SS calculations.62 Here we show calculated azi-
muthal scans of photoelectrons coming from Xe atoms ad-
sorbed near a step on a Pt~111! surface ~Fig. 6!. The insets on
the right-hand side of the figure schematically show the ge-
ometry under consideration. Two different possible struc-
tures have been studied: one row of Xe atoms located either
on the lower terrace ~upper part of the figure! or on the upper
terrace ~lower part!, continuing the bulk Pt structure in both
cases. Experimental evidence coming from low-energy ion
scattering63 indicates that the lower terrace is the preferred
geometry. The results presented in Fig. 6 permit one to con-
clude that the features exhibited by PD scans would allow
one to distinguish between the two possibilities, although no
actual experimental data are available for this case. More-
over, at least 100 atoms are needed to obtain the dominant
features when the Xe atoms are sitting on the upper terrace.
However, strong forward scattering, dominated by nearest
neighbors of the emitter, occurs when the Xe atoms are sit-
ting on the lower terrace, and therefore, a 22-atom cluster
produces good qualitative results. In both cases, convergence
in the fine structure requires approximately 500 atoms.

V. ELASTIC ELECTRON SCATTERING FROM

MOLECULES

The scattering of an external electron beam from a mol-
ecule represented by an atomic cluster is discussed in this
section. The initial electron state of Eq. ~1! will be described
by a plane wave w0(r)5exp(iki•r), which can be expanded
in partial waves around each of the cluster atoms, and using
Eqs. ~7!–~9! and ~13!, one finds

fa ,L
0

54pta ,lY l2m~Vk!~21 !me iki•Ra2za/2l i, ~37!

where za has the same meaning as in Eq. ~33!, with the
surface now defined as the boundary of the molecular elec-
tronic charge distribution. These are the input wave-function
coefficients from which one can obtain those of the self-
consistent wave function @Eq. ~10!#, fa ,L , after MS is per-
formed using the methods described in Sec. III. The latter,
upon insertion into Eq. ~33!, permits one to compute the
diffracted electron intensity. Choosing C51, Eq. ~33! repre-
sents the scattering cross section.

This procedure is carried out for C60 molecules and
809-eV electrons in Fig. 7~a!, where experimental results
taken from Ref. 64 are compared with SS calculations ~also
reported in Ref. 64! and MS calculations represented by bro-
ken and solid curves, respectively, as a function of scattering
angle. MS results in better agreement for the relative height
of the prominent diffraction peaks at around 5° and 8.5°, as
compared with the SS analysis.

In order to emphasize the contribution of MS, lower elec-
tron energies ~100 eV! and a backscattering geometry are
considered in Fig. 7~b! for electron scattering by C60 mol-
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ecules. The thick solid curve represents the fully converged
result obtained by using the recursion method ~convergence
has been obtained after 11 iterations within the scale of the
figure!. The thin solid curve shows the results obtained after
only five iterations, which are in qualitative good agreement
with the exact result. By contrast, direct Jacobi iteration is far
from convergence even after 25 iterations ~thick broken
curve!. A similar lack of convergence is also found when the
SR method is used in this case. The C60 molecule, like the
C-C cluster of Sec. IV, is a severe test of multiple scattering
because the carbon atoms are reasonably strong scatterers
placed relatively close together.

VI. LOW-ENERGY ELECTRON DIFFRACTION

The cluster approach followed in this work finds applica-
tion in the simulation of LEED intensities for large-unit-cell
surfaces, where conventional layer-by-layer schemes become
quite expensive computationally. It is also directly applicable
to nonperiodic surfaces, including disordered overlayers, dis-
ordered alloys, point defects, steps and kinks, adsorbed clus-
ters, quasicrystals, etc.

In a periodic surface, the scattering of electrons in any
surface unit cell differs from that of the first unit cell by a
phase factor, exp@i(ki2kf)Ra# , where ki (kf) is the incom-
ing ~outgoing! electron momentum vector, and Ra is a Bra-
vais lattice vector. Therefore, LEED intensities can be calcu-
lated within the present cluster approach by taking fa

0 as in
Eq. ~37! for the atoms of the first unit cell, and zero else-
where. One obtains

ILEED~V !5I~V !uS~ki
i
2kf

i !u2, ~38!

where

S5(
a

e i(ki2kf )Ra,

is the surface structure factor,4 and I(V) is an envelope func-
tion given by Eq. ~33!, where the coefficients fa ,L are ob-
tained from a MS calculation within a cluster containing the
first unit cell and atoms around it up to a distance far enough
to guarantee convergence. The cluster size is thus determined
by the electron inelastic mean free path and the size of the
first unit cell, with the cluster extending beyond the unit cell
by roughly the electron inelastic attenuation length.

For an infinitely extended incoming beam and a perfect
infinite surface, the two-dimensional structure factor S van-
ishes except along those directions for which the components
of ki2kf parallel to the surface equal a reciprocal surface
lattice vector G denoted by Miller indices (hk), giving rise
to a factor d(ki

i
2kf

i
2G); this corresponds to the so-called

(hk) beam at the polar direction VG . Integrating over direc-
tions of emission around VG , the probability that the elec-
tron is reflected along such a direction is found to be

PG5S 2p

Ak
D 2 I~VG!

cos u i cos u f

,

where u i (u f) is the polar angle of incidence ~reflection! with
respect to the surface normal, A is the surface unit-cell area,
and k is the electron momentum. With the normalization of
Eq. ~37! and taking C51 in Eq. ~33!, PG is actually the
fraction of incoming electrons that are reflected in the G

beam.

FIG. 8. Calculation of the
LEED pattern of the Si~111!-(7
37) surface for 50-eV electrons
coming along the surface normal.
The surface structure factor S2

~upper-left figure! has been ob-
tained for the symmetry of the
Si~111!-(737) surface, and for a
beam diameter of 100 Å. The en-
velope function I ~lower-left fig-
ure, on a logarithmic scale!, which
contains all the information about
the atomic positions within a
given surface unit cell as well as
near-neighbor scattering, stands
for the angular distribution of
scattered electrons assuming that
the first atomic scattering event
occurs within the selected unit
cell. The full LEED pattern ~right
figure, in linear scale! is obtained
as the direct product of the struc-
ture factor and the envelope func-
tion @Eq. ~38!#. The axis labels
represent the components of the
electron momentum parallel to the
surface.
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In practice, the electron beam has a finite coherence width
of the order of 100 Å, depending on the angular and energy
spread of the electron gun. This effect can be accounted for
in a phenomenological way by considering that only a frac-
tion of the unit cells contribute coherently with respect to an
arbitrarily chosen central unit cell. Assuming a Gaussian pro-
file for this effect with half width H, and assuming further-
more that there is no substantial variation of coherence
across any given unit cell, one finds

S5(
a

e2Ra
2 /2H2

e i(ki2kf )Ra5~2p !3
H2

A (
G

e2uk
i
i
2k

f
i
2Gu2H2/2,

~39!

where the first ~last! sum is extended over surface lattice sites
Ra ~reciprocal surface lattice vectors G). Obviously, the sum
in reciprocal space reduces to a single term at most in the
H→` limit, and a few more terms allow achieving good
convergence for typical values of H;100 Å. Inserting Eq.
~39! into Eq. ~38!, one finds a finite reflection probability for
every direction V .

The present formalism has been applied to the Si~111!-
(737) surface. The atomic positions were taken from a pre-
vious LEED analysis,65 in which intensive use was made of
the symmetry of the surface. By contrast, the results pre-
sented here were obtained directly without any symmetry
considerations beyond the surface unit-cell geometry. Figure
8 shows the final LEED pattern ILEED ~right figure! as well as
the surface structure factor S2 ~upper left figure! and the
envelope function I ~lower left figure! for an incident beam
of 50-eV electrons coming along the surface normal. The

axis labels represent the components of the electron momen-
tum parallel to the surface. The structure factor exhibits a
dense spot pattern that reflects the symmetry of the large unit
cell of the Si~111!-(737) surface. This is a purely geometri-
cal quantity which does not contain any information about
the actual positions of the atoms within the surface unit cell,
but does reflect the quality of the electron beam via Eq. ~39!.
That information is fully contained in the envelope function
~lower left figure!, which presents marked maxima near the
positions expected for the LEED spots of the unrecon-
structed Si~111! surface ~see the six prominent peaks in the
figure!. The envelope function modulates the intensity that is
observed around each of the spots of the structure factor,
leading to the complex LEED pattern shown in the right part
of the figure.

The calculation of the envelope function I(V) was per-
formed using a cluster consisting of 1545 atoms, of which
only 494 are contained within the surface unit cell. The clus-
ter extends up to 15 Å below the surface, and the electron
inelastic mean free path has been taken as 5.5 Å.

This calculation has been compared with experimental
observations in Fig. 9 both for 50-eV electrons and for 75-eV
electrons ~left and right side of the figure, respectively!.66

Note the large change in the measured distribution of the
brightest spots when one goes from 50 to 75 eV ~upper fig-
ures!, which is well reproduced by the present calculation
~lower figures! using an inner potential of 10 eV.

As another example of application of the present method
to LEED with a large unit cell, the case of a W~110! surface
covered with one monolayer of Gd is considered in Fig. 10.

FIG. 9. Comparison of ob-
served ~upper figures, from Ref.
66! and calculated ~lower figures!
LEED patterns for the Si~111!-(7
37) surface using two different
electron energies: 50 eV ~left! and
75 eV ~right!. The electron beam
is coming perpendicular to the
surface and it has a diameter of
100 Å. The axis labels represent
the components of the electron
momentum parallel to the surface.
Some white lines have been
drawn to guide the eye.
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Various experimental LEED studies of this structure were
reported in the past.67,68 Fig. 10~a! shows the model ~A! pro-
posed by Tober et al.,68 wherein the Gd overlayer forms a
rectangular coincidence lattice with 7314 periodicity and
with a mismatch of 0.6% area increase relative to bulk
Gd~0001!. The calculated LEED pattern represented in Fig.
10~b! for this model is obtained from Eqs. ~38! and ~39! for
an electron beam diameter of 100 Å and an energy of 102
eV. The surface is described by five W layers below the Gd
overlayer, so that 648 atoms are contained in the surface unit
cell, and 2516 atoms are used in the calculation to include
the regions surrounding the surface unit cell. Some of the
spots are clearly highlighted, by the envelope function, and
in particular the six brighter spots coming from the Gd over-
layer. Six satellites around each of them are clearly high-
lighted, forming a quasisixfold satellite pattern ~see the white
lines drawn to guide the eye!, in reasonable agreement with
the experimental result shown in Fig. 10~e! ~taken from Ref.
68!.

Since the spot pattern imposed by S for this model is a
rectangular one, leading to the emergence of spurious satel-
lites not observed in the experiment, a different model struc-
ture ~model B) with a 1.8% overall area reduction relative to
Gd~0001! has been tried, as represented in Figs. 8~c! and
8~d!. Two different domains are possible in this case. The
corresponding LEED pattern averaged over both domains is
shown in Fig. 8~d!. This results in a somewhat poorer agree-
ment with experimental observations68 @Fig. 10~e!#, and
demonstrates the power of such simulations to assist in struc-
tural studies.

In summary, the present method allows one to calculate
LEED patterns for complex structures using large clusters of
up to several thousand atoms, which are now beyond practi-
cal reach of currently available layer-by-layer methods of
LEED simulation.

VII. CONCLUSIONS

A method for the simulation of electron diffraction in
atomic clusters ~EDAC! was introduced. The computation
time was shown to behave like N2(lmax11)3, where N is the
number of atoms and lmax is the maximum angular momen-
tum quantum number. Actual calculations using above 1000
atoms have been presented. This was made possible via a
convenient separation of the exact free-electron Green func-
tions into rotation matrices and propagators along the z axis.

The resulting EDAC code relies on the iterative solution
of the multiple scattering ~MS! secular equation, for which
various iteration techniques have been compared. In particu-
lar, the recursion method was shown to prevent eventual
cases of lack of convergence in the MS expansion series and
to result in faster convergence as compared with the direct
MS approach. A modified recursion method was introduced
in order to be able to quickly obtain angular distributions of
scattered or emitted electrons from a single MS calculation
~see Sec. III A!.

The computational effort in EDAC is not very sensitive to
the detailed form of the atomic scattering t matrices ~e.g.,
diagonal vs nondiagonal!, and it therefore constitutes a good

FIG. 10. ~a!–~d! Calculated LEED patterns for a W~110! surface covered with one monolayer of Gd. The electron energy is 102 eV. The
electron beam is coming along the surface normal and its diameter is 100 Å. ~a! Schematic representation of model A for the structure with
W ~solid circles! and Gd ~open circles! shown, leading to a large Moiré structure. ~b! LEED intensity for model A. ~c! and ~d! Same as ~a!

and ~b! for model B, as shown in ~c!. The average over the geometry depicted in ~c! and its mirror reflection with respect to the W@001#

direction is performed in ~e!. ~e! Experimental result, taken from Ref. 68. The axis labels represent the components of the electron
momentum parallel to the surface. Some white lines have been drawn on the LEED images to guide the eye.
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platform for including the effects of non-spherical atoms in
MS. Further research in this direction is in progress.56

Examples of application of EDAC to PD were given for
Cu~111!, O/W~110!, and Xe adsorbed near steps of a Pt~111!
surface. The present cluster approach is particularly suitable
for these cases due to the lack of translational symmetry.
Also, PD from a C-C dimer was shown to lead to a lack of
convergence in the MS expansion, and this pathology was
prevented by using the recursion method. Electron elastic
scattering on C60 molecules was also discussed, and MS was
shown to result in improved agreement with experiment as
compared to single scattering.

Finally, a formalism for studying LEED within the cluster
approach was presented and applied to LEED from large-
unit-cell surfaces. In particular, the relative intensity of the
different LEED spots observed experimentally for the
Si~111!-(737) are well reproduced by this theory. Also, two

different models for the surface structure of one monolayer
of Gd on W~110! were considered, and the resulting LEED
patterns discussed in the light of the available experimental
results. The formalism can also be applied to a wide variety
of nonperiodic surface structures, and to free molecules.
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